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ABSTRACT

The unsteady oscillatory flow of dusty Casson fluids over a stretching
porous surface having a prescribed surface temperature is investigated. Similarity
transformations are employed to transform the governing partial differential
equations into ordinary differential equations. The velocity and the temperature
have been analyzed for different variations of the governing parameters Casson
parameter, heat source parameter, and Magnetic field are analyzed and discussed
in detail. It was found that heat source and magnetic field modify the flow patterns
and increase the temperature of the fluid.
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1. INTRODUCTION
FLUID DYNAMICS

Fluid Mechanics is that branch of Science which deals with the behaviour of
fluids (liquids or gases) at rest as well as in motion. Thus this branch of Science
deals with the static, kinematic and dynamic aspects of fluids. The study of fluids
at rest is called fluid statics. The study of fluids in motion, where pressure forces
are not considered, is called fluid kinematics and if the pressure forces are also
considered for the fluids in motion, that branch of Science is called Fluid
Dynamics. Fluid dynamics has a wide range of applications, including calculating
forces and moments on aircraft, predicting weather patterns, the extraction of oils
from underground reservoirs; influence of wind upon building structures, etc. Some
of its principles are even used in traffic engineering, where traffic is treated as a

continuous fluid.

1.1 IMPORTANCE OF FLUID FLOW

Fluids are divided into two categories. Those which undergo appreciable
variations in density and volume under the impressed forces fall under the
category of 'compressible fluids'. Then, there are those which undergo no
noticeable changes in density and volume during motion. They are termed
'incompressible fluids'. Compressibility is thus a measure of the change in density
and consequently, the change in volume of a fluid under the effect of external

forces.

1.2 MAGNETOHYDRODYNAMIC FLOWS

MHD fluid flow in a parallel plate channel is an interesting area in the study
of fluid mechanics because of its relevance to various engineering applications.
The MHD flow in the planar channels leads to a startup process implying thereby a
viscous layer at the boundary is suddenly set into motion and becomes important
in the application of various branches of geophysics, astrophysics and fluid
engineering. Magnetohydrodynamic flow has many applications in aerodynamic
heating, electrostatic precipitation, polymer technology, petroleum industry,
accelerators, fluid droplets, MHD pumps, power generators and purification of

crude oil.



1.3 DUSTY FLUID

A dusty fluid is the mixture of fluid and fine dust particles. Its study is
important in areas like environmental pollution, smoke emission from vehicles,
emission of effluents from industries, cooling effects of air conditioners, flying ash
produced from thermal reactors and formation of raindrops, etc. Also it is useful in
the study of lunar ash flow which explains many features of lunar soil

1.4 NON-NEWTONIAN FLOWS

Fluids can be defined as substances that flow or deform under the
application of shear stress and these include liquids and gases. They are part of
engineering study in many tertiary institutions. Basically, in the study of science,
fluids are divided into two broad groups. These divisions in this write-up are known
as types of fluids which are Newtonian and non-Newtonian fluids. Newtonian fluids
are those fluids that obey Newton Law of viscosity. The Newtonian viscosity is a
physical property which is only a function of pressure and temperature. The flow
properties of an incompressible Newtonian fluid can be characterized solely in

terms of the density and viscosity.

1.5 BOUNDARY LAYER FLOW OF A CASSON FLUID

The radiations due to heat transfer effects on different flows are very
important in space technology and high temperature processes. But very little is
known about the effects of radiation on the boundary layer. Thermal radiation
effects may play an important role in controlling heat transfer in polymer
processing industry where the quality of the final product depends, to some extent
to the heat controlling factors. High temperature plasmas, cooling of nuclear
reactors, liquid metal fluids, and power generation systems are some important
applications of radioactive heat transfer from a vertical wall to conductive gray
fluids.

The purpose of this present work is to extend the flow and heat transfer
analysis in boundary layer flow of a Casson fluid over an exponentially stretching

sheet. Combined effects of suction/blowing and thermal radiation are investigated.
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2. LITERATURE SURVEY

Flow through porous media has many geophysical and engineering
applications. Berman AS [1953] analyzed the Navier-Stokes’s equations have
been solved to obtain a complete description of the fluid flow in a channel having a
rectangular cross section and two equally porous walls. The scope has been
limited to two-dimensional incompressible steady-state laminar flow. The solution
of the flow equations leads to detailed expressions for the dependence of the
velocity components and the pressure on position coordinates, channel
dimensions, and fluid properties.

Hartmann and Lazarus [1937] investigated the effect of a transversely
uniform MHD on the flow of conductive fluid between two infinitely parallel and
fixed insulating plates. The equation describing MHD flow is a synthesis of the
continuous equation and the Navier-Stokes’s equation. Governing equations are
differential equations that require analytical or numerical solutions.

Hartmann J. [1937] considered the magnetic field in the laminar flow of
conductive liquids.

Hassaninen |. A. and Mansour M.A. [1990] Analyzed the two-dimensional
unsteady flow of a viscous, incompressible electrically- conducting fluid through a
porous medium bounded by two infinite parallel plates under the
action of a transverse magnetic field is presented. The lower plate is fixed while
the other is oscillating in its own plane. Expressions for the transient velocity, the
amplitude, the phase angle, and the skin-friction are derived. The effects of the
magnetic parameters, permeability of the porous medium, and the frequency
parameter are discussed.

Hamza E.A [1999], A similarity solution has been obtained for a flow
between two parallel plates (rectangular or circular) approaching or receding from
each other with suction or injection at the porous plate. Approximate analytic
solutions based on the regular perturbation technique are given and a numerical
solution of the resulting nonlinear differential equations is presented. The effects of
injection and suction on the velocity profiles, pressure distribution and shearing
stress on the wall are studied. In the case of the flow between circular plates the
effects on load capacity due to mass transfer are investigated.



Soundalgekar V. and Uplekar [1986] investigated an exact analysis of a
generalized MHD Couette flow, on taking into account the Hall
current, is presented. Expressions for the axial and transverse components of
velocity, the skin friction, are derived. These are shown in graphs. The exact
solution to the energy equation, assuming the linear variation of the temperature
along the plate, is also derived and this is shown graphically. The effects of
different parameters are discussed.

Sing & Ram [1978] solved the differential equation by Laplace transform
method, considering the laminar flow of conductive fluid laminar flow through a
channel with a transverse magnetic field under a periodic pressure gradient.

Cox.S.M [1991] considered the flow of a viscous incompressible fluid in a
parallel-walled channel, driven by steady uniform suction through the porous
channel walls. A similarity transformation reduces the Navier-Stokes equations to
a single partial differential equation (PDE) for the stream function, with two-point
boundary conditions. We discuss the bifurcations of the steady solutions first, and
show how a pitchfork bifurcation is unfolded when a symmetry of the problem is
broken.

Attia, H. A. and Kotb, N. A., (1996) studied the steady flow of an electrically
conducting, viscous, incompressible fluid bounded by two parallel infinite insulated
horizontal plates and the heat transfer through it are studied. The upper plate is
given a constant velocity while the lower plate is kept stationary. The viscosity of
the fluid is assumed to vary with temperature. The effect of an external uniform
magnetic field as well as the action of an inflow perpendicular to the plates
together with the influence of the pressure gradient on the flow and temperature
distributions are reported. A numerical solution for the governing non-linear
ordinary differential equations is developed.

Chiam T.C. (1993) investigated the boundary layer equations arising from
the effects of a continuously moving flat plate under the action of a transverse
applied magnetic field are converted into a system of ordinary differential
equations subject to two-point boundary conditions by using the Local
Nonsimilarity Method. An iterative method incorporating the shooting method is
presented for solving both the two-equation and three-equation models.

Verma, P.D., and Bansal, J. L., (1966) analyzed an exact solution of the

Navier-Stoke’s equations reduced to third and second order non-linear differential

6



equations with appropriate boundary conditions is obtained. The longitudinal and
transverse velocity profiles for A=0-1, 1 and R=100 is drawn. It is noted that for
large values of x™, an adverse pressure gradient is developed which causes a
back flow. There is increase in pressure even for very small fluid suction along the
stationary plate. The skin friction and the flow coefficient decrease with reference
to the suction velocity and the distance along the stationary plate. For A=0, the

results transform to the known results for plane couette flow without suction.

R. Delhi Babu, S. Ganesh & C. K. Kirubhashankar (2020) studied the
impact of unsteady magnetohydrodynamic flow of dust particles on the velocity of
electrically directed viscous fluid between parallel porous plates with an angular
velocity at the sight of a transverse magnetic field. The differential equations
managing the flow are explained by similarity transformation. The velocity of the
fluid, velocity of the dust particles and pressure distribution are obtained. The
outcomes are the velocity of the dust particle is higher than that velocity of the fluid

particles for each of the parameters examined.

C.K. Kirubhashankar, Y. Immanuel and S. Vaithyasubramanian (2020)
discussed an exact analytic solution for the unsteady MHD fluid flow between the
parallel plate’s dependent on the Homotopy technique. In this study, the unsteady
magneto hydrodynamic (MHD), viscid, condensed and conducting fluid stream
problem under transverse magnetic field is discussed. Solutions are proposed for
variety of Hartmann number values and time.

C.K. Kirubhashankar (2018), proposed the steady two-dimensional laminar
stream of an incompressible viscous liquid between two parallel plates in the
presence of a transverse magnetic field is considered by accepting the normal wall
velocities to be equal. We study the steady MHD flow between moving parallel
plates with small uniform suction at the lower stationary plate. The velocity profile
for the stream of the liquid and pressure gradient are examined for various
qualities. Also, the impacts of velocity potential are researched and discussed
graphically.
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3. RESEARCH METHODOLOGY
3.1 AIM AND SCOPE

The main objectives of the work reported are:

e To study the effect of individual factors like Magnetic field and

Reynolds number.

e To study the solution for the unsteady oscillatory flow of dusty Casson
fluids over a stretching porous surface having a prescribed surface
temperature through the parallel plate channel with heat source and

external transverse magnetic field is presented.

o The effects of velocity are studied for the parameters like Casson

parameter, magnetic field parameter and Heat source parameter.

The scope of the work reported is:

e [t not only helps the people working in the field of Physiological fluid

dynamics but also to the medical practitioners.

3.2 DESCRIPTION OF RESEARCH WORK

This research work focuses on the MATLAB implementation of

interpretation of analytical solutions obtained for various fluid flows.

Research Problem

The main objective of the research work is to analyze the flow of
fluids through parallel porous plates in the presence/absence of magnetic

effects.



Research Methodologies

Analytical solutions are obtained by transforming the partial
differential equation concerning the flow into an ordinary linear differential
equation with constant coefficients by using similarity transformation. The
arbitrary constant is then calculated by using boundary condition of the
respective problem and the results are interpreted by using MATLAB

applications

10



CHAPTER-4



4. MODEL FORMULATION

Consider the flow of an incompressible Casson fluid over an
exponentially shrinking/stretching porous sheet through the length of the
channel and the distance between the two plates is assumed to be h. The
medium inside the channel is assumed to be porous. Let u and v as velocity
components in the directions of x and y respectively (axial and normal

respectively) at time t in the flow field.

The rheological equation of state for an isotropic and incompressible

flow of a Casson fluid as follows:

P,
+ | 2e, ,
{ILJB \/ﬁj ij, T>7T,
T. =

[ﬂB + \/%Jzeu T<T,

where 1 is the (i, j) th component of the stress tensor, @ = e;; e;; and e;; are the

(1, j) th component of the deformation rate, « is the product of the component
of deformation rate with itself, n. is a critical value of this product based on
the non-Newtonian model, pg is plastic dynamic viscosity of the non-

Newtonian fluid, and py is the yield stress of the fluid.

4.1 MATHEMATICAL FORMULATION

The governing equations of such type of flow are, in the usual notations,

du dv (1)
8u+16“p_ (1+1)62u v
at pfrx_v ¥/ dy? k" (2)
—kN(u—u,) —=Fa +gpT —T,)

aT K o°T
—= LY (T —Tp) 3)
ot pC,dy* pC,
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where u and v as velocity components in the directions of x and y respectively
(axial and radial respectively) at time ¢ in the flow field. v is the kinematic
fluid viscosity, p is the fluid density, y = ,uB\/ch/py is the Casson parameter,
o is the electrical conductivity of the fluid, and By is the strength of magnetic
field applied in the y direction. p and p is the density and viscosity of the
blood while p* stands for pressure. K' is thermal conductivity, K is the
permeability of the porous medium; Cp is the specific heat at constant
pressure. Q is the quantity of heat, T is the temperature of the fluid and T, is
the temperature of the wall and B is the volumetric expansion parameter while

0 is the temperature distribution.

The boundary conditions are taken as:
f=e*tu=e*taty=n
d=0,u=0aty=0

Let us introduce the non-dimensional variables,

X = *p“—yu”— =yt =— i
’ R’ m/2ph’ m/2pk’ phge’
dp
. ix . & 4
Pt = = — @
um 2 gt he pm/2p%he

Substituting equation (4) into equations (1) — (3), we get

8u+8v 0
dx 83!_ (5)
du 19 1y 9?2 B;
a—!f-i—;ﬁ:'v(l ;)ﬁ—%u—k*N(u—HP)—J;“ ©)
+aB(T —Ty)
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a6 1 ‘6

5
= _ + (7)
dt vP.dy? VB

Hlp

hZ
where the heat source parameter, § = %. Prandtl number,P,. = pr

4.2 ANALYTICAL SOLUTION OF THE PROBLEM
With the discussions in the section 3.2, let us choose the solutions of

the equations (5) — (7) respectively as

u(y,t) = F(y)e ™" (8)
v(y,t) =G(y)e 't (9)
(10)

6(y,t) =H(y)e ™"
u,(y,t) = u, (y)e

Differentiate with respect to ‘t’

= R+ LW
gL .
b . 324 - w —22f
m (-A"—'J_g (vie & ")= E"Nlu—unle *~*
E pyS s v ()
K u
., =
(3 k*—m.. A2
up = czu
- I’
Where c?=
k*-myA?

u = N2 (ga?sin?a+ L+ kN — k*Nc2
rH—kp—(1—%1/)61}_2 (Ha sin a+k+kN k"Nc )u+gﬁ

JPF(y)e Mt 4 pe A7t
1 2 1
— (1 —l——) F'(y)e ™t — (22 —Ha’sin? a — = k*N
14

— k'Nc))F(y)e ™t + gRH(y)e ™t
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. Y L = - 1 A .2 ; - _ = ur
| PR Y ‘l.f!"_Hﬂ"cin"ﬂ___+b*h1-f/“_'1'!!'-_-'!"!!1: lnw _ a7 1
i \_ ’[\_Jl. 4L L =2 o LS 8 B mn 4'¥ \_L J.,l‘ \_)" a . ‘H :H o~ ,

AT i ) o iTF W T Sifiao 5
- s Lo e T Y
i LT o I ¥ or__ _ o SUIOY I
Filvi+coFlv) = 1o — ais j
o ¥ ' S T s \:\-l L) fiﬂ_é I
where,
- 1 = = o 1 . =
2 — N2 pra2 i e 2 L LEAISZ 1Yy
iy = AL file oiil W A LA S ijj
’ iiy - i

The boundary conditions are transformed to

H=0F=0aty=0

(11)
H=1,F=1laty=1
By (5) and (9)
G=A4 (13)
where A is an arbitrary constant.
By (10), equation (4.7) becomes
2 1 z S .
_ 32 e et SR & (N o ST & S R g 1
A“H(y)e w::_h' (v)e +vF:_H|“})€
1 z S 2 z
L H A eA%t L I e—A%t 4 32 g =A%t _
uP,_,,H (v)e —|—UPTH(_}]€ + A*H(y)e 0
H'"(y)+6*H(y)=0 (14)

where 52 =5 1| A2Bw

Solution of equation (14) using the boundary condition (11) is as follows:
Auxiliary equation of (14)

m? + 62 = 0m=+is
Hence,

H(y) = c,cos(dy) + c; sin( &y) (15)

15



Aty=0H=0. 0=¢,co56 (15a)
Aty —1,H—1. 1—¢ccos8+c,5ins (15b)
From (15a) and (15b), we have
Cl = {] and 'r_z == .-.':J:,'-?
Hence (15) becomes
ain { A
__["1.';!“! = —"’ e (16)
- sin &
From (10) and (16) the temperature distribution is given by
£ einf 5 i
iy )y =17\, A%t (17)
iy vg 1 I
\ sind )

(18)

Solution of equation (18) using the boundary condition (11) is as follows:

Aucxiliary equation of (18)

m? + ¢? = 0, implies m = +ic

Hence, C.F. = c3 cos(¢y) + cgsin( ¢y)

PLi= Y ("’“”")— y »

;+]-'p 02+¢2) 14y
¥y yp sin gy ¥y gpf [sindy
P.I.2= B = . 2 2
T+y sind \—-42+¢2 T+y sin& \c2—A2
Hence

o o, ¥ p v ab (Sinﬁ'ﬂf) 19
F(v) =c3coscy +C4SIHCJ+]_-|—yl,'2+1+'yb'in,5 PR (19)
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Yy p ¥ gff 7 sind
1 = ':3 CL—"‘S‘g : Cq S § : a - : . . r\-% - ] : (19a)
1+yce 1+ysindi¢s—§62/
Aty=o0r =
R (19b)
14+ vce
From (19b), we have
y v
o — — —_
o T 1L arnl
4TS
From (19b), we have
W 1 ¥ oon v 7 agll
4 f = o 1 ot 1 f ~ ] i [l 'I
= =3 TSN LT g AL T T = T T 1 7= oz |
1+ycgs i+yer 14+vi¢2—02/
. - ar PR B
. ¥ [ S . ) ooy Yr 3
1= —ll—vcogsc)4c,.8inc+ | — |
1 4+wved™ i = ’ T4+ w\es— Ad)
L+¥ye 1+ ¥\ 2]
nr - 2 " - -
. ¥ [ A ¥ F .
CaBINne — 1 — | —= — | + — (cosgc —1)
T+ wvhed — AT 14+ wvee” * u
1+¥\L 0 1Y
1 - s - 12 " - - “
Lol 4 { HF \ r [ |
Cas = {1 [ . L lcosc 1)t
= cinel T4+ vwipse— AT 1 +ved™ * “1
al il S i L
Hence

a3 v of (siné‘y)

CZ_SZ

I'(yv)=cscoscy+cisincy
) =cscosgy teysingy + ozt o0

(20)
From equation (8) and (20) the velocity of the flow of the fluid parallel to the

direction of the channel is obtained as,

s _ ‘. e e y P y gp ssindy
u(y,l) = ngbgeran”Jrlﬂf?Jrl+ysin<5(g2—52] 1)

e At
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From equations (9) and (13), the velocity of the fluid flow perpendicular to

the direction of the channel is given by

-

v(y,t) = Ae V¢ (22)

Equations (17), (21) and (22) show the temperature distribution, the axial

velocity and normal velocity respectively.
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5. PERFORMANCE ANALYSIS

5.1 SENSITIVE ANALYSIS AND DISCUSSION

From what has been discussed above, we have performed fluid flow between
two parallel plates, causing them to move in parallel with dusty particles.
Fluid suction is through the lower fixed plate. Here the effects of velocity
profiles and pressure distribution are studied. To study the behavior of the
velocity profiles for Casson parameter, dusty particles and heat source curves
are drawn for various values of the parameters that describe the flow. The

results obtained for the steady flow are displayed in Figures 5.1, 5.2 and 5.3.

5.2 EFFECTS OF DIFFERENT PHYSICAL PARAMETERS ON
VELOCITY FIELDS

Effects of Casson parameter y on velocity profiles for unsteady motion
are clearly exhibited in Figure 5.1 the behavior of velocity with increasing v is
noted at y=1,2,3,4,5), A = 0.2, y=0:0.1:1, S=0.5, v =0.9, K=0.8, t = 0.6, g =
9.8,=04,p=0.2,K’=2, N=1, M = 1. It is observed that the axial velocity is

found to decreasing with increasing Casson parameter Y.

Figure 5.2 exhibits the axial velocity profiles for several values of
number of elements in dusty particles N =1,2,3,4,5 at A = 0.2, y=0:0.1:1,
S=0.5,v=0.9,K=08,t=0.6,y=1,g=98, =04, p=0.2, K’=2, N=1,
M=1. 8. It is observed that axial velocity increases with increasing the volume

of dusty particles.

Figure 5.3 exhibits the axial velocity profiles for several values of heat
source parameter S =0.5,1,1.5,2,2.5 atA = 0.2, y=0:0.1:1, S=0.5, v = 0.9,
K=08,t=06,y=1,g=98p=04,p=02,K=2, N=1,M=1.1tis
observed that axial velocity decreases with increasing the heart source

parameter S.

20
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Figure 5.1 Axial velocity of fluid when vy increases
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Axial Velocity

0.9

0.8

o
3

©
o2}

0.5

0.4

N=1
N=2
N=3
N=4
N=5
-
/,/
ey //
// g /
T
s
~ / ///////
/// - //;/
— ~ ~
//// ///;//
L L L L L L L L L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
y Axis

Figure 5.2 Axial velocity of fluid when N increases
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Figure 5.3 Axial velocity of fluid when S increases
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6.1 CONCLUSIONS
The MHD flow of dusty Casson fluid and heat transfer over a stretching sheet
are investigated taking into consideration the thermal radiation effect. From the
study, the following remarks can be summarized.
» The axial velocity decreases with increasing the heart source parameter (S).
» The axial velocity decreases with increasing the Casson fluid parameter (y).
» The axial velocity increases with increasing the dusty particles (N).
Finally, the solution is presented graphically.
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