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ABSTRACT:

In this project work we have introduced the concept of metric space,
discussed the motivation behind studying this concept. We also discussed how
this concept is being used in real life scenario. Being closely related to the
notionof distance, it has many applications in the field of navigation. One such
instance where it is being associated with the navigation of aeroplanes is
discussed. We have discussed various metrics on the set of reals, on R", on the
set of functions etc. to illustrate the abstract nature of the distance. Later the
notions of metric subspace and super space were introduced and a method of
finding a metric super space from a given metric space is discussed. In fact, we
observed that we can have uncountable extensions of a given metric to some
superset of that space. We also touched upon the concept of isometry i.e.,
distance preserving functions and discussed some standard examples associated
with this concept. Finally we discussed special types of metrics determined by a
norm on a vector space, which relates the algebraic properties of the vector space
with its geometric properties. We hope that the content presented in the chapter
would be of immense help to the students who are beginners in the subject.
Hence, we can conclude that many proofs in real analysis is much smoother and
easier to understand once we stop thinking about & and € and consider everything
in terms of neighborhood in alternate. This substantiates the role of topology and

metric space in real analysis.
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1. INTRODUCTION TO METRIC SPACES

1.1. INTRODUCTION

A metric space is a hon-empty set equipped with structure determined by a
well-definednotion of distance. The term ‘metric’ is derived from the word metro
(measure). Naturaland immediate questions that comes to mind are what do we
mean by measure, what canbe measured and how it can be measured? In the
search of answers to these questions,let us consider the following example:
Suppose a person wants to go from New Delhi to Mumbai. The adjoining figure
gives possible routes from New Delhi to Mumbai. Depending on the situation, he
may travel by taking any of the given possible option. We note that there are two
different ways to interpret his journey.

(1) Navigational distance (in km) from New Delhi to Mumbai.
(i) Navigational time (in hrs) to reach from New Delhi to Mumbai

Suppose he travels via NH48, then the distance travelled is 1402 km and time
taken is21h 31min. So in this example, Time and Distance represent two different
modes of measurement. Here, we shall discuss and learn about a very special
class of functions that ‘measure difference’ which mathematicians were able to
identify in the beginning of the 20th century. In the mathematical literature, this
special class is represented as “distance”. In the plane, distance between two
points is measured along the straight line joining them. Our objective in this
chapter is to illustrate through examples the different ways of measuring difference
(distance) between objects besides straight line measurements, so that students
can grasp the abstract nature of the subject. To begin with, let us observe the
fundamental properties of straight line distance measured between two points in
R2. Fromhigh school geometry, we know that straight line distance between points
Aand B is

JEG =R T G = )2
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1.2 Properties of straight-line distance
Measurement between distinct points is a positive real number.
. Two points in a space are identical if and only if measurement between
them is zero
Measurement is symmetric in nature i.e., distance measured along A to B is
same
as measured along B to A.
Measurement between two points is less than or equal to the total distance
taken when we travel via some other point.
1y
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From the first two properties, we observe that straight line distance is non-
negative real number. How to generalize all these ideas under one notion
so that the properties remain intact? The solution is provided by real valued
functions which measures difference. Such functions are known as metric in
the mathematical literature. Further since the prototype for such functions is
straight line distance, these functions are often regarded as distance
functions. These functions were first considered in 1905, by the French
mathematician Maurice Frechet who thought of generalizing the notion of
distances and extending them to arbitrary sets. In his doctoral dissertation

“Less EspacesAbstrait”, he introduced the concept of a metric on a set.



2.THE ROLE OF TOPOLOGY IN ANALYSIS

It is possible to proceed with Real analysis without mentioning the word to
topology at all.

Indeed, one of the most popular texts of the previous generation by G.H.
Hardy entitled “A course of pure mathematics” has no mention of the word
“topology”.

However to study analysis in this way is to study analysis with one eye
closed! Indeed many of the major theorems of real analysis including the
intermediate value theorem and the extreme value theorem can be easily proven
using topology.

In fact, a strong argument can be made that these theorems are really a
consequence of topology and studying them without invoking topology does not
give a complete picture. So we will spend some time studying topology.

One of the central aims of real analysis is to formalise the definition of a
continuous function in a mathematically precise way. Several eminent
mathematicians like Newton, Leibniz, Eluler, Cauchy and others have given
definitions of continuity. Let's summarise some of these “definitions” before we
move on to the modern definition which is attributed to Bolzano and Weierstrass.

1. A function is continuous if its graphs has no “gaps” or “jumps”. An
example of function with a jump in the famous Heaviside function that takes
the value zero when x < 0 and 1 when x > 0. This very simple function
crops up repeatedly in many branches of science and engineering.

2. A function is continuous if its graph can be freely traced using a pencil
without lifting.

3. A function is said to be continuous if a small change in input creates only
a small change in the output.

None of the above three “definitions” are mathematically precise.
Specifically, number of intuitive notions like “gaps” and “freely traced” are used.
Since all of this began with the intermediate value theorem, let us give a mock

definition inspired by the second one above.



2.1. MOCK DEFINITON OF CONTINUITY:

Let f:(a, b) =R be a function. We say f has the intermediate value property
if for va;, az€ (a, b), a1< a,, and di1e [f(ay), f(ay)] (d1€ [f(az), f(ar)] if f(a1) > f(ay)),
we can find c; €[a;, a,] such that f(c;) = d;.

The above definition seeks to make precise the notion that the graph of a
continuous function can be fully traced without lifting the pencil. The following
example demonstrates why the above definition will not work. Consider the
function called the topologists sine curve:

) sin+  ifx#£0
=)= { 1 ifa i 0

The problem with this function is that as we get closer and closer to the
origin, the function starts oscillating more and more rapidly. We would not want to
consider such functions as continuous. Near the origin, a small change in the input

produces a spectacularly large change in the output.

PROBLEM:

Note that the above function has the intermediate value property on any
interval. Before we venture further, it might be a good idea to take a closer look at
one more weird functions. After all it is our objective to give a formal definition of
continuity that guarantees that continuous functions are not too weird!

Example:
This example deals with the famous Dirichlet function also known

colloquially as the salt-and-pepper function. Define

o lLifx =)
flx) =
0if = & .

Note that if r € R then in any interval (r - ¢, r +¢ ) there are both rational and

|'|

irrational numbers irrespective of how small e > 0 is. In fact, there are infinitely
many rationals and irrationals in any non-empty open interval. This means that this
function jumps infinitely often in any given open set! Let us analyse a bit more.
We can construct sequences Q 3 x,—» rand R\ Q 3 y,—r. consequently,
e f(xp) is the constant function 1,

e f(yn) is the constant function O.



We note that f(x,) —f(r) if r is rational. This suggests that to capture
intuitive notion of continuity using a precise mathematical definition, we have to
consider the behaviour of the function along all sequences converging to a
particular point. But before we get to this, we will introduce notions from topology
which provides the machinery that allows to accomplish this in an elegant manner.

Loosely speaking, topology is the abstract study of “space”.

We might wonder what is so different about topology compared to geometry
which you are very familiar with from school. Well, topology studies only those
aspects of space that do not change under a “continuous” transformation of the
space. Concepts like area and angle are in the domain of geometry and not
topology. Informally, it is often remarked that to a topologist a coffee cup and a
doughnut. In some sense, the idea of continuity is sort of built-in the core of
topology. From our perspective, Topology is relevant to our study because it deals

with “closeness”.

2.2. DEFINITION:

A set X, whose element we shall call points, is said to be a metric spaces if
with any two points p and g of X there is associated a real number d (p, q), called
the distance from p to q, such that,

(@) d(p,q)>0if p#q; d(p, q) =0;
(b) d(p,q)=d(q, p);
(c) d(p,q)<d(p,q) +d(rq), foranyre X.

Any function with these three properties is called a distance functions, or metric.
EXAMPLES:

The most important examples of metric spaces, from one standpoint are the
Euclidean spaces RX, especially R* (real line) and R? (the complex plane); the
distance in R" is defined by

dxy)=|x-yl
By the condition of a metric space. It is important to observe that every subset Y
of a metric space X is a metric space in its own right, with same distance
functions. For it is clear that if conditions (a) to (c) to metric space hold for p, q, r
€ X, they also hold if we restrict p, g, rto liein Y.

Thus every subset of a Euclidean space is a metric space.



3. METRIC TOPOLOGICAL TERMINOLOGIES AND THEOREMS

SEGMENT:

By the segment (a, b) we mean the set of all real numbers x such that
a<x<b.
INTERVAL.:

By the interval [a, b] we mean the set of all numbers x such thata < x<b.
NOTE:

Occasionally we shall also encounter “half-open intervals” [a, b) and (a, b];
the first consist of all x such that a < x < b, the second of all x suchthat a<x<b.
K- CELL:

If a < b; for i =1,...k, the set of all points x=(x1 Xq in R whose

coordinates satisfy the inequalities a; < x < b; (1<i < k) is called a k-cell. Thus a 1-
cell is an interval, a 2-cell is a rectangle etc.
OPEN OR CLOSED BALLS:
If xe R*and r >0, the open (or closed) ball B with centre at x and radius r is
defined to be the set of ally € RXsuch that |y —x | <r (or|y—x]|<T).
CONVEX BALLS:
We call a set E c R convex if
AX+(1l-A)YyEE
Wheneverx e E,ye E,and 0 < A < 1.
For example, balls are convex. Forif |y—x|<r |z-x|<r,and0<A<1, we
have
[Ay +(1-A) z=x[=]A(y—-x)+(1-A)(z-X)|
SA|lYy=X|+@-A)|z=Xx|<Ar+(@Q-A)r
=r.
The same proof applies to closed balls. It is also easy to see that k-cells are

convex.

DEFINITIONS:
Let X be a metric space. All points and sets mentioned below are

understood to be elements and subset of X.



(a) Neighborhood:
A neighborhood of p is a set N,(p) consisting of all g such that

d (p, q) <r, for some r > 0. The number ris called the radius of N(p).

(b) Limit point:
A point p is a limit point of the set E if every neighborhood of p contains a

point q # p such that q € E.

(c) Isolated point:

If p€ E and p is not a limit point of E, the p is called an Isolated point.

(d) Closed set:

E is closed if every limit point of E is a point of E.

(e) Interior point:

A point p is an interior point of E if there is a neighborhood N of p such
that N c E.
() Open set:

E is open if every point of E is an interior point of E.

(g) Complement of a set:

The complement of E (denoted by E°) is the set of all points p € X such
thatp ¢ E.
(h) Perfect set:

E is perfect if E is closed and if every point of E is a limit point of E.
(i) Bounded set:

E is bounded if there is a real number M and a point q € E.

() Dense set:

E is dense in X if every point of X is a limit point of E, or a point of E
(orboth).
Let us note that in R* neighborhood are segments, whereas in R*neighborhoods

are interior of circles.



Theorem 3.1:
Every neighborhood is an open set.
Proof:
Consider a neighborhood E = N(p), and let g be any point of E.

Then there is a positive real number h such that
d(p,q)=r—nh.
For all points s such that d (p, s) < h, we have then
d(p,s)=d(p,q)+d(q s)<r—h+h=r,

so that s € E. Thus g is an interior point of E.

Theorem 3.2:

If p is a limit point of a set E, then every neighborhood of p contains infinitely
many points of E.

Proof:

Suppose there is a neighborhood N of p which contains only a finite number
of points of E. Let qs,...,gn be those points of NNE, which are distinct from p, and

put

r =min d(p, dm) 1<m<n.

[we use this notation to denote the smallest of the number d(p, gi)....... ,d(p,
gn)]- The minimum of a finite set of positive numbers is clearly positive, so that r >
0.

The neighborhood N(p) contains no point q of E such that q #p, so that p is

not a limit point of E. This contradiction establishes the theorem.
Corollary:A finite point set has no limit points.

Theorem 3.3:
Let {Ea} be a (finite or infinite) collection of sets Ea. Then

(UgE )= (NgEc)



Proof:

Let A and B be the left and right members of limit pointof E. Ifx € A, then
X €U aEa, hence x¢ Ex for any «, hence x € E;for every, so thatx en E;. Thus A

c B.

Conversely, if x € B, then x EE;for every o, X € Ea for any a, hencex

(U Ex)® so that x €(U, Ea )°. Thus B c A.
It follows that A = B.

Theorem 3.4:

A set E is open if and only if its complement is closed.

Proof:

First, suppose E° is closed. Choose x € E. Then x ¢ E, and x is not a limit
point of E®. Hence there exists a neighborhood N of x such that E°’n N is empty,
that is, N cE. Thus x is an interior point of E, and E is open.

Next,suppose E is open. Let x be a limit point of E°. Then every
neighborhood of x contains a point of E°, so that x is not an interior point of E.

Since E is open, this means that x € E. It follows that E® is closed.
Corollary: A set F is closed if and only if its complement is open.
Theorem3.5:

(a) For any collection {Ga} of open sets, U, G ais open.

(b) For any collection {Fa} of closed sets, N, F « is closed.



(c) For any finite collection G4

Gnof open sets, ﬂi : 1Gi is open.

(d) For any finite collection F,....... F. of closed sets, Ui : Fiis closed.

1

Proof:

Put G =U,Ga.lf x € G, then x € G, or some a. Since X is an interior point

of Gy, X is also an interior point of G, and G is open. This proves (a).
By Theorem finite or infinite collection of sets Eaq,
c_ C
(NaFa)® = Uq (F )

and F§ is open, by the above theorem. Hence (a) implies that the function is open
S0 N, Fa that is closed.
Next, put H = ﬂl. Z 1Gi. For any xe H, there exist neighborhoods N; of xwith radii

r, such thatN«eGi(i = 1,......,n) . Put

and let N be the neighborhood of x of radius r. ThenN c G; fori = 1,...,n, so that N

c H, and H is open. By taking complements, (d) follows from (c):
(Ui, F)° = NiL, (F).
Definition:

If X is a metric space, if E c X, and if E' denotes the set of all limit points of E

in X, then the closure of E is the set E=E U E..

Theorem 3.6:
IfX is a metric space and E c X, then

(@) Eis closed,
(o) E =Eif and only if E is closed,

(c) Efor every closed set F c X such that E c F.
By (a) and (c), E is the smallest closed subset of X that contains E.

Proof:

@) If pe X and p € E then p is neither a point of E nor a limit point of E.

10



Hence p has a neighborhood which does not intersect E. The complement of
E is therefore open. Hence E is closed.

(b) If E = Eimplies that E is closed. If E is closed, then E' c E [by Definitions],
hence E=E

(c) IfFisclosedand F> EthenF > F’, hence FoE'. ThusF > E.
Definition:

By an open cover of a set E in a metric space X we mean a collection {Ga} of

open subsets of X such that E c Ua Ga.

Definition:

Asubset K of a metric space X is said to be compact if every open cover of K
contains a finite subcover.

More explicitly, the requirement is that if {Ga} is an open cover of K, then

there are finitely many indices a4 ..o, such that

.......

The notion of compactness is of great importance in analysis, especially in
connection with continuity.

It is clear that every finite set is compact. The existence of a large class of
infinite compact sets will be following theorem.

We observed earlier that if E c Y c X, then E may be open relative to Y
without being open relative to X. The property of being open thus depends on the
space in which E is embedded. The same is true of the property of being closed.

Compactness, however, behaves better, as we shall now see. To formulate
the next theorem, let us say, temporarily, that K is compact relative to X if the

requirements of the definition.
Theorem 3.7:
Compact subsets of metric spaces are closed.

Proof:
Let Kbe a compact subset of a metric space X. We shall prove that the

complement of K is an open subset of X.

11



Suppose p €X, p K. If g € K, let Vg and Wy be neighborhoods of p
andgrespectively, of radius less than %d (p, g). Since K is compact, there are
finitely many points, q;.....q, in K such that

Kc WU ....UWg, = W.
If V = Vqn...nVga then V is a neighborhood of p which does not intersect
W.Hence V c K, so that p is an interior point of K°. The theorem follows.
Theorem 3.8:
Closed subsets of compact sets are compact.
Proof:

Suppose F c K c X, F is closed (relative to X), and K is compact. Let {Va} be
an open cover of F. If F® is adjoined to {Va} we obtain an open cover Q of K. Since

K is compact, there is a finite subcollection ¢pof Q which covers Kand hence F. If F°
iIs a member of ¢ , we may remove it from ¢and still retain an open cover of F. We
have thus shown that a finite subcollection of {Va}covers F.

Corollary:If F is closed and K is compact, then FNK is compact.

Definition:

Two subsets A and Bof a metric space X are said to be separated if both
AN B and A n B are empty, i.e., if no point of A lies in the closure of B and no point
of B lies in the closure of A.

A set E c X is said to be connected if E is not a union of two nonempty

separated sets.

Theorem 3.9:

A subset E of the real lineR'is connected if and only if it has the following
property: If x € E, y € E, and x <z <y, then z € E.

Proof:

If there exist xe E, y € E, and some z € (X, y) such that z ¢ E, then E = A, U

B, where

Az:En(-OO, Z), BZ:En(Z, m).

12



Since x € A; and y € B;, A and B are nonempty. Since A,c (-, z) and B,c (z, «),
they are separated. Hence E is not connected.

To prove the converse, suppose E is not connected. Then there are nonempty
separated sets A and B such that A U B = E. Pick xeA, yeB, and assume (without

loss of generality) that x < y.Define
z=sup (A n[x, y).

By Theorem of a nonempty set of real numbers z € 4 ; hence z ¢ B.In particular, x
<z <y.

If z ¢ A, it follows that x <z <y and z ¢E.

If z€ A, then z € B, hence there exists such that z <z;< y and z; ¢ B.

Then x <z;<y and z; ¢ E.

Definition:
Let X and Y be metric spaces; suppose E c X, f maps E into Y, and p is a limit

point of E. We write f(x) =g as x—p, or

limx—>p fx)=p

if there is a point q € Y with the following property: For every &> 0 there exists a
< 6> 0 such that

dy(f(x), q) <e
for all points x € E for which
0 < dy (X, p) <4.

The symbols dy and dy refer to the distances in X and Y, respectively.

If X and /or Y are replaced by the real line, the complex plane, or by some
euclidean space RY, the distances d,, dy are of course replaced by absolute
values, or by norms of differences.

It should be noted that p € X, but that p need not be a point of E in the above

definition. Moreover, even if p € E, we may very well have f(p) # log,_,,, f(x).

We can recast this definition in terms of limits of sequences:

13



Theorem 3.10:

Let X, Y, E, f, and p be as in above definition. Then

lirnx—>p fx)=p

if and only if lim,,_ f(pn)=0.

for every sequence {pn} in E such that

pPn# P, lim,,_, Pn=P.

Proof:

Suppose lim,_,, f(x) =p holds. Choose {pn} in E satisfying lim,_ . pn =
p.Lete> O be given. Then there exists 6 >0 such that dy(f(x), g)<e if x€ E and 0< dy
(X, p) <8. Also, there exists N such that n > N implies 0 < dx (pn,P)<dThus, for n>
N, we have dy(f(P,), q) < e, which shows that lim,,_,, f (pn)=q holds.

Conversely, suppose lim,_,, f(x) = p is false. Then there exists some &> 0 such

that for every 6> O there exists a point x € E, for which dy(f(x, q) 2 € but 0 < dy(X, p)
<§. Taking 6, = 1/n (n = 1, 2, 3,...), we thus find a sequence in E satisfying

lim,,_,, pn = pfor whichlim,,_,., f (pn)=q is false.
Corollary:If has a limit at p, this limit is unique.

Theorem 3.11;

Suppose Ec X, a metric space, p is a limit point of E, f and g are complex

functions on E, and

limy_p f(x) = A lim_, g(x) = B.
Then
(a) limy,,(f = g)(x) = A = B;
(b) lim,._,,(fg) (x) = AB;
() 1imxﬁp(§)(x) = 2,if B#0.
Definition:

Suppose X and Y are metric spaces, E c X, p € E, and f maps E into Y. Then

14



fis said to be continuous at p if for every > 0 there exists §> 0 such that

dy(f(x), f(p)) <e

for all points x € E for which dy (x, p) <§.

If f is continuous at every point of E, then f is said to be continuous on E.

It should be noted that f has to be defined at the point p in order to be

continuous at p.

If p is an isolated point of E, then our definition implies that every function f
which has E as its domain of definition is continuous at p. For, no matter which &>
0O we choose, we can pick §> 0 so that the only point x € E for which

dx (X, p) <6 is x = p; then

dy(f(x), f(p)) = 0 <e.
Theorem 3.12;

A mapping f of a metric space X into a metric space Y is continuous on X if
and only iff*(V) is open in X for every open set Vin Y.

Proof:

Suppose f is continuous on X and V is an open set in Y. We have to show that
every point of (V) is an interior point of f!(V). So, suppose p € X and f(p) € V.
Since V is open, there exists &> 0 such that y € V if dy(f(p), y) <e; and since f is
continuous at p, there exists §> 0 such that dy(f(x),f(p)) <e if dx(x ,p) <6. Thus x € f
'(V) as soon as dy (X, p) <6.

Conversely, suppose f*(V) is open in X for every open set Vin Y. Fix p € X
and > 0, let V be the set of all y € Y such that dy (y, f(p)) <e. Then Vis open;
hence f(V) is open; hence there exists §> 0 such that x € f (V) as soon as
dy (p, X) <6 . But if x € £1(V) then f(x) € V, so that dy(f(x), f(p)) <e.

This completes the proof.

Corollary:

A mapping f of a metric space X into a metric space Y is continuous if and

only if f 1(C) is closed in X for every closed set Cin Y.

15



This follows from the theorem, since a set is closed if and only if its com-

plement is open, and since f*(E®) = [f*(E)]° for every E C Y.

We now turn to complex-valued and vector-valued functions, and to functions

defined on subsets of R,
Definition:

A mapping f of a set E into R is said to be bounded if there is a real number
M such that | f(x) | < M for all x € E.

Statement:

Suppose f is a continuous mapping of a compact metric space X into a metric

space Y. Then f(X) is compact.

Statement:

If f is a continuous mapping of a compact metric space X into R¥, then f(X) is

closed and bounded. Thus, fis bounded.

Definition:
Let f be defined (and real-valued) on [a, b]. For any x € a, form the quotient

_ fO-fx)
o0 ="

and define,
f'(x) = lim,_,, @(¢),

provided this limit exists in accordance with continuity definitions.

We thus associate with the function f a function f' whose domain is the set of
points x at which the limit exists; ' is called the derivative off.

If f' is defined at a point x, we say that f is differentiable at x. If f' is defined at
every point of a set E c [a, b], we say that f is differentiable on E. It is possible to
consider right-hand and left-hand limits in above equation; this leads to the
definition of right-hand and left-hand derivatives. In particular, at the endpoints a
and b, the derivative, if it exists, is a right-hand or left-hand derivative, respectively.
We shall not, however, discuss one-sided derivatives in any detail.

If f is defined on a segment (a, b) and if a < x < b, then f'(x) is defined. But

f'(a) and f'(b) are not defined in this case.
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Theorem 3.13:

Let f be defined on [a, b]. If f is differentiable at a point x € [a, b], then f is

continuous at Xx.

Proof:

As t - x, we have,

f(t) — f(x) = Z9LE (- %) - F(x). 0=0.

The converse of this theorem is not true. It is easy to construct continuous
functions which fail to be differentiable at isolated points. We shall even become
acquainted with a function which is continuous on the whole line without being

differentiable at any point!

Note: Suppose f and g are defined on [a, b] and are differentiable at a point x e [a,

b]. Then f + g, fg, and f|gare differentiable at x, and

@) (f+9) '(x) =F(x) +g'(x);
(b) (fg)'(x) = F(x)g(x) + F(x)a(x);

Fyirgy = 9GO ()
(©) Ly = 22

(In (c), we assume of course that g(x) # 0.

Theorem 3.14:

The derivative of any constant is clearly zero. If f is defined by f(x) = x, then
f(x) = 1. Repeated application of (b) and (c) then shows that x" is differentiable,
and that its derivative is nx"*, for any integer n (if n < 0, we have to restrict
ourselves to x#0). Thus every polynomial is differentiable, and so is every rational

function, except at the points where the denominator is zero.
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The following theorem is known as the “chain rule” for differentiation. It deals
with differentiation of composite functions and is probably the most important

theorem about derivatives.
Note:

Suppose f is continuous on [a, b], f'(X) exists at some point x €[a, b], g is
defined on an interval | which contains the range of f, and g is differentiable at the
point f(x). If

h®) = g(f()) (astsb),

then h is differentiable at x, and

h'(x) = g'(f(x)) F'(x).

Examples:

Let f be defined by

x sin l- (x #0),
f(x) = x

0 (x=0).

Taking for granted that the derivative of sin x is cos x (we shall discuss

thetrigopnometricfunctions.

, .11 1
f'(x) = sin- - — cos- (x#0).

At x = 0, these theorems do not apply any longer, since 1/x is not defined

there, and we appeal directly to the definition: for t#0,

[O-f©) _ gt
t—-o t

As t # 0, this does not tend to any limit, so that f'(0) does not exist.
(a) Let f be defined by

18



1
e
S(x) = {x Sm.‘r (x » 0),
0 (x =0},

As above, we obtain

f(x) = 2x sini - cosi (x#0).

At x = 0, we appeal to the definition, and obtain
@) -10) _
0

= S|t (#0);

-
fsin -
4

letting t — O, we see that
f'(0)=0.

Thus f is differentiable at all points x, but f' is not a continuous function,
since cos (1/x) in above does not tend to a limit as x — 0.
Definition:

Let f be a real function defined on a metric space X. We say that f has a local
maximum at a point p € X if there exists 6> 0 such that f(q) < f(p) for all g € X with

d (p, g) <6.

Local minima are defined likewise.

Our next theorem is the basis of many applications of differentiation.
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4. MEAN VALUE THEOREM AND TAYLORS THEOREM

GENERALISED MEAN VALUE THEOREM:

If f and g are continuous real functions on [a, b] which are differentiable in (a,

b), then there is a point x € (a, b) at which
[f(a) — f(b)] 9'(x) = [9(b) — g(a)] f'(x)
Note that differentiability is not required at the endpoints.
Proof:
Put
h(t) = [f(b) — f(a)] 9(t) — [9(b) — g(a)] f(t) (ast=b).
Then h is continuous on [a, b], h is differentiable in (a, b), and
h(a) =f(b)g(a) -f(a)g(b) = h(b).
To prove the theorem, we have to show that h'(x) = 0 for some x € (a, b). If h is
constant, this holds for every x € (a, b). If h(t) > h(a) for some t € (a, b), let x be a
point on [a, b] at which h attains its maximum theorem shows that h'(x) = 0. If h(t)

< h(a) for some t € (a, b), the same argument applies if we choose for x a point on

[a, b] where h attains its minimum.
This theorem is often called a generalized mean value theorem; the following

special case is usually referred to as “the” mean value theorem:

MEAN VALUE THEOREM:

If f is a real continuous function on [a, b] which is differentiable in (a, b), then

there is a point x € (a, b) at which
f(b) -f(a) = (b- a) f'(x).

Proof;:

Take g(x) = x in the above theorem and hence the proof.
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Definition:

If f has a derivative f on an interval, and if f' is itself differentiable, we denote
the derivative of f' by f* and call f* the second derivative of f. Continuing in this
manner, we obtain functions

f, £, 19,
each of which is the derivative of the preceding one. " is called the nth derivative,
or the derivative of order n, of f.
In order for f(x) to exist at a point x, ™ (t) must exist in a neighborhood of x
(or in a one-sided neighborhood, if x is an endpoint of the interval on which f is
defined), and ™ must be differentiable at x. Since f™Y must exist in a

neighborhood of x, f"? must be differentiable in that neighborhood.

TAYLOR’S THEOREM
Theorem:

Suppose f is a real function on [a, b], n is a positive integer, is continuous on
[a, b}, f"(t) exists for every t € (a, b). Let a, B be distinct points of [a, b], and define
n=11®(y)

Pity=}

L (t — ).

Then there exists a point x between a and P such that

(%)

n!

f(B) =P(p) + (B —a).

For n= 1, this is just the mean value theorem. In general, the theorem shows that f
can be approximated by a polynomial of degree n - 1, and that allows us to
estimate the error, if we know bounds on [f"(x) |.

Proof;

Let M be the number defined by
f(3) = P(B) + M(B — a)".

and put
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gty = f(t) - P() =M (t- @)" (a<t<b).
We have to show that n!M = f(x)for some x between « and .
g™ = " (t) -n'M (a<t< b).

Hence the proof will be complete if we can show that g™= 0 for some x between
a and .

Since P ®(a) = f¥a) fork = 0,......,n — 1, we have
G(a)=g'(a) =...=g"(a) = 0.

Our choice of M shows that g(£) = 0, so that g'(x;)= 0 for some x; between a and
B by the mean value theorem. Since g'(a) = 0, we conclude similarly that g"(xz) =
0 for some x, between a and x;. After n steps we arrive at the conclusion that

g™ (x,) = O for some x, between a and x,.1 that is, between «a and 8.
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5. CONCLUSION

From a general perspective, the most important way to construct a topology
on a set is to define the topology in terms of a metric on the set. This approach
underlies our intuitive understanding of open and closed sets on the real line.
Generally speaking, a metric captures the notion of a distance between two
elements of a set. Topologies that are defined through metrics possess a number
of properties that make them suitable for analysis. ldentifying these common
properties permits the unified treatment of different spaces that are useful in
solving engineering problems. To gain better insight into metric spaces, we need
to review the notion of a metric and to introduce a definition for topology.

There are three important theorems that uses the concept of topology in real
analysis which are:
1. Extreme Value Theorem: A continuous function f on a closed bounded
interval attains its maximum and minimum value on that interval.
2. A continuous function on a closed bounded interval is uniformly continuous.
3. Intermediate Value Theorem: Let f be a continuous function on R such that
there are real numbers a, b for which f(a) <0 and f(b) > 0. Then there exist
Cc € (a, b) such that f(c) = 0.

The first two theorems make use of a topological property known as compactness.
The Heine — Borel Theorem is what tells you that in R with Euclidean metric, being
closed and bounded is equivalent to being compact. Numbers 3 makes use of the

topological property that R with the national metric is connected.
Number 2 is especially important to know that why a continuousfunctions on a
closed bounded interval is Riemann Integrable; this should be enough motivation

for you to study topology.

The following are the example of where things get generalised in topology. In a

metric space (in fact in a topological space that is at least T>) this cannot happen.
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Put the trivial on R, the family A, = (0, 1/n) is a countable collection of non — empty
compact sets such that the intersection of any finite sub-collection is non-empty,

but clearly

ﬂfle A =0

The part of topology that is useful in real analysis is called “point set topology”.
The three relevant topics of that part of topology are

1) Continuity, which you’ve already had in “regular” real analysis,

2) Connectivity and

3) Compactness.

In this work, we have introduced the concept of metric space, discussed the
motivation behind studying this concept. We also discussed how this concept is
being used in real life scenario. Being closely related to the notionof distance, it
has many applications in the field of navigation. One such instance where it is
being associated with the navigation of aeroplanes is discussed. We have
discussed various metrics on the set of reals, on Rn, on the set of functions etc. to
illustrate the abstract nature of the distance. Later in the chapter, the notions of
metric subspace and superspace were introduced and a method of finding a
metric superspace from a given metric space is discussed. In fact, we observed
that we can have uncountable extensions of a given metric to some superset of
that space. We also touched upon the concept of isometry i.e., distance preserving
functions and discussed some standard examples associated with this concept.
Finally we discussed special types of metrics determined by a norm on a vector
space, which relates the algebraic properties of the vector space with its geometric
properties. We hope that the content presented in the chapter would be of
immense help to the students who are beginners in the subject. Hence, we can
conclude that many proofs in real analysis is much smoother and easier to
understand once we stop thinking about & and € and consider everything in terms
of neighborhood in alternate. This substantiates the role of topology and metric

space in real analysis.
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