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ABSTRACT 

 

A dominating set in a Graph G is a set of vertices D such that each vertex of G is 

either in D or has a neighbour in D. An independent set in a graph G is a set of 

vertices in G such that no two of which are adjacent. An independent dominating set 

in a graph G is a set of vertices which is both independent and dominating set. 

Independent domination number is the minimum cardinality of an independent 

dominating set. 

In this thesis, we offer a survey of recent results on independent domination in some 

selected graphs like wheel related graphs, snake like graphs, number theory related 

graphs and product graphs. 
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1. INTRODUCTION  
Domination is an area of graph theory with an extensive research activity. The study 

of domination sets and domination numbers in graphs assumes a lot of significance 

as a number of its variations are applied to practical problems. A dominating set in a 

Graph is a set of vertices D such that each vertex of the graph is either in D or has a 

neighbour in D. An independent set in a graph is a set of vertices such that no two of 

which are adjacent. An independent dominating set in a graph is a set of vertices 

which is both independent and dominating set. Independent domination number is 

the minimum cardinality of an independent dominating setMathematical study of 

domination in graphs began around 1960. In the following sequelwe provide some 

basic definitions about graph theory in general, followed by a discussion of 

domination and independent domination in graphs. 

1.1 GRAPH THEORY 

Graph theory,branch of mathematics concerned with networks of points connected 

by lines. The subject of graph theory had its beginnings in recreational math 

problems, but it has grown into a significant area of mathematical research, with 

applications in chemistry, operation research, social sciences, and computer 

science. 

The history of graph theory may be specifically traced to 1735, when the swiss 

mathematician Leonhard Euler solved the Konigsberg bridge problem. The 

Konigsberg bridge problem was an old puzzle concerning the possibility of finding a 

path over every one of seven bridges that span a forked river flowing past an island 

but without crossing any bridge twice. Euler argued that no such path exists. His 

proof involved only references to the physical arrangement of the bridges, but 

essentially, he proved the first theorem in graph theory. 
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Fig: 1.1 Konigsberg bridge problem 

        A graph G = (V, E) consists of a non-empty set V of vertices and a set E of 

edges. We shall only consider simple graphs, which contain no loops and no 

repeated edges. That is, E is a set of unordered pairs {u, v} of distinct elements from 

V. The order of G is∣V (G)∣ =n, and the size of G is ∣E (G)∣ =m. If e = {vi, vj} ∈ E(G), 

then Vi and Vj are adjacent. Vertex Viand edge e are said to be incident 

Degree of a vertex 

             The degree of a vertex v in a graph G is the number of edges of G incident 

with v and is denoted by deg G (v) or deg (v) or d (v). The maximum and the 

minimum degrees of the vertices of G are respectively denoted by  (G) and  (G). 

1.1.1Common Graphs 

Complete Graph 

      The complete graph Kn has the maximum possible edges n(n−1)/2. See Figure 

1.2 for the graphs of K4 and K5. The complement  ̅of a graph G has V ( ̅) = V (G) 

and {u, v} ∈E(G) if and only if {u, v} ∉E ( ̅). Thus, the complement of a complete 

graph is the empty graph  

Example 

 

Fig: 1.2 Complete graph 

Bipartite graph 

       A bipartite graph is one that can be partitioned as V= V1∪V2 with no two 

adjacent vertices in the same Vi. We define the chromatic number of a graph G to be 

the minimum k such that V(G) can be partitioned into sets S1, S2, …., Sk and each 

Siis independent. That is, for eachi, no two vertices in Si are adjacent. Denote the 

chromatic number of G by X(G). If X(G) =   , then G is   -colorable which means we 

can color the vertices of G with    colors in such a way that no two adjacent vertices 
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are the same color. Observe that a graph is 2-colorable if and only if it is a bipartite 

graph. 

Example 

 

 

 

 

 

Fig:1.3 Bipartite graph 

Path Graph (Pn) 

A path graph or linear graph is a graph whose vertices can be listed in the 

order v1, v2, …, vn such that the edges are {vi, vi+1} where i = 1, 2, …, n − 1. 

Equivalently, a path with at least two vertices is connected and has two terminal 

vertices (vertices that have degree 1), while all others (if any) have degree 2 

Cycle graph (Cn) 

A simple graph with „n‟ vertices (n  3) and „n‟ edges is called a cycle graph if all its 

edges form a cycle of length „n‟. 

If the degree of each vertex in the graph is two, then it is called a Cycle Graph.it is 

denoted by Cn. 

Regular graph 

A graph G is said to be regular, if all its vertices have the same degree. In a graph, 

if the degree of each vertex is „k‟, then the graph is called a „k-regular graph‟ 

 

Cubic graph 

In the mathematical field of graph theory, a cubic graph is a graph in which all 

vertices have degree three. In other words, a cubic graph is a 3-

regular graph. Cubicgraphs are also called trivalent graphs.  

https://en.wikipedia.org/wiki/Vertex_(graph_theory)
https://en.wikipedia.org/wiki/Edge_(graph_theory)
https://en.wikipedia.org/wiki/Degree_(graph_theory)
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1.2 DOMINATION IN GRAPHS 

The study of domination in graphs came about partially as a result of the study of 

games and recreational mathematics around 1860. In particular, mathematicians 

studied how chess pieces of a particular type could be placed on a chessboard in 

such a way that they would attack, or dominate, every square on the board. Three 

basic types of problems that chess players studied during this time. These include 

the following: 

 1. Covering: Determine the minimum number of chess pieces of a given type that 

are necessary to cover (attack) every square of and n × n chess board.  

2. Independent Covering: Determine the smallest number of mutually nonattacking 

chess pieces of a given type that are necessary to dominate every square of an n × 

n board 

3. Independence: Determine the maximum number of chess pieces of a given type 

that can be placed on an n ×n chess board such that no two pieces attack each 

other. Note that if the chess piece being considered is the queen, this type of 

problem is commonly known as the N-queens Problem. 

A standard 8 × 8 chessboard, can be seen in Figure 1.4. Each square can be 

represented by a vertex in a graph G. Consider placing several queens on the board. 

A queen may move any number of spaces vertically, horizontally, or diagonally. 

Anysquare (or vertex) to which a queen is able to move is adjacent to the square 

containing the queen. Therefore, there is an edge between those two squares, or 

vertices of the graph G. One is interested in finding minimum number of queens that 

can be placed on a chessboard so that each square of the chessboard is attacked by 

at least one of the queens. A graph G may be formed from an 8 x 8 chessboard by 

taking the squares as the vertices with two vertices adjacent if a queen situated on 

one square attacks the other square. The graph G is known as the queens graph. 

The minimum number of queens that attack all the squares of a chessboard is the 

domination number  (G). For the queens graph G, we note that  (G) = 5 
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Fig: 1.4 Queens on chess board 

 

1.2.1Dominating Sets and Domination Numbers 

 A set D   V(G) is called a dominating set if every vertex in V(G)−D is adjacent to 

some vertex of D.A vertex u is said to be dominated by a vertex v ∈ G if either u = v 

or u v ∈ E (G) 

Example 

 

Fig: 1.5 Dominating sets 

 

In this graph of 8 vertices and 14 edges. Every black vertex is adjacent to at least 

one green vertex, which is then said that the black vertex is dominated by the green 

vertex. So, dominate set of this graph is S = {a, g, e} 
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Domination number  

       The dominating set with minimum cardinality is called the  −set and its 

cardinality is the domination number  (G). 

     ,   ,    }        (     

Fig: 1.6 Domination number 

1.3 INDEPENDENT DOMINATION  

The idea of an independent dominating set arose in chessboard problems.In 1862, 

De Jaenisch [4] posed the problem of finding the minimum number of mutually non-

attacking queens that can be placed on a chessboard so that each square of the 

chessboard is attacked by at least one of the queens. The minimum number of 

mutually non-attacking queens that attack all the squares of a chessboard is the 

independent domination number i(G). For the queens graph G, we note that i(G) = 7 

Independent dominating set  

A set D ⊆ V is an Independent set of G if u, v ∈ D, N (u) ∩ {v} = φ. 

A set D ⊆ V is an Independent dominating set of G if D is both an independent 

and a dominating set.Minimum cardinality of independent dominating set is 

denoted by i(G). Maximum cardinality of an independent set is known as 

independence number of graph G, denoted by β(G). The following result is simple 

to visualize, 

 (G) ≤ i(G) ≤ β(G) 

 

Fig: 1.7 independent domination 
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The highlighted blue color vertices represent the independent domination set 

1.3.1Values in common graphs 

(a) If G is a connected for the path and cycle, i(Pn) = i(Cn) =  n/3  

(b) If G is a bipartite graph without isolated vertices on n vertices, then i(G) ≤ n/2. 

(c) If G is a r-regular graph on n vertices with no isolated vertex, then i(G) ≥ n/(r + 1) 

(d) If G is a Cubic graph on n vertices other than K3,3 then i(G) ≤ 2n/5. 
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2. LITERATURE SURVEY 

 The study of domination in graphs was developed mathematically in the late 

1960‟s, beginning with Claude Berge [2] in 1962. Berge wrote a book on 

graph theory, in which he introduced the “coefficient of external stability,” 

which is now known as the domination number of a graph.  

 

 Oystein Ore [10] introduced the terms “dominating set” and “domination 

number” in his book on graph theory which was published in 1962.  

 

 The theory of independent domination was formalized by Berge [2] and Ore 

[10]in 1962.  

 

 A decade later,The independent domination number and the notation i(G) 

were introduced by Cockayne and Hedetniemi in [3]. 

 Domination and independent domination numbers of some common graphs 

are discussed by Allan, R. B. and Laskar, R in [1]. Independent dominating 

sets in regular graphs and in cubic graphs in particular, are studied by 

Goddard [5]  

 A wheel graph is a graph [6] formed by connecting a single universal vertex to 

all vertices of a cycle. Vaidya and Pandit [15] studied independent domination 

in some wheel related graphsThe triangular snake [13] Tn is obtained from 

the path Pn by replacing each edge of the path by a triangle C. In [11] 

independent domination on triangular and quadrilateral snake graphs are 

studied  

 Nathanson [9] paved the way for the emergence of a new class of graphs, 

namely, Arithmetic Graphs by introducing the concepts of Number Theory, 

particularly, the Theory of congruences in Graph Theory.  

  The Cayley graph associated with Euler Totient function is called an Euler 

Totient Cayley graph. Madhavi [8] introduced the concept of Euler totient 

Cayley graphs and studied some of its properties. 
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 Independent domination in number theory based graphs is studied in [14] 

 The product graphs and their domination sets are studied respectively in [7] 

and  [12] 

3.AIM AND SCOPE 

 

The main aim of this thesis work is to survey the study of independent domination 

insome variant of wheel and path graphs and also in graphs based on number 

theory. 

 

The concept of independent dominating sets occur in variety of practical 

problems.  A number of these problems are motivated by communication network 

problems. For example,the communication network includes a set of nodes, where 

one node can communicate with another if it is directly connected to that node. In 

order to send a message directly from a set of nodes (senders) to all others 

(receivers), one needs to choose this set such that all others nodes are connected to 

at least one node in the (sender) set. Now, such a set is an independent dominating 

set in a graph which represents the network.  

 

For other applications of independent domination, the job allocation problem, 

land surveying, and routings can be mentioned. For an example of Job allocation 

problem, consider a bipartite graph, where one part represents jobs and other part 

represents skills and edges represent skills of each person. Each person may take 

more than one job. One is interested to find the minimum number of people such that 

all jobs are engaged. 
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4. INDEPENDENT DOMINATION IN VARIOUS TYPES OF GRAPHS 

 

4.1 WHEEL RELATED GRAPHS 

4.1.1 Wheel graph 

  The wheel Wn is defined to be the joint Cn-1+K1. The vertex corresponding to K1 is 

known as apex vertex and the vertices corresponding to cycle are known as rim 

vertices. The edges corresponding to cycle are known as rim edges and the edges 

incident with the apex vertex are known as spoke edges. 

 

Fig:4.1wheel graph 

4.1.2 Helm graph 

    The helm Hn is the graph obtained from wheel Wnby attaching a pendant edge to 

each of its rim vertices.  

Example 

 

Fig:4.2 Helm graph 
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Independent domination on helm H5 

i(H5) = 5 

 

Fig: 4.3 Independent domination on the helm H5 

The highlighted red color vertices represent the independent domination set. 

 

4.1.3 Closed helm graph 

The closed helm CHn is the graph obtained from a helmHn by joining each pendant 

vertex to form a cycle. 

Independent domination on the closed helm CH9 

i(CH9) = 6 

 

 

Fig:4.4 Independent domination on closed helm CH9 
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The highlighted vertices represent the independent domination set. 

 

4.1.4 Web graph 

    A web graph is the graph obtained by joining the pendant vertices of a helm to 

form a cycle and then adding a single pendant edge to each vertex of this outer 

cycle.  

Generalized Web Graph W(m,n) contains m number of cycles and n number of 

vertices in each cycle 

 

Figure 4.5 web graph W (m,n) 

Independent domination on w (3, 4) 

i(w (3, 4))= 6 

 

Fig:4.6 Independent domination on w(3,4) 
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The highlighted vertices represent the independent domination set. 

 

4.1.5Gear graph 

  A gear graph Gn is obtained from the wheel Wnby adding a vertex between every 

pair of adjacent vertices of the (n 1) - cycle of Wn. 

Example 

 

Fig:4.7 Gear graph 

Independent domination on Gear G5 

i(G5)4 

 

Fig:4 .8 independent domination on Gear G5 

The highlighted vertices represent the independent domination set. 

 

4.2 TRIANGULAR AND SNAKE LIKE GRAPHS 

4.2.1 Triangular snake: 

       The triangular snake Tn is obtained from the path Pn by replacing each edge of 

the path by a triangle C3. 
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Example 

 

Fig: 4.9 Triangular snakeTn 

 

Independent domination of Triangular snake Tn 

i(T6) = 3 

 

Fig: 4.10 Independent domination of Triangular snake T6 

i(T7) = 3 

 

Fig: 4.11independent domination onTriangular snake T7 

The highlighted vertices represent the independent domination set. 

 

4.2.2Alternate triangular snake 

An alternate triangular snake A(Tn) is obtained from a path a1, a2, …,anby joining ai 

and ai+1(alternately) to a new vertex Vi. 
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Independent domination on A(T6) 

i(A(T6)) = 3 

 

  

 

Fig: 4.12Independent domination on A(T6) 

The highlighted vertices represent the independent domination set. 

 

4.2.3 Double Triangular snake: 

    A double triangular snake D(Tn) consists of two triangular snakes that have a 

common path 

Independent domination on D(Tn) 

i(D(T6)) = 3 

 

Fig: 4.13 Independent domination on D (T6) 

 

i(D(T7)) = 3 
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Fig: 4.14Independent domination on D(T7) 

The highlighted vertices represent the independent domination set. 

4.2.4 Double Alternate triangular snake: 

   A double alternate triangular snake D(A(Tn)) consists of two alternate triangular 

snakes that have a common path. 

Independent domination on D(A(T6)) 

i(D(A(T6))) = 3 

For example 

 

Fig: 4.15 Independent domination on D(A(T6)) 

The highlighted vertices represent the independent domination set. 

 

4.2.5 Quadrilateral snake: 

     A quadrilateral snake Qn is obtained from a path a1, a2,… an by joining ai+1 to new 

vertices bi and ci  respectively and joining the vertices  for i=1,2,...n-1. That is every 

edge of a path is replaced by a cycle C4. 

Independent nomination on Qn 

i(Q6) = 6 

Example 
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Fig: 4.16Independent domination on Q6 

The highlighted vertices represent the independent domination set 

4.2.6 Alternate quadrilateral snake: 

An alternate quadrilateral snake A(Qn) is obtained from a path a1, a2, …an by joining 

ai and ai+1 to new vertices bi and ci respectively and joining the vertices bi and ci for 

i≡1(mod2) and I≤ n-1 and then joining bi and ci. That is every alternate edge of a path 

is replaced by a cycle C4. 

Independent domination on A(Qn) 

i(A(Q6)) = 5 

 

Fig: 4.17Independent domination on A (Q6) 

i(A(Q8)) = 6 

 

Fig: 4.18Independent domination on A(Q8) 

The highlighted vertices represent the independent domination set 

 

4.3 INDEPENDENT DOMINATION IN GRAPH BASED ON NUMBER THEORY 

4.3.1 Cayley graph 

Let H be a finite group and let S ⊆ H be a subset. The corresponding Cayley graph C 

(H, S) has vertex set equal to H. Two vertices g, h ∈ H are joined by a directed edge 

from g to h if and only if there exists s ∈ S such that g = sh. Each edge is labeled to 
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denote that it corresponds to s ∈ S. If G is a graph such that there exists a group H 

and generating set S ⊆ H with G  C(H, S), then G is said to be Cayley. 

 

4.3.2 Euler totientCayley graphG(Zn,    

The Euler totient Cayley graph, For any positive integer n, let Zn = {0,1,2, . n – 1} be 

the residue classes modulo n. Then(Zn,   , where  addition modulo is n, is an 

abelian group of order n. 

   The number of positive integers less than n and relatively prime to n is denoted by 

 (     and is called an Euler totient function. Let S denote the set of all positive 

integers less than n and relatively prime to n that is S= {r/1< r < n and GCD(r,n)=1} 

Then |S| =  ( ) 

 The Euler totientCayley graph is defined as follows.  

The Euler totient Cayley graph G(Zn,   is defined as the graph whose vertex set V is 

given by Zn = {0,1,2, n – 1} and the edge set is E = {(x, y)/x – y     or y – x       .Euler 

totient cayley graph is denoted by G(Zn,   , where Zn is set of integer and addition 

modulo and  is set of all the co-prime numbers 

Example  

 

Fig: 4.19 Independent domination on Euler totient Cayley graph G(Z11, ) 
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)  

Table 4.1 Independent domination on Euler totient Cayley graph 

4.3.3Arithmetic graph 

     Let n be a positive integer such that n = Then the Arithmetic V n 

graph is defined as the graph whose vertex set consists of the divisors of n and two 

vertices u, v are adjacent in Vn graph if and only if GCD (u, v) =pi for some prime 

divisor pi of n. 

Example 

 

Fig: 4.20Independent domination on Arithmetic V 60 graph 
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Table 4. 2 Independent domination on Arithmetic V60 graph 

 

 

4.4 PRODUCT GRAPHS 

4.4.1 Corona of graphs 

The corona G◦H of two graphs G and H is the graph obtained by taking one copy of 

G of order n and n copies of H, and then joining the ith vertex of G to every vertex in 

the ith copy of H. We denote by v + Hv a subgraph of G◦H obtained by joining the 

vertex v ∈ V(G) to every vertex of the copy Hv of H.  

 

 

Fig: 4.21The corona product of two graphs 

 

Independent domination on corona product of graphs (G◦H) 

i(G◦H) = 4 
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◦ =   

         G                                          H                                              (G◦H) 

Fig: 4.22 Independentdomination on corona product of graphs (G◦H) 

The highlighted vertices represent the independent dominating set 

 

4.4.2 Lexicographic product of graphs 

The lexicographic product G[H] of two graphs G and H is the graph with V(G[H]) = 

V(G)×V(H) and (u, u‟)(v, v‟) ∈ E(G[H]) if and only if either u v ∈ E(G) or u = v and u‟ v‟  

∈ E(H).  

   Observe that any non-empty subset C of V(G[H]) = V(G)×V(H) (in fact, any set of 

ordered- pairs)) can be expressed or written as C =∪x∈s({x}×Tx), where S ⊆ V(G) 

and TX⊆ V(H) for each x ∈ S. Henceforth, we shall use this form to denote any non-

empty subset C of V(G)×V(H).  

 

G  H                                                   G  H] 

Fig: 4. 23Lexicographic products oftwo graphs 

 4.4.3 Cartesian product of graphs 
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The cartesian product G × H of two graphs G and H is the graph with V(G×H) = 

V(G)×V(H) and (u, u) (v, v) ∈ E(G×H) if and only if either u v ∈ E(G) and u‟ = v‟ or u = 

v and u‟ v‟ ∈ E(H). 

.      Let C be a subset of V(G×H). Then the G-projection CG and H-projection C H of 

C are the following sets: 

       CG = {x ∈ V(G):(x, a) ∈ C for some a ∈ V(H)}  

      CH = {b ∈ V(H):(y, b) ∈ C for some y ∈ V(G)}  

Further, if x ∈ CG, then Tx = {a ∈ CH: (x, a) ∈ C} and if a ∈ CH, then Da = {x ∈ CG 

:(x, a) ∈ C}.  

 

Example 

 

    GH                    G×H 

Fig: 4.24 Cartesian product of two graphs 
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5. RESULTS AND DISCUSSION 

In this chapter, we denote the cardinality of a set A by *A*. Results given here are 

mainly taken from [11,12,14,15] 

Theorem 5.1 

(a)The independent domination number of path and cycle are given as, i(Pn) = i(Cn) = 

[n/3] 

(b)  For the complete bipartite graph, i(Kr,s) = min (r, s).  

 

Theorem 5.2 

 For the helm Hn (n 4).,  i(Hn)  n 

Proof: The helm Hnhas 2n+ 1 vertices and 3n edges. It contains wheel Wnand n 1 

pendant vertices.  

In order to dominate the pendant vertices of Hn. at least n 1 vertices of Hn are 

required. Moreover, it is also possible to take n 1 pairwise non-adjacent vertices 

which can dominate the pendant vertices as well as the remaining vertices of the 

helm Hn. Therefore, for any independent dominating set S of the helm Hn,*S *n 

which implies that i(Hn) =  n  
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Theorem 5.3 

For the closed helm CHn (n  5,n  6),  i(CHn) (n – 3). 

Proof: Let c denote the apex vertex of wheel Wn . For the closed helm CHn,  

*V(CHn) * 2n + 1and *E(CHn) * 4n 

 

 For n 5, at least two non-adjacent vertices of CHn , one from Wn and one from the 

outer cycle Cn – 1 are required to dominate all vertices of CHn . Hence, 

i(CHn) = 2 =  (n – 3) for n = 5 

For n 6, deg(c) = n – 1 = (CHn) and the vertex c dominates Wn. Therefore, in order 

to attain the minimum cardinality, any independent dominating set of CHn must 

contain the vertex c. Now,i(Cn) =n/3. Hence, at least (n – 1)/3  pairwise 

nonadjacent vertices of Cn – 1are required to dominate all vertices of outer cycle Cn – 

1of CHn. Therefore, for any independent dominating set S of CHn , 

*S * (n – 1)/3 + 1 = (n – 3) 

 implying that 

i(CHn) (n – 3) . 

 

Theorem 5.4 

For the web graph W (3, n) where n  4. 

i(W(3, n)) = (4n + 2)/3. 

Proof: Label the vertices of the web graph W (3, n) as follows: 

 Denote the vertices of the innermost cycle of W (3, n) successively as v1,1,v1,2, 

v1,3,…, v1,n-1. Then denote the vertices adjacent to v1,1 , v1,2, v1,3,…, v1,n-1 on the 

second cycle (middle cycle) as v2,1, v2,2, v2,3,…., v2,n-1 respectively, and the vertices 

adjacent to v2,1, v2,2, v2,3,…., v2,n-1on the third cycle (outermost cycle) as v3,1, v3,2, 

v3,3,….v3,n-1. Next denote the pendant vertices of W (3, n) as u1, u2, u3, …., un-1and 

the apex vertex of Wn as c. Then, 
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*V(W(3,n)) *   4n 1 and 

*E(W(3, n) *   7n. Now, to attain the minimum cardinality, every independent 

dominating set ofW (3, n  1)should contain the vertex c because  

deg(c) n  1W (3, n) 

 and the vertex c dominates the innermost cycle of W (3, n). Moreover, in order to 

dominate n 1 pendant vertices of W (3, n), at least n 1 vertices are required and 

these n 1 pendant vertices dominate themselves as well as all vertices of outermost 

cycle of W (3, n). Now, i (Cn)  n/3. Therefore, at least (n – 1)/3  pairwise non-

adjacent vertices are required to dominate all vertices of middle cycle of W (3, n). 

Thus, for n 0,1(mod 3), at least  

1 + n - 1+(n – 1)/3 = (4n + 2)/3 

pairwise non-adjacent vertices are required to dominate the web graph W (3, n). But 

for n  2(mod 3) , to retain the minimum cardinality of S , it should contain a vertex 

v3,n - 1 because v3,n - 1 dominates a pendant vertex as well as a vertex of the middle 

cycle of W (3, n). Hence, at least 

n – 2 + (n – 2) / 3 = (4n + 8) / 3 

vertices and the remaining vertices of the outermost as well as the middle cycles of 

W (3, n  1). Therefore, at pairwise non-adjacent vertices are essential to dominate 

the remaining pendant least  

1 + 1 + (4n + n8)/3 = (4n + 2)/3 

 pairwise non-adjacent vertices are required to dominate all vertices of W (3, n) for 

n 2(mod 3). Thus, every independent dominating set ofW (3, n) must contain at 

least (4n + 2)/3vertices of W (3, n).  

Hence, we construct a vertex set S  V W (3, n) as follows: 
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where 0  i (n – 3)/3 with *S * (4n + 2)/3for n  4.  

 Since each vertex in W (3, n) is either in S or is adjacent to a vertex in S, it follows 

that the set S is a dominating set of W (3, n). Moreover, the set S is also an 

independent set of W(3, n) because no two vertices in S are adjacent. Therefore, the 

set S is an independent dominating set of W(3, n). As  

* S*(4n + 2)/3 , 

the set S is of minimum cardinality.  

Hence, the set S is an independent dominating set with minimum cardinality implying 

that 

i(W(3, n)) =  (4n + 2)/3 . 

Theorem 5.5 

i(Gn)2(n + 1)/3  

 Proof: Let c denote the apex vertex of wheel Wn. The gear graph Gn has 2 n1 

vertices and 3(n 1) edges. The gear graph Gn contains the outer cycle 2(n 1) and  

 For the gear graph Gn (n 4), 

V(Gn) = V (C2(n – 1))   {c} 

 

Now,  

i(C2(n – 1)) 2(n + 1)/3  

Therefore, at least  2(n + 1)/3  pairwise non-adjacent vertices are essential to 

dominate all i(C2(n – 1))  vertices of Gn . Moreover, these vertices also dominate the 

vertex c. Hence, for any independent dominating set S of Gn, 

* S*   2(n + 1)/3 Thus, i(Gn) 2(n + 1)/3  . 

 

 

Theorem 5.6 
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For the triangular snake graph Tn, 

i(Tn) = {
(                     


 

 
                

 

 Proof: Let a1, a2, … an be the vertices of Tnand bi be the new vertex joining ai and ai 

+1of a path by a triangle C3. 

Now we select the vertices for the set S (independent domination set) from a graph 

Tn, in such a way that each vertex in S is adjacent to atleast one vertex in V-S and 

that each vertex in S is independent. 

Choosing such a way we get the independent domination number for Tn as (i.e.,) 

i(Tn) = {
(                     

                    
 

 

Theorem 5.7 

If A(Tn) is an alternate triangular snake then 

i(A(Tn) = n/2 

 Proof: Let a1, a2, … anbe the vertices of A(Tn) andbj be the new vertex joining 

alternatively aj and aj +1 of A(Tn) a path by a triangleC2. 

Now we select the vertices for the set S (independent domination set) from a graph 

A(Tn), in such a way that each vertex in S is adjacent to atleast one vertex in V-S 

and that each vertex in S is independent.  

Choosing such a way we get the independent domination number for A(Tn) as (i.e.,) 

i(A(Tn))= n/2 

Theorem 5.8 

IfD(Tn) is a double triangular snake obtained from two triangular snake with a 

common path then 

i(D(Tn)) = {
(                     


 

 
                 
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Proof: Let a1, a2, … an be the vertices of D(Tn) and bi be the new vertex joining ai and 

ai + 1 both above and below the common path of a1, a2, … an. 

 Now we select the vertices for the set S (independent domination set) from a graph 

D(Tn), in such a way that each vertex in S is adjacent to at least one vertex in V-S 

and that each vertex in S is independent. 

 Choosing such a way we get the independent domination number for D(Tn) as (i.e.,) 

i(D(Tn)) = {
(                     

                    
 

Theorem 5.9 

Let D(A(Tn)) be the double alternative triangular snake obtained from alternate 

double triangular snake then 

i(D(A(Tn)) = n/2 

Proof: Let a1, a2, …an be the vertices of D(A(Tn)) and be the new vertex joining 

alternatively a j and aj +1 both above and below the common path of a1, a2, … an. 

 Now we select the vertices for the set S (independent domination set) from a graph 

D(A(Tn)), in such a way that each vertex in S is adjacent to at least one vertex in V-S 

and that each vertex in S is independent. 

 Choosing such a way we get the independent domination number for as (i.e.,)  

i(D(A(Tn))) = n/2 

 

Theorem 5.10 

Let Q n be the quadrilateral snake obtained from the pathPn by replacing each edge 

of the path by a cycle C4 then i(Q n) = n + 1 

 Proof: Let a1, a2, … an be the vertices of Q n and b j and c j be the new vertex joining 

a j and a j +1  of a path by a cycle C4. 
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 Now we select the vertices for the set S (independent domination set) from a graph 

Q n, in such a way that each vertex in S is adjacent to at least one vertex in V-S and 

that each vertex in S is independent. 

Choosing such a way we get the independent domination number for Q n as (i.e.,) 

i(Q n)= n + 1 

Theorem 5.11 

Let A(Qn) be the alternate quadrilateral snake obtained from the path by replacing 

each alternate edge of the path by a cycle C4 then 

i(A(Qn)) = {
(                       

                     
 

 

  Proof: Let a1, a2, … an be the vertices of A(Qn)  and b j and c jbe the new vertex 

joining alternatively a j and a j +1 of a path by a cycle C4 . 

 Now we select the vertices for the set S (independent domination set) from a graph 

A(Qn), in such a way that each vertex in S is adjacent to atleast one vertex in V-S 

and that each vertex in S is independent.  

Choosing such a way we get the independent domination number for A(Qn) as (i.e.,) 

i(A(Qn)) = {
(                       


  

 
                 

 

 

Theorem 5.12 

If is a prime, then the independent domination number of G(Zn,   is 1. 

Proof: Let be a prime. Then G(Zn,    is a complete graph. Let D = {u} where u is any 

vertex in V. Then every t in V is adjacent to vertex u. Thus every vertex in V - D is 

adjacent to u, so that D forms a dominating set in G(Zn,   .since |D| = 1 it is evident 

that D is a minimum dominating set in G(Zn,    

   In fact every singleton vertex set forms a minimum dominating set and also 

becomes an independent dominating set of G(Zn,    
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Thus  (G(Zn,    = 1 

Theorem 5.13 

              Let G be a connected graph of order n and let H be any graph. Then  (G ◦ 

H) = β(G) + (n -β(G)) (H). 

(Where β(G) = Independent number of G) 

     Proof: Firstly,  (H) ≠1. Let C be a minimum independent dominating set in G ◦ H. 

Let C1 = C ∩ V (G) and C2 = C\C1. Then C=1 is a maximum independent set in G 

hence |C1| = β(G). Therefore  

 (G ◦ H) ≥ β(G) + (n -β(G)) (H). 

         Next, let C1 be a maximum independent set in G and D* be a 

minimumindependent dominating set in H. For each v ∈ V (G)\C1, let Dv  V(Hv) be 

such that   Let C2 = U {Dv: v ∈ V (G)\C1}. Then C* =C1UC2 is an 

independent dominating set in G ◦ H. Therefore  

 (G ◦ H) ≤ | C*| = β(G) + (n -β(G)) (H). 

This establishes the required equality 

     Suppose now that  (H) = 1. For each v ∈ V (G), let Dv = {xv} be a (independent) 

dominating set in the copy Hv of H. Then, clearly, C = ∪ {Dv: v ∈ V (G)} is a minimum 

independent dominating set in G◦ H Therefore,  (G◦ H) = |C| = n. Since  (H) = 1, β(G) 

+ (n-β(G)) (H) = n. 
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6. SUMMARY AND CONCLUSION  

In this thesis work, we surveyed results on independent dominating sets in some 

selected graphs. These results convey the independent domination numbers in 

those graphs. These results can be utilized to establish key relationships between 

the independent domination number and other parameters, including the 

independence number, and the chromatic number 
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