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ABSTRACT

In the twenty-first-century nonlinear analysis is an intriguing new field that com-
bines operator theory, topology, mathematical modelling, applications, and nonlinear
functional analysis in a novel way. In the last sixty years or so, it has become appar-
ent that the theory of fixed points is a very useful and effective method for studying
nonlinear phenomena. The existence of a fixed point for a suitable map or operator
in a wide range of mathematical, computing, economic, modelling, and engineering
problems is comparable to the availability of a solution to a computational or real-
world problem.

The first fixed point theorem for contraction mappings in metric spaces was es-
tablished by the Polish mathematician Banach in [1]. This theorem is known as the
Banach’s fixed point theorem or the Banach contraction principle. Since then, a num-
ber of mathematical fields have found this theorem to be among their most useful
and effective tools in tackling practical issues.

In this present work, a new notion of C*-algebra-valued suprametric space, that
extends the concept of suprametric spaces and C*-algebra-valued metric spaces is
presented in accordance with the idea and properties of C*-algebras. It also provides
some fundamental fixed point theorems for self-maps with contractive conditions on
such spaces. As applications, existence and uniqueness results for an integral equa-
tion are given.

The project is divided into five chapters. The first chapter starts with an introduc-
tion. The first chapter is an introduction that covers a thorough explanation of fixed
point theorems as well as the work of other researchers in the subject.

Chapter 2 deals with the preliminaries. It incorporates recently found conceptions
that have been significant in establishing theorems. Besides establishing the nota-
tions and terminologies to be utilized in the following chapters, this chapter provides
a summary of the work in the context of fixed point theory.

In Chapter 3, a novel metric space, known as C*-algebra-valued suprametric
spaces is defined. An example is presented for the proposed metric and the notion
of convergence, Cauchy sequence and completeness is discussed under the same
metric.



Chapter 4 explores the importance of suprametric spaces with C*-algebra, as well
as associated fixed point theorem for self maps involving Banach type contractive
mapping. Our approach extends the Theorem 2.1 of [10].

In Chapter 5, we use the proven fixed point theorem to investigate the existence
and uniqueness of solutions to an integral equation in the context of complete C*-
algebra-valued suprametric spaces.

The project concludes with a bibliography of the different publications referenced
in this research work.

Keywords and Phrases: C*-algebra; C*-algebra-valued suprametric spaces; Contractive
mapping; Fixed point theorem.
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CHAPTER 1

THE OVERVIEW OF FIXED POINT THEORY

1 Introduction

Fixed point theory continues to be a fascinating subject of research despite having a
history of more than hundred years.The attraction of fixed point theory lies in its appli-
cation which belongs to numerous domain. As is well known, the Banach contraction
mapping principle is a very useful, simple and classical tool in modern analysis, and
it has many applications in applied mathematics. In particular, it is an important tool
for solving existence problems in many branches of mathematics and physics.

The Banach contraction principle is one of the most fundamental and powerful
tools of nonlinear analysis. It states that in complete metric space (X, d) if a map-
ping f : X — X is a contraction, that is, there exists a constant ¢ € [0, 1) such that
d(fx, fy) < cd(x,y) for all z,y € X, then f has a unique fixed point. Moreover, the
sequence {f"z} of n-iterate of f converges to this fixed point for any initial point
x € X. Due to its wide range of applications in various fields of mathematics, much
research has been devoted to its extension, generalization or improvement.

In some research works, the metric space has been generalized to more gen-
eral spaces such as the partial metric spaces of Matthew [4], the rectangular metric
spaces of Branciari [3] or the b-metric spaces of Czerwik [6]. Some improvements
were carried out by relaxing the contraction. For instance, a local contraction type
has been investigated by Krasnoselskii [7] .

In [8], Edelstein introduce a more general contractive condition and replace the
completeness of the metric space by the existence of a nonempty w-limit set. Fur-
ther results extending the Banach contraction principle may be found in the following
incomplete list of references [2, 5, 9, 18, 14, 16].

Maher Berzig [11] proposed the idea of suprametric space and studied a few key
aspects of its topology in the year 2022. Following that, the author demonstrated
that specific contraction maps in suprametric spaces possess an unique fixed point
if the space is complete or comprises a non-empty »-limit set.



In [19], Ma established the notion of C*-algebra-valued metric spaces and proved
some fixed point theorems for self maps with contractive or expansive mappings. The
main idea consists in using the set of all positive elements of a unital C*-algebra
instead of the set of real numbers. Further in [20], Ma introduced a concept of C*-
algebra-valued b-metric spaces which generalizes the concept of C*-algebra valued
metric spaces.

Motivated by all the above mentioned works, in this work we have initiated the
concept of C*-algbera-valued suprametric spaces that generalize the concept of C*-
algbera-valued metric spaces and suprametric spaces. A Banach fixed point theo-
rem is proved in this metric, and as an application, the existence and uniqueness of
the solution of an integral equation are discussed.



CHAPTER 2

LITERATURE SURVEY

2 Introduction

Metric fixed point theory and applications that will be very beneficial to both novices
and experts in the field. It is based on late-nineteenth-century methods of establish-
ing the existence and uniqueness of solutions to equations, particularly differential
equations, by iterative approximations. Although Picard’s work is notably linked with
this technique, it was Banach who first introduced the concepts in an abstract form,
see [20]. Indeed, Banach’s fixed point theorem in metric spaces has become a very
prominent technique for solving existence problems in many domains of mathemat-
ical analysis and applied fields owing to its efficiency, utility, and applicability.

The technique to broaden the scope of fixed point theory is to extend the class of
spaces that are stronger conceptions than metric spaces. Therefore, we begin with
a few of them, which will be utilized subsequently.

Czerwik developed the notion of b-metric spaces [6], as follows:

Definition 2.1. Let X be a nonempty set and b > 1 be any real number. A function
d: X x X — [0,00) is a b-metric iff for each w, p,s € X, the preceding conditions are
satisfied:

1. 0 < d(w,p) forall w,p € X and d(w, 9) = 0 if and only if w = p;
2. d(w, p) = d(p,w) forall w,pec X;

3. d(w, 0) < bld(w,s) +d(s, )] forall =,o,s€ X;

The pair (X, d) is called a b-metric space.

Remark 2.2. It is significant to mention that the class of b-metric space are much
larger than that of metric spaces. A b-metric is, in fact, a metric if and only if b = 1.

The preceding illustration demonstrates that a b-metric does not have to be a
metric.



Example 2.3. Let dy(w, 0) = (d(w, 0))?, where d(w, o) is a metric space and o > 1
is a real number. The conditions (1) and (2) of Definition 2.1 are met. If 1 < p < o0,
the function’s convexity g(w) = w® where w > 0 then indicates (%)% < L(u®+w?),
ie., (u+w)? <20 Y ul + we) is true. Hence for each w, o,c € X, we have

dy(w, 0) = (d(w, 0))? < (d(w,s) + d(s, 0))*
< 207 Y(d(w,<))? + (d(s, 0))?]
= 2°"d(w,s) + d(s, 0))-

Therefore, condition (3) of Definition 2.1 is met and dy, is a b-metric with b = 2¢71. |t
is crucial to note that (X, dy) is not typically a metric space.

The following gives the definition of suprametric space:

Definition 2.4. [11] Let X # (). A function ds : X x X — [0, 00) is a suprametric if for
all w, 0, < € X, the following conditions hold:

1. dy(w, p) = 0ifand only if w = o;
2. dy(w, ) = ds(o,w) forall w, p € X;
3. dy(w, 0) < dy(w,s) + ds(s, 0) + pds(w, <) ds(s; 0)

for some constant p € R*. Then d, is called a suprametric on X and (X, d,) is named
as suprametric space.

Hereafter, A denotes an unital C*-algebra. Set 4, = {a € A : a = a*}. We call
an element a« € A a positive element, denote it by 6 < a, if a = a* and o(a) C
[0, o0), where 6 is a zero element in A and o(a) is the spectrum of a. There is a
natural partial ordering on A, given by a < b if and only if 6 < b — a. From now on,
A, and A" will denote the set {a € A: 0 < a} and the set {a € A : ab = ba, Vb € A}
and |w| = (w*w)% respectively.

Lemma 2.5. [19] Suppose that A is a unital C*-algebra with a unit I.
1. Foranyw € A, we have w < | & ||w| < 1.
2. Ifa e Ay with ||a|| < 3, then I — a is invertible and |a(1 — a)~!| < 1.
3. Suppose that a,b € A with a,b > 0 and ab = ba, then ab > 6.

4. Leta € A',ifb,c € Awithb = ¢ > 0,andI—a € A; is an invertible operator, then
(I—a) o= (—-a)'c

The researchers in [19] developed the notion of C*-algebra-valued metric space
using concept of positive components in A, as shown below.



Definition 2.6. [19] Let X = () and the mapping d4 : X x X — A satisfies:
1. 0 2 dy(w,0) and dy(w, o) = 0 iffw = o;
2. da(w,0) = dalo,m);
3. da(w,0) =X da(w,a) +da(a, 0), V@, 0,¢ € X.

Then d 4 is said to be a C*-algebra-valued metric on X and (X, A, d,) is named as
C*-algebra-valued metric space.

Example 2.7. [19] Let X = R and A = M,(R). Define
da(w, 0) = diag(|w — o, c|@w — ol),

where w, o € R and ¢ > 0 is a constant. The completeness of R makes it simple to
demonstrate that d 4 is a C*-algebra valued metric space and (X, A, d 4) is a complete
C*-algebra valued metric space.

It is evident that the class of C*-algebra valued metric space enlarge the idea of
metric spaces by adopting A, for the set of real numbers.



CHAPTER 3

OBJECTIVE AND SCOPE OF THE STUDY

3 Introduction

C*-algebras were initially studied in quantum mechanics to represent the algebras
of physical observables. This area of investigation began with Werner Heisenberg’s
matrix mechanics and was further developed mathematically by Pascual Jordan
about 1933. (*-algebras are widely employed in the theory of unitary represen-
tations of locally compact groups, as well as in algebraic quantum mechanics for-
mulations. Segal coined the term C*-algebra in 1947 to refer to norm-closed sub
algebras of B(H), i.e. the space of bounded operators on some Hilbert space H.
Segal defined a C*-algebra as a “uniformly closed, self-adjoint algebra of bounded
operators on a Hilbert space” in [15].

Spurred by the previously mentioned research in Chapter 2 in this work, we intro-
duce the concept of C*-algebra-valued suprametric space which is a valid general-
ization of suprametric metric spaces and C*-algebra-valued metric spaces. Further
we discuss the conception of convergence, Cauchy sequence and completeness
and provide an illustration in the setting of C*-algebra-valued suprametric space.

Definition 3.1. Let X be a nonempty set. A function d : X x X — A is called
C*-algebra-valued suprametric if for all @, o0,< € X the following properties hold:

1. d(w, o) =0 ifand only if w = p;
2. d(w, 0) = d(o,@);
3. d(w, ) < d(w,s) +d(s,0) + Ad(w,s)d(s,0) forsome A e A,

Then d is called a C*-algebra-valued suprametric on X and (X, A, d) is called a
(C*-algebra-valued suprametric space.

Example 3.2. Let X = R and A = M,(R). Define d(w, o) = [5(7”0’ 0) 6(0 )]
ao(w, 0

where 6(w, o) is a suprametric space with p = %, w,o € Rand a > 0 is a constant.
It is very easy to verify d is a C*-algebra-valued suprametric and (R, M,(R),d) is a

20
C*-algebra-valued suprametric space with A = | 2] .
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Example 3.3. Let X = L>°(F) and H = L*(E), where E is a Lebesgue measurable
set. By L(H) we denote the set of bounded linear operators on Hilbert space H.
Clearly L(H) is a C*-algebra with the usual operator norm.

Define d: X x X — L(H) by

d(wv Q) = Mw—o|(|ow—o|+a)s (vw7 NS X)

where m, : H — H is the multiplication operator defined by

Wn(ﬁb) = h.n

forn € H. Then d is a C*-algebra-valued suprametric and (X, L(H),d) is a C*-
algebra-valued suprametric space .

Definition 3.4. Suppose that (X, A,d) is a C*-algebra-valued suprametric space.
Let {w,} be a sequence in X and w € X. If d(w,,,w) — 0(n — o), then it is said
that {w, } converges to w with respect to A, and we denote it by lim w, = w.

If for any p € N, d(wp4p, w,) — 0(n — o0), then {w,} is called a Cauchy se-
quence with respect to A.

We say (X, A,d) is a complete C*-algebra-valued suprametric space if every
Cauchy sequence is convergent in X with respect to A.

Definition 3.5. Suppose that (X, A, d) is a C*-algebra-valued suprametric spaces.
We call a mapping T : X — X a C*-algebra-valued contractive mapping on X, if
there exists an element B € A with ||B|| < 1 such that

d(Tw, To) X B*d(w,0)B, Vw,pecX. (3.1)



CHAPTER 4

FIXED POINT THEOREM

4 Main Result

In this chapter, we prove the fixed point theorem in the setting of C*-algebra valued
suprametric space.

Theorem 1. If (X, A, d) is a complete C*-algebra valued suprametric space and
T : X — X is contradictive mapping there exists a unique fixed point in X.

Proof. Let (X, A, d) be a complete C*-algebra valued suprametric with A > 6 (The
case A = 0 is the Banach contraction Principle). Define the sequence w, by
W1 = Tw,, Vn. Consider,

d(wpa1,w,) = d(Tw,—1, Twy,)
= B*d(wy,_1,w,)B
= ||d(@n, Dl 2 Bl ld(n-1, @) |
= [ld(en 1, @)

Hence the sequence {d(w,, w, 1)} is decreasing and for all fixed integer it satisfies
d<wn7 wn+1) j (B*)nikd(wlm wk#’l)Bnik? v n > k

This implies
lim |[d(@wn, @41l = 0

w—r 00

So there exist £ € N such that foralln € N we have ||d(w,,w,+1)| < 1. We shall
prove that {,} is Cauchy. Consider

d(wm wn—H) + d<wn+1> wm) + Ad(wnv wn+1)d<wn+l> wm)
(B*)n_kd(wk’v wk-‘rl)Bn_k + d(wn-‘rl? wm)
B d(w, @) B d( @, @)

=
=

4.1)

PN

(B*)n_kd(wk, wk+1)Bn_k + |:[1 + A(B*)n_kd(wk, wk+1)Bn_k]

d(@n41, wm)]



where

d(@ni1, Tnv2) + d(@ns2, Tm) + Ad(@ni1; Tnt2) (T2, Tm)
(B*)" "l d(wg, wiy1) B" T + d(wn 2, )

+ A(B*)nikJrld(wka wk+1)Bn7k+1d<wn+27 wm)

d(wn+17 wm) j
=

A

(B*)nkarld(wk, wk+1)Bn7k+1 + [1 + A(B*)nilﬁ»ld(wk, warl)ankJrl]

d(wnJr?v wm)
4.2)
Therefore, inequality (4.1) becomes,

d(@n, @) = (B*)" *d(wk, wis1)B" "
L4 A il ) B (B, )
L B d(w w30) B (0 w}
< (B () B (14 A i w5
(B d(z, me““] ¥ {[1 + (B d(wy, w10 B

1+ ABY)" " d(wy, wp41) B* ] d(wna, Wm)}
(4.3)

where

d(wn+27 wn-‘r?)) + d(wn+37 wm) + Ad(wn+27 wn+3)d(wn+37 wm)
(B*)n_k+2d(wk, wk+1)Bn_k+2 + d(wn+3’ wm)
+ (B*)n_k+2d(wk, wk+1)B”_k+2d(wn+3, wm) (44)

= (B*)" M2 d (oo, wpya ) BV

d(wn+27 wm)

A TA

t+ [U + A(B*)"*2d(y, wi41) B d( @y, m>]

Thereby inequality (4.3) becomes,
d(w,, @) X B" " d(wy, wi1)B" "
+ [[1 + A(B*)nikd(wk, warl)ank](B*)nkarld(wk’ wk+1>Bnk+1]
+ [1 + A(B*>n_k+1d(wk, wk+1)Bn—k+1] |:(B*)n_k+2d(wk, wk+1)Bn—k+2

+ 1+ A(B*)" "2 d(op, wii1) B" ] d(wn s, wm)]



=< (B*)" *d(cwy, wyi1)B"*

+ {[1 + A(B*)"*d(2y, 230 ) BV (B d (2, 2 ) B R

+ {[1 + A(B*)"*d(w, wy1 ) B" M1 + AA(BY)" M d(wi, w1

B (B2 (g, wkH)BnkH}

+ {[1 + A(B")" d(wy, i) B"[L + A(BY)" 2 d(wy, @) B

1+ A4 s ) B e, )

=< (B*)" *d(coy, wyi1)B" "

+ [[1 + A(B*)"*d(wy, @i ) B (B d (o, wkH)B”_k“}
+ {[l + A(B")" *d(wy, @i1) B"F[1 + A(BY)"FHd (o, w1 ) BT

(B*)n_k+2d(wk, wk+1)Bn—k+2

+ [[1 + A(B*)"d(w, @i ) B F[L+ AA(B*)"d(wy, @iy ) BY Y

[1 + A(B*)m—kffid(wk, wk+1)Bmik73](B*>mik72d<wk, w;€+1)Bm7k72+
[+ A(B*)" *d(wy, wiy1) B"¥][1 + A(B*)" " d(wy, i) B" ]

. [1 + A(B*)m_k_gd(Wk, wk+1)Bm_k_3](B*)m_k_ld(wk, wk+1)Bm—k—1

= (B*)" *d(wy, wy1) B+

m—n—1 1

Z H n k45— ld(wk, wk+1)Bn_k+j_1](B*)n_k+jd(wk, wk+1)Bn—k+j
=1 =

Taking d(wy, wy1) = By in inequality (4.5), we get

Z H|: —|—A B* n—k+j— 1B B k+j— 1](3*)n7k+jBanfk+j]

10



m—n—1 1
+ Z H {[1 + A1/2A1/2(B*)n*kﬂ'*lB;/2B;/2ank+j—1](B*)nkaer;mB;/Qankﬂ
i=1 j=1
= (B BB, B ]+
m—n—1 1
H [1 4 [A1/2(B*)”*k+j*13;/2][Al/QBn*kJrj*lB;/?]

i=1 j=1
(5" BB 5t

j Bn—kB;/Q]*[B;/QBn—k]_’_
m—n—1 1
H [1 + [Al/QBn—k-s—j—lB;/Q]*[A1/2Bn—k+j—lBli/2]

1 j=1

[Bn—k—&-jB;/Q]* [B;/QBn_k+j]:|

< | BB |+
m—n—1 1
> 11 [1 + [||A1/ZB”—’€+J‘—IB,1”B;/2||2HB”-WB;/QH
i=1 j=1
n— 1/2
< |1 B |12 B2+
m—n—1 1
S A 1/2 I 1/2
> H[H[HMHQHB k1|12 B2 |12 Bk 12| BY H
i=1 j=1

m—n—1 1

< 1B PIB+ Y T [1 + mAn||B"—k+j—1||2||Bk||HBn—kﬂwanm}

i=1 j=1
m—n—1 1

<UEHPEd + S TT [l s o)
i=1 j=1

(4.6)
Let 4= [T;—y 1+ AINB)" =2 Belll|(B)"~**7||*. By Ratio Test, >°7, U; con-
verges as lim;_, ., H“;Zl | < 1and ||B|| < 1. Inequality (4.6) thus lead to the con-
clusion that d(w,,, w,,) tends to zero as n, m tends to infinity. Therefore {w,} is a
Cauchy sequence with respect to A . By the completeness of { X, A, d}, there exists
an w € X such thatlim,,_, @, =lim,_,o Tw,_1 = w@.

Since

0 <d(Tw,w)
= d(Tw,w,) + d(w,, @)
= B*d(w, w,)B + d(w,, w)

— 0.

(4.7)

Hence d(Tw,w) = 0 which implies Tw = w. i.e., w is a fixed point of 7. Through
the use of inequality (3.1), we can easily show that w is a unique fixed point of 7.
N

1"



CHAPTER 5
APPLICATION

5 Existence and Uniqueness of solutions for Integral Equation

In this chapter, we study the existence and uniqueness of solutions for an integral
equation.

Example 5.1. Consider the integral Equation
w(t) = / K(t,s,w(s))ds +g(t),t € E
E

where E is a Lebesgue measurable set. Suppose that
1. K : Ex Rt - Rt and g € L™(E);

2. there exists a continuous function ¢ : E x E — R and k € (0,1) such that
|K(t,s,w0(s))—K(t,s,0(5))| < plo(t,s)| |w(s)—o(s)| fort € Eandw, p € L*(E);

3. supep [z K(t,s,@(s))ds < 1;
Then the integral equation has a unique solution w* in L>°(E).

Proof. Let X = L*>°(E) and H = L*(E). Forw,p€ X,wesetd: X x X — L(H) by
d(@, 0) = Tjw—ol(|w—ol-+a)

where 7, : H — H is the multiplication operator defined by

(@) = hon

forn € H. Thend is a C*-algebra-valued suprametric by Example 3.2 and (X, L(H), d)
is a complete C*-algebra-valued suprametric space. Let 7" : L>(E) — L*(FE) be

Tw(t):/EK(t,s,w(s))ds—l—g(t), teE

12



Set B=~Fkl,then Be L(H)and ||B||=k < 1. Forany h € H,

|d(Tw, To)| = ”ihlg (7| To-Tol(ITw~Tol+a) s )

o [

(Kt (6) = (15 0(6) +

l/Ktsw K(t,s, 0(5))

ds] h(t)h(t)dt

<|?:|1p1/[/|Ktsw K(t, s, 0(s))|

(IK(@ s, w(s))| = [K(L, s, 0(5)) + a) d$] 1 (t)|*dt

?W%@MXWW&M”_Kwawm2

+alK(t, s, w(s)) = [K(1,s, Q(s))\)ds] 1h(t)]*dt

g@wlélé(mau@mw»—m@ﬁ

+ak|o(t, s)|w(s) — Q(S)\) dé’] Ih(2)]*dt

< sup [/E (/~62\d)<7t,8)|2|fﬂ(8)—@(8)\2

rl=1JE

+ ak[o(t, s)||w(s) — @(S)I) dS] Ih(t)][*dt

sLﬁgéwmwwﬂkﬂ%g/ﬁMSPMw—mQ

+ ak[sup Iqb(t,S)IdS] | — QHoo]
teE JE
< K lw — ol3 + akllw — o]l
ng—mu@w—mw+4

=[IBl[lld(=, o)

Since || B|| < 1, the integral equation has a unique solution w* in L>(E).

13



CHAPTER 6
SUMMARY AND CONCLUSION

6 CONCLUSION

In this study, we examined the existence and uniqueness of fixed points in supra-
metric spaces, and we attempted to prove the fixed point theorem under the same
metric. Thus, the study is based on the fixed point theorems for contractive type
mapping in suprametric spaces. In the second chapter, we introduced the concept
of C*-algebra valued suprametric spaces and provided an illustration for the same
metric. Moreover, the Banach type contractions in the setting of suprametric spaces
with C*-algebra are investigated, and a fixed point theorem is proved beneath the
related contraction. Finally, we used our proven fixed point theorems to verify the
existence and uniqueness of solutions to integral equations.

FUTURE WORK:

Several investigations and research studies have been carried out on coupled sys-
tems with fractional differential equations. Due to their various uses, coupled sys-
tems of differential equations of different orders possess a primary significance for
research.The future work is to utilize coupled fixed point theorems in the context of
our newly defined metric space, namely C*-algebra-valued suprametric spaces, to
confirm the existence and uniqueness of solutions to coupled systems of fractional
differential equations.
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