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ABSTRACT

A graph with p vertices and q edges is said to be odd graceful labeling if there exist a
mapping f:p = {0,1,...,2q— 1} where every edges of V,V, are label from its
difference (|V; — V;|) then the line labels are {1,2,3,...,2q — 1} . In this project we
have showed that the graph acquired by securing n copies of bistar by an (n-1) edge
is odd graceful and a graph acquired by securing n copies of comb by an (n-1) edge

is odd graceful.

KEYWORDS: Labeling, Graceful labeling, Odd graceful labeling, Bistar,
Comb.
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CHAPTER -1

INTRODUCTION

Graph labeling is a fundamental aspect of graph theory that involves assigning labels
or values to the vertices, edges, or other components of a graph. These labels can
be numerical, alphabetical, or symbolic, and they play a crucial role in various graph-
related applications, such as network analysis, communication systems, and data
representation. Graph labeling encompasses several different types, each serving
different purposes and applications. Here, are some common types of graph labeling.

e Vertex labeling

e Graph labeling

e Total labeling

e Distance labeling
e Graceful labeling

e Edge labeling

Graph labeling plays a crucial role in various graph-related algorithms, optimization
problems, and data analysis tasks. By assigning meaningful labels to the vertices, edges, or
entire graphs, researchers and practitioners can gain valuable insights into the underlying
structures, properties, and relationships within complex networks and systems. Moreover,
graph labeling techniques enable the development of efficient algorithms for solving a wide
range of problems in diverse domains, including computer science, operations research,

telecommunications, and computational biology.



Graceful labeling in graph theory involves assigning distinct integers to the vertices
in such a way that the absolute differences of the labels of adjacent vertices result in
a set of distinct integers. This labeling is used to create graceful graphs, which have
applications in coding theory, communication networks and combinatorial design.
The graceful labeling conjecture proposed by Rosa in 1967, remains unsolved: every
tree and most other graphs have graceful labelings. Graceful labeling has
connections to number theory and continues to be an area of active research,

contributing to various fields through its applications and theoretical implications.

1.1 BASIC CONCEPTS

111 Graph labeling

Graph labeling is the concept of assigning some numbers /
integers to the points(p) or lines(e) or for both points(p) and lines(e) of the graph

under certain conditions.

Graph labeling is a process of assigning labels or values to the
vertices and/or edges of a graph, typically following certain rules or properties. These
labels could be integers, colors, or any other symbols, and they help in representing
different attributes or characteristics of the graph's components. The goal of graph
labeling is often to provide additional information about the structure or properties of
the graph, which can then be utilized in various applications such as graph

algorithms, network analysis, or visualization.

1.1.1 Graph Labeling



1.1.2 Graceful labeling

The graph G with p vertices and q edges is said to be graceful
labeling if there exist a function f such that f:p - {0,1,...,2q — 1} and every lines

are labeled by the difference of its points (|V; —V,|) then the line labels are

{1,23,...2q — 1} .

1.1.2 Graceful Labeling



CHAPTER -2

LITERATURE SURVEY

R.B.Gnanajothi* (1991) explores various topics within graph theory, likely
covering a range of concepts, algorithms, and applications related to graphs. Likely
covers fundamental concepts such as graph representation, connectivity, graph
traversal algorithms (like DFS and BFS), graph coloring, and maybe some advanced
topics like graph isomorphism or planarity. May delve into specific types of graphs
such as trees, cycles, bipartite graphs, or directed graphs, discussing their properties
and algorithms applicable to them.Might include uses of graph theory in various
fields like computer science, operations research, social network analysis, etc.

J.Jeba Jesintha®, R.Jaya Glory® and K. Farzana® (1969-1977) a study on odd graceful
labeling specifically applied to revised sunflower graphs, focusing on assigning
labels to the vertices in a way that certain conditions are satisfied. Introduces the
concept of odd graceful labeling and applies it to a specific type of graph, the revised
sunflower graph. Likely provides definitions and theorems related to odd graceful
labeling and discusses their implications in the context of revised sunflower graphs.
Presents methodologies or algorithms for constructing odd graceful labelings on
revised sunflower graphs and possibly explores properties of such labelings.

Rosa A'? (1966) discusses certain estimation of vertices in graph, possibly
introducing new valuation methods or exploring properties of existing ones.
Introduces novel vertex valuation methods or explores properties of existing ones
such as chromatic number, degree sequence, or other graph parameters. May
include proofs or discussions on the relationships between different vertex valuations
and their implications on graph theory. Likely presents applications of vertex
valuations in solving specific graph theory problems or in other fields where graph
theory is applied.

Eldergill P2 (1997) likely to investigate methods for decomposing complete graphs
with an even number.of vertices into smaller substructures or components. Probably
introduces different decomposition techniques applicable to complete graphs, such
as edge decompositions, vertex decompositions, or decomposition into cycles. Likely



explores theoretical results regarding the existence or non-existence of certain
decompositions in even-order complete graphs. May discuss practical applications of
decomposing complete graphs in various fields like network design, coding theory, or
combinatorial optimization.

Gallian J.A.3 (2020) provides a comprehensive overview of graph labeling
techniques, covering wide range of labeling schemes and their applications in graph
theory. Presents an overview of various types of graph labeling, including graceful
labeling, prime labeling, cordial labeling, etc. Likely discusses recent developments
and open problems in the field of graph labeling, providing a snapshot of the current
research landscape. May include examples and applications of different types of
graph labeling in solving practical problems or in other areas of mathematics and
computer science.



CHAPTER -3

AIM

3.1 AIM

Our aim is to exposed two families of graph which is odd graceful labeling.
Inspired by the labeling of graphs odd graceful labeling, we have obtained the odd
graceful labeling for n-copies of bistar and n-copies of comb which is connected by
n-1 edges .



CHAPTER -4

ODD GRACEFUL GRAPH

An odd graceful graph is a type of mathematical graph in which the vertices are
labeled with distinct positive integers, and the edges are labeled with positive
integers such that the difference between the labels of adjacent vertices is a distinct
value. Here's a brief introduction highlighting key points, An odd graceful labeling of
a graph is a labeling of its vertices with distinct positive integers such that when each
edge is labeled with the absolute difference between the labels of its endpoints, the

resulting edge labels form a set of consecutive odd integers.

In an odd graceful labeling, each edge is assigned a distinct positive integer label,
ensuring that no two edges share the same label .The edge labels form a set of
consecutive odd integers, starting from 1, 3, 5, and so on. This property

distinguishes odd graceful graphs from other types of graceful graphs.

The concept of odd graceful labeling extends the notion of graceful labeling, which
typically involves labeling the edges with consecutive integers. Odd graceful labeling
adds the constraint of using only odd integers for the edge labels. While odd graceful
graphs may seem like purely theoretical constructs, they find applications in various
areas such as coding theory, network design, and combinatorics. They provide

insights into graph labeling problems and can be used to model real-world scenarios.

Despite their theoretical importance, constructing odd graceful graphs can be
challenging. Finding optimal labeling schemes that satisfy the constraints of
distinctiveness and consecutive odd integers requires careful consideration and
often involves complex computational techniques. In general, odd graceful graphs
are an intriguing area of study within graph theory, offering insights into graph
labeling problems and their applications in diverse fields. Their unique properties



make them both mathematically fascinating and potentially useful in practical

scenarios.

4.1 DEFINITION

The graph G with p points and q lines is said to be odd graceful
labeling if there exist a function f such that f:p - {0,1,...,2q — 1} and every lines is
labeled by the difference of its points (|V; —V,]) then the line labels are

{1,3,5, ...,2q — 1}. Here all the labelings are distinct for both vertices and edges.

4.1 Odd Graceful Labeling

4.2 APPLICATIONS

Odd graceful labeling has applications in various fields, including:

e Network Communication: In networking, odd graceful labeling can be used
to assign unique identifiers to network nodes or devices, aiding in efficient
routing and communication.

e Graph Theory Algorithms: Odd graceful labeling can be utilized in
algorithms related to graph theory, such as graph colouring or path finding
algorithms. The labeling scheme might provide insights into the structure of
the graph and help in developing efficient algorithms for various graph-related
problems.

e Error Detection in Data Transmission: Odd graceful labeling can be applied

to detect errors in data transmission. By assigning unique labels to data



packets or chunks of data, and ensuring that the differences between
adjacent labels follow the odd graceful property, it becomes possible to detect
if any data packets are missing or corrupted during transmission.

e Cryptography: Odd graceful labeling might have applications in certain
cryptographic schemes where unique labeling or numbering of elements is
required. It could be used in creating cryptographic protocols or algorithms for
secure communication and data exchange.

e Parallel and Distributed Computing: In parallel and distributed computing
environments, odd graceful labeling can assist in assigning unique identifiers
to computational units or tasks. This labeling scheme can help coordinate and
synchronize activities across distributed systems efficiently.

e Data Structures: Odd graceful labeling may inspire the design of data
structures that exploit the properties of labeled graphs. These data structures
could be useful in various applications such as database management
systems, where efficient representation and manipulation of graph-like

structures are needed.

These are just a few examples of how odd graceful labeling can find applications in
various domains. Depending on the specific problem or application, odd graceful

labeling may offer benefits in terms of efficiency, organization, or error detection.

4.3 OUTLINE OF THE PROJECT

Chapter 1 presents an introduction and certain basic concepts in graph theory
that are necessary for the project. In Chapter 2 description of odd graceful graph
and its application is presented. In Chapter 3 a brief survey of graceful and odd
graceful labeling is provided. In Chapter 4 we obtain the odd graceful labeling for
n-copies of bistar and we have discussed its application. In Chapter 5 we obtain
the odd graceful labeling for n-copies of comb and we have discussed its
application. We concluded by summarizing the significance of the study in

chapter 6. We have compiled a list of references utilized throughout the



completion of this project, which we hereby present in accordance with the

sequence outlined in the Chapter7.
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CHAPTER =5

ODD GRACEFUL LABELING FOR BISTAR

5.1 DEFINITION

5.1.1 Bistar

A graph acquired by connecting the centre of two stars (either same or

distinct) A; , and A, ,, with one edge is known as Bistar. In general, Bistar is denoted

I o)
C L S

by A, m-

5.1.1 Bistar graph

5.1.2 n-copies of Bistar

The n-Bistar graph is a graph obtained by connecting n copies of bistar

say By, B,, ... , B, in any sequence such that we connect the point s of B; with the
point t of Bj;; (j=12,..,p) with p—1 edges such that all the graphs are

connected. Its denoted as B—p.

5.2 APPLICATIONS OF BISTAR

11



Odd graceful labeling on bistar involves assigning unique integer

assigning labels to the edges of a graph in a manner that the totals of labels incident

to each vertex form a set of consecutive integers. This labeling scheme finds

applications in various areas of computer science and information technology,

including network communication, graph algorithms, error detection, and parallel

computing.

Network Communication: The labeled graph can represent network
connections, with vertex sums indicating the load or capacity of network
nodes. This information is crucial for optimizing network traffic, ensuring
efficient data transmission, and managing network resources effectively.
Graph Algorithms: Algorithms such as shortest path algorithms or flow
algorithms can utilize the labeled graph to optimize resource allocation,
routing decisions, or flow control in various applications like transportation
networks, telecommunications, or data centres.

Error Detection: Odd graceful labeling of bistar can aid in error detection in
data transmission by ensuring the consistency of edge label sums. Any
deviation from the expected sum sequence can indicate missing or corrupted
data, prompting appropriate error recovery mechanisms.

Parallel Computing: In parallel computing environments, the labeled graph
can assist in load balancing or task scheduling by providing insights into the
distribution of computational resources. By analyzing the sums of edge labels
incident to each vertex, efficient task allocation strategies can be devised to

maximize system performance and throughput.

In general, odd graceful labeling of bistar offers a structured approach to assigning

labels to graph edges, with the property that the sums of incident edge labels at each

vertex form consecutive integers. This labeling scheme finds practical applications in

optimizing network communication, graph algorithms, error detection, and parallel

computing tasks in computer science and information technology domains.

12



5.3 THEOREM 1

The bistar graph B, is said to be odd graceful.
Proof:

Let A, ,, be a bistar and let the graph B; = Anj,m,- where j = 1,2, ...,p be the p (same
or distinct) copies of bistar B . Let the centre vertices be s; and t; and let n; and m;
where j = 1,2,...,p be the count of vertices which are adjacent to s; and t; . Here
sj be the centre vertex of s;y, 5j, ..., Sjn; and t; be the centre vertex of t;, tj5, ..., tjm; -

In the end B, is the graph that obtained by connecting p non-similar bistar graphs

By,B,,..,B, .Let k;; be the no of vertices joining s and

k,; be the no of vertices joining t;. By connecting all the s; with t; by an edge we get,
the number of edge of the graph B, is

2p— 1) + 3, +m))
And the number of vertices of the graph B, is

Zﬁ’zl(nj +m; +2).
By the definition odd graceful we know that,

h:v(B,) - {01,..2N — 1}

Where N represents the total number of edges in the graph.
From the above definition,

Define:

FOI’, J:]. , kl] = 1,2, ,n] .

h(s;)) =2N —1 (5.1)

h (slklj) = 2(ky; — 1) (5.2)
For, j=2, 3..., p.

h(s;) = h (tG-vymy_r,) — 2 (5.3)

13



h (Sf klj) = h(t(j-1)) +2 ki =1 (5.4)

R (Sjty;) = h (S + 2 kij=2,3,..,n (5.5)

For, j=1,2..., p.
h(t;)) = h(sj,) + 21 (5.6)
h(tisy,) = h(s) — 2 ky =1 (5.7)
h(tiy,) = R (tj(kzj_l)) —2 ky =2,3,..,m; (5.8)

by proceeding this till p we obtain a graph with odd graceful labeling.

From the definition of h we get the labelling of vertices in some sequence,
such as

C1:511:S125 o +» S1nyr E15 S21s wo s S2mys €2, 5315 e 5 bp—1, S(p—1)1, S(p—-1) 2> *-- 5 S(p-Dngp_1y ty.
The sequence C; is monotonically increasing sequence that is,
C;:0,2,....... 2y +npt..., 4+, + 1)
And the labeling of vertices,
Coisu, itz - timg, S2 a1, -+ S(p—1) Lp—1) 10 - ..,t(p_l)n(p_l)

The sequence €, is monotonically decreasing sequence that is,

P
Cp: 2N —1,2N —3,..., Z(an +1D|+1
j=I
By combining C; and C, we get the following sequence,

P P
C: 2N—-1,2N-3,..., Z(an+1) +1 ,Zan+1,...,2,0.

J=1 J=1

Finally, by applying the definition of odd graceful labeling to label the edges, we
achieve a monotonically increasing sequence.

14



Figure 5.3.1 3-copies of bistar which is Odd graceful graph (B;)

And the labeling of vertices,
Cz: S1, tlli tlz, ey tlmll S, t21, ey S(p—l)' t(p—l)l' ey t(p—l)n(p_l)

The sequence C, is monotonically decreasing sequence that is,

14
C;:2N — 12N —3,..., Z(an +1D|+1
j=I
By combining C; and C, we get the following sequence,

P P

C: 2N-12N-3,..., Z(an+1) +1 ,Zan+1,...,2,0.
j=1 j=1

Finally, by applying the definition of odd graceful labeling to label the edges, we
achieve a monotonically increasing sequence,

15



tplpmy tplpmy-1) - tplpr + LpSp + SpSpny, + SpSp(np-1)r = titar » tiS1 4 S1S1n,

Slsl(nl—l)' saeey 51511.
The above sequence is of the form,
1,35 .cc..., 2N —1.

Consequently, the graph B, is an odd graceful graph.

Therefore, this concludes the proof.

16



CHAPTER -6

ODD GRACEFUL LABELING FOR COMB

6.1 DEFINITION

6.1.1 Comb

A graph obtained by joining pendent vertex to all vertex of a path is called

|

6.1.1 Comb graph

as comb.

6.1.2 n-copies of Comb

The n-Comb graph is a graph obtained by connecting n copies of comb say
C1,Cy, ..., Cp inany sequence such that we connect the point Sik; of C;j with the point
sjip 0f 41 (j = 1,2,...,p) with p — 1 edges such that all the graphs are connected. Its

denoted as C,,.

6.2 APPLICATIONS ON COMB

Odd graceful labeling on comb graphs involves assigning unique integer
assigning labels to both vertices and edges of a comb graph to ensure specific
properties are met. These labeled comb graphs can be used in computer science
and information technology for tasks such as network communication, algorithm

design, error detection, and data representation.

17



Graph Representation: A comb graph is a special type of graph that
resembles the structure of a comb, with a central path (the spine) and
uniformly spaced teeth branching off from it.

Vertex and Edge Labeling: Each vertex and edge of the comb graph is
assigned a unique integer label. The labeling scheme must satisfy specific
constraints, such as ensuring that the differences between adjacent labels
form a set of consecutive odd integers.

Network Communication: Labeled comb graphs can represent
communication networks, with vertices representing network nodes and
edges representing communication links. The odd graceful labeling ensures
efficient routing and communication between nodes, optimizing network
performance.

Algorithm Design: Algorithms in graph theory, such as path finding or
network flow algorithms, can leverage the labeled comb graph's structure to
develop efficient solutions for various computational problems. The labeling
scheme provides additional information about the graph's topology, aiding
algorithm design and optimization.

Error Detection: The structured labeling of comb graphs can be utilized in
error detection mechanisms for data transmission or storage systems. By
ensuring that the differences between adjacent labels follow a specific pattern,
deviations from this pattern can indicate errors or inconsistencies in the data.
Data Representation: Labeled comb graphs can serve as a data
representation or modelling tool in information technology applications. They
can represent hierarchical structures, organizational charts, or other data
relationships, with the odd graceful labeling providing a systematic way to

assign labels to graph elements.

In brief, odd graceful labeling of comb graphs offers a structured approach to graph

labeling, with applications in network communication, algorithm design, error

detection, and data representation in computer science and information technology.

The labeling scheme provides valuable insights into the graph's structure, facilitating

efficient solutions to various computational problems.

18



6.3 THEOREM 2
The comb graph C_p is said to be odd graceful

Proof:

Let the graph C be a comb.

By definition of comb: The graph obtained by connecting pendant vertices to all
vertices along a path (B,) is called as comb.

Let us denote the vertices of the path in the comb as sy, 55, ...,s; and the pendent
attached to the vertices of the path be ¢;,t,, ..., t;.

Let C, be the graph derived from connecting p copies of comb C of even or odd
order of path in comb.

Let Fa; : Sj1,Sj2) -1 Sja; be the path of the graph C, and the single vertex connected to
the paths be t;q, tj,, s b, where j = 1,2,...,p . Here a; be the no. of vertices in the

path C; or number of single vertices connected to the path ¢; and k; = 1,2,...... a; .

Here C, be a graph gained by connecting p copies of C;,C;,...,C, of C by

connecting vertex tia; of ; to the vertex t(;1); Of Cj41.

the number of edge of the graph C_p is
2 25-;1 aj
And the number of vertices of the graph C_p is
|2 Z?=1(aj)l -1
By the definition odd graceful we know that,
h:v(C,) - {0,1,..,.2N — 1}

Where N represents the total no. of edges in the graph.

19



Case 1. if all a; are even.

Forj=1, k]- =1

h(sje;) = 2N — 1 (6.1)
h(tje) = 2G — 1) (6.2)
Forj = 1,2,...,...,p,k]- =2,4,...q;.

h(sjie) = R(tjk;-1) + 2 (6.3)
h(tjk;) = h(Sjk;-1)) — 2 (6.4)
Forj = 1,2,...,...,p&k]- = 3,5,...a]-

R(sik;) = h(tigy-1) =2 (6.5)

h(tj)) = h(sj-1)) + 2

by proceeding this till p we obtain a graph with odd graceful labeling.

From the definition of h we get the labelling of vertices in some sequence
for even q; , such as

51: tll,slz, "Slal' t21,522, ‘e .,S3a2, t31,S32, .,S3a3 ey tpl,sz, .,Spap.

The sequence g, is monotonically increasing sequence that is,

And the labeling of vertices for even q; ,

Sz: S11, t12' ey tlall S21, t22. . t2a2’ ...... Spl' th' ey tpap

20



The sequence S, is monotonically decreasing sequence that is,

S,:2N —1,2N — 3,2N —5,....... N
69 g7 2 g3 65 59 ©
69 65 61 57
67 4 63
55
10
6l 5, a7 3 43 A4 39 53 35 18
53 49 45 41 37 33
8 59 12 55 16 51
31

49 5,5 22 5,3 45 49 26 95 41 49 30 ,; 37 3 34

29 25 2 17 13 9 5 1

20 47 24 43 28 39 32 35

Figure 6.3.1 3-copies of comb (with even a;) which is Odd graceful graph (Cs)

By combining S; and S, we get the following sequence for even q;,

S:2N—-12N-3,....... ,N—1,N,....... ,2,0.

Case 2: if all a; are odd.
For j=1&k;j=1
h(sji;) = 2N =1 (6.6)

h(tix,) = 2(G = 1) (6.7)

21



Forj=1,35,..p&k;=24,....q

h(sje) = h(tige,-1) +2 (6.8)
h(tjk;) = h(Sjqe;-1)) — 2 (6.9)
Forj = 1,3,5,....,p&kj =35, .. a;

h(sjk;) = h(tjk;-1)) — 2 (6.10)
R(tx,) = h(sige,-1) + 2 (6.11)
Forj=2,4,..... P&k =

R(sje)) = h(tgoayep) +2 (6.12)
R(tx,) = h(S-1yy_y,) — 2 (6.13)
Forj=24,...p&k =24,...q

h(sj;) = h(tjk;-1)) — 2 (6.14)
R(tx,) = h(sj,-) + 2 (6.15)
Forj=2,4,..,p &k]- = 3,5,...a]-

R(sik,) = h(tje,-1y) + 2 (6.16)

h(tjk,) = h(sjqc;-1)) — 2 (6.17)

22



Forj=3,5,..... P &kj=

FOI’j = 3,5, 'p&k] = 2,4’,(1]

h(sjk;) = h(tjge;-1)) + 2 (6.20)
h(tjx;) = h(Sjqe;-1)) — 2 (6.21)
Forj=3,5,..... P &kj=3,5,...a;.

h(Sjk,-) = h(tj(kj—l)) -2 (6.22)

h(tjkj) = h(sj(kj—n) + 2 (6.23)

by proceeding this till p we obtain a graph with odd graceful labeling.

From the definition of h we get the labelling of vertices in some sequence
for odd a; , such as

Sl: tll! 512, enny tlall 521, tzz, .. "53(12' t31, 532, ey t3a3 reeny tpl' sz, ey tpap.

The sequence S; is monotonically increasing sequence that is,

And the labeling of vertices for odd a;,
SZ: S11» tlz, ey Sla1’ t21, NVIEE tZaz, ...... Spl’ th' ey Spap
The sequence S, is monotonically decreasing sequence that is,

S,;:2N —1,2N —32N —5,....... N

23



6 43 49 0 10 . 45 3 1
25 8 37 3 29
51 8 47 12 43
27
dl o3 18 9 37 45 2 4 3, 26 3 2
25 21 17 13 9 5 1
16 39 20 35 24 31 28

Figure 6.3.2 3-copies of comb (with even a;) which is Odd graceful graph (C3)

By combining S; and S, we get the following sequence for odd a;,

S:2N—-12N-3,....... ,N—1,N,....... ,2,0.

Consequently, from case 1 and case 2 we know that the graph C, is odd graceful
graph.

Therefore, this concludes the proof.
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CHAPTER -7

CONCLUSION

In the text of graph, its remarkable to explore the families of odd graceful graph. By
Theorem 1 & 2, we have exposed two families of graph which is odd graceful
labeling. Inspired by the labeling of graphs odd graceful labeling, we have obtained
the odd graceful labeling for n-copies of bistar and n-copies of comb which is
connected by n-1 edges. This can be extended foe arbitrary super subdivision of

certain families of graphs in future.
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