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ABSTRACT

This study uses the positive definite of Laplacian equation and energy minimization in
spectral graph theory. This energy plays a fundamental role in optimizing various system
across multiple discipline and also it optimizes molecular structure and calculate the most
stable configuration of molecules by comparing with other energy and find the equilibrium
configuration of a mechanical system. It helps to optimize the design of Structure to minimize
stresses and strains. The advantage of this approach is that it is quite easy to achieve

convergence for the minimize.
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CHAPTER 1

INTRODUCTION

Spectral graph theory is a powerful framework that studies graphs using the spectral
properties of their associated matrices, particularly the Laplacian matrix. In recent
years, it has found wide applications in various fields, including computer science,
machine learning, and optimization. One fascinating application of spectral graph
theory is in energy minimization, where the laplacian matrix plays a pivotal role. The
laplacian matrix captures essential structural information about the graph,
representing connections and interactions between vertices. Specifically, it encodes
the graphs topology and allows us to analyze its spectral properties.

In the context of energy minimization, spectral graph theory provides a rigorous
mathematical foundation for optimizing functions defined on graphs. By leveraging
the eigenvalues and eigenvectors of the laplacian matrix, we can devise efficient
algorithms to minimize energy functions over the graph. Key to this approach is the
concept of positive definiteness. A matrix is positive definite if all its eigenvalues are
positive indicating a well-behaved convex optimization landscape. In energy
minimization ensuring the laplacian matrix (possibly modified with additional terms)
remains positive definite guarantees convergence to a global optimum.

Through the lens of Spectral Graph Theory, energy minimization becomes not just
an optimization task but a deeper exploration of the underlying graph structure. By
exploiting spectral properties, we can uncover hidden patterns, detect communities,
and reveal intricate relationships with in complex networks. In summary, Spectral
Graph Theory provides a powerful framework for energy minimization on graphs. By
harnessing the spectral properties of the laplacian matrix, we can develop efficient
algorithms that ensure convergence to optimal solutions while gaining insights into
the structural properties of the underlying.



1.1 SPECTRAL GRAPH THEORY

» The study of the properties of a graph in relationship to the characteristic
polynomial, eigen values, and eigen vectors of matrices associated with the
graph, such, as its adjacency matrix or Laplacian matrix. The adjacency matrix
of a simple undirected graph is a real symmetric matrix and is therefore
orthogonally diagonalizabilities eigenvalues are real algebraic integers.

» While the adjacency matrix depends on the vertex labelling, its spectrum is a

graph invariant, although not a complete one.

» Spectral graph theory is also concerned with graph parameters that are defined
via multiplicities of eigenvalues of matrices associated to the graph, such as

the colin de verdiere number.

1.2 PRELIMINARIES
1.2.1 GRAPH

A graph G = (V, E) consists of a nonempty set V of vertices (or nodes) and a set E
of edges. Each edge has either one or two vertices associated with it called its end points.
an edge is said to connect its endpoints.

EXAMPLE:

V3 Vy

Fig 1.3.1 Graph



1.2.2 ADJACENCY MATRIX

The adjacency matrix, also called the connection matrix, the matrix containing
rows and columns which is used to represent a simple labelled graph, with 0 or 1 the
position of (v;, v,)according to the condition whether Vi and Vj are adjacent or not.

EXAMPLE:

_ O O
O R =

1.3.2 DEGREE MATRIX
Given a graph G= (V ,E) with |V| =n, the degree matrix D for Gisan x n
diagonal matrix defined as

_(deg(vy) , if i=] }
Dy _{ 0 ,otherwise (1.1)

Where the degree deg (vi) of a vertex counts the number of times an edge terminates
at thatvertex. In an undirected graph, this means that each loop increases the degree
of a vertex by two. In a directed graph, the term degree may refer either to in degree
(the number of incoming edges at each vertex) or out degree (the number of outgoing

edges at each vertex).



EXAMPLE:

V4 V6

Fig 1.2.3 Degree matrix

Degree matrix of D =

U1 Uy V3 Vg Vs Vg

1 0 0 0 0 O
0 300 0O
0 02 0 0O
0 00 3 0O
0 000 3 O
0 0 0 0 0 2

1.2.4 LAPLACIAN MATRIX

% The Laplacian matrix of a graph is a mathematical representation that
encapsulates certain structural properties of the graph. It is defined as the
difference between the degree matrix and the adjacency matrix of the graph.

% The Laplacian matrix L is defined as:
L=A-D
Where,

% D is the degree matrix, a diagonal matrix where Di; represents the degree of

vertices i.

X/
°e

A is the adjacency matrix, where A; is the weight of the edge connecting

vertices i and j.



1.2.5 WEIGHTED GRAPH

A graph in which each edge has an associated numerical value is called a weighted
Graph. The numerical value associated to an edge is the weight of the edge. The weight

of an edge can represents a distance, a cost... etc.

EXAMPLE:

Fig 1.2.5 Weighted graph

Weighted graph of w =

U1 Uy V3 Vs Vs Vg

oA ONO
cwou1o
woNou
oNnoONO
OO NO W
SO wo ™

1.2.6 CONNECTED GRAPH

s A graph is said to be connected if every pair of vertices in the graph is
connected. This means that there is a path between every pair of vertices.



% A connected graph can be simple or have loops and multiple edges, as long as
it maintains the connectivity property.

EXAMPLE

Fig 1.2.6 Connected graph

1.2.7 BLOCK MATRIX

% A block matrix is the result of performing some vertical and horizontal cuts on a

matrix so as to subdivide it into blocks.

% A matrix interpreted as a block matrix can be visualized as the original matrix
with a collection of horizontal and vertical lines, which break it up, or partition

it, into a collection of smaller matrices.

EXAMPLE:
The matrix
1 2 2 7
|1 5 6 2
P= 3 3 4 5
3 3 6 7

Can be visualized as divided into four blocks, as



W WU
(o) NN Gl (@) I \ S
N o1 g

W W

The horizontal and vertical lines have no special mathematical meaning but are a
common way to visualize a partition. By this partition is partitioned into four 2 x 2
blocks, as

1 2] P.,

P“:[15 2 7 3 3 _45]

“le 2] P212[3 3] P2=]g 5

The partitioned matrix can then be written as

P=[P11 PlZ]

P21 PZZ

1.2.8 HARMONIC FUNCTION
Let G = (V, E) be a graph with vertex set V and edge set E. A function f:V - R is

said to be harmonic on a subset ScV it for each vertex ve S the value of f(v) is equal to

the average of the values of f over all neighboring vertices of V in S.

Formally, for each ve S, the condition for f to be harmonic on S is given by

f() = ——Yyene f(U) (1.2)

deg(v)

Where,
N(v) represents the set of neighbors of Vin S.

deg (v) is the degree of vertex V. (i.e.) the number of edges incidentto V .



EXAMPLE:
/A\

/B‘ﬁ ?C\

D- ->E >F >G

Fig 1.2.8 Harmonic function

Here the Vertices A, B, C, D, E, F and G represent cities. Edges represent connection
between cities.

Where, The weight of each edge represents the distance between of each city. The

population of the city,

f(A)=100, f(B)=80, f(C)=120, f(D)=60, f(E)=70, f(F)=90, f(G)=110

To check if f is harmonic on subset S of vertices Let’'s consider S = {B, C, E, F}, the
subset of the vertices containing cities B, C, E and F.

By using harmonic function;

Let’s check this condition for each vertex V in S,

S={B,C,E F}

For cities B:f(B) SO+ D)+/E)
100+120+6%+70
= 4
=87.5

For cities C: f(C) = LA/ B/ +/(6)

1004804904110
= 4

=95



For cities E: f(E) = (2O
80+60+90
= 3

=76.67

For cities F: f(F) = {200
70+110+120
= 3

=100
So ,In this example, we can see that the function fis harmonic on the subset
S={B,C,E,F} of vertices each city’s population density is equal to the average population
density of its neighboring cities with in S. satisfying the condition for f to be harmonic on

S.

1.2.9 DIRICHLET ENERGY

Given a function x: V = R where V is the set of vertices of a graph G. The Dirichlet

energy 2(f) is defined as:

(%) = 5 Buwes W, v) (x (@) — x(v))° (L3)

Where;

+ E is the set of edges of the graph G.
% w(u, v) is the weight of the edge between vertices u and v.

* x(uw)and x(v) are the function values at vertices u and v respectively.

EXAMPLE
Consider a one-dimensional chain graph G with vertices V ={1,2,3,4}and edges

between adjacent vertices. The weights of the edges represent the distance between

the vertices.




suppose we have a function f defined on the vertices of this chain graph. Such that

f)=3,f(2)=5,f(3) =4and f(4) =2

Now, let’s calculate the Dirichlet energy 2(f) for this function f:
1
D@ = wunl(x1) —x@)" + G@) - x@)* + (x(3) ~ x(®)’]

=-[(3-5)2+ (5-4)% + (4 - 2)%]

Z(x) — 45

So, for this function f, the Dirichlet energy %(f) is 4.5

10



CHAPTER 2
LITERATURE SURVEY

S Li, W Xia pjconsider a undirected signed weighted graphs and prove that the
signed Laplacian matrix has at most negative eigenvalues for a graph with negative
edges, and for the signed Laplacian corresponding to a tree, it has exactly negative

eigenvalues.

Qin Ni, Liqun Qi, and Fei Wang [2] consider an eigenvalue method for testing
positive definiteness of a multivariate form. An advantage of the E-eigenvalues and
the E-characteristic polynomial is that the degree of the E-characteristic polynomial

is much lower than the degree of the characteristic polynomial.

Daniel A. Spielman [3] the design of provably fast algorithms for solving linear
equations in the Laplacian matrices of graphs. These algorithms motivate and rely
upon fascinating primitives in graph theory, including low-stretch spanning trees,
graph sparsifiers, ultra-sparsifiers, and local graph clustering. These are all
connected by a definition of what it means for one graph to approximate another.

Daniel Zelazo and Mathias Burger [4] consider a definiteness of the weighted graph
Laplacian matrix with negative edge weights. The definiteness of the weighted
Laplacian is studied in terms of certain matrices that are related via congruent and
similarity transformations. The utility of these results are demonstrated in a weighted
consensus network where appropriately placed negative weight edges can induce
a clustering behavior for the protocol.

Xiao-Dong Zhang [5] consider a The Laplacian matrix of a simple graph is the
difference of the diagonal matrix of vertex degree and the (0,1) adjacency matrix. it
has been applied to several fields, such as randomized algorithms, combinatorial

optimization problems and machine learning.

11


https://scholar.google.com/citations?user=Jj-7YdoAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=Jj-7YdoAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=Jj-7YdoAAAAJ&hl=en&oi=sra

DH Tran, TX Vu, S Chatzinotas [6] we design the UAV trajectory to minimize the total
energy consumption while satisfying the requested timeout (RT) requirement and
energy budget, which is accomplished via jointly optimizing the path and UAV’s
velocities along subsequent hops. It is also shown that the proposed solutions
outperform the state-of-theart benchmarks in terms of both energy consumption and

outage performance.

D Zhang, M Hebert [7] This representation is based on the well-studied theory of
Harmonic Maps which studies the mapping between different metric manifolds from
the energy minimization point of view and they preserve both the shape and the
continuity of the underlying surfaces, they are robust to occlusion and they are
independent of surface sampling strategy. The proposed representation is applied

to solve the surface-registration problem.

Braxton Osting, Chris D. White and Edouard Oudet [8] introduced a new nonconvex
graph partitioning objective where the optimality criterion is given by the sum of the
Dirichlet eigenvalues of the partition components. A relaxed formulation is identified
and a novel rearrangement algorithm is proposed, which we show is strictly
decreasing and converges in a finite number of iterations to a local minimum of the

relaxed objective function.

Amie Albrecht, Phil Howlett, Peter Pudney, Xuan Vu, Peng Zhou [9] discussed the
problem of finding an energy-efficient driving strategy for a train journey on an
undulating track with steep grades subject to a maximum prescribed journey time.
We examined the characteristic optimal control modes, studied allowable control

transitions and established the existence of optimal switching points.

12
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https://scholar.google.com/citations?user=6jeAUkoAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=6jeAUkoAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=jLlBBl4AAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=jLlBBl4AAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=0ytii2EAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=0ytii2EAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=0ytii2EAAAAJ&hl=en&oi=sra

SA Abrams, R Kenyon [10] discussed the map from conductances to edge energies
for harmonic functions on finite graphs with Dirichlet boundary conditions and proved
that for any compatible acyclic orientation and choice of energies there is a unique
choice of conductances such that the associated harmonic function realizes those

orientations and energies.

13


https://scholar.google.com/citations?user=C8Z2vRkAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=C8Z2vRkAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=iLJcSEsAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=iLJcSEsAAAAJ&hl=en&oi=sra
https://scholar.google.com/citations?user=iLJcSEsAAAAJ&hl=en&oi=sra

CHAPTER 3
AIM AND SCOPE

3.1 AIM

To prove the positive definiteness of the Laplacian matrix L (S, S) corresponding
to the vertex set S of a connected graph G, where B is a nonempty, proper subset of
V and S=V-B and also to prove energy minimization by comparing harmonic and

nonharmonic function  where £(x) is minimized by setting x(S) so that x is harmonic

on S.

3.2 SCOPE

The scope of the positive definiteness of the Laplacian matrix is to provide a clear
explanation of the proof while addressing potential challenges and extensions of the
result. It should cater to an audience with a background in graph theory, linear algebra,
and possibly spectral graph theory. The scope of the energy minimization techniques
in spectral graph theory have a broad scope encompassing graph partitioning,
clustering, dimensionality reduction, graph embedding, regularization, and various

applications in fields such as computer science, physics, chemistry, and engineering.

14



CHAPTER 4

THEOREM OF LAPLACIAN OF POSITIVE DEFINITE
AND ENERGY MINIMIZATION

4.1 LAPLACIAN OF POSITIVE DEFINITE

Let L be the Laplacian matrix of a connected graph G = (V, E, w), let B be a nonempty,

proper subset of V, and let S=V-B. Then, L (S, S) is positive definite.

PROOF:

Let Si,,,,..,,Sk be the connected components of vertices of G(S).
We can use these to write L (S, S) as a block matrix with blocks equal to L(S; Si). Each

of these blocks can be written

L(Si, Si) = Lesi + Xsi (4.1)

As G is connected, there must be some vertex in S; with an edge to a vertex not in S;

This implies that Xsi is not the zero matrix.

By this lemma,

Let L be the Laplacian matrix of a connected graph and let X be a nonnegative, diagonal

matrix with at least one nonzero entry. Then L+X is positive definite.

Given that X is a nonnegative, diagonal matrix with at least one nonzero entry, we can

write X as:
X =diag(x1, x2,,,,,,Xn) (4.2)

Where X; 2 0 and at least oneX; is nonzero.

15



Now, consider the Laplacian matrix L of a connected graph. The matrix L+X is given by:

di +x, —Wi2 —Win
—w dy+x, -+ —w
L + S — :12 2 ; 2 i 'Zn
—Wn1 Wy .. dp Xy

Where diis the degree of vertex i and wi; is the weight of the edge between vertices i and
j-
To show that L+X is positive definite, we need to show that all its eigenvalues are

positive.

Let A be an eigenvalue of L+X and let V be the corresponding eigenvector. Then,

we have: (Laplacian linear equation)

(L+X) V= AV
LV+XV= AV
LV=AV-XV
LV=(A-X) V

Since X is a diagonal matrix with nonnegative entries, X is positive semidefinite.

Therefore, A-X is an eigenvalue of L, which is known to have all positive eigenvalues.

Since A-X is positive and X has at least one nonzero entry, A must be positive.

Since A-X is positive and X has at least one nonzero entry, A must be positive.

Therefore, all eigenvalues of L+X are positive which implies that L+X is positive
definite.

To prove that L(S;, S)) is invertible, we can use the fact that L(S;, S:) is positive definite.
Since L(S;, Si) is positive definite, all its eigenvalues are positive.

Let’'s denote the eigenvalues of L(S;, Si) as 11, 42,,,,,, AkWhere k is the dimension of
L(S;, Si).

Since L(S;, Si) is positive definite, all its eigenvalues are positive.

16



(i, ) >0 for all i
Now, for a matrix to be invertible, its eigenvalues must be non-zero.

Since all eigenvalues of L(S;, Si) are positive, they are also non-zero.

Therefore, L(S;, Si) is invertible.

As the matrix L (S, S) is invertible, the equations have a solution, and it must be unique.

L (S,S) is invertible equal to L(S;, S:) is positive definite.

4.2 ENERGY MINIMIZATION

Let G= (V, E, W) be a connected, weighted graph, let Bc V, and let S =V-B. Given x(b),

show that &(x) is minimized by setting x(s) so that x is harmonic on s.
PROOF

Let G be a given graph for a function x on a subset S of a vertices in a graph is
harmonic function every Ve S the value of x(v) is equal to average value of its neighbors
in S. That is

1
X(v) = WZUEN(V)nS X(u) (4.3)

where N(V) denotes the neighbors of vertex.

Now, Let’s consider E(x), the Dirichlet energy of x, defined as:-

E(x) =Y ves WU, V) (x(U) — x(V)) (4.4)

Where W (U, V) is the weight of the edge between vertices U and V.

17



To minimize E(x) with respect to x(s) given x(b) where Dirichlet energy can be
compared with potential energy by setting y(s) on s where y(s) is non harmonic

function and it is not average value of its neighbors in s.

Let’'s assume a simple connected graph with boundary nodes have fixed potential

energy in harmonic function.

1-2_-3-4 -5

o
6 -7-8-9-10
I I

11-12-13-14 - 15

Fig 4.2.1 Harmonic function with fixed potential energy

For the above fig 4.2.1, the nodes 2,7,8 and 12 all have a potential of 2 and nodes

3,8,9 and 13 all have a potential of 3. Thus, neighboring nodes are evenly distributed.

Now, Let’s assume one more simple connected graph with boundary nodes have fixed

potential energy in nonharmonic function.

18



1-2-3-4_-5
T
6 -7-8-9-10

11 - 12-13-14 - 15

Fig 4.2.2 Non harmonic function with fixed potential energy

For the above fig4.2.2, the nodes 2 have potential of 1 while its neighboring
nodes 1,3,7 and 8 hence potential of 0, 2, 3. Thus neighboring noes are not evenly
distributed

From the 4.2.1 and 4. 2.2 graph of harmonic function and non harmonic function E(x)
is minimized because potential energy are evenly distributed in harmonic function
within S. Thus resulting in a smooth and evenly distributed potential energy. Finally it

leads to a lower energy E(x) compared to non harmonic function.

Therefore ¢(x) is minimized by setting x(s) so that x is harmonic on s.

19



CHAPTER 5
RESULTS AND DISCUSSIONS

5.1 RESULTS

In this chapter, we proved that the positive definiteness of the Laplacian matrix
L(S,S) corresponding to the vertex set S of a connected graph G, where B is a non
empty, proper subset of B and S=V-B. Secondly we proved that energy minimization
by comparing harmonic and non hormonic function where &(x) is minimized by

setting x(S) so that x is hormonic on s.

5.2 DISCUSSIONS

% We can prove L (S, S) is positive definite is equal to L(S; Si). Is invertible. Let
using L (S, S) block matrix with blocks matrix to L(S; Si) since x is a diagonal
matrix with non negative entries, x is positive semidefinite. In this also using

degree matrix and weighted matrix.

% We can solve energy minimization by setting hormonic function and by comparing
with non hormonic. Using Dirichlet energy we can compare with other energy
source to find average of its neighbors. Graph of hormonic function and non
hormonic function are compared. Then the final result gives that by only using

hormonic function the energy can be minimized.

20



CHAPTER 6

CONCULSIONS

In this project, we found that Laplacian L (S, S) is positive definite. Then we are
prove to L(S; Si) invertible. The Laplacian matrix is connected graph and X be a non
negative, diagonal matrix with at least one non zero entry. Then we have applying a
Laplacian liner equation in diagonal matrix. The final result of L (S, S) is equal to L(S;, Si)
are positive. They are also non zero. We describe minimizing E(x) with respect to x(S)
by setting x(S) to be harmonic on ensures that the Dirichlet energy is minimized while
x(B) remains fixed and also by comparing non harmonic energy. Therefore, to achieve

the minimum E(x), we should choose x(S) such that it is harmonic on S.

FUTURE WORK

In future, we try to minimize the energy in connected weighted graph using the

application of spectral graph theory.

21
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