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Abstract

In this proposed work an approximation space I = (U,R), where U
denotes a nonempty finite set of objects and R denotes an arbitrary
equivalence relation defined on U is considered. The Rough Zero Divisor

Graph of a Rough Semiring (T, A, V)on [ is taken for study.

Let {X;,X,,...,X,,} be the n equivalence classes induced by R. Without
loss of generality assume that {X;,X,,...,X,,} be the m equivalence
classes whose cardinality is greater than one and {X,,,4+1, Xm42 .-+, Xn}
be the n — m equivalence classes whose cardinality is equal to one. Let
B = {{x1},{x2},..., {xm}} be the set of pivot elements chosen from the
equivalence classes whose cardinality is greater than one. Also assume that
M is the union of none, one or more of the equivalence classes whose
cardinality is equal to one and M’ is the union of one or more of the

equivalence classes whose cardinality is equal to one.

The Rough Zero divisor graph consists of 2"~ (3™) — 2™ — 1 vertices,
1 <m < n, where n represents the number of equivalence classes in U
and m represents the number of equivalence classes with cardinality
greater than one. The study of this Rough Zero divisor graph is
challenging for large values of m and n. The complicity in studying this
Rough Zero Divisor Graph was made simpler by defining clustering on
the vertices of the Rough Zero divisor graph. A partition on vertices of the

Rough Zero divisor graph is obtained based on the degree of vertices.



The graph theoretical parameters of the Rough Zero divisor graph namely
the Clique number and Chromatic number are computed with suitable

illustrations.
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CHAPTER 1



INTRODUCTION

In 1736, Euler published a paper titled "Solutio problematis ad geometriam
situs pertinentis" ("Solution to a Problem in the Geometry of Position"), in which
he introduced the concept of a graph and used it to solve a famous problem

known as the Seven Bridges of Kdnigsberg problem.

The concepts of clique and chromatic number were introduced by Hassler
Whitney, In a 1931 paper titled "On the abstract properties of linear
dependence", Whitney defined the concept of a clique in a graph. In a 1932
paper titled "A theorem on graphs", Whitney defined the concept of the

chromatic number of a graph.

Pawlak introduced the concept of rough set theory in 1982 to process
incomplete information in the information system. The rough set theory will be
used to discover fundamental patterns in data analysis, remove redundancies,

generate decision rules, computational Intelligence and others.

The concept of semiring was first introduced by H.S. Vandiver in 1934. The
Zero Divisor Graph (ZDG) was introduced by Irving Kaplansky, a prominent
mathematician in algebra and algebraic geometry, in his 1970 paper "Fields
and Rings". The concept of the Zero Divisor Graph (ZDG) was first introduced
in a 1973 paper by Beck, which was published in the Journal of the London
Mathematical Society. In the paper, Beck studied the ZDG of a commutative
ring with identity, which is a graph whose vertices correspond to the nonzero
zero-divisors of the ring, and two vertices are adjacent if their product is zero

in the ring.

Praba et al. discussed the concept of the rough lattice. The authors

considered an information system I = (U, A) in this paper. In a partial ordering



relation, the operations Praba Aand Praba V were defined on T =
{RS(X)| X < U} using these two operations. The least upper bound and
greatest lower bound were established. In the recent and past, rough set
theory has triggered many researchers all around the world. The concept of
rough set theory is the approximation space such as lower and upper

approximations of a set determined by attributes.

The pair of lower and upper approximation is called a rough set also in rough
set theory data can be represented in the form of an information system. An
information system is a pair I = (U, A) where U is a non-empty finite set of
objects, called a universal set and A is a nonempty set of fuzzy attributes
defined by pua:U — [0,1],a € A, is a fuzzy set. Indiscernibility is a core
concept of rough set theory and it is defined as an equivalence between
objects. Objects in the information system about which we have the same

knowledge form an equivalence relation.

Formally any set P € A, there is an associated equivalence relation called P

- Indiscernibility relation defined as follows,

IND(P) = {(x,y) € U2|Va € P,ua(x) = pa(y)}.

The partition induced by IND(P) consists of equivalence classes defined by
[x]p = {y € Ul(x,y) € IND(P)}. For any X < U, define the lower
approximation space P(X) = {x € U|[x]p € X}. Also, define the upper
approximation space P(X) = {x € Ul[xlp n X # ¢}.

The concept of the Rough Zero Divisor Graph (RZDG) is a generalization of
the ZDG, and it was introduced by Aladibi and Ashraf in a 2014 paper
published in the Journal of Algebra and Its Applications. The RZDG is defined



in a similar way to the ZDG, but the vertices of the graph correspond to the
nonzero zero-divisors of the ring, and two vertices are adjacent if their
difference is a unitin the ring. The RZDG has been studied in various contexts,

including algebraic geometry, algebraic number theory, and coding theory. For

every subset X € U, there is an associated rough set RS(X) = (P(X),P(X)).



CHAPTER 2



PRELIMINARIES

Definition 2.1: (Graph) A graph can be defined as a pictorial representation or
a diagram that represents data or values in an organized manner. The points

on the graph often represent the relationship between two or more things.

Definition 2.2: (Vertex) A vertex is a point where multiple lines meet. It is also

called a node. Similar to points, a vertex is also denoted by an alphabet.

Definition 2.3: (Edges) An edge is the mathematical term for a line that
connects two vertices. Many edges can be formed from a single vertex.
Without a vertex, an edge cannot be formed. There must be a starting vertex

and an ending vertex for an edge

Definition 2.4: (Degree of a vertex) The number of edges incident to a vertex
v is called the degree of the vertex and is denoted by deg(v). Equivalently, the

degree of a vertex is the number of vertices adjacent to it.

Definition 2.5: (Complete graph ) A complete graph is a simple undirected
graph in which every pair of distinct vertices is connected by a unique edge. A
complete digraph is a directed graph in which every pair of distinct vertices is

connected by a pair of unique edges

Definition 2.6: (Sub Graph ) A graph whose vertices and edges are subsets

of another graph

Definition 2.7: (complete subgraph) A complete subgraph is a set of nodes
for which all the nodes are connected to each other. Maximal complete
subgraphs are then the largest (i.e. those containing most objects) of these

complete subgraphs



Definition 2.8: (Set) A set is a well-defined collection of distinct objects
considered a single entity. The objects in a set are called their elements or
members. The elements of a set can be anything: numbers, letters, symbols,
or even other sets. The elements of a set are listed inside braces { }, separated

by commas.

For example, the set of all vowels in the English alphabet can be written as

{a,e, i,o,u}.

Definition 2.9: (Subset) A subset is a set that contains only elements that are
also in another set. In other words, if every element of set A is also an element
of set B, then A is a subset of B. We use the symbol < (or sometimes c) to

indicate that one set is a subset of another.

For example, if A = {2,4,6} and B = {2,3,4,6}, then A is a subset of B, and we
write A € B. Note that A can also be equal to B (i.e., every element of A is also

an element of B, and vice versa), in which case we write A = B.

Definition 2.11: (Rough set) Let I=(U, A)be an information system and for any
subset, Xof U and _((P(X)), ( P(X))) are the lower and upper approximations

respectively

Definition 2.12: (Semiring) A semiring is an algebraic structure similar to a

ring, but without requiring each element t have an additive inverse.

Definition 2.13:(Rough Semiring) A rough semiring is a triple (S,+,¢), where S
is a non-empty set, and + and ¢ are binary operations on S that satisfy the

following axioms:



a. (S,+) is a commutative monoid with identity element 0

b. (§,) is a semiring with identity element 1

c. Distributivity of eover +: for all a,b,and cin S, a « (b + ¢) =
(aeb) + (aec)

d. Closure of + under approximation: for all A, B in P(S),theset A +
B = {a + b|anin A, bin B}is an upper approximation of A U
B, and the set A « B = {a e b|aninA4,binB} is a lower

approximation of A N B

Definition 2.14: ( Zero Divisor Graph ) The Zero Divisor Graph of G is a graph
= (V, E), where V = Z(G) - {0} is the set of nonzero zero divisors of G, and E =
{(u,v) | uv = 0} is the set of edges connecting pairs of vertices whose product

is zero in the ring.

Definition 2.15: (The Zero Divisor Graph of a Rough Semiring ) The zero
divisor graph of a rough semiring is T(Z(G)) = (V,E) where V is the set of
vertices in T(Z(G)) consists of the non-empty zero divisors and E is the set of
edges connecting the elements of IV such that there is an edge connecting
RS(X)and RS(Y ) in Vif RS(X)VRS(Y ) = RS(¢). This graph T(Z(G)) is called

a rough zero divisor graph of the rough semiring T.

Definition 2.16: (Cliqgue Number) Maximum complete subgraph is the clique

number of the graph.

Definition 2.21: (Chromatic Number)The chromatic number of a graph is
the smallest number of colours needed to colour the vertices of a graph so that

no two adjacent vertices share the same colour.



Definition 2.22: (Clustering) Clustering is a technique used in machine
learning and data analysis to group together similar objects or data points

based on some similarity or distance metric.
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CLIQUE AND CHROMATIC NUMBER OF ROUGH ZERO DIVISOR
GRAPH

Theorem 3.1 Clique number of a Rough Zero Divisor Graph is equal to n.

Proof :

We know that the clique number of a graph is the maximum complete
subgraph of a Rough Zero Divisor Graph.

We have to show that the number of equivalence classes forms a
clique number

Let RS(X;) be connected to all the elements in

The form of
RS(x,),RS(x3) ... ..RS(x,), RS(X5), ... RS(X,), RS(Xp 1) -....RS(X,). Similarly
RS(X3)is connected to
RS(x1),RS(x3) ... ... RS(x,,),RS(X;),....RS(X,,,),RS(X,5,41) ..... RS(X,)). correspo

ndingly RS(X1), RS(X2), RS(X3) ... RX(Xm),RS(Xm + 1) .....RS(Xn) are

connected uniquely .so, nis the maximum connected vertices of the Rough

Zero Divisor Graph, therefore, the clique number is n.

Theorem 3.2 Chromatic number of a Rough Zero Divisor Graph is equal to n.

Proof :

We know that the chromatic number of a graph is the minimum
number of colours needed to colour a Rough Zero Divisor Graph such that no
two adjacent vertices in a rough Zero Divisor Graph share the same colour.

We have to show that the number of equivalence classes forms a
chromatic number

Let RS(X;) be connected to all the elements in
The form of
RS(x,), RS(x3) ... .. RS(x,), RS(X5), ... . RS(X,.), RS(X,pps1) ... RS(X,) hence we

11



give one colour to RS(X,) Say(Green). Similarly RS(X,)is connected to
RS(x,),RS(x3) ... ... RS(x,,), RS(X,),RS(X3) ....RS(Xp), ... .. RS (X},)
we give Red to RS(X,).correspondingly there are n colours needed to colour

the Rough Zero Divisor Graph therefore the chromatic number is n.

12
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ILLUSTRATION

lllustration 4.1

Information table

AU

a1 az asz ds
X4 0 0.1 0.3 0.2
X2 1 0.6 0.7 0.3
X3 0 0.1 0.3 0.2
X4 1 0.6 0.7 0.3
X5 0.8 0.5 0.2 04
Xe 1 0.6 0.7 0.3

This is an information System (U, A) in this x; and x3 rows contain the same value
S0, we are taking it into one Equivalence class. Then x,, x, and x4 rows contain the
same value so, we are taking it into the 2™ equivalence class. Then x; is different from
other rows so, we are taking it into the 3equalence class. nis the number of
Equivalence classes and m is the number of equivalence classes, whose coordinately
is greater than one.

X1 = [x1]p = {x1,x3}
Xy = [x2]p = {x2, x4, X6}
X3 = [xs]p = {xs}
n=3m=2,2""". 3" —-2"—-1=13

V = {RS(X,),RS(X,), RS(X3), RS(X; U X,),RS(X, U X3), RS(X,
U X3), RS({x1}), RS({x1} U X3), RS({x1} U X3), RS({x;}), RS(X,
U {x2}), RS({x2} U X3), RS({x1} U {x;})}.

14



RS(x1UX3)

RS(X2UX3) RS(XTUX3)

RS(xiUx2)  RS(X1UX2) RS(X1Uxz) RS(x1UX2)

Forn = 3,m = 2 Rough Zero Divisor Graph

The vertex RS (X;) is connected to RS( X, U X3) because RS (X;)A RS( X,U X3) =
RS(®) .but, The vertex RS (X;) is not connected to RS(X,U X;)) beacause
RS (X;)ARS(X,U X3) # RS(9)

RS(X1UX3)

RS(x1Ux2) RS(XTUX2) RSIX1Ux=) RS(x1UX2)

Clique number of n = 3, m = 2 Rough Zero Divisor Graph

15



As the clique number definition claims “the maximum complete subgraph “ we

obtained that the cligue number is equal to 3 .then it is equal to n.

RS(x1UX3)

RS(X1) RS(X1UX3)

S(X3)

RS(XIU%JX}MXIUXZ)

The chromatic number of n = 3, m = 2 Rough Zero Divisor Graph

As chromatic number definition claims that the “smallest number of colours needed
and no two adjacent has the same colour “.we obtained that the chromatic number is

equal to 3 . which is equal to the equivalence class.

lllustration 4.2
Information table
A/U a az as s
X1 0 0.1 0.3 0.2
X2 1 0.6 0.7 0.3
X3 0 0.1 0.3 0.2
Xa 1 0.6 0.7 0.3
X5 0.8 0.5 0.2 04
X 1 0.6 0.7 0.3

16




This is an information System (U, 4) in this x; and x5 rows contain the same value
so, we are taking it into one Equivalence class. Then x,andx, rows contain the same
value so, we are taking it into the 2™ equivalence class. then xsand x4 are different
from other rows so, we are taking it into the 3“equalence class. n is the number of
Equivalence classes and m is the number of equivalence classes, whose coordinately

is greater than one.

X1 = [x1]p = {x1,x3}

Xy = [x2]p = {x2,x4}

X3 = [xs]p = {xs, x6}
n=3m=3,2"m 3Mm —2m—-1=18

V = {RS(X,),RS(X,), RS(X3),RS(X; U X,),RS(X; U X3), RS(X,
U X3), RS({x1}), RS({x1} U X2), RS({x1} U X3), RS({x2}), RS(X;
U {x2}), RS({x2} U X3), RS({x1} U {x2}) , RS(X1 U {x3}), RS({x2}
U {x3}) , RS({x1} U {x3}) , RS({x3}) ,RS(X; U {x3})}.

S
Ry ,%\/b RS(X2UX3) RS(XIUX3) 43

/?
RS(x1Ux2) Yarg, RSeyy,. RS(X1UX2)
< *2)

Forn = 3,m = 3 Rough Zero Divisor Graph

17



The vertex RS (X;) is con nected to RS( X, U X3) because RS (X;)A RS( X,U X3) =
RS(@) .but, The vertex RS (X;) is not connected to RS(X,U X3)) beacause
RS (X1)ARS( X U X3) # RS(D)

RS(X1UX3)
<Y

Ry X RS(X2UX3)
¥ 80

R
RS(x1Ux2) Sfr,(,*e A’Sf«\’z(/‘_ RS(X1UX2)
> *2)

Clique number of n = 3, m = 3 Rough Zero Divisor Graph

As the clique number definition claims “the maximum complete subgraph “ we

obtained that the clique number is equal to 3 .then it is equal to n.

ol >N
2 RS(X2UX3) RS(XT1UX3) o> St
%Q QS’\ QE;@'\

R,
RS(x1Ux2) Strg, e RS(*zU)Q RS(X1UX2)
) 2

The chromatic number of n=3,m=3 Rough Zero Divisor Graph

18



As chromatic number definition claims that the “smallest number of colours needed
and no two adjacent has the same colour “.we obtained that the chromatic number is

equal to 3 . which is equal to the equivalence class.

19
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1.

APPLICATION

Firstly, let's see the application of a rough zero divisor graph

In covid situation, we were in lockdown then the coved cases has initiated in China.
There is no transport from Asia to North and South America. So we can connect China
to America because there is no connection .but, we can’t connect China and the United
Kingdom because there is a transport facility. Now if we want to check the covid cases
all over the world. we can send the polymerase chain reaction (PCR) kit to another
continent rather than North and South America. Because it is connected to China

(Asia) which is one of the countries in Asia .m there is no transport between them.

Next is also the application of a rough Zero divisor graph
In the Tamil language, there are no words with the same letter repeated consecutively.
So, it shows that the letter is always connected to the different letters it represents the

rough zero divisor graph.

21
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CONCLUSION

The introduction section provides a basic understanding of Rough Set Theory
and Graph Theory. Chapter 2 contains the definitions, theorems, and

examples required to understand the remaining chapters.

In Chapter 3, the Rough Zero divisor graph. To simplify this study, the clustering
graph corresponding to the Rough Zero divisor graph was introduced in which
the vertices are partitioned into disjoined equivalence classes so that the
vertices of a particular partition behave similarly. The graph theoretical
parameters of the Rough Zero divisor graph are chromatic and clique numbers.

These concepts are demonstrated using suitable examples.

23
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