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Course Material

UNIT I- EXPANSIONS AND HYPERBOLIC FUNCTIONS:

Expansions of cosn 6 ,sinn 6 in powers of sin 6 and cos -Expansion of tann6 6 in powers of
tan® -Powers of sines and cosines of 0 in terms of functions of multiples of 6-Expansions of
sinB 6 and cos 6 in a series of ascending powers of 6 -Evaluation of limits-Hyperbolic functions
Relations between hyperbolic functions-Inverse hyperbolic functions-problems.

UNIT Il -SUMMATION OF TRIGONOMETRIC SERIES

Logarithm of a complex number-Summation of trigonometrical series by the method of
differences-Sum of series of n angles in A.P.-Summation of series using C+iS form-Gregory’s
series-Euler’s series.

UNIT 111 CONIC

Geometric definition of Conic — the focus, directrix and eccentricity of a Conic. Classification of
Conic into Ellipse, Parabola and Hyperbola based on the value of eccentricity. Paramectric
representation of Conics in standard form. Condition for a given straight line to be tangent to a
Conic. Parabola-Equation of the tangent and normal to the parabolaEllipse-Equation of the
tangent and normal to the ellipse-conjugate diameters-Hyperbola-Equation of the tangent and
normal to the hyperbola.

UNIT IV ASYMPTOTES

Asymptotes - Conjugate hyperbola - Conjugate diameters - Rectangular hyperbola - Equation of
the tangent and normal to the rectangular hyperbola.



UNIT V POLAR EQUATION

Polar equation of a conic-Equation of the tangent and normal to the conic I/r=1+ ecos6 whose
vectorial angle is a-Equation of asymtotes to the conic I/r=1+ ecos® - Equation of polar to the
conic I/r=1+ ecoso .

Course Outcomes:

co1 List the formula of sin 6 and cos 0 in a series of ascending powers of 0 . Identify the
relations between hyperbolic functions and different forms of conics.

Cco2 Explain the methods of Expansions of trigonometric functions in powers of sinf ,
cosO and tanB . Summarize the trigonometric series by the various methods

Cco3 Choose the series formula and expand the trigonometric functions in a series of
ascending powers of . Solve the problems on inverse hyperbolic functions and
problems on equations of polar to conics.

Cco4 Classification of Conics. Compare the tangent and normal equations of standard
conics.

CO5 Evaluate the problems in Asymptotes, Conjugate hyperbola and diameters.
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UNIT-1
EXPANSIONS AND HYPERBOLIC FUNCTIONS
Some basic formulae in Trigonometry:

1. Euler’s theorem : e™® = cosné + isin né
2. De-Moivre’s theorem: If n is any positive integer

(e9)" = (cos 6 + isin 6)™ = cos(nb) + isin(nd),

(cos @ + isin 8)™™ = cos(nh) — isin(nod)

3. c0s?0 + sin?0 = 1,sin(—0) = —sinb, cos(—0) = cosH
2, _ 1+cos28
4. cos“0 = —
. 2. _ 1—cos26
5. sin“f = —
_ 2
6. cos20 = LZZZZZ = cos?6 — sin*0 = 2cos*0 — 1 = 1 — 2sin?0
7. sin20 = 2sinfcosH
. __ 2tan8
8. sin26 = ——
9. tan26 = — tanf
1-tan‘6

10. sin30 = 3sind — 4sin36

11. c0s30 = 4cos30 — 3cosH

12. sec?0 = 1 + tan?0

13. cosec?8 = 1 + cot?6

14. sin(A + B) = sinAcosB + cosAsinB
15. sin(A — B) = sinAcosB — cosAsinB
16. cos(A + B) = cosAcosB — sinAsinB
17. cos(A — B) = cosAcosB + sinAsinB

A B

18. tan(4A + B) = Landtian®
1-tanAtanB

A— B

1+tanAtanB

20. 2sinAcosB = sin(4 + B) + sin(4 — B)
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21. 2cosAsinB = sin(4 + B) — sin(4 — B)
22. 2cosAcosB = cos(A + B) + cos(4A — B)
23. 2sinAsinB = cos(4A — B) — cos(A + B)

24. sinC + sinD = 2sin (HTD) cos (C%D)
25. sinC — sinD = 2cos (HTD) sin (C%D)
26. cosC + cosD = 2cos (C%D) cos (C_TD)
27. cosC — cosD = —2sin (C%D) sin (C_TD)

Binomial theorem for positive integer n:
(x+a)®=x"+nCx" ta+nC,x"2a?+ -+ a®
Hence nC, =nC,_, ,nC, =nCy =1

28. Exponential series:

2 3
eX=1+>+>+>+ .00
1! 2! 3!

einG_l_e—inG
29. cosnb = —
—e

2

in@ —inf

30. sinnf =2

Results to remember

(i) We know that cos?8 + sin?0 = 1
cos?0 =1 — sin?0
cos*0 = (1 — sin?0)?

cos®8 = (1 — sin?0)3
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Similarly sin?0 = 1 — cos?6

sin*0 = (1 — cos?60)?
sin®8 = (1 — cos?6)3

Expansions of cosn and sinnf in powers of sin 6 and cos 6,nbeing a positive
integer:

By using Binomial theorem,
(cosB + isin )™ = cos™@ + nC,cos™ 10 (isin 8) + nC,cos™ 20 (isin )% +
..+ i"sin"6
=cos™@ + inC,cos™ 10sin § — nC,cos™ 20sin?0 —
inCscos™30sin30 + nC,cos™ *0sin*6 + ---

But (cos 8 + isin 8)™ = cosnf + isinn@ by De-Moivre’s theorem:
cosnf + isinn
= cos™0 + inCycos™ 10sin @ — nC,cos™ 20sin?0
—inCscos™ 30sin®0 +  nC,cos™ *0sin*Q + ---

Equating the real and imaginary parts on both sides we get,

cosnf = cos™0 — nC,cos™ %0sin?0 + nC,cos™ *Osin*0 + ---
sinnf = nCycos™ 10sin 0 — nC;cos™ 30sin30 + ---
Expansion of tann@ in powers of tanf:

sinnf ncycos™ 1@sin 0 —ncCz;cos™ 30sin30+--

We know that tannf =

cosnf  cos™0-nCycos™ 20sin20+ nCycos™ *0sin*f+--

Dividing both Numerator and denominator by cos™6 we get,
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nCitan 8 — nCstan®6 + nCstan®0 — ---
1 — nC,tan?6 + nC,tan*6 — -

tannf =

Solved problems:
1. Expand sin76 in powers of sinf and cosf

Solution:
sinnf = nCycos™ 10sin 6 — nC;cos™ 30sin30 + ---

sin76 = 7C,cos%0sin  — 7C3cos*0sin30 + 7Cscos?Osin®0 — 7C,sin”
~ sin70 = 7c0s®Bsin 0 — 35c0s*0sin30 + 21cos?0sin®0 — sin’86.
2. Expand cos46 in powers of sinf and cosf

Solution:
cosnf = cos™0 — nC,cos™ 20sin?0 + nC,cos™ *Osin*0 + ---

cos 40 = cos*0 — 4C,cos?0sin?0 + 4C,sin*6
~ cos40 = cos*@ — 6cos?0sin?6 + sin*0
3. Expand tan86 in powers of tanf

nc tan 6—ncstan30+ncCstan50—---
1-nCytan?6+ nCyitan*g—---

Solution: tannf =

8C,tan 6 — 8Cstan30 + 8Cstan®0 — 8C,tan’ 6
1 —8C,tan?6 + 8C,tan*6 — 8C4tan®6 + 8Cgtan6

tan860 =

8tan 6 — 56tan30 + 56tan®0 — 8tan’6

- tan80 =
an 1 — 28tan?6 + 70tan*6 — 28tan0 + tans6

4. Express cos66 in terms of cos@

Solution:
cosnf = cos™0 — nC,cos™ ?0sin?0 + nC,cos™ *Osin*0 + ---
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cos 60 = cos®0 — 6C,cos*0sin?0 + 6C,cos0sin*0 — 6C4sin®0

= c0s°0 — 15c0s*0sin?6 + 15co0s*0sin*0 — sino
= ¢c0s°0 — 15c05*0(1 — cos?0) + 15c0s%0 (1 — cos?8)? — (1 — cos?0)3
= c0s°0 — 15c0s*0 + 15c0s°0 + 15c0s?0 — 30cos*0 + 15c0s°0 — 1 + 3cos?0
— 3c0s*0 + cos®0

. cos68 = 32c0s°0 — 48cos*0 + 18cos?0 — 1

5. Express sin76 in terms of sin@

Solution:
sinnf = nCycos™ 10sin 6 — nC;cos™ 30sin30 + ---

sin76 = 7C,cos%0sin  — 7C3cos*0sin30 + 7Cscos?Osin®0 — 7C,sin”
sin76 = 7cos®0sin @ — 35cos*0sin30 + 21cos?0sin>6 — sin’ 6

= 7(1 — sin?8)3sin 0 — 35(1 — sin%6)?sin30 + 21(1 — sin?0)sin>0 —
sin’0
= 7sinf — 21sin36 + 21sin®0 — 7sin’@ — 35sin36 + 70sin°0 — 35sin’6
+ 21sin°0 — 21sin’0 — sin’6
. sin760 = 7sinf — 56sin30 + 112sin°6 — 64sin’0.

sin66

6. Show that = 32c0s°0 — 32c0s36 + 6cosO

sinf

Solution:
sinnf = nCycos™ 10sin @ — nC;cos™ 30sin30 + ---

sin6d = 6C,cos°0sin  — 6C;cos30sin®0 + 6Cscoshsin>0

= 6¢0s°0sin 8 — 20cos30sin30 + 6cosOsin>0 ...



SATHYABAMA

INSTITUTE OF SCIENCE AND TECHNOLOGY

DEPARTMENT OF MATHEMATICS

COURSE MATERIAL

Subject Name: Trigonometry and 2D Analytical Geometry Subject Code: SMTA1306

sin60
sinf

= 6¢c0s°0 — 20cos360sin?6 + 6cosHsin*6

= 6c05°0 — 20c0s30(1 — cos?0) + 6c0sO(1 — cos?6)?

= 6¢0s°0 — 20c0s30 + 20cos°0 + 6cosO — 12cos30 + 6¢cos>0

. sin66

= 32c0s°0 — 32c0s36 + 6¢cosH.

sin®
7. Prove that% = 64c0s°0 — 112cos*0 + 56c0s%0 — 7
Solution:cosnf = cos™0 — nCycos™ 20sin?6 + nCycos™ *fsin*6 + ---
cos 760 = cos’@ — 7C,c0s°0sin?0 + 7C,c0s30sin*@ — 7C4cos0sin®0
= c0os’0 — 21co0s°0sin?0 + 35cos30sin*0 — 7cosOsin®0
= c0s’0 — 21c0s°0(1 — cos?8) + 35c0s30(1 — cos?6)? — 7cosO(1 — cos?6)3

= cos’0 —21cos®0 + 21cos’8 + 35cos30 — 70cos°0 + 35co0s’0 — 7cosb +
21cos360—21cos°6 + 7cos’6

= 64c0s’60 — 112c0s°6 + 56cos36 — 7cosO

. cos76

= 64c0s®0 — 112cos*6 + 56co0s?6 — 7.

cosf

1+cos76
= (

x3 —x%2 —2x +1)? where x = 2cosé
1+cos0

&. Prove that

Solution: We know that 1 + cos26 = 2cos?6

70 0
1+ cos76 = 2cos? (7) [since 1 4 cos@ = 2cos? (E)

Consider 21278 — 2C052(§) = Cos(¥) 2
1+cos§ ZCOSZ(g) - Cos(g)
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0
Let@—;

1+ cos76 _ [0057(25]2

..(1
1 + cos@ M

cos@

Expanding C:OSZ@@ in terms of @ we get,

cos7®
cos@

= 64c0s°P — 112cos*® + 56cos*® — 7

Substituting this in (1) we get

1+ cos76

1+ cosg — [o%c0s®@ —112c05*0 + 56c05°@ — 7] ... ... (2)

. X
Given x = 2cos0 . cosO = 2

X
1+cos€=1+§

5 2(9)_2+x
cos ) =3

4cos’P=x+2
(2cosP)?> =x+ 2
s 4cos?@ = (2cos@P)? =x + 2
16cos*® = (2cos®)* = (x + 2)?
64c0s°@ = (2c0s0)® = (x + 2)3
Substituting this in (2) we get

1+ cos76

1+cosh [(x +2)% = 7(x +2)% + 14(x + 2) = 7]
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= [x3+6x%2+12x +8—7x%—28x + 28 + 14x + 28 — 7]?

. 1+ cos76

- = 3 _ 2_2 12
1+ cos@ [x x x+1]

Expansion of sin™0 and cos™0 in terms of sines and cosines of multiples of , n being a
positive integer.

Let x =cosf@ +isin @ ............... ... (1)
i =x"1=(cos@ +isinB)™! =cosf —isinf ...........(2)
x™ = (cos 6 + isin O)™ = cosnb + isinnf ...... .. e . ... (3)
1
— = (cos @ — isin O)™ = cosnf — isinnf .................... (4)
x

From (1) and (2) we get
1
x +— = 2cos0
X
1
X —— = 2i sin@
X
From (3) and (4) we get
1
x"+— = 2cosné
xn
x™ —-—= 2isinnf
X
Note:

n
1. To get expansion of cos™0, we have to consider (2cosf)" = (x + i)

n
2. To get expansion of sin™6, we have to consider (2isinf)" = (x — i)
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3. To get expansion of sin™@ cos™0, we have to consider

n

o 1\ 1
(2isin@)™(2cosO)™ = (x — —) (x + —)
X x
Solved problems:
1. Prove that sin®0 = ——[cos 68 — 6 cos 40 + 15 cos 26 — 10]

Solution: Let x = cos@ + isin @ x™ = (cos 0 + isin O)"

1 N | .
— = cosf —isin 8 —; = cosnb — isinnb
X X

1 1
x +—=2cosOx™ +— = 2 cosnbf
X X

1
x —— = 2isin@ x™ —— = 2isinnd
X xn

~ (2ising)® = (x — %)6

=x6—6Cx51+6Cx4i—6Cx3i+6szi—6C xi+6C i
™ ox 27 x2 3% x3 4T x4 5% x5 6 x6

1 1 1
=x6—6x4+15x2—20+15—2—6—4+—6
X X X

1 1 1
= <x6 +—6)—6<x4+—4) + 15<x2 +—2) - 20
X X X
(2)6(i)®sin®0 = 2 cos66 — 6(2 cos40) + 15(2 cos20) — 20
1
. sin@ = ~33 [cos 68 — 6 cos 46 + 15 cos 20 — 10].

2. Prove that cos®0 = % [cos 50 + 5cos 368 + 10 cos 6]
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Solution: Let x = cos @ + isin 8 x™ = (cos 8 + isin )"

1 N | .
— = cosf —isin 8 —; = cosnb — isinn
X X

1 1
X +—= 20059x“+—n= 2 cosnbf
X X
1
x——=2isin9x”——n=2isinn9
X X

5
~ (2cos0)® = <x+1) =x°+5C x41+56 x3i+56 xzi+56x i+SC 1
X ™ ox 27 x2 3% x3 T x4 5 x5

1 1 1
=x°>+5x3+10x +10—+5—+—
X X X

1 1 1
25c0s°0 = <x5 + —5) +5 <x3 +—3) +10 (x +—)
X X X

2°c0s%0 = 2 cos50 + 5(2 cos36) + 10(2 cosH)

1
. c0s°0 = o1 [cos560 + 5cos30 + 10cos 8]

1
=Te [cos 56 + 5 cos 36 + 10 cos 6].

3. Prove that cos®0 = 2% [cos 86 + 8 cos 60 + 28 cos 46 + 56 cos2 6 + 35]
Solution: Let x = cos @ + isin 8 x™ = (cos 0 + isin O)"

1 N | .
— = cosf —isin 8 =, = cosnb — isinn
X X

1 1
x +— = 2cosOx™ + = 2 cosnbf
X X

1 1
x——=2isin9x”——n=2isinn9
X X
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. (2cos8)® = (x + %)8

8 71 61 51 4-1 31 21
=x°+ 8Cx ;+8sz F+8C3x F+8C4x F+8Csx F+866x o3

1 1
+ 8C7 XF-}' 868F
1 1 1 1
28c0s80 = x84+ 8x%+4 28x*+56x%+ 70+ 56 5+28—+8—+—
X X x6  x

1 1 1 1

= <x8 +—8) +8<x6 +—6)+28<x4+—4)+ 56<x2 +—2)+ 70
x x x x

= (2 c0s86) + 8(2 cos68) + 28(2 cos48) + 56(2 cos28) + 70

1
. cos®0 = 57 [cos 86 + 8 cos 60 + 28 cos 46 + 56 cos2 8 + 35].

4. Prove that cos®0sin*8 = le [c0os960 + cos 78 — 4 cos 50 — 4 cos3 6 + 6cosB]
Solution: Let x = cos@ + isin 8 x™ = (cos 6 + isin O)"

1 N | .
— = cosf —isin 8 =, = cosnb — isinnb
X X

1 1
x +— = 2cosOx™ + = 2 cosnbf
X X

1 1
x——=2isin9x”——n=2isinn9
X X

1\° 1\*
(2c0s0)3(2ising)* = (x + —) (x — —)

X X

1\* 1\* 1 14\* 1

2%i*cos®fsin*0 = (x + —) (x — —) (x + —) = <x2 — —2) (x + —)
X X X X X
1 1 1 1 1
= (x2)4 - 4Cl(x2)3 F + 462(3(2)2 (xz)z - 4C3x2 W + 4C4 (x2)4] (x + ;)
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:[x8—4x4+6—4%+%](x+i)

1 1 6 1 1
= [x9—4x5+6x—4—+—+x7—4x3+——4—+—]
x3  x7 X x> x°

(v ) (74 ) - ) e ) o)

29c0s50sin*0 = 2c0s 96 + 2 cos 70 — 4(2 cos 50) — 4(2 cos3 0) + 6(2 cos 6)
~ cos®0sin*0 [cos 96 + cos70 — 4 cos56 — 4 cos3 0 + 6cosb|

5. Prove that cos®0sin’6 = —2% [sin126 — 2sin 106 — 4 sin 86 + 10sin 66 +
5sin 468 — 20 sin 26|

Solution: Let x = cos@ + isin 8 x™ = (cos 0 + isin O)"

1 N | .
— = cosf —isin 8 =, = cosnb — isinnb
X X

1 1
X +—= 20059x“+—n= 2 cosnbf
X X
1
x——=2isin9x”——n=2isinn9
X X
7

(2cos6)°(2isin@)” = (x + %)5 (x _ 1)

X

5 2 5

1\° 1 1 1 1
212i7c0s50sin’0 = (x + —) (x ——) (x ——) = <x2 - —2) (x ——)
X X X X X

= |(x2)5 — SC'l(xZ)4 + 5C,(x?)3

2

- 563(3(2)2

1 1 1
(x2)? (x2)3 ( »*

SCS( 2)5] <x2 +x—12—2)



SATHYABAMA

INSTITUTE OF SCIENCE AND TECHNOLOGY

DEPARTMENT OF MATHEMATICS

COURSE MATERIAL

Subject Name: Trigonometry and 2D Analytical Geometry Subject Code: SMTA1306
= [xl(’—5x6+10x2 ——+——L (x +——2)
=[x —5x® + 100 — 10+ S - L4 x® - Sxt 410 -0+ S - L oxt0 4
X X X X
10 2
10x —20x +——;+xj

=<x12—i)—2<x10—i) 4<x —i)+10<x —i)+5<x —i)
le xlO x x x4-

1
-1
—i212c0s5%0sin’6

= 2i[sin 1260 — 2sin 100 — 4 sin 86 + 10sin 66 + 5sin 46 — 20 sin 26]

. c0s®0sin’6

1
~om [sin 120 — 2sin 100 — 4 sin 860 + 10sin 66 + 5sin 40 — 20 sin 20]

Expansions of cos 8 and sin @ in ascending powers of 0:

5 7
1. smH—H——+9—_9_+...oo
3! 51 71

4 6
2. cost9—1——+9—'_9__}_...oo

3. tan9=9+—+_95+...oo
3 15

Note: 8 should be in radians.

Problems:

1 If sin 6 50

0 = oz’ PTOVE that the angle 8 is 1°58' nearly.

5 7
Solution: We know that sin@ = 6 —; +9—' —%+ o)
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sin @ g% 0* @°

g "l ts T

sin6 _ 5045 _ 1 — —— which is nearly equal to 1.

Given =
9 5046 5046

Hence 6 must be very small. Therefore omitting 8% and higher powers we get ,

sint9_1 92_1 1
0 31 5046
62 1 62 1
1-Z=1———=—=——
6 5046 6 5046
, 6 1
T 5046 841

1 . 1 180
6 = —radians =60 = — X — degrees
29 29 b4

~ 6 = 1°58nearly.

2. Solve approximately sin (g + 9) = 0.51

Solution: Here 0.51 is nearly equal to g which is of the value of sin %’

cince s — sin 30" — 1
<mcesm6—sm —2)

Hence 6 is very small .

, (T _ i . _ Vo .
sm(g+9) —51n6c059+cos651n9 —2c059+ > sin @

1 92 9* ©°¢ V3 93 65 07
TR RN G TR TR TR
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1,43 i 2 .
=St O] omittingf“ and higher powers of 6
Hence the given equation becomes g + ? 6 =0.51
V3 1
79 =0.51-05=0.01= 100
) 2 ! di di
= = radian = ——radian
100v3  50V3 150
V3 180
=—Xx—=239
150 T
. x—sinx
3. Evaluate lim [ S ]
x—0 X
X3 XS X7
—si X—\X—grtgr— ot
Solution:lim [x S;nx] = lim [ ( == 7 )]
x—0 X x—0 x

400 ] 3
=limx

x—0

. tan 6-sin 0
4. Evaluate lim [—3]
6-0 0
3 5 7
. . tan 6 —sin 0 . (9+?+_595+'"00)_(9 93_| 95_!_97_!+ oo)
Solution:lim | ——=——| = lim 3
6-0 0 6-0 2]
03 2 63 65 :
— +—=0° +=— — =+ higherpowersof
— lim [2—25 31 5!
6-0 63
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— g_{% 93 G + ;) + 62 (12_5 - —3:‘ higherpowersof6

= él_}o <3 3|) (E — E) + higherpowersof0
1
3

1
3

N -

1
3+
- lim [tan 99—351n 9] _ 1

6-0

Hyperbolic Functions:

If x be a real or complex, the expression

@

is defined as hyperbolic sine of x and it is denoted by sinhx

X -X

. er—e
s Sinhx = .

Similarly coshx = £~

sinhx eX—e X
tanhx = = —
coshx eX+e~X%

coshx eX+e ™™
cothx = =

sinhx  eX—e~X
1 2
sechx = = —
coshx eX+e*
1 2
cosechx = — =
sinhx eX—e—X

Relation between hyperbolic functions and circular functions

i eiG_e—iG ei9+e—i9
We know that sinf = —— andcosO =
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ei(ix)_e—i(ix) i (ex_e—x)

Put 8 = ix we get sinix = Y =1

2
. sinix = isinhx
Similarly cosix = coshx, tanix = itanhx

Formulae of hyperbolic functions:

Subject Code: SMTA1306

1. cosh?x — sinh?>x =1
2. sech?x + tanh?x =1
3. coth?x — cosech?x =1
4. sinh(x + y) = sinhxcoshy + coshxsinhy
5. cosh(x £ y) = coshxcoshy + sinhxsinhy
_ tanhxttanhy
6. tanh(x t y) - 1+tanhxtanhy
7. sinh2x = 2sinhxcoshx
8. cosh2x = cosh?x — sinh?x = 2cosh?’x — 1 = 1 + 2sinh?x
9. tanh2x = %
1+tanh<x
10. sinh3x = 3 sinhx + 4sinh3x
11. cosh3x = 4cosh3x — 3 coshx
12' tanh3x — 3tanhx+ta721h3x
1+3tanh“x
; ; — 9 i xty Xy
13. sinhx + sinhy = 2 smh( . )cosh( .
; ; — XYY o Xy
14. sinhx — sinhy = 2 cosh( . )smh( .
_ x+ x=y
15. coshx + coshy = 2 cosh (—) cosh (T)

2
16. coshx — coshy = 2 sinh (HTy) sinh (%)
Exponential function of a complex variable:
When x is real, we know that3

x? x3

X
eX =14—+—F—+-

12 3!
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Similarly we can define the exponential function of the complex variable z = x+iy is
z?  z3

, Z
et = ef = 14Tt St ot (D)

Putting x = 0 in (1) ,we get

Wy @) ()P
eV =1+g+ gt

2 3 4 5
B A A
B TR TR TR TR

B y? oy . y: o oy®

e = cosy + isiny

Real part of
e” = cosy and imaginary part of e = siny

Similarly e™™ = cosy — isiny
ne? = e*tW = e¥e = e¥[cosy + isiny]
Solved Problems:
Separate into real and imaginary parts of (i)sin(x + iy)(ii)tan(x + iy)(iii)sec(x + iy)
Solution: (i) We know that sin(x + iy) = sinxcosiy + cos x siniy
Since sin(A + B) = sinAcosB + cosAsinB
= sinxcoshy + i cos x sinhy[Sincecosiy = coshyandsiniy = isinhy]

Hence Real part = sinxcoshy
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Imaginary part = cos x sinhy

(ii) We know that tanh(x + iy) = SnE&tiy)

cos(x+iy)
Multiply and divide by the conjugate of cos(x + iy)

_ 2sin(x +iy)cos(x —iy)

~ 2cos(x + iy)cos(x — iy)

_sin(x+iy+x—iy) +sin(x+iy+x—iy)
~ cos(x +iy + x —iy) + cos(x + iy — x + iy)

_ sin2x +sin2iy  sin2x +isinh2y

" cos 2x +cos 2iy  cos 2x + cosh2y

sin 2x ) sinh2y

" cos 2x + cosh2y * teos 2x + cosh2y

sin 2x sinh2y

Hence Real part = and imaginary part =

cos 2x+cosh2y cos 2x+cosh2y

1 _ cos(x—iy)

(i)  sec(x +iy) =

cos(x+iy) - cos(x+iy)cos(x—iy)

cos x cos iy + sin x sin iy

_g[cos(x+iy+x—iy)+cos(x+iy—x+iy)]

_ 2[cos x cos hy + isin x sin hy] _ 2cos xcos hy ny 2sin x sin hy
B cos 2x + cos 2iy ~ cos 2x + cos h2y teos 2x + cos h2y

2cos x coshy 2sin x sinhy

Hence Real part = and imaginary part =

cos 2x+cosh2y cos 2x+cosh2y
2. Separate into real and imaginary parts of
(i) cosh(x + iy) (ii) coth(x + iy) (iii) cosech (x + iy)

Solution: (i) We know that , coshx = cos ix
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~ cosh(x + iy) = cosi(x + iy) = cos(ix — y)
= c0s ix cosy + sin ix siny = coshx cosy + isinhx siny

Hence Real part = coshx cosy and imaginary part = sinhx siny

.. . cosh(x+i cosi(x+i icos(ix—y)sin(—ix—
(i) We know that coth(x + iy) = — ( ,y)= — ( ?/) = — (, y), ( : Y)
sinh(x+iy) Zsini(x+iy) sin(ix—y)sin(—ix—y)

__i2cos(ix-y)sin(ix+y) _ . sin(ix+y+ix—y)+sin(ix+y—ix+y)

- 2 sin(ix—y) sin(ix+y) - cos(ix—y—ix—y)—cos(ix—y+ix+y)

— sin 2ix+sin2y . (isinh2x+sin2y) _ —sinh 2x+isin2y

" cos 2y—cos 2ix - (cos2y—cosh 2x) " cos 2y—cosh 2x

—sinh 2x sin 2y

Hence Real part = and imaginary part =

cos 2y—cosh 2x cos 2y—cosh 2x

(i)  We know that cosech (x + iy) = ———— = -

sinh(x+iy) - lisin i(x+iy)

1 sin(—ix —y)

B Lsin(ix -y) % sin(—ix —y)

. 2 sin(ix + y) B 2i (sinix cosy + cosix siny)
= ' 2sin(ix — y)sin(ix +y) cos(ix—y—ix—y) —cos(ix—y +ix+7y)

20 (i sinh x cosy + cosh x sin y) _ —2sinhxcosy + i 2coshxsiny

cos 2y — cosh 2x cos 2y — cosh 2x

—2 sinhx cosy 2coshx siny

Hence Real part = and imaginary part =

cos 2y—cosh 2x cos 2y—cosh 2x

3.1If tang = tanh (%) , prove that cosx coshy =1

1—tan2§ 1+tanh2%

Solution: Consider cosx coshy = % X 2
1+tan?s  1-tanh?s
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1-— tanhzf 1+ tanhzf

- ZXX _ ZX:
1+1:anh2 1 tanh2

4. Separate real and imaginary parts of cosh(1 + i)
Solution: cosh(1+ i) =cosi(1+1i) = cos(i—1)
=cosicosl+sinisinl =cosilcos1 + sini1sinl
= coshlcos1l+isinhlsinl

Hence Real part =coshl cos1 and imaginary part= sinh 1sin1

u? v? u? v? _

=1and

cosh?x = sinhZ?x cos?y  sin?y

5.1f u+ iv = cosh(x + iy), Prove that
Solution: Given u + iv = cosh(x + iy) = cosi(x + iy) = cos(ix — y)
U + v = cosix cosy + sin ix siny = coshx cosy + isinhx siny

Separating the real and imaginary parts we get

u = coshx cosy = u? = cosh?xcos?y ... e e ee.. (1)
v = sinhx siny = u? = sinh?xsin?y ... .. .. .. .. (2)
u? v? cosh?xcos?y  sinh?xsin?y

+ — = ;
cosh?x = sinh?x cosh?x sinh?x
= cos’y + sin’y =1

v? _ cosh?xcos?y sinh?xsin?y _

= cosh’x — sinh?x = 1

2
.. u
Slmllaﬂy cos?y - sin2y cos?y sin2y

6. If sin( + i®) = cosa + isina,prove that cos?6 = tsina
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Solution: Given sin(6 + i@) = cosa + isina
sinf cosi® + cos@sini@® = cosa + isina

sinf cosh® + icos@sinh® = cosa + isina

Equating the real and imaginary parts we get,

cosa

sinf cosh@ =cosa = cosh) = ——........... ... (1)
sin 6
sin a

cosfsinh® =sina = sinh@ = TR ¢
cos 6

We know that cosh?*@ — sinh?@ = 1

cos’a sin‘a

——————=1 = cos’acos*8 — sin*asin’*f = sin*6cos*0

sin‘0 cos*40

(1 — sin?a)cos?0 — sina(1 — cos?0) = (1 — cos?0)cos?6

cos%0 — sinacos?@ — sina + sin*acos?0 = cos?0 — cos*0
cos*0 = sin*a = (cos?0)? = sin®«a

. c0s%0 = +sina

7.1f tan? = tanh (3), prove that u = logtan (5 +3)

Solution: Given tanh (%) = tang

v _u u u
ez—e 2 0 ez+e 2 1
- —=tan— = —; —=

ez +e 2 2 ez —e 2 tan-

Using componendo and dividendo we get,
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u _u u _u 6
ez+e z2+ez—e 2 1+tan5
u u u u: 9

ez+e z2—ez2+e 2 1—tan5

2ez . (n N 9) u_y (n N 9)
= —_ —_ = —_— J— —
23_% an 275 e an 215

— logt <ﬂ+9)
- u=logtan (7 +3

8. Express cosh®x in terms of hyperbolic cosines of multiples of x.

X ,—x\ D
Solution: coshSx = (e e )

2

+ 5C;(e*)?

1 1 1
= l[(ex)s] 50N+ 56 oy oy

+ 5C,e*

1
(ex)4
1
=5 [e5% 4+ 5e3* + 10e* + 10e™™ + 5e73% + ¢7>*]
1
= ﬁ[(esx +e™*) +5(e3 + e73¥) + 10(e* + e™)]
2
=35 [cosh 5x + 5cosh3x + 10coshx]

1
. cosh®x = o1 [cosh 5x + 5cosh3x + 10coshx]

9. Express sinh®x in terms of hyperbolic cosines of multiples of x

x_,—x\6
Solution:sinh®x = (e : )
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6 x 1 X 1 x !
= 55| (€90 = 6C1()® 5+ 6C,(eM)* 57— 665(6)° 3
1 1~ 1
+6C,(e )Z(ex)4—6CSe o) +6Ca( x)6

1
=6 [e6* — 6e*™ 4+ 15e2* — 20 + 1562 — e~ ** + 6]

=5 [(e®* + e7%%) — 6(e*™ + e™**) + 15(e?* + e~2*) — 20]

2
=75 [cosh 6x — 6cosh4x + 15cosh2x — 10]

1
. sinh®x = o5 [cosh 6x — 6cosh4x + 15cosh2x — 10]

10. If tan (6 + i$p) = cosa+ti sina, then prove that (i) 6 = nz/2 + n/4
(i) ¢ = Yalog tan (a/2 + =/4)
Given tan (6 +i¢) = cosoti sina,
Changing i into —i, we get
tan (6 — i9) = coso-i sina,
20=(0+1i9) + (60— i9)
Taking tan on both sides
tan 20 =tan[(0+i¢) +(0-id)]

tan(0+i¢)+tan(0—i¢)

tan 20 = 1—tan(0-+i¢) tan(0—i¢)

_ (coso+isina )+(cosa—isina) _ 2cosa

1—(cosa+i sina) (cosa+i sina) 1-1
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tan20 = o0 = tan 20 =

tanz/2 = 0=nxn/2 + n/4

tan (6 — i9) = coso-i sina,

200 = (0+ i¢g) — (60— i9)

Taking tan on both sides

tan 2i¢p = tan[(0+ip) - (0-1)]

tan (0+i¢)—tan(6—i¢)

tan 2ip =

_ (cosa+isina )—(coso—i sina)

1+tan(0+i¢) tan(0—i¢)

=1 sina

1+(cosa+i sina) (cosa+i sina)

itan h2¢ =1 sina
tan h2¢ = sina
e?® —e72?2  sina
e?? + =20 1

e2? 4 20 1
e20 — p—20

sin a

By componendo and dividend we get,

e20 =20 4020 _p—20 __ l4sina N €4®
e204e=20_e201¢-20 ~ 1_sina

o
2 tani

2&
e4® _ 1+tan 2

= U2 o [e29]

o
2 tani

- 2Q
1+tan22

__ l4sina

1-sina

oy 2 o
, (1+tans) _ l+tang

2 o
(1—tan%) 1-tan;

e?® = tan (%-}_%) = ¢ = Ylogtan (a/2 + n/4)

Hence the proof.

Subject Code: SMTA1306
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Exercise

inb 1 = B
sino as @ polynomial in cos.
sin7@
sing

3. Show that 2(1 + cos 80) = (x* - 4x° + 2)?, where x = Zcos®.

1. Express

=7 —-56sin?8+112sin'8—64sintA

2. Show that

T T B
4. Show that tan 58 =%, where t = tan®.

5. Show that 28sin”@ = 35sin® - 21sin30 + Tsin58 - 76.

6. Show that cos’8 = él{cms?ﬁ+ Trcosh@+ 21cos 38+ 35cosh.

7. Show that sin®0 = 2 7(cos80 — 8cos60 + 28cos40 — 56cos20 + 35)
8. Show that 32sin"6 cos®0 = cos68 — 2cos46 — cos20 + 2.

9. Show that sin®@cos?0 = é{sin 78—3sin 58 +sin38 + 5Hsin@).
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UNIT-2
SUMMATION OF TRIGONOMETRIC SERIES
Logarithm of a complex number:

In complex analysis, a complex logarithm of the non-zero complex number z, denoted
by w = log z, is defined to be any complex number w for which e¥= z.

Important result

Prove that log(a + ib) = logVa? + b? + i tan‘lg

Proof:
Leta + ib = r( cos@ + i sinf) = re'®
a = rcoso, b =1 sinf
a? + b? = r2c0s?0 + r2sin%0 =12 > r = /a2 + b?
b rsinf b
= o tanf >0 = tan‘la
a+ib= re®
Taking log on both sides

log (a+ib) = log(re®) =logr + i@
b
log(a + ib) = logya? + b? + itan‘la

Note: Log (a + ib) = log (a + ib) + 2inm
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Solved problems
1. Separate the real part and imaginary part of log(4 + 3i)

Sol:

3
log(4 + 3i) = logy4*+ 3% + itan‘lz

3

log(4 + 3i) = logV25 + itan‘lz
3
log(4 + 3i) =log5 + i tan‘lz

Real part =log5 Imaginary part = tan™!

Bl w

2. Find the expression (i) Log 3 (ii) Log (—i) (iii) Log(1 + i)
Sol: (i) Log 3 = log (3 +i0) + 2inm
=log\V9+i tan‘lg + 2inm = log 3 + 2inn

(ii) Log (—i) = log+/0% + (—i)? + itan‘l%1 + 2int = log 1 + ig + 2inm

iy <1+4n)
=im >

(iii) Log (1 + i) = logv12 + 12 + i tan‘1%+ 2inm = logV2 + i% + 2inm

1+ 8n
= logV2 +in< )

3. Show that log (cosO + isinf) = i6
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Proof: log(a+ib) = logva? +b? + i tan‘ls

o 1 - ) sin@
log(cosf + isinf) = =logy/cos?6 + sin?6 + itan~! < )

2 cosf

1
= Elogl +itan"tand = 0+ i6 = i0

[ce]

4.1t =x+ iy, then prove the following (i) y = tan% (ii) x> +y? =e™

Solution: Given #~ = A+ jB means i**® = A + iB (since.... #~ = A+iB)

Taking logs on both sides, (A + iB) logi = log(A + iB)

A+ 'PH]'[% log 1 +itan™ mj| = %IRIHL"‘I? +B) + itan"%

A+ :B}[fﬂ - Liog(a + )+ itant 8

MNow equating real and imaginary parts,

%Jug{ﬂ, +B) = % implying A?+ Bf=el
B T . B A
and tanl==A— implyin —=tan—
A-f7 'TPYME 4 2

2

5. Prove that the real part of principal value of i1°8 1+ is '8 cos G lo gZ)

l
: et AT ,—IngE+J1ar‘."]]- log l+itan e
Solution: L.H.S. = jlesl+) = glogl{l+)logl _ e[-i [ ]

z I E
Ja]liz] 5o

{cnsmjgz +isiﬂnlig2]
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6. Find the real and imaginary part of (a + if)**%

Solution: Substitute o = rcos®, B = rsin® so that r=/(c® + ) and 6 ='[.§m—’E
o

Here {a " fB}.‘t‘— iy _ E[.'-:+ iviLoglo + 13:'_. {usirlg = Exiu-g,u]
— g+ Wi[2imm + loglo + 18]
s E[.r+!}'][2m1:+rr"-’l

— Ef..'r— Mllogr + #{2am = 8]
= ¢ B = ¢A(cosB + isinB)
where A = xlogr- y(2nn+ 6) and B = ylogr+ x(2nr + 6)
Required real part = e*cos B and the imaginary part = ¢*sinB.

7. If (a1 + lbl) (az + lbz) (a3 + lb3) (an + lbn) = A+1B

Prove that

(i) tan‘1£+ tan =2 4 o4 taln‘15 = tan
iy ay a,
(ii) (a2 + b¥)(aZ+ bd) + ... + (a2 + bY) = A% + B?

Solution:
Let a, = rjcosay, b, = risingy with o = tan“ﬂ- ;
d
4, = r,cosc b, = r.sino., with o —tan"i'
2= Ty 2+ g = I3 2 2= ﬂz‘
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a, = I,cosd,, b, = rsino, with o, = tan‘liz
i
A = rcos8, B=rsin® with 6=tan! b
a

(a, +ib)) . @@, +ib,) ... (a,+ ib)=A + iB
rylcosoy + isinoy) rz{-::::uscr.z + isinay,) ... rylcosay, + isina,) = r{cos® + isin®)

nr ... rgleosfoy + oy + ... + o) + isinfo, + oy + ... + )] = r(cos® + ising)

Therefore, we see that modulus and amplitude are

nry ... p=ror (@+b)a+b)+.. (@2+b)=A*+8

and tan!'—= h +tan~'==+...... - lan"-£= lan"E
a4 3: & 4 |
-1 2
2tan (a)

ib)P = mxtiy Y
5. If (a+ib) m Prove that - og @7157)
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Solution: Taking logs on both sides of (a + i) = m** Y, we get
plog(a + ib) = (x + iy)logm
' . 1 L TP | :
implying p Elog{a +b°) +itan . = (x+iy)logm
Mow equating real and imaginary parts,
%plog{32+b2}=xlogm i)
o <5
and ptan E_ylc:gm (i)
. ptem"E 2tan-12
Dividing the two, £ = 4  _ 4
X glﬂg{ﬂz 4 bZ} ng{EJ + b&J
. a-ib 2ab
6. Prove that tan [l log (a+ib)] = =7
Solution: Let a= rcos® and b= rsin® then tan®= E r=a+lr caoh)
a
: L —ib
Now, L.H.S. = tan| ilog[ 2~ H
oW, an[1 Dg(a+ib

= tani[log(a - ib) - log(a + ib)]

= tani[log(re '®) — log(re'®)]

= tani[logr - i8) - (logr + i8)]

= tani(-2i6) = tan(-i28) = tan20

b
45
2tan® a 2ah
i = =— (Using equation (1))
1-tan*6 B
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2a

7. If tan[log (x + iy)] = a + ib, then prove that tan [log(x? + y?)] = g a’?+b%*#0
Exercise
Solution: Given tanlog(x + iy) = a + ib implies log(x + iy) = tan '(a + ih)
Now  log(x + iy) = logr cis8 = tan!(a + ib), where r= Jm and 8= tan‘li
or %log(xz+_}r2}+ftan‘J§=tan-’(a+Ib] ...(1)
Identically, %log(xz +y?) —itan! i = tan~'(a — ib) ...(2)

Adding the two, log(x? + y?) = tan'(a + ib) + tan'(a - ib)
= ib) + (a—ih)
_ g (a+i
M 1 @+ib)@a-ib
2a
1-2-F

or tan[log{x! +_}’2]]=1_32273_b2

= tan™!

1. Find the general value of (i) log(b + 8i) (i) log(-1) (iii)

2. Show that (i) log (l+ itana) = log (sec o)+ i, where o is an .
’ J—i =2 —tan! l
(if) log"_3+i J(!’].‘ﬂ: an 3]

3. Find the modulus and argument (i) (1 + i)'~ (i) log(l + i)

4. If (a; + ib)) (@, + iby) ...... (a, + ib,) = A + iB, prove that

M) (&+8) B +E)...(L+H)=A+B
1 h "£+...

(i) tan” —+tan . 5 A

i a a—ib

5. Prove that log[a+ jg)= 2tan! E, hence evaluate ms{ilug[ it ] H
a—i
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Gregory series

tan®0 tan®0
tan0® =tan 0 — + 3 + o (D)

Note:

1. Put x = tan 0, then (1) becomes

3 5
tanlx=x-=+=., ...
3 ' 5

2. Put x = 1, then (2) becomes

v

1,1
L
4 3 5

Solved problems

l.Provethatl—l.%+1.l3=1:an_11
2 3°23 ' 572 2
3 5
Sol: we know that tan 'x = x — x? + x? .
Putle
2
133 5
2
111 11 1
-.E—g.?+§.§=tan

2. Prove that

Il
—_
I
w =
w =
+
ul | =

T
2V3
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x3 x5
Sol: we know that tan™'x = x — =+ T
RHS =1-1 41 _—
3 3 5 3
1 1 1 1
= l-FsteET

= V3 [tan‘1 i] =3 (g) = % Hence the proof

Summation of trigonometric series by difference method
Suppose the r''term T of the series is expressed as T, = f(r + 1) — f(r). Then

T,=fQ)-f(),T, = f3)—f(2)

Ts = f(4)—f3) s vees

i Tpy = f) = f(r=1,T, = f(n+1) —f(n)
Addding these n relations, we have S, = f(n+ 1) — f(n), where
Sp =T+ T, + -+ T, =sumof the 1st nterms of the series.

Solved problems
1. Create secO sec26 + sec20sec36 + --- n terms

Sol:

1

cosO cos26

Let T; = secOsec26 =
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_ 1 [ sinf ]

" sind LcosBcos20
1 [sin (26-06)
sinf

]= 1 [sin29c059—c05295in9

cosOcos26 sinf cosOcos26 ]

-1 —
T, s [tan20 — tan6]

-1 —
T, s [tan30 — tan20]

1
T, = s [tan (n + 1)6 — tannb]

Adding all the terms

1
Sn = gy [tan (n + 1)0 — tand]

. 1 1 1
2. Sum the series + .-+ +n terms
cosB+cos36 cosO+cos560 cosO+cos760
1
Sol: Let T; = secOsec20 = ————
cosB+cos36

1

6+36 6-36
2cos( 2 )cos( 2 )
_ 1

B 2cosBcos26

_ 1
2sinf

T, [tan26 — tand]

— 1 —
T, = %eng [tan36 — tan26]

1
Py [tan (n + 1)0 — tann0]

n
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Adding all the terms,
—_— 1 —
iy [tan (n + 1)6 — tand]
3.Findtan™' ——— +tan ! —— + -+ tan™' ———
1+1.2x 1+2.3x 1+n(n+1)x
Sol: Let T, = tan™t ——— =tan™* 2= = tan~'2x — tan™'x
1+1.2x 1+1.2x
T, = tan™' —— = tan! 222X = tan~13x — tan~12x
1+2.3x 1+2.3x

T, =tan"'(n + 1x — tan " nx

Adding all the terms, S,, =tan™'(n + 1)x — tan™1x

— n+1)x—x _ nx
1+(n+1)x2 1+(n+1)x2
. sinf sinf sinf
4. Sum to the series — —— | — — + — —— + .- terms
sin26sin36 sin36sin40 sin46sin560
sinf sin (36—-260)  sin 30co0s20—cos360sin26

l: Let T, = —_— = =

So © 1 sin26sin360 sin26sin360 sin26sin360

= cot260 — cot30

Similarly, T, cot30 — cot46

T; = cot48 — cot360

Tn

cot(n+1)8 —cot(n+2)60

Adding all the terms S,, = cot 20 — cot (n + 2)6
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Important formulae:

. . X xz x3
1. Exponential Series: e* = 1 +;+;+;+ vv00, —o00<x <00
. . . 2 n—1 _ a(1-r™
2. Geometric Series (i) a + ar + ar“ + ---+ ar =—r<l1
1-r
.. a
(iiya+ar+ar?+ - =T
. . . . x3 x5 . x3 x5
3. Trigonometric series: Sinx = x — a0 + o 0, sinx =x + 3 + o o]
xZ  x* x2  x*
cosx=1——+=—..00,cosx=1+—+—..
21 4l 21 4l

2 3
4. Logarithmic series: (i) log(1 + x) = x — x? + x? + -+ 00,

x® x3

(ii)log(1 —x) = —x—7—?+ 00,

—_ 2
5. Binomial series:(1 + x)" =1 + T;—T + % + 00

; - x3 x5 - x3 x5 1 1+x
6. Gregory series: tan 'x = x ——+ —., tanh 'x = x+—+ — .. =-log—
3 5 3 5 2 ©1-x
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Summation of series by c+is method

Sum the series xsin® —%- x%sin20 +%~ ¥sindg—.........e0
Solution: Let 5=x5inﬁ—%x2 Siﬂ29+%-)(351|‘.|39— ......... o0
C=xcosﬁ—%fc0528+%-x3f0535— ......... o0
Therefore,
2 3
C+i5=x(cosB+ising) —%[coszﬁ + isin 28) vx?{cos B+isindB)—...... =
= ye'* o, X P . 3 :
=X —?F +? —ewswee-2%% (3 logarithmic series)
1
= z—%+§—%+...... = =log(l + z), where z= xe"
= log[1 + x(cos® + isinB) = logrcis®
X . ing
=lo + xcosOf + (xsin@)? | + itan~! —X211Y
g\/[ﬂ s ) ] 1+ xcos8

xsinB

Equating imaginary parts, S=tan™!
1 +xcosB

[except, when xcos6 = -1]

2
6. Sum the series sin ¢ + x sin(a + ) + %sin(a +2f) + --- 00 by C+iS method

Sol:

2
Let S=sina + xsin(a + ) +%sin(a +2B) + -
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C=cosa+xcos(a+pf)+ ’;—Tcos(a +2B) + -0
Therefore,
C+iS = [cosa +sina] + x[cos(a + B) + isin(a + )] + ’;—T [cos(a +2) + sin2f)]+...

’ xei(a+/3) xzei(a+2/3)
— pla
=e" + 1 + ol +

o xeiaeiB xzeiaeiZB
T TR A

xeiB xZeiZB
1! + 2!

= ei[1+ ]

2 3
We Know that ex=1+%+%+%+---,—oo<x<oo

xef  (xelh)?
(xe') 4.

C+iS=e[1+—+—,

‘]
— i pix[cosp+sinp]
—pi(a+xsing) pxcosp
On comparing, real and imaginary,
S= [cos(a + x sin B) + i sin (a + x sinf)]e*cosk
7. Find the sum of the series (i) cos @ + cos(a + ) + cos(a + 2f) + ---n terms

(i)sina + sin(a + f) +sin(a +26) +-n
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Solution: Given C = coso + cos{ee + B) + cos(a + 2P) + ... to n terms

S =sina + sin(o + B) + sinfo + 2B) + ... to n terms
Thus,
C+iS=eo+ gle+P 4 pllo+28 + to pterms

=e%(1 + e® + &% + ... to nterms)
(
_ pld o
= d= M—E!)] [ sum of G.P. with n terms = M]
1—¢eB

_eo(1—el®) (1 — e )
T (1-eP1-e®

1P Py 0 1P]
B (1—e® —e®+1)

: EHI. _ E![cx—ﬂ] o Ei{r.tmﬁ] + E!{u+ﬂ]|3
C+i5S5=
i l 2 —2cosp ]
On taking real parts only,
coso —cos{o —B) + cos{o + n— 1B) — cos{c + nf) D
FEE [ 1—ccrsEl=25m“§]
2.25i|12%

Zsina+{u_ﬁ}sin{a_ﬁ]_u+25i”{(a+n_—m]+{u+rﬁ}1sm[{u+nﬂ}_{u+ﬂ_lm)
2 2 2 7

= 42§
SII'I2
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_ggin[#]sm[%)_,_ 25111[%]51;1[%]
= 2 B

4 sint &
51112

n(Z=B2)_, (20=0)

it 2
EsinE (Using CD formula)
Z
] 2{:05[ V1 1213 +2a Euz_ﬁ)sin( 2n— ;+ 200 2::-:2— E-]
- B
2sin o

cos[m+mT_ﬂ]3]sin[%]
sinE

2

C=

Equating Imaginary part we get (ii)

(1) sum the series to infinity

2 3
a cos20 a cos30

acosB +

2 3

2 3
il a“cos20 a cos3P
Let C =acosb + + o0
2 3

7 . : IR

a“sin20 a’sin3p

. 5

S=asmb + 1 + - e
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:
. a*
C+is = af(cosD +isin0) -‘-T(COSEE} +isin20)+

3

a s G
—— ool s e, ... 08
3
K 3
= s o
= T R R =
2
2 3
X x
=x+—4+—+ 5.4
4 3
Where x = ae®
=—log(l—x)

=—log(l—ae")
= —log[l —a(cosO + isiu@)]

= —log[l —acos —isaing |

4 —asmb )

\1-acos6 /|

1 3 3 . i
:—{:log[l—acosﬂ)' +a° sn1‘8]+r’tau
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Equal to real part

C =——log|l1-acosd P sin}E}]

a4 7 :
=—_log|l+a’cos’® +a’sin’B — Z(JCGSB]

[ 2
=——log|l+a" —EGCOSB}
Exercise:

{ cmsﬁ—%c0528+éc0538— L e

3
2. XCDSEI—%CDSZE+%CDS3E—.........W

nin+1}(n+2)

173 sindo+.........00

1. nsino+ sin 2o+

nin+1)
1.2
4 sinf@-— %Siﬂ 28 sin‘8 + %sin 38 sin’e —%sin 48 sin'8+........
x° X
5. cosd+ xcos(o+ ) +?¢:05{0: + 2B) +FEDS{DI+ P+
[Hmt :C+iS=éd%e*, where z= xe*”}

6. sino+ xsin(o +13]|+%sin{a + 2B}+§Siﬂ(ﬂl +3B) +.........00

[Hlnt:C+i5=e’“e”. z=xe”3]
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UNIT-3
CONIC
Introduction:

If a point moves in a plane such that its distance from a fixed point bears a constant ratio to its
perpendicular distance from a fixed straight line then the path described by the moving point is
called a conic. In other words, if S is a fixed point, | is a fixed straight line and P is a moving

point and PM is the perpendicular distance from P on |, such that % = a constant, then the

locus of P is called a conic. This constant is called the eccentricity of the conic and is denoted
by e.

If e = 1, the conic is called a parabola.
If e < 1, the conic is called an ellipse.
If e > 1, the conic is called a hyperbola.

The fixed point S is called the focus of the conic. The fixed straight line is called the directrix of
the conic. The property % = e, is called the focus-directrix property of the conic.

General equation of a conic

We can show that the equation of a conic is a second degree equation in x and y. This is
derived from the focus-directrix property of a conic. Let S(x1, y2) be the focus and P(X, y)
be any point on the conic and Ix + my + n = 0 be the equation of the directrix. The focus-

directrix property of the conic states
2 = e (i.e) SP? = e?PM?

(x_xl )2 +(v_yl )2 = el [lf'*’"—”"t-n]
\/12 +m’ ;
This equation can be expressed in the form ax? + 2hxy + by? + 2gx + 2fy + ¢ =0
which is a second degree equation in x and y.
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Equation of a parabola

Let S be the focus and the line | be the directrix. We have to find the locus of a point P such that
its distance from the focus S is equal to its distance from the fixed line I.

(i.e) % =1, where PM is perpendicular to the directrix.

Draw SX perpendicular to the directrix and bisect SX. Let A be the point of bisection and SA =
AX = a. Then the point A is a point on the parabola. Since take AS as the x -axis and AY
perpendicular to AS as the y-axis. Then the coordinate of S are (a, 0). Let (x, y) be the
coordinates of the point P. Draw PN perpendicular to the x-axis.

J=] —

X W

=
=

%
=
. A N,
. [
0
=2
=

PM=NX=N4+4X=x+a
SP_
PM
SP:= PA?
(ie.) (x—ayf+y*=(x+af

V=(x+a)-(x—a)ory =4ax.

1

Since

This, being the locus of the point P, is the equation of the parabola. This equation is the
simplest possible equation to a parabola and is called the standard equation of the parabola.

Note:

e The line AS(x-axis) is called the axis of the parabola.

e The point A is called the vertex of the parabola.

e AY(y-axis) is called the tangent at the vertex.

e The perpendicular through the focus is called the latus rectum.

e The double ordinate through the focus is called the length of the latus rectum.
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e The equation of the directrix is x +a = 0.
e The equation of the latus rectum is x —a = 0.

Length of latus rectum

To find the length of the latus rectum, draw LM’ perpendicular to the directrix. Then
SL

LM’

SSL=LM'=8X=2a
SLL =28X=4a

Tracing of the curve y? = 4ax

e If x<0,yisimaginary. Therefore, the curve does not pass through the left side of y-

axis.
e Wheny =0, we get x = 0. Therefore, the curve meets the y-axis at only one point,
that is, (0, 0).

e Whenx=0,y?=0,thatis, y = 0. Hence the y-axis meets the curve at two
coincident points (0, 0). Hence the y-axis is a tangent to the curve at (0, 0).
e If (X, y) is a point on the parabola y? = 4ax, (X, —y) is also a point. Therefore, the

curve is symmetrical about the x-axis.
As x increases indefinitely, the values of y also increases indefinitely. Therefore the points of the
curve lying on the opposite sides of x-axis extend to infinity towards the positive side of x-axis.
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Solved Examples

1. Find the equation of the parabola with the following foci and directrix for
(1,2):x+y-2=0.

Solution

Let P(X, y) be any point on the parabola. Draw PM perpendicular to the directrix.
Then from the definition of the parabola, % =1

SPZZ(X*].)Z'I'(y,Z)Z ) P
PM = perpendicular distance from (x, y)onx+y —-2=0 / x. )
sy EHVR)
2 S(1,2)
A (Y—l)z'f-(\-_Z)Z:(Y'f'\/vz__z) %

L2 -+ D) +20° -y +4) =X+ P +4+ 2y -4 -4y
(1e) x¥*+y*-2xy—-4y+6=0

2. Find the foci, latus rectum, vertices and directrices of the following parabola y*+
4x—-2y+3=0

Solution

V+dx-2y+3=0
,1*2—2}-’=—4x—3 _}
V=2y+1l=—dx-3+1 + M (1/2, 1)

(-32,1) /(-1/2, 1)

=(y-1)= —4[x+%]

bd | —
o
> ¥

Take x + 1/2= X, y—-1=Y . Shifting the origin to the point (-1/2, 1) the equation of the
parabola becomes Y%= —4X.

Vertex is (-1/2, 1), latus rectum is 4, focus is (-3/2, 1) and foot of the directrix is (1/2, 1). The



SATHYABAMA

INSTITUTE OF SCIENCE AND TECHNOLOGY
DEPARTMENT OF MATHEMATICS
COURSE MATERIAL

Subject Name: Trigonometry and 2D Analytical Geometry Subject Code: SMTA1306

equation of the directrix is x = 1/2 or 2x-1=0
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Condition for tangency

4. Find the condition for the straight line y = mx + ¢ to be a tangent to the parabola y?= 4ax
and find the point of contact.

Solution
The equation of the parabolais  »*=4ax . (1)
The equation of the line is y=Emx+c ... (2)

Solving equations (1) and (2), we get their points of intersection. The x-coordinates of the points
of intersection are given by

(mx +cy=4ax = m*x*+2(mc—-2a)x+c*=0 3)

If y = mx + c is a tangent to the parabola, then the roots of this equation are equal. The condition
for this is the discriminant is equal to zero.

S Mme—2a) = 4mP

= p:%! +4a* —4meca = p%{ =c=alm
Hence, the condition for y = mx + c to be a tangent to the parabola y2 = 4ax is ¢ = a/m.

Substituting ¢ = a/m in equation (3), we get

2

mx? 2ax+4-=0= (m —l)- =0

m 2 m

a 2_0)_
Therefore, the point of contact is (mz m

= a
Note 6.6.1: Any tangent to the parabola is yEMET

Number of tangents

5. Show that two tangents can always be drawn from a point to a parabola.


https://www.safaribooksonline.com/library/view/analytical-geometry/9789332524361/xhtml/chapter006.xhtml#img-037
https://www.safaribooksonline.com/library/view/analytical-geometry/9789332524361/xhtml/chapter006.xhtml#img-038
https://www.safaribooksonline.com/library/view/analytical-geometry/9789332524361/xhtml/chapter006.xhtml#img-039
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Solution

Let the equation to the parabola be y? = 4ax. Let (x1, y1) be the given point. Any tangent to the
parabola is y=mx+a/m If this tangent passes through (x1,y1), then
¥y, =mx, + % = my, =m*, +aorm’x —my +a=0.

This is a quadratic equation in m.

Therefore, there are two values of m and for each value of m there is a tangent. Hence, there
are two tangents from a given point to the parabola.

Note: If m1, m2 are the slopes of the two tangents then they are the roots of equation (3).

V.
m +m, = —=L and mm, —

X X

Perpendicular tangents

6. Show that the locus of the point of intersection of perpendicular tangents to a parabola is the
directrix.

Solution

Let the equation of the parabola be y? = 4ax. Let (x1, y1) be the point of intersection of
the two tangents to the parabola.

Any tangent to the parabolais ¥ =mx +‘,% ....... (4)

If this tangent passes through (xu, y1), then " Ry Vi

(ie.) mx, —my +a=0

If m¢, m are the slopes of the two tangents from (x1, y1), then they are the roots of equation
(5). Since the tangents are perpendicular,
a

m-m,=-1=—=-lorx,+a=0
X,

Therefore, the locus of (x1, y1) is X + a = 0, which is the directrix.


https://www.safaribooksonline.com/library/view/analytical-geometry/9789332524361/xhtml/chapter006.xhtml#img-039
https://www.safaribooksonline.com/library/view/analytical-geometry/9789332524361/xhtml/chapter006.xhtml#img-048
https://www.safaribooksonline.com/library/view/analytical-geometry/9789332524361/xhtml/chapter006.xhtml#img-048
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7. Show that the locus of the point of intersection of two tangents to the parabola that make
complementary angles with the axis is a line through the focus.

Solution

Let (x1, y1) be the point of intersection of tangents to the parabola y? = 4ax.

a
, r=mx +—.
Any tangent to the parabola is Y

If this line passes through (x1, y1), then

y, =mx, +<L = m’x, —my, +a=0.
: m ’

V,
If m1, m; are the slopes of the two tangents, then m, +m, = 'v—'.mlmz = Yi

X, g
If the tangents make complementary angles with the axis of the parabola, then m; = tand and
m; = tan(90 — ).

-

m m,=tan@ x tan(90 — &) =tanf x cot@ = |

a
=—=1 or x,—a=0.

x,

.. The locus of the point of intersection of the tangents is x —a = 0, which is a straight line
through the origin.

Equation of tangent

8. Find the equation of the tangent at (x1, y1) to the parabola y?= 4ax. Let P(x1, y)) and

Q(xz2, y2) be two points on the parabola y? = 4ax. Then

T 6)
y; =4dax, ... (7
P (X1f y )

Q (%,
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The equation of the chord joining the points (x1, y1) and (xo, y2) is

e

X=Xy Xi—X;
From equations (6) and (7), we get

2 2 =X 4
¥ =y, =4a(x,—-x,) or x: e g = S +(1J"z
Hence, the equation of the chord PQ is

V- yl = da or y—y = 4(1( X - .tl )

X=X Nty hty

When the point Q(xz, y2) tends to coincide with P(x, y1), the chord PQ
becomes the tangent at P.

Hence, the equation of the tangent at P is

2
y=-y="4(x-x,) or w -y =2ax-2a,
-"l
w, = 2ax —2ax, + y; = 2ax —2ax, +4ax,

(1.e) w, =2a(x+x,)


https://www.safaribooksonline.com/library/view/analytical-geometry/9789332524361/xhtml/chapter006.xhtml#img-053
https://www.safaribooksonline.com/library/view/analytical-geometry/9789332524361/xhtml/chapter006.xhtml#img-053
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Aliter: The equation of the parabola is y?= 4ax. Differentiating this equation
dy

252 _
with respect to xi, we get ¥ dx ~
4 _2a
de y

dy 2a .
- = = = slope of the tangent at (. )
dx |, oy N

The equation of the tangent at (x1, y1) is
-y = 2—“1.‘(— x,) = v, — ¥ = 2ax —2ax,
i
or W, =2ax—2ax, +4ax, =2a(x+x,)
W, =2alx+x))

Equation of normal

8. Find the equation of the normal at (x1, y1) on the parabola y* = 4ax.

Solution

2a
The slope of the tangent at (X1, y1) is W

h
Therefore, the slope of the normal at (x1, y1) is 2a

The equation of the normal at (x1, y1) is

i —%{x —x, )= 2ay—2ay, = —xy, +x, ),
or xy +2ay=2ay +yx,

Equation of chord of contact

9. Find the equation of the chord of contact of tangents from (xu,y1) to the parabola y* =
4ax.

Q(xa, y2)
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Qxa, }’2)/——
P(xq, y4)
_ R, Yo~
Solution

Let QR be the chord of contact of tangents from P(x1, y1). Let Q and R be the points (x2, y2) and
(x3,y3), respectively. Then, the equation of tangents at Q and R are

.}.-".'2:2(1 (x +x2) ceeeeaeee (8)
ndaleal )
These two tangents pass through P(xa, y1).
Sy =2a(x tx,) e (10)
.1_.1 }’_\=2(1 (xl +x]) ........ (11)

These two equations show that the points (X2, y2) and (xs,y3) lie on the line
yy1 = 2a(X+x1).

Therefore, the equation of the chord of contact of tangents from P(x1, y1) is
yy1 = 2a(X + X1).
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Parametric representation

The point at x= at?, y = 2at satisfy the equation y? = 4ax. This means (at?, 2at) is a point on the
parabola. This point is denoted by ‘t” and t is called a parameter.

Chord joining two points

10. Find the equation of the chord joining the points (ati?, 2at;) and (at,?, 2atz) on the parabola
y? = 4ax.

Solution

The equation of the chord joining the points is

v—2at, 2at -2at, 2a(t, —-t,) 2
x—at] atl-at; alt,=-t)(t,+t,) {+1,

syt +y) = 2at (t, +t,) = 2x - 2at}
(i.e) y(t, +t,)=2x—2at’ +2at’ +2att,
y(t, +1,)=2x+21t,
Note : The chord becomes the tangent at ‘t” if t; = t, = t. Therefore, the

equation of the tangent at tis y(2t) = 2x + 2at? or yt = x + at?

Equations of tangent and normal
11. Find the equation of the tangent and normal at ‘t” on the parabola y = 4ax.
Solution
The equation of the parabola is y2 = 4ax. Differentiating with respect to x,
dy

W 40 ey D =2a
2y e =4a (ie) e

dx
The equation of the tangent at t is

dy 2
(—‘] at (at”,2at) = %= tl = slope of the tangent at ¢

1
t
yt—2at* =x—at® (ie.) yt=x+at’

y-2at =+(x —at®)
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The slope of the normal at t is —t. The equation of the normal at ‘t’ is
y—2at = —t(x —at®)
(ie.) y-2at=-xt+at’
(ie.) y+xy=2at+at’
Point of intersection of tangents
12. Find the point of intersection of tangents at t; and t, on the parabola y? = 4ax.
Solution

The equation of tangents at t; and t, are

2

y, =x+at;

2

yt, = x+at;

Subtrating, y(t, —t,) = a(t] —13)
(le.) y=al(t +t,).

Soalt, +t)t =x+at?

s aflr2

Hence, the point of intersection is [at; t2, a(t1 + t2)].

Number of normals from a point

13. Show that three normals can always be drawn from a given point to a parabola.
Solution

Let the equation of the parabola be y? = 4ax.

The equation of the normal att is y + xt = 2at + at®

If this passes through (x1, y1) then
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v, +xt =2at+at’
~at’ -H2a-x)-y,=0 ... (12)

This being a cubic equation in t, there are three values for t. For each value of t there is a
normal from (x1, y1) to the parabola y? = 4ax.

Note : If ty, to, t3 are the roots of equation (12), then

fl+f2+t3=0 .......... (13)
2a-x,
LW Tt tht, = G ceeeeerenes (14)
f, =2
ity TTa e (15)

Note: From (12), 2at; + 2at, + 2at; =0

Therefore, the sum of the coordinates of the feet of the normal is always zero.

Solved Examples Based On Tangents And Normals

14. Find the equations of the tangent and normal to the parabola y* = 4(x — 1) at (5, 4).
Solution

Given y?= 4(x — 1)

Differentiating with respect to x,

d.V = d_}-‘ _ 4 _;
% dx 4 dc 2y y
&y 2]
— === v c 5~
[dx )a(s‘ R e Slope of the tangent at (5, 4)

The equati(?n of the tangent at (5, 4) is
y—-4= E(X -5).

2y—-8=x-50rx-2y+3=0.
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The slope of the normal at (5, 4) is —2.
The equation of normal at (5, 4) isy—4 =-2(x—5) or 2x +y = 14.

15. Find the condition that the straight line Ix + my + n = 0 is a tangent to the parabola.
Solution:

Any straight line tangent to the parabola y? = 4ax is of the formy = mx +
cif

Consider the line Ix + my + n=0 (i.e.) my=—Ix—n

=> y = ;I\'_L

m m
=n._~a
If this is a tangent to the parabola, y2 = 4ax then m  (I/m)

—n _ —am

(ie.) am® =nl
m /
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16. A common tangent is drawn to the circle x? + y* = r? and the parabola y? = 4ax. Show that
the angle © which it makes with the axis of the parabola is given by

Jri+4at =]

tan” @ =
2r

Solution

Let y = mx + ¢ be a common tangent to the parabola

yvi=dax . {17)
and the circle
+yi = (18)

If y = mx + c is tangent to the parabola (17) then

S
m

(i,e,)_y:mxﬂ-l ....... (19)
m

If y = mx + c is a tangent to the circle (19) then

y=mx+ril+m® (20)
Equations (19) and (20) represent the same straight line. Identifying we get,

4 = pJ1+m? = a® =m¥ri(l+m?)

m

2.4 2.2 2
r’m +rm —-a =0

25 2 ++rt +4a%? - —r +ryr’+4a’
2r? 22
Since my has to be positive,

, _ —r+vri+4ad’ Vri+4a’ —r

2
m=————ortan f=——

2r 2r

m
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17. A straight line touches the circle x2 + y2 = 2a2 and the parabola y2 = 8ax.
Show that its equation is y= +(x + 2a).

Solution
The equation of the circle is  x*+»*=24* . (21)
The equation of the parabolais »* =4ax ... (22)
. - 2a
A tangent to the parabola (22) is ~ »=mx+—5 (23)
A tangent to the circle (23) is ¥ =mx+\2a\l+m* (24)

Equations (23) and (24) represent the same straight line. Identifying we get,
\/Ea\/l +mz' = 2’7(:

2a°m*(1+m’) = 4a°

orm*+m’=2=0
(m* =1)(m* +2)=0

mz =1 or —2; mz = —2 is impossible. S0 m> = 1 or m = +1. The equation of the common tangent
isy=+xz+2a. (i.e)y==%(x+2a)

18. Prove that if two tangents to a parabola intersect on the latus rectum produced then
they are inclined to the axis of the parabola at complementary angles.

Solution

a
Let (x1, y1) the equation of the parabola be y? = 4ax. Let y = mx + m be any tangent to the

parabola. Let the two tangents intersect at (a, y1), a point on the latus rectum. Then (as, y1) lies,
a

ony=mx+ m.

2
W =ma +l orm a—my, +a=0
m

If my and m; are the slopes of the two tangents to the parabola then m; m; = 1.
(i.e.) tan@ - tan(90 — 0) = 1.
(i.e.) The tangent makes complementary angles to the axis of the parabola.

Note: If a =90°, the locus of (x1, y1) isx + 4a=0.
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19. If the normals at two points t1, t> on the parabola y? = 4ax intersect again at
point on the curve show that t; + t + t3 = 0 and t1 t2 = 2 and the product of ordinates of the two

points is 8a°.

Solution: The normals t; and t, meet at t3.

L=-t=% (26)
1
2
h=—h-1" ... (27)
Subtracting
0=—(1,—1,)+28-%)
L bty Since ti —to #£0, t1 t, = 2.

Solving equations (26) and (27), we get

o A1, 1
2, =—(t+1,)-2| =+
i {I 2} [i" I:]

1

t+i,
:—[r,+r2;|—2{l;—-}=_“| +it, )=t +t,)

1z
.rj+r2+rj={]l

20. Find the condition that the line Ix + my + n = 0 is a normal to the parabola is y? = 4ax.

Solution

Let the line Ix + my + n = 0 be a normal at ‘t’. The parabola is y? = 4ax. The equation of the
normal at t is

y+ xt =2at +at’ cn(28)
But the equation of the normal is given as
b +my=-n ......(29)

Identifying equations (28) and (29), we have

t_1_2at+at’ LY (2a + at)l = 2(2a+ "12 )I= -n
I m —n m m-,

(i.e.) al® + 2alm? + m?=0
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ELLIPSE

STANDARD EQUATION
Introduction

A conic is defined as the locus of a point such that its distance from a fixed point bears a
constant ratio to its distance from a fixed line. The fixed point is called the focus and the fixed
straight line is called the directrix. The constant ratio is called the eccentricity of the conic. If the
eccentricity is less than unity the conic is called an ellipse. Let us now derive the standard
equation of an ellipse using the above property called focus-directrix property.

Standard equation of an ellipse
v /

P(x.y)

/

A
X’ A’&C s NJA [x x

Let S be the focus and line | be the directrix. Draw SX perpendicular to the directrix. Divide
SX internally and externally in the ratio e:1 (e < 1).

Let A and A’ be the points of division. Since SA/AX=e and SA’/ A’X=g, from the

definition of ellipse, the points A and A’ lie on the ellipse. Let AA’ = 2a and C be its

middle point.

SA=eAX ......(1)
SA'=eA'X......(2)

Adding equations (1) and (2), we get SA + SA" = e¢(AX + A'X).
(ie.) AA'=e(AX+A'X)=e(CX-CA+CX+CA

=¢e-2CX Since C4 = CA’

a
~ex =2
; n(3) |
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Subtracting equations (1) from (2), we get SA’ — SA = ¢(CX' — CX)
CS+CA+ (O - CA)y=e(44")

2S=elda=CS=ae ....(4)
Take CS as the x-axis and CM perpendicular to CS, as y-axis.

Let P(x, y) be any point on the ellipse. Draw PM perpendicular to the directrix. Then the
coordinates of S are (ae, 0). From the focus-directrix property of the ellipse, SP/PM=e

o SPP =& PM?*= NX*=&(CX-CN)
a 2
(ie) (x—ae)’+)y’'=&(CX-CN)’=¢é" (—— x)
e

2 2 2 2 2 - W
x"—2aex+ae +y =a —2aex+ex

Y(l-)+)y'=d'(l-¢€)

Dividing by a’*(1 — %), we get

. J V
£. +—=1
(le') 2 bZ

where b =d*(l-¢&) e (%)
This is called the standard equation of an ellipse.
Note : Equation (5) can be written as: ﬁ= & _ a* —x* _(a+x)(a—x)

2 T S 2 2
b a a a

P“\‘rz B A.N"l\rA” P.N'Z bZ B BCZ

TANNA - & AC

e AA'is called the major axis of thé’zellipse. a
e BB'is called the minor axis of the ellipse.

e C s called the centre of the ellipse.

e The curve meets the x-axis at the point A(a, 0) and A'(—a, 0).
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The curve meets the y-axis at the points B(0, b) and B'(0, —b).
The curve is symmetrical about both the axes. If (x, y) is a point on the curve, then
(x, —y) and (=X, y) are also the points on the curve.

From the equation of the ellipse, we get

a\b* —y* ba* -x*
PEP e L AP AL

b - a
Therefore, for any point (x, y) on the curve, -a<x <aand -b<y <b.

The double ordinate through the focus is called the latus rectum of the ellipse.
(i.e.) LSL' is the latus rectum.

Length of latus rectum = LL" = 2SL =2¢(CX - CS) = Ze[ﬁ—ae]

e

=2a(l - &).
b 2b°

wgi o 2?
HZ a

Second focus and second directrix:

On the negative side of the origin, take a point S’ such that CS = CS' and another point X’
such that CX = CX' = a.

Draw X'M’ perpendicular to AA"and PM’ perpendicular to X"M".

S’P Xy
—=e . —+—=1
Then we can show that Py’ gives the locus of P as &*  »*

Here S’ is called the second focus and X’M’ is the second directrix.

2 »
Goasf , 7,

Shifting the origin to the focus S, the equation of the ellipse is  a b?

2

x—a)* y
( e

—=1

Shifting the origin to A, the equation of the ellipse is a b

Shifting the origin to X, the equation of the focus is

(-3
X — 2 _}.’2

2 +2=l.

a
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The equation of an ellipse is easily determined if we are given the focus and the equation of the
directrix

The sum of the focal distances of any point on the ellipse is equal to the length of the major
axis.

In the above figure,

SP = ePM
S'P = ePM>.
Adding SP+ S'P=e(PM+ PM’) = e(NX + NX")
= e[CX~CN + CX’ + CN] = e[f g .\'l]
= 2a where P is (x, y,). 6 ‘

= length of the major axis

Note:

SP = ePM =a — ex,
S’P=ePM =a+ex,

Position of a point:

A pojnt ()§l, y1) lies inside, on or outside of the ellipse according
X"~ P

as a® b* — 1 is negative, zero or positive.

Let Q(x1, y1) be a point on the ordinate PN where P is a point on the ellipse
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X'Z yll l
X az + bz < .\,/2 yll

ol )
Similarly, if the Q'(X', y’) is a point outside the ellipse, a~ b* Evidently if

.r 2 “‘ 2
3
Q(x', y") is a point on the ellipse, a®  b*

-1=0.

Auxiliary circle
The circle described on the major axis as diameter is called the auxiliary circle.

Let P be any point on the ellipse. Let the ordinate through P meet the
auxiliary circle at P’. Since 4’2’4 =90% we have the geometrical relation,
P'N2 = AN-A'N.

The point P’ where the ordinate PN meets the auxiliary P
circle is called the corresponding point of P.
Therefore, the ordinate of any point on the ellipse to that of

corresponding point on the ellipse are in the ratios of = o N A2 "y
lengths of semi-minor axis and semi-major axis.
This ratio gives another definition to an ellipse.

Consider a circle and from each point on it,
draw perpendicular to a diameter.

However, we know that PN? = AN-A’N.
~PN*:PN*=bF: &

The locus of these points dividing these perpendiculars or

in a given ratio is an ellipse and for this ellipse the given circle

is the auxiliary circle. PN b
PN a

Examples Based On Focus-Directrix Property

1. Find the equation of the ellipse whose foci, directrix and eccentricity are given below:
Focus is (1, 2), directrix is 2x — 3y + 6 = 0 and eccentricity is 2/3

Solution
SP Sp?

Let P (x1, y1) be a point on the ellipse. Then P~ < PM*
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. SPP =& PM?
SP = \J(x, = 1)* + (3, —2)%,

2x, -3y, +6 2
— = €

PM =+ 2
V13 3
2 4(2x, -3y, +6 3
Hence, (x —1‘)2 +(y, =2) = _( 120 ]
' SO N T

7[x] = 2x,+ 1+ pf =4y, +4] = 4[4x] +9)7 +36 —12x,,+ 24x,-36,]

Therefore, the locus of (x1, y1) is the ellipse 101x? + 81y? + 48x — 330x — 324y + 441 =0

2. Find the equation of the ellipse whose Foci are (4, 0) and (—4, 0) and e=1/3

Solution

If the foci are (ae, 0) and (—ae, 0) then the equation of the ellipse is Z—z + i—j =1

Here, ae =4 and e=1/3

a:i:erE:lE
e

1 8
B =a(l-e')=144| 1—-— | =144 x— =128
ail—e) [ 9) xg

2 2
X ¥V

= The equation of the ellipse is erﬁ =1
3. Find the eccentricity, foci and the length of the latus rectum of the ellipse 3x? + 4y? — 12x —8y
+4=0

Solution

3 +47 - 12x—8y+4=0 N’
(3 - 12¥) + (4" - 8y) +4 =0
3 —dx) +4(07 - 2y) +4=0

3 —dx+4) - 1244 (P -2+ 1)—4+4=0 /\
=23(x -2 +4(y-11’=12 @1
2 12 (1, 1) (3, 1)
=>(x_2) +(‘}' D =1 k /

4 3

X
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Shift the origin to the point (2, 1).

Therefore, centre is (2, 1).
Therefore, the equation of the ellipse is

£+Y_2—]
4 3
at=4.b=3

|
4¢* =1 or ez=z or e=— ..qe=2X

X
2 2
Therefore, foci are (3, 1) and (1, 1) with respect to old axes.

=2b' S

3
—=3.
Length of the latus rectum a 2
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Condition for tangency
To find the condition that the straight line y = mx + ¢ may be a tangent to the ellipse:

Let the equation of the ellipse be

2 2

Let the equation of the straight line be
y=mx+c

Solving equations (6) and (7), we get their points of intersection; the x-coordinates of the
x*  (mx+c)’
+———=1.

2

points of intersection are given by a h?

(ie.) b +a’(mx+c)=a’h’
(ie.) x*(B*+dam’)+2cma’*x+a’(d - b)=0
If y = mx + c is a tangent to the ellipse then the two values of x of this equation are
equal. The condition for that is the discriminant of the quadratic equation is zero.
sdatmie —4@m* +b*)-a*(F =) =0
am'c - (@m* + b)) (- b)=0
am’c® — (@m’c - am’b* + b’ - b)) =0
or b’ =am’b’ + b

L =amt+ b
This is the required condition for the line y = mx + ¢ to be a tangent to the given ellipse.

Note : The equation of any tangent to the ellipse is given by
y=mx+ \/azm2 +b*.
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To show that always two tangents can be drawn from a given point to an ellipse and
the locus of point of intersection of perpendicular tangents is a circle:

Let the equation of the ellipse be

Any tangent to this ellipse is
¥ = mx++a*m® + b

If this tangent passes through the point (x1, y1) then y1 = 7%, + va'm’ +b*.
(ie) (y,—mx)=a'm'+b
aomi(xl =a®)=2mxy,+yI-b =0 ....(11)

This is a quadratic equation in m and hence there are two values for m. For each value of m,
there is a tangent (real or imaginary) and hence there are two tangents from a given point to an

ellipse. If m 1and m, are the roots’of tbe equation (11),

—2x,¥, v, —b
m+m,=——-—, mm,=——-7.

then X, —a X, —a

If the two tangents are perpendicular then m 1m; =—1.

2 2
.Y =b 2 2 2 2
G =-loryj-b" =—x; +a
X —a

2 2 2 2
=x, +), =a +b

The locus of (x1, y2) is X2 + y2 = a?+ b2 which is a circle, centre at (0, 0) and radius va® +5°.

Note : This circle is called the director circle of the ellipse.
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Equation of the tangent

To find the equation of the chord joining the points ( x1, y1) and (x2, y2) and find the
equation of the tangent at (x1, y1) to the ellipse

Let P(x1,y1) and Q(x2, y2) be two points on the ellipse. Let the equation of ellipse be z—z +

2

Yoo _
b_Z_l

X412 J’12_ x3° 3’22_
Then?+F—1 and ?4‘?—1

Subtracting,

(x,—x, ,)(’x. +x,) 1 n-» )E.}’, +y,) 2
a b*

From equation (15), we get the equation of the chord joining the points (x1, y1) and (X2, y)
as:

y=¥» »n-v, =-b[x+x,
V+Y,

2
X, Xx-X, a

This chord becomes the tangent at (xz, y1) if Q tends to P and coincides with P. Hence, by
putting X2 =x1 and y2 = y1 in equation (16), we get the equation of the tangent at (x1, y1).

Therefore, the equation of the tangent at (x1, y1) is:

2
y=»n _=bx

2 »
xX=x, ay
2 2.2 2 2.2
or ayy,—ay =-bxx+bx

b'xx, +a’yy, = b’x} +a’y}
Dividing by a2 b?, we get

XX VW \’2 Vz
2z PRV Lo FORs R

a8 ¥ & ¥ (17)

xXx, W

2 + 2 =]
a b
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since (X1, y1) lies on the ellipse.
Equation of tangent and normal
X

_+'_=

To find the equation of tangent and normal at (1, Y1) to the ellipse @*  b*

The equation of the ellipse is

2 2

x_2+.}-’ =1 .....(18)
a b

Differentiating with respect to x, we get

2x 2y dy dy -b'x
2 T = >
a b dx dc a'y
HIS
dx G ) azll
dy at (x,. v,
However, dx P 2 slope of the tangent at (x4, y1). Therefore, the equation of the tangent at
. —b’x,
(X1, ya) is, Y=y =——2(x=x)
ay,

2 252 2 2.2
ora yw,—ay =-bxx +bx
or a’yy, +b’xx, = b’x} +a’y}

Dividing by a%b?, we get

2 2 2

2
XK W X P W
7,+..21=_12+-1’=[ since —l,+'l,=l'
at b a* b a b

25
ay,

Slope of the normal at (x1, y1) is by,

The equation of the normal at (x1, y1) to the ellipse is

2
ay,
2

st |

P = (x=x)
2 2 2 SR 2 5
b°xy-bxy,=a"yx—-axy,

RPN, SN L. . S
or b'x y—a‘xy =(b"-a’)xy
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Dividing by x 1y1, we get,

SR
72

Therefore, the equation of normal at (X1, y1) to the ellipse a° &

2 2
ax by , .,
———==a" -b"

is & N
Equation to the chord of contact

To find the equation to the chord of contact of tangents drawn from (x1, y1) to the
2 2

X )
. —2+J—,=12
ellipse a© b°

The equation of the ellipse is

Q (X, Va)

P {xy, 4
A (Xa, ¥a)

Let QR be the chord of contact of tangents from P(xi, y1). Let Q and R be the points (xz, y2) and
(x3,y3), respectively. Then the equation of tangentsat Q and R are

XX, +&= p---(20)

aZ b.
&+$_l ...... (21)
a b*

These two tangents pass through P(xa, y1).
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X% NV _ XXy ViV,
Therefore, a° b and a* b?

The above two equations show that the points(x., y2) and (xs,ys) lie on the
= X5 W

=1

line a*® b Hence, the equation of the chord of contactis a* b

Solved Examples On Tangent Nd Normal
4. Find the equation of the tangent to the ellipse x> + 2y* = 6 at (2, —1).
Solution

The equation of the ellipse is x* + 2y? = 6.

Gy ¥
A 6 3 '~

XX, W

. . — =1
The equation of the tangent at (x1,yl)is 6 3 Therefore, the

equation of the tangent at (2, —1)is 6 3

(ile)2x—-2y=6=>x—-y=3
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5. Find the equation of the normal to the ellipse 3x? + 2y? =5 at (-1, 1).

Solution

Therefore, the equation of the normal to the ellipse 3x? + 2y? = 5 is 2x + 3y = 1.

The equation of the ellipse is 3x* +2)* = 5.

s v

L. A |
(1e.) 5

2

) . axt b’
The equation of the normal at (x, y,) is — ———= a’-b.

X N

Therefore, the equation of the normal to the ellipse 3x* + 2y> =5is 2x + 3y = 1.

2 2
6. Find the condition that the line Ix+my+n=0 is a tangent to the ellipse sz + % =1
Solution:

Let the line be tangent at the point 6

xcos6 ysing

The equation of the tangent at 0 is — 1t 1 ... (1)
But the equation of the tangent is Ix+my=-n  ....... (2)
Equation (1) and (2) represents the same line.
. . cosf _ sinf _ -1
..Solving we get TRl
_—a
cosf = — 3)
ing = —2m
sinf = PR 4)
Squaring and adding (3) & (4), ar g
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a?l? + b>m? = n?, which is the required condition.

2 2
7. Find the condition that the line Ix+my+n=0 is normal to the ellipse — + 7> = 1

a

Solution:

Let the line be normal at the point 6

The equation of the normal at 0 is == — 2~ = g2 —pz . (1)
] ] cos@  sin6
But the equation of the nomral isIx + my=-n  ....... (2)

Equation (1) and (2) represents the same line.

~.Solving we get —— = m;’;g = aZ__an
cosf = % ....... 3)
sinf) = — (;f’jbz) ......... (4)
Squaring and adding (3) & (4), an’ bty

12 (aZ_bZ)Z m2 (az_bz)z

a?/1? + b?/m? = (a® — b?)?/n? which is the required
condition.

HYPERBOLA

Introduction

A hyperbola is defined as the locus of a point that moves in a plane such that its distance from a
fixed point is always e times (e > 1) its distance from a fixed line. The fixed point is called the
focus of the hyperbola. The fixed straight line is called the directrix and the constant e is called
the eccentricity of the hyperbola.

Standard equation

Let S be the focus and the line | be the directrix. Draw SX perpendicular to the directrix.
Divide SXinternally and externally in the ratioe : 1 (e > 1).
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SA SA’

Let A and A’ be the point of division. Since AX  and X the points A and
A'lie on the curve.

18
Let AA"=2a and C be its middle point. \ /ﬁ
Sd=e-AX = eeeen (D) X ooy

A c AlS N~
SA'=e-AX  eeeeens )
1B /

Adding equations (1) and (2), we get

b

SA + SA” = e(AX + A’X)
(CS—CA)+ (CS+ CA") = edA’
2CS=e-2a

s CS=ae

Subtracting equation (1) from equation (2), we get

SA” — S4 = e(A'X - AX)
A4’ =e 2CX
2a=e-2CX

a

X =—
Take CS as‘the x -axis and CY perpendicular to CX as the y- axis. Then, the coordinates of S
are (ae, 0). Let P(x, y) be any point on the curve.
Draw PM perpendicular to the directrix and PN perpendicular to x-axis. From the focus

SP
directrix property of hyperbola, PM “ SP2 =& . PM?

= (x—aep+)? =& NX2 = &(CN - CXY

‘ 2
=e | XxX——
€

x? = 2aex + a*é* + ) = e x* — 2aex + @*
Dividing by a® (e? — 1), we get 2(@-1)=p=a(e-1)
2 2

x y

a’ _az(ez -1) -

(¥
(¥

(i.e.) 28 y) =1 where P®=a? (e?- 1)
a- b
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This is called the standard equation of hyperbola.

Note :

The curve meets the x-axis at points (a, 0) and (—a, 0).

When x = 0, y2 = —a2. Therefore, the curve meets the y-axis only at imaginary
points, that is, there are no real points of intersection of the curve and y-axis.

If (x, y) is a point on the curve, (x, —y) and (—X, y) are also points on the curve. This
shows that the curve is symmetrical about both the axes.

For any value of y, there are two values of x; as y increases, x increases and when y —
o, X also — oo. The curve consists of two symmetrical branches, each extending to
infinity in both the directions.

AA' is called the transverse axis and its length is 2a.
BB’ is called the conjugate axis and its length is 2b.
A hyperbola in which a = b is called a rectangular hyperbola. Its equation is

2+b2
2 _ 2= 72 L e=y ) —=12.
X° —y*= a Its eccentricity is a

2b
The double ordinate through the focus S is called latus rectum and its length is a
There is a second focus S’ and a second directrix " to the hyperbola.

Equation of hyperbola in parametric form

(asec 6, b tan ) is a point on the hyperbola & b

-

y

3 =

X

for all values of 0, 0 is called a

parameter and is denoted by ‘@’. The parametric equations of hyperbolaare x =asec 4,y =b

tan 0.
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2
X
==

y?
.. —=1:
Standard results of the hyperbola whose equationis « 4

o (L
e Theequation of the tangent at (x1,y1) is @* b*

a’x by

e The equation of the normal at (x1,y1) is % M

e The equation of the chord of contact of tangents from (x1,y1) is a* b

XX, W

e Thepolarof (xiy1)is @> b

e The condition that the straight line y = mx + c is a tangent to the hyperbola
is c2 =a?2m?—b? and Va’m® —b* s the equation of a tangent.

e The equation of the chord of the hyperbola having (x1,y1) as the midpoint is

T o L O TR B B
a

e The equation of the [z)air,of tangents from (x1,y1) is T2 = SS1
(ie.) [ﬂ_&_l] =(£_£_1](i_"’lz _1]
a b a b a b

Parametric representation: x = a sec 6, y = b tan # is a point on the
hyperbola and this point is denoted by 6. @ is called a parameter of the
hyperbola.

. Ois Zsecod-Ltang =1.
o The equation of the tangent at R

] fis =+
o The equation of the normal at secd tand
o The circle described on the transverse axis as diameter is called the

auxiliary circle and its equation is x* + y* = a?.

by

=a +b.
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o The equation of the director circle (the locus of the point of intersection of
perpendicular tangents) is x> + y? = a-b?
Condition for tangency

To find the condition that the straight line y = mx + ¢ may be a tangent to the
hyperbola:
yZ

Let the equation of the hyperbola be Z—E -3 = 1 ... (1)

Let the equation of the straight line be y=mx+c¢ | (2)

Solving equations (1) and (2), we get their points of intersection; the x-coordinates of the
points of intersection are given by

ﬁ _ (mx+c)? -1

a? b2

= x2(b? —m?) — 2a’mcx — a?(b*> +¢c?) =0

If y = mx + c is a tangent to the hyperbola then the roots of the equations are normal
4a*m?c? + 4(b? — a*m?)a?(b* +c?) =0
2= a’?m? — b2

This is the required condition for the line y = mx + ¢ to be a tangent to the given hyperbola .

Note : The equation of any tangent to the hyperbola is given

y =mx + va*m? — b?

To find the equation of the tangent and normal at (x1y1)to the hyperbola
2 2
et

Solution:

The equation of the hyperbola is z—z I 1

b2
Differentiating with respect to X,
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2x 2_yd_y_0$d_y_b2x

a2 b2 dx dx azy
2
At (X1y1) , (Z—z) = sz,l (x — x;) = slope of the tangent at (x1,y1)
1

ble
e x) =y~ 3

The equation of the tangent at (x1,y1) is

b?xx; — a’yy; = b*x,* — a’y,?

2 2
Dividing by a?b?, = %_3% — %_% -1
The equation of the normal at (x1,y1)

2 2
CX LYY — g2 4 b2 [to derive this refer ellipse]

X1 Y1

Solved Examples

1. Find the equation of the hyperbola whose focus is (2, 2), eccentricity= 3/2 and directrix
x—4y=1
Solution

Focus is (2,2) , e = 3/2 and directrix 3x —4y = 1. Let P (x, y) be any point on the hyperbola.

—gi;:e or SP?*=¢&’PM?
; 9(3x—4y—1Y
=D+ (p=2P = ————
(x=2)"+(y-2) 4( 5 ]

=100 -4x+4+y*-4y+4)=9 (%% + 16y + | — 24xy — 6x + 8y)
Hence, the equation of the hyperbola is 19x? + 216xy — 44y — 346x — 472y — 791 =0

2. Find the equation of the hyperbola whose foci are (6, 4) and (—4, 4) and eccentricity =2

Solution

Sis (6, 4) and S’ (-4, 4), and C is the midpoint of SS’
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- Cis(1,4) s . & . %
Hence, the equatioly eftthel RypaBoolasSis ae = 2a. (-4,4)" (1,4 (6, 4)
) 5 2a=5 or a= —5—
(x-1)°" (y-4) _ | 2
25 5 =az((’2—1)=éx3=E
4 4 4 4 5 > X
4x-1° 4(y-4) _1
25 75

3. Find the equation of the ?yperbola whose center is (—3, 2), one end of the transverse axis is
(-3, 4) and eccentricity is 2

Solution

Centre is (-3, 4)

Ais(-3,4) .~ A"is(-3,6);a=2

b*=a’(e’ -1)= 4(2—1) =21

/

Hence, the equation of the hyperbola is

-2 G+3* _,
4 21  (since the line parallel to y-axis is the transverse axis)

Vi +4-4y _x2 +9+ 6x -1
4 21
—Ax?—-36-24x+21)"+ 84 -84y =84
42 -217 + 24x+ 84y + 36=0
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4. Find the equation of the hyperbola whose centre is (1, 0), one focus is (6, 0), and length of
transverse axis is 6.

Solution
2a=6..a=3

2 2, 2 " 5
b* =a‘(e‘—l)=9(%—])= 16

ae=5 ..e=

L |

vl

(x-=12%
. =1
Hence, the equation of the hyperbolais 9 16  (i.e.) 16x2 —9y2 — 32x — 128 = 0.

5. Find the equation of the hyperbola whose centre is (3, 2), one focus is (5, 2) and one vertex is
(4, 2).

Solution
Cis(3,2),Ais(4,2)and Sis (5, 2).
Hence, CA = land the transverse axis is parallel to x-axis.
a=1
Alsoae =2.Sincea=1ande=2,b2=a2(e2—-1)=1(4—1)=3. Hence, the

(x=3° (=27 _

— 1
equation of the hyperbolais 1 3

3 - 18 +27 -y +4y-4=3

W - =18 +4y+20=0
6. Find the equation of the hyperbola whose centre is (6, 2), one focus is (4, 2) and e = 2.
Solution

Transverse axis is parallel to x-axis and CS = 2 units in magnitude.

ae=2 ..a=1

P=a(@-1)=1@4-1)=3
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(x-6 (y-2)" _

. . 1.
Hence, the equation of the hyperbola is 1 3

7. Find the centre, foci and eccentricity of 12x> — 4y> — 24x + 32y — 127 =0

Solution
(12x2 = 24x) — (7 -32y) - 127=0
12(x*-2x)-4(»-8y)-127=0
12(x=1)=-12-4(y—-4P+64-127=0

12(x=1P2-4(y—4y3=75

(=17 (=47 _

CHEN

Hence, centre is (1, 4).

L YL
a —a.b = 4
b =a’(e’ -1)
75 I5a
R L s P
2 12
12
=e -1=—=3
4

Hence, the foci are (6, 4) and (—4, 4). 2)5 z
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UNIT-4

ASYMPTOTES
Introduction

An asymptote of a hyperbola is a straight line that touches the hyperbola at infinity but does not
lie altogether at infinity.

Conjugate hyperbola

The foci are S(ae, 0) and S'(—ae, 0) and the equations of the directrices are x = ig . By the
symmetry of the hyperbola, if we take the transverse axis as the y-axis and the conjugate axis as

¥ X kD
x-axis, then the equation of the hyperbolais * @ b

This hyperbola is called the conjugate hyperbola. Here, the coordinates of the foci are S(0, be)
and S’ (0, —be). The equations of the directrices

b
are x = i; AY
The length of the transverse axis is 2b.
The length of the conjugate axis is 2a. = > X
The length of the latus rectum is 5 /_s"\

Equations of asymptotes of the hyperbola

———=1
Let the equation of the hyperbolabe a® 5 . Lety = mx + c be an asymptote of the
hyperbola. Solving these two equations, we get their points of intersection. The x
coordinates of the points of intersection are given by

¥ (mx + C):

b

a b*

(ie) bx —=a (mx+c) =ab’

(i.e.) .\':(h: —a'm’ )—lmcuz.\' & (B +c )=10
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If y = mx + c is an asymptote, then the roots of the above equation are infinite. The
conditions for these are the coefficient of x2 = 0 and the coefficient of x = 0, b’ —a?m? and
mca’ = 0.

(1e.) m= i-ll andc=0
a
The equations of the asymptotes are y = + Zx

(1.e.) X X_oand 24¥ =0
a b a

2

2 2
The combined equation of the asymptotes is z— — i—z =0

Note:

x2 y2

2 2
e The asymptotes of the conjugate hyperbola Z—z — 3;—2 = —1 are also given by el 0

Therefore, the hyperbola and the conjugate hyperbola have the same asymptotes.
x2 y2
-2 —-1=0
b2

2 2

A=
e The equation of the asymptotes is @~ b

e The equation of the hyperbola is H:

a?
X

e The equation of the conjugate hyperbola is
e The equation of the asymptotes differs from that of the hyperbola by a constant and the
equation of the conjugate hyperbola differs from that of the asymptotes by the same
constant term. This result holds good even when the equations of the hyperbola and its
asymptotes are in the most general form.
e The asymptotes pass through the %entre (0,0) of the hyperbola.
-b

e The slopes of the asymptotes are aand a

e Hence, they are equally inclined to the coordinate axes, which are the transverse
and conjugate axes.
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Angle between the asymptotes

Let 26 be the angle between the asymptotes. Then,

m=tanf =— yA
a
b* a*+b
sec’@=1 +tan20=1+—2-= 5 = ¢* c f
a a > X
s.secO=e e

Hence, the angle between the asymptotes is 2sec—1(e).

Solved problems

1. Find the equation of the asymptotes of the hyperbola 3x2 — 5xy —2y2 + 17x +y + 14 =
0

Solution

The combined equation of the asymptotes should differ from that of the hyperbola only by
a constant term.

The combined equation of the asymptotes is

3x?=5xy—-2y* +17x+y+k =0
3x* —5xy—2y* =3x? —6xp+xy—2)*
=3x(x -2y)+ y(x-2y)
=(3x+y)(x-2y)

Hence, the asymptotes are 3x +y +I=0and x —2y + m=0.
Gx+y+D(x=2y+m)=3x> =5 =2y’ +1Tx+ y+k

Equating the coefficients of the terms x and y and the constant terms, we get
[+3m=17

2l+m=1

Solving these two equations, we get | =2 and m = 5.
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Im=k.

..k =10. The combined equation of the asymptotes is (3x +y + 2) (x — 2y + 5)=0.

2. Find the equations of the asymptotes and the conjugate hyperbola given that the hyperbola
has eccentricity J2, focus at the origin and the directrix along x +y + 1 = 0.

Solution

From the focus directrix property, the equation of the hyperbola is

: x+y+1Y
X1 +y2=2 .
' ( V2 ]

(ie.) 2xy+2x+2y+1=0

The combined equation of the asymptotes is 2xy + 2x + 2y + k =0,
where Kk is a constant. Let the asymptotes be 2x + |=0andy + m=0. Then,

2xy+2x+2y+k = 2x+1)(y+m)
Equating like terms, we get 2m = 2. . m = 1. Similarly, | =2. As Im =k, we get k = 2.
Therefore, the asymptotes of the combined equation of the asymptotes is 2xy + 2x + 2y + 2
=0.
The equation of the asymptotes of the conjugate hyperbola should differ by the same constant.
The equation of the asymptotes of the conjugate hyperbolais 2xy + 2x +2y + 1 =0

Conjugate diameters

Two diameters are said to be conjugate if each bisects chords parallel to the other. The

2

mm’ = —.
condition of the diameters y = mx and y = m'x to be conjugate diameters is a*

Note: These diameters are also conjugate diameters of the conjugate hyperbola

2 _ ; _b2 _ b2
mpr i i —1 since Epr il
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3. Prove that the parallelogram formed by the tangents at the extremities of conjugate
diameters of hyperbola has its vertices lying on the asymptotes and is of constant area.
Proof

Let P and D be points (a sec ¢, b tan #) and (a tan #, b sec 8) on the hyperbola and its
conjugate.

Then D'and P'are (—atan 6, —b sec 0) and (—a sec 6, —b tan 0),
respectively. D

The equations of the asymptotes are

p’

X y X vy
a b = a b

o
The equations of the tangents at P, P', D, D' are / \

xsecf ytanf _

_ | 1
- = (1
_xsec:0 . ytan@ e 2)
a b
piand ymot .4 3)
a b
X tan6’+ .vsec6=_] ........ 4)

a b

Clearly the tangents at P and P’ are parallel and also the tangents at D and D' are
parallel. Solving (1) and (3) we get the coordinates of D are [a(sec € + tan 6), b[sec 9 +
tan 6)].

X y

This lies on the asymptote a b

Similarly the other points of intersection also lie on the asymptotes. The equations of PCP’and
DCD'are btan @

) —

asecl » (5)

bsec@
= X (6)

Y= :
atan@
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Lines are parallel (4), (5), (6) and also the lines (1), (2), (3) are parallel.
Therefore, area of parallelogram ABCD = 4 area of parallelogram CPAD.

= 4CP (Perpendicular from C on 4D)

1
tan’@ sec’ @
aZ + b2

= 4\/(12 sec’ @+ b’ tan’ 8.

=4 ab which is a constant.

4. Find the condition that the pair of lines Ax? + 2Hxy + By? = 0 to be conjugate

2 2

X Vv

— ==,
diameters of the hyperbola a*

bz
Solution

Let the two straight lines represented by Ax2 + 2Hxy + By2 =0 be y = m1x and
y =m2x. Then

m+m, = —% and mm, = E ...... (1)

If these lines are the conjugate diameters of the hyperbola then

2

mmy=— L ©)

a

From (1) and (2)

or a*4 = b*B.
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RECTANGULAR HYPERBOLA

If in a hyperbola the length of the semi-transverse axis is equal to the length of the semi-

conjugate axis, then the hyperbola is said to be a rectangle hyperbola.
Equation of rectangular hyperbola with reference to asymptotes as axes

In a rectangular hyperbola, the asymptotes are perpendicular to each other. Since the axes of
coordinates are also perpendicular to each other, we can take the asymptotes as the x- and y-
axes.

Then the equations of the asymptotes are x = 0 and y = 0. The combined equation of the
asymptotes is xy = 0. y

The equation of the hyperbola will differ from that of A
asymptotes only by a constant. Hence, the equation of the rectangular
hyperbola is xy = k where k is a constant to be determined. Let AA’ be the A

transverse axis and its length be 2a. Then, AC = CA’ = a. ¢l L
Draw AL perpendicular to x-axis. Since the asymptotes bisect the A’
angle between the axes, [4CL = 45°.

CL=CA4cosd45° = L and AL = CAsin45° = .

V2 V2
[i L]
The coordinates of A are \2/5 V2 | since it lies on the rectangular

a
—=k .
hyperbola xy = k, we get 2 Hence, the equation of the rectangular

2 2
hyperbola is xy = a? or xy = c” where ¢2 = a?

Note: The parametric equations of the rectangular hyperbola xy = ¢? are x=
ctandy :%
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Equations Of Tangent And Normal At (x1, y1) On the Rectangular Hyperbola xy =¢?

The equation of rectangular hyperbola is xy = c?.
Differentiating with respect to x, we get

rﬁ+v=0

dx
=)
dx  x

— v K
=—2L = slope of the tangent at(x,, »,).
X,

at(x1.n)

The equation of the tangent at (x1,y1) is

_}.'l
V - --vl = (x _xl )
xl
== xl}" o xl -Vl = —-le + .\'l _}"l

= yx+xy=2xy

ie) yx+xy=2 .
Qe Fartd) Since x1y1 = ¢?

The slope of the normal at (x1, y1) is ?
1

X
The equation of the normal at (X1, y1) is V=¥ = ‘—,l(-"-x.)
J1

2

B
YN =Y = XX —X,

2

: T DN
(re.)) xx,—w,=x"-y

Equation of Tangent and Normal at (ct, ¢/t) on the Rectangular Hyperbola xy = ¢?

The equation of the rectangular hyperbola is xy = c®. Differentiating with respect to x, we get

xﬂ+ y=0
dx

dcx x
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ct,— |= ct,—
t

e -
dx ) t* slope of the tangentat \

C
The equation of the tangent at (ct, c/t) is "V_T= 72—(-Y —ct)
(le) yt'—ct=—-x+ct or x+yt° =2ct
The slope of the normal at ‘t” is —t.

The equation of the normal at ‘t’ is

C 2
_,v—?= —t"(x—ct)

c
y—? =—xt’+ct’

Dividing by t, we get

Yo e 2 X , |
—-——2-=—xt+cr or xt——=c|t e
t t t t

Prove that any two conjugate diameters of a rectangular hyperbola are equally
inclined to the asymptotes.

Proof: Let the equation of the rectangular hyperbola be x> — y? = a?. The

equation of the asymptotes is x* —y?= 0. Let y = mx and y=(1/m)x be a pair of conjugate
diameters of the rectangular hyperbola x’— y? = a2. Then, the combined equation of the
conjugate diameters is (y —mx)(x —my)=0

(ie)) mx?—(m*+xy+m? =0

The combined equation of the bisectors of the angles between these two lines is

2 2 e ) .
X __1’ - '\’.‘ (l.e.) x_;_.)l‘z ___0

0 L(m* +1)

which is the combined equation of the asymptotes. Therefore, the asymptotes bisect the angle
between the conjugate diameter.
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Important results on Rectangular Hyperbola

e The equation of the normal at (x1, y1) is G “INEH TN

e The equation of the pair of tangents from (x1, y1) is (xy1 + yx1 — 2¢%)? = 4(xy
—¢%)(x1y1—C?).

e The equations of the chord having (xi, y1) as its midpoint is xyl + yx1 = 2x1y1.

e The equation of the chord of contact from (x1, y1) is xyl + yx1 = 2c2.

e The equation of the tangent at (x1, y1) on the rectangular

1 o,
e hyperbola xy =c? is ;(x.v‘] +x;)=c".

Solved problems

1. If the normal to the rectangular hyperbola xy = c2 at the point t as it intersect the
rectangular hyperbola at t1 then show that t3t1 = —1.

Solution {
Y : |
. ] xt——=c|t e P(f)
The equation of the normal at t is { t
0

The equation of the chord joining the points t and t1 is x +y t t1 = c(t + t1).

These two equations represent the same straight line. Identifying them, we get

| c(rz-i,)
t =t = £~

I c(t+t,)

~1
.'.t=2— Orflfl =1
2t

2.Prove that tangents at the extremities of a pair of Conjugate Diameters of an ellipse encloses a
parallelogram whose area is constant

Proof:
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Let PCP’ a aco'Sk—HiJ. bsml—+0J I diameters. Let P be the point (a cos#, b sind). Then D
is the point 2 2

(i.e.) (-asind, b cosb). £l P |E

£c050+lsin0= l.

The equation of the tangent at P is a b DI/ ° D’
—bcos@ K J

The slope of the tangent at P is asin@ The

—bcosf
slope of CD is asin@

Since the two slopes are equal, the tangents at P is parallel to DCD'. Similarly, we can show that
the tangent at P’ is parallel to DCD'. Therefore, the tangent at P and P’ are parallel. Similarly,
the tangent D and D’ are parallel. Hence, the tangents at P, P, D, D' from a parallelogram
EFGH.

The area of the parallelogram EFGH

=4 x Area of parallelogram CPFD
=4 x 2 area of ACPD = 8 area of ACPD

=8 x%[a cos@(bcosf)—asinB(—bsind)]

= 4ab(cos’ @ +sin’ )

= 4ab which 1s a constant.
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UNIT-5
POLAR EQUATION OF A CONIC
Introduction

Earlier we defined parabola, ellipse and hyperbola in terms of focus directrix. Now let us
show that it is possible to give a more unified treatment of all these three types of conic
using polar coordinates. Furthermore, if we place the focus at the origin then a conic
section has simple polar equation.

Let S be a fixed point (called the focus) and XM, a fixed straight line (called the directrix) in a
plane. Let e be a fixed positive number (called the eccentricity). Then the set of all points P in

the plane such that % = e is called a conic section. The conic is (1) an ellipse if e < 1,

(if) aparabolaife=1  (iii) ahyperbolaife > 1.
Polar equation of a conic

Let S be focus and XM be the directrix. Draw SX perpendicular to the directrix. Let S be the
pole and SX be the initial line. Let P(r, 0) be any point on the conic; then SP =r, £ZXSP = 0.
Draw PMperpendicular to the directrix and PN perpendicular to the initial line.

Let LSL' be the double ordinate through the focus (latus rectum). The focus
directrix property is ~ SP

fem Sl LY
PM =3 P @
(ie.) SP=ePM r
=eNX (2
S N A lx
=e(SX —=SN)
o) el g=roud
(e.) r=e|——rcos@ L’
5 L

r=I—ercos@
r(l+ecos@)=1

!
or —=l+ecosé
=

This is the required polar equation of the conic.
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Note : If the axis of the conic is inclined at an angle « to the initial line then the polar equation
of conic is% =1+ ecos (6-a)

To trace the conic, l=1+ecoso
r P(r, 6)
cos 4 is a periodic function of period 2. %

Therefore, to trace the conic it is enough if we consider the variation of 6 from —z to z. Since
cos(—0) = cos 4 the curve is symmetrical about the initial line. Hence it is enough if we study the
variation ofé from 0 to z. Let us discuss the various cases for different values of 6.

Case 1: Let e = 0. In this case, the conic becomes r = | which is a circle of radius | with its
centre at the pole.

Case 2: Let e = 1. In this case, the equation of the conic becomes % =1+4+ecosBorr=
1
1+ecosB

1

varies from 1/2 to oo.
1+cos O

When 0 varies from 0 to 7, 1 + cos 0 varies from 2 to 0 and

The conic in this case is a parabola and is shown below.

. r=1/1+ecos 0

Case 3: Lete< 1.

As 0 varies from 0 to 7, 1 + e cos & decreases from 1 + e to 1—e.

. l l
r increases from — to—
1+e 1-e
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The curve is clearly closed and is symmetrical about the initial line.The conic is an ellipse.

S Al x
/L.o"
o 11+e |

As 6 varies from 0 to g 1 + e cos 6 decreases from (1 +¢) to 1 and

Li+e’

'- | ﬂ-‘ /
| K
Case 4: Lete > 1.

hence r increases from 1+e to I.

As 0 varies from g tom, 1 + e cos 0 decreases from 1 to (1 — €). Therefore, there exists an

angle a such that §< o <mat which 1 +ecos 0> 0. (i.e.) cosa > _?1

. s . .
Hence, as 6 varies from 5 to a, r increases from 1 to oo. As 0 varies fromatom, 1 +e¢

. . . . 1
cos O remains negative and varies from 0 to (1 — e). r varies from to — oo to P

The conic is shown above and is a hyperbola.
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Equation of Chord Joining the Points whose Vectorial Angles are a and « + # on the Conic

Let the equation of the conic be % =1+ecos 6. Q

Let the equation of the chord PQ be% = A cosO + B cos (6 — ).

This chord passes through the point (SP, a — f) and (SQ, a + f). S
st =Acos(a- B)+Bcosf ....(1)
%:ACOS((X— B)+BcospB ...... (2)

Also these two points lie on the conic % =1+ecos 6,

1

—_— 14+ecos(a-pL)....3)

$=1+ecos(a+,8) ....... 4)

From equations 1 and 3, we get

Acos (@ — )+ Bcos f=1+ecos (a - J) )
From equation 2 and 4, we get

Acos (a+ )+ Bcosf=1+ecos (a+ )
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Subtracting, we get

Alcos(a — ) —cos(a + B)] = e[cos(a — ) —cos(a + )]
A=e
From equation (5) we get

ecos(a — f)+ Beos B =1+ecos(a— f)

Becosff=1 (ie) B=secf

The equation of the chord PQ is % =ecos0O +secf3 cos (0 —a)

1. Find the quation of the tangent at the point whose vectorial angle is « on the conic
% =1+ecos 0O

Sol:

The equation of the chord joining the points with vectorial angles o and o + S is% =ecos0 +
secf3 cos (6 —a)

This chord becomes the tangent at « if f = 0.
The equation of tangent at o is% =1+4+ecosO+cos(0—a).
Equation of normal at the point whose vectorial angle is a on the conic

The equation of the conic is% =1+4+ecos 6

The equation of tangent at « on the

e

ConiC%=1+ecos 6is%=ecos€+cos(6—a) /
The equation of the line perpendicular to this tangent

is E=ecos(6+z)+cos(6+z—a).
r 2 2

i.e gz —esin® —sin (0 — a)
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If this perpendicular line is normal at P, then it passes through the point (SP, «).

P =—esin@ ork=-SP-esina

S (D)

Since the point (SP, «) also lies on the conic% =1+ e cos 6 we have

/
—=l+ecosa
SP
sp=— 1
l+ecosax
. lesna
From equation (1), we get I+ecosax.

Hence, the equation of the normal at «

1 lesina . i
——&=—esm9—sm(9—a)
ril+ecosa

) | lesina . ,

(Le.) ———— =esinf+sin(f—-«a)
ril+ecosa

Asymptotes of the conic is % =1+ecosO (e >1)
The equation of the conic is% =1+4+ecosO (e >1)...(2)

The equation of the tangent at o is% =ecosO+cos(0—a)...03)

This tangent becomes an asymptote if the point of contact is at infinity, that is, the polar
coordinates of the point of contact are (e, ). Since this point has to satisfy the equation of the
conic (2)we have from equation (2),

O=1+ecosBorcosa =1/e...(4)


https://www.safaribooksonline.com/library/view/analytical-geometry/9789332524361/xhtml/chapter009.xhtml#img-132
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. . i=(e+cosa‘)cos¢9+sinafsim9.
The equation(3)can be written as r

Substituting cos @ = 1/e and cos = + /1 — iz , We get the equation of the
e

/ 1 f
asymptotes as :=(e—;)cos€i l——e—2s1n€.

I ed=] \[ez—l

(ie) == cos@ + siné
e e
I | |
—= cos@+ sin@
r e [ ver -1 ]

2. Show that the polar of a point with respect to a conic is defined as the locus of the point of
intersection of tangents at the extremities of a variable chord passing through the point P(r1, 01) is

giVen by (i._ecosa)[—l-—ecosal]=COS(0“9|)-

r N
Proof:

Let the tangents at Q and R intersect T. Since QR is the chord of contact of tangents from
T (R, ¢), its equation is

(é—ecose][%—ecosqb):cos(0—¢) ______ (A) '

r
Since this passes through the point P(r1, 61) we have

{’—{‘——ecosal ][‘%*ecoseﬁ]: cos(6, —@) -----(B)

Now the locus of the point T(R, ¢) is polar of the (r1, 01).

h

/ /
The polar of (r1, 81). from equation B is (;—00059](——60089l ] = cos(f -6,).


https://www.safaribooksonline.com/library/view/analytical-geometry/9789332524361/xhtml/chapter009.xhtml#img-154
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3. Find the condition that the straight Iine% = Acos 0 + B sin 6 may be a tangent to the conic

% =1+4+ecosb

Solution

P(r, @)

Let the line % = A cos 6 + B sin 0 touches the conic at the point (r, a).

Then the equation of tangent at (, a) is

i=ec050+cos(0—-(:1’) ------ (5)
%
: ! : :
(ie.) —=(e+cosa)cos@+sinasiné ....(6)
=

However, the equation of tangent is given as

L'=Acos€+Bsin9 )

r
Equation 6 and 7 represent the same line.

Identifying equations 6 & 7, we get

A=e+cosa (or)A—e=cosa

B=sinaa
Squaring and adding, we get (4 — e)* +B? =1

This is the required condition.

4.Show that the locus of the point of intersection of tangents at the extremities of a
variable focal chord is the corresponding directrix.

Solution

Let the equation of the conic be% =1+ ecosB
The equation of tangent at  is % =1+ecosB+ cos (06— )

The equation of tangent at o + 7 is % =1+ecosO+ cos(B—a+m)

11_‘= ecosf —cos(f - a)
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Let (r1, 61) be the point of intersection of these two tangents. Then,

%: ecosé, +cos(b, —a)

1
L: gcosel —(:08(9l -o)
h

Adding these two equations, we get
21 _,

==2ecos6, or 4o ecosé,
r r

Therefore, the locus is the corresponding directrix % =ecosH

5. Show that the locus of the point of intersection of perpendicular tangents to a conic is a circle
or a straight line.

Solution
Let the equation of the conic be% =1+ecosO....... (1)

Let P and Q be the points on the conic whose vectorial angles are a and . The equations of
tangents at P and Q are

T P
-
_ ar
%=ecost9+cos(€—a) e(2)
? S—— cos@-p) 3)

~

Let (rl, 01) be the point of intersection of tangents at P and Q. Then
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/ (D)

—=ecosf tcos(f, —)

~
oy, |

%=ecos€,+cos(_¢9, -5 on(5)
1
From equations 4 and 5 we get

cos (6, —a)=(6,-p)

6, -a =16 -p)
a=pfor 6, = #
But a = f is not possible. =2l
cosa_ﬂ _l—ecos@
From equation 4, we get - h

Expanding equations 1 and 2, we get

-1—— (e+cosa@)cos@+sinasin@

~

L: (e+cos f)cos@+sin fsiné

~

Since these two lines are perpendicular, we have

(e+cosa)(e+cos f)+sinasin f=0

(i.e.) €* +e(cosa +cos ) +cos(a — f) =

e? +e(2<:osaz’8co azﬂ)+2cosz—ﬂ—l=0

a+p a-pf
Substituting for 2 and 2 ,weget,
e’ +2ecosf, (L—ecosa ]+2(L‘—ecosel] -1=0

n h

2el *050+21’ 0

n n

(1—e*? +2el, cos6, -2 =0

(e —1)-

Therefore, the locus of (r1,61) is (1 — e?)r?+ 2elr cos § — 2I° = 0.
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