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UNIT 1 MATRICES

RANK OF A MATRIX

Let A be any matrix of order mxn.The determinants of the sub square matrices of A are
called the minors of A. If all the minors of order (r+1) are zero but there is at least one non
zero minor of order r, then r is called the rank of A and is written as R(A). For an mxn matrix,

» |f mis less than n then the maximum rank of the matrix is m
» |f mis greater than n then the maximum rank of the matrix is n.

The rank of a matrix would be zero only if the matrix had no non-zero elements. If a matrix
had even one non-zero element, its minimum rank would be one.

Example
1 2 3
1. Find therankof A=|1 4 2
2 6 5

|A| = 1(20-12) -2(5-4) +3(6-8) = 0
Hence R(A) < 3.

2
Let the second order minor 4 =2 20
R(A)=2.
1 -1 -2 -4
] 2 -1 -1
2. Find the Rank of B =
3 1 3 =2
6 0o -7
1 -1 -2 -4
0 5 3 7
= R2=R2—-2R1, R3= R3 - 3R1, Rs= R4 — 6R1
0 4 9 10
0O 9 12 17




o O O -

o O O -

o O O -

R2= 1/5R2, R3= R3, R4= R4

R3= R3-4R2, Ra= R4-9 R>

R4= R4- R3

The number of Nonzero Rows is 3.Hence R(B)=3.

3. Find the Rank of the Matrix A =

The number of Nonzero Rows is 3.

Find the Rank of the Matrix A =

2
1
4

o O B+

-2 1
4 -1
6 -3
1 4 -1
2 —2 1 Ri= Rz, R2= Rl
4 6 -3
1 4 -1
0 —10 3 R2= R2-2 Rl ,R3 = R3 -4 Rl
0 -10 1
1 4 -1
0 -10 3 | Rs=RsR:
0O 0 -2

N N O

Hence R(A)=3.

2 1
4 2
2 1
2 1
4 2 Rs = R3- R>
-2 -1



The number of Nonzero Rows is 3. Hence R(A)=3.

5. Find the Rank of the Matrix B =

O O -
N DN O
[l G IR S

o
E- N \)

A possible minor of least order is whose determinant is non zero.

o
N N O
N

Hence it is possible to find a nonzero minor of order 3.

Hence R(B)=3.

CONSISTENCY OF LINEAR ALGEBRAIC EQUATION

A general set of m linear equations and n unknowns,

A Xy A X, +oeeeee +a,,X, =C
8.21X1 + a.ZZX2 +oeeeens + aZan = 02
A, X +8 X, +enes +a, X =C.

can be rewritten in the matrix form as

all a12 ' ' aln Xl Cl
a21 a22 ' ' a2n X2 C2
_aml amZ amn _Xn_ _Cm_

Denoting the matrices by A, X, and C, the system of equation is, AX = C where A is called
the coefficient matrix, C is called the right hand side vector and X is called the solution
vector. Sometimes AX=C systems of equations are written in the augmented form. That is



C
8 8p e 8y, "
C
8y By e a,, C2
[A:C] =] :
Ay, By e Byt

Rouche’sTheorem

1. A system of equations AX =C is consistent if the rank of A is equal to the rank of the
augmented matrix (A:C). If in addition, the rank of the coefficient matrix A is same as the

number of unknowns, then the solution is unique; if the rank of the coefficient matrix A is less
than the number of unknowns, then infinite solutions exist.

2. A system of equations AX=C is inconsistent if the rank of A is not equal to the rank of the
augmented matrix (A:C).

[Al [X] = [B]
|
[ |
Consistent System if Inconsistent System if
rank (A) = rank (A.B) rank (A) < rank (A.B)
[
[ |
Unique solution if Infinite solutions if
rank (A) = number of unknowns rank (A) < number of unknowns

Problems
1. Check whether the following system of equations
25X1 +5X2+X3 = 106.8
64X1 +8X2+X3 = 177.2

89x1 +13x,+2Xx3 = 280 is consistent or inconsistent.

Solution
The augmented matrix is

25 5 1 :106.8
[A:B]=|64 8 1 :1772
89 13 2 :280.0

To find the rank of the augmented matrix consider a square sub matrix of order 3x 3 as

5 1 106.8
8 1 177.2 | whose determinantis 12. Hence R[A:B]is 3.
13 2 280.0



So the rank of the augmented matrix is 3 but the rank of the coefficient matrix [A] is 2

as the Determinant of A is zero. Hence R[ A: B] # R [A].Hence the system is
inconsistent.

2. Check the consistency of the system of linear equations and discuss the nature
of the solution?
X;+2x5 +x5 =12
3xp+x; —2x3 =1
dx, —3x5 —x3=3

EI] +4I2 +2X3 =4

Solution
The augmented matrix is
1 2 1 2
3 1 -21
[A:B]=
4 -3 -1 3
2 4 2 4
[A: B]is reduced by elementary row transformations to an upper triangular matrix
1 2 1 2
0 -5 -5 -5

= 0 11 5 =& R2=R2-3R1, Rs=R3-4R:, Ri= Rs- 2R;

0 0 0 O

1 2 1 2

0 1 1

= R.=R2/ -5
0 -11 -5 -5

0 0 0 O

1 2 1 2
Jottd Rs=Rs +11 R;
0 06 6

0000

Here R [A: B]=R[A] =3.Hence the system is consistent. Also R[A] is equal to the

number of unknowns. Hence the system has an unique solution.

3. Check whether the following system of equations is a consistent system of

equations. Is the solution unique or does it have infinite solutions



J:'l +2.1-2 - 3.T3 _4_1_4 - {:.'
X+ 3.'-'['2 + X3 —2}{'4 =4

Solution
The given system has the augmented matrix given by

12 -3 -4 6
[A:B]=|1 3 1 -2 4
2 5 -2 -5 10

[A: B]is reduced by elementary row transformations to an upper triangular matrix
1 2 -3 -4 6|
=10 1 4 2 —-2|R:=R>Ri,R3=R3-2R;
01 4 3 -2

1 2 -3 -4 6|
= O 1 4 2 —2 R3:R3—R2
00 0 1 O

Aand [A: B]are each of rank r = 3, the given system is consistent but R[A] is not
equal to the number of unknowns. Hence the system does not has a unique solution.

4. Check whether the following system of equations
3X=2y+32=8
X +3 y+6z = =3
2X+ 6y+12z = -6
is a consistent system of equations and hence solve them.

Solution
Let the augmented matrix of the system be
3 -2 3 8
[ABl= (1 3 6 -3
12 6 12 -6
1 3 6 -3]
=13 -2 3 8 Ri=R: R=R;
2 6 12 -6
1 3 6 -3]
= (0 11 15 -17| R,;=R:-3R:,R3=R3-2R;
00 0 O

R[A:B] = R[A] = 2.Therefore the system is consistent and posses solution but rank is not



equal to the number of unknowns which is 3.Hence the system has infinite solution. From
the upper triangular matrix we have the reduced system of equations given by

X +3 y+6z = -3 ; 11y+15z = -17 .
By assuming a value for y we have one set of values for z and x.For example when y=3,
z = —10/3 and x = 8.Similarly by choosing a value for z the corresponding y and x can be
calculated. Hence the system has infinite number of solutions.

5. Check whether the following system of equations
X+y +z2=6
3x=-2y+4z=9
X=y=z=0
Is a consistent system of equations and hence solve them.

Solution
Let the augmented matrix of the system be
1 1 1 6

-2 4 9
-1 -1 0
1 1 6

[A:B]

3

1

1

0 -5 1 -9| Ry=Rr3Ri,Rs=Rs—R;
0 -2 -2 -6

1 1 1 6

0 1 -1/5 9/5| Ry=Ry/-5

0 -2 -2 -6

11 1 6
=10 1 —]/5 9/5 R: = R3+2 R,
0 0 -12/5 -12/5

Hence R[A B] =R[A] =3 which is equal to the number of unknowns. Hence the system is
consistent with unique solution. Now the system of equations takes the form

X+y +z=6; y-z/5=9/5; —12/5z = —-12/5.
Hence z =1. Substituting z = 1 in y-z/5 =9/5 we have y-1/5 = 9/5 or y = 1/5+9/5 = 10/5.

Hence y =2. Substituting the values of y,z in x+y + z = 6 we have x= 3. Hence the system
has the unique solution as x= 3,y =2, z =1.

CHARACTERISTIC EQUATION

The equation |4 — AI| = 0 is called the characteristic equation of the matrix A
Note:

1. Solving |4— Al| =0, we get n roots for 4 and these roots are called characteristic
roots or eigen values or latent values of the matrix A

2. Corresponding to each value of 4, the equation AX = AX has a non-zero solution
vector X



If X,. be the non-zero vector satisfying AX = 41X, whend = 4,.,, X, is said to be the
latent vector or eigen vector of a matrix A corresponding to 4,

Working rule to find characteristic equation:

For a 3 x 3 matrix:

Method 1:
The characteristic equation is |4 — AI| =0
Method 2:

Its characteristic equation can be written as 1* — 5,4 + 5,4 — 53 = 0 where S; = sum
of the main diagonal elements, S> = sum of the minors of the main diagonal elements,
Ss = Determinant of A = |A|

For a 2 x 2 matrix:

Method 1:

The characteristic equation is [4— AIl =0

Method 2:

Its characteristic equation can be written as 4> — 5;4 + 5, = 0 where S; = sum of the

main diagonal elements, S, = Determinant of A = |A|

8 -6 2
1. Find the characteristic equation of (—6 7 —4)
2 —4 3

Solution: Its characteristic equation is A% — 5,17 + 5,4 — 53 = 0,

where S; = sum of the main diagonal elements =8 + 7 + 3 = 18,

S, = sum of the minors of the main diagonal elements=45
Ss = Determinant of A = |A|=0
Therefore, the characteristic equation is A% — 1847 + 454 = 0.

2. Find the characteristic equation of (_31 ;)

Solution: Let A= (_31 %)

The characteristic equationl of A is 12 — §;1+ 5,.5; = sumofthemaindiagonalelements = 3
+2=5and 5; = Determinantofd = |A|=3(2)-1(-1) =7



Therefore, the characteristic equation is A — 54 + 7 =0.

EIGEN VALUES AND EIGEN VECTORS OF A REAL MATRIX

Working rule to find Eigen values and Eigen vectors:

1. Find the characteristic equation |4 — Al| = 0

Solve the characteristic equation to get characteristic roots. They are called Eigen
values

3. To find the Eigen vectors, solve [4 — AIlX = 0 for different values of 4
Note:

1. Corresponding to n distinct Eigen values, we get n independent Eigen vectors

2. If 2 or more Eigen values are equal, it may or may not be possible to get linearly
independent Eigen vectors corresponding to the repeated Eigen values

3. If X; is a solution for an Eigen valued;, then cX; is also a solution, where c is an

arbitrary constant. Thus, the Eigen vector corresponding to an Eigen value is not
unique but may be any one of the vectors cX;

Problems

1. Find the eigen values and eigen vectors of the matrix (; 1 )

Solution: Let A= G _11) which is a non-symmetric matrix

To find the characteristic equation:

The characteristic equation of A is A2 — 5,1+ 5, = 0 where
51 = sumofthemaindiagonalelements =1 -1 =0,
5, = DeterminantofA = |A|=1(-1)-1(3)=-4
Therefore, the characteristic equationis A>— 4 =10i.e.,A>=4o0rd = +£2

Therefore, the eigen values are 2, -2

To find the eigen vectors:

[4— 21X =0
G 22 DIE=Ll=1G 2)-G k=[]
S| N —
case 1:1fa=-2," = _1(_2}] 2] = [o] tFrom ()



ie,3x;+x, =0, 3%+ x2=0

i.e., we get only one equation 3x; + x; = 0= 3x; = —x, = ?= %

Therefore Xy = [_13]

1-(2) 1 Hxi

Case2: If A= 2,[ 3 1-(2) xz] = [g] [From (1)]

e, —x +x=0=2x—x,=0
Jx1—3x:=0=2xy —x,=10

i.e., we get only one equation x; — x; = 0

X1 g
= = = — = —
Xy X 1 1
1
Hence, X, = [ ]
1
2 2 =7
2.Find the eigen values and eigen vectorsof |2 1 2
0 1 -3
2 2 -7
Solution: LetA=|2 1 2
0 1 -3

To find the characteristic equation:

Its characteristic equation can be written as A% — 5, 4% + 5,4 — 53 = 0 where

51 = sumofthemaindiagonalelements =2 +1-3 =0,

S5 = Sumoftheminorsofthemaindiagonalelements = H _23| + |g :§| + |§ i =-5+

(-6) +(-2)= -5-6—-2=-13
53 = DeterminantofA = |A| =2 (-5)-2 (-6)-7(2) =-10+ 12 -14 =-12

Therefore, the characteristic equation of Ais A2 — 134 +12 =0

3| 1 0 -13 12

0 3 9 —12

1 3 -4 0



, —-3+./32-4(1)(—4) -3 +£+/25 -3+5
(A-3)(A12+31-4)=0=21=3,1= il W) _ Ned

2(1) 2 2
_ —3+45 —3-5
-—— =

1,—-4

Therefore, the eigen values are 3, 1, and -4

To find the eigen vectors: Let [A—AIlX =0

2—4 2 =7 X1 0
2 1-4 2 Xz21= 10
0 1 -3 - X3 0

2—-1 2 —7 Xy 0
Casel:IfA=1,| 2 1—1 2 Xa|= |0

1 2 7% 0
i.e., 2 0 2 X21= 10
0 1 —411%s 0
=S xt2x,—Tx3 =0 1)
2%+ 0x2 +2x3=10 - (2)
ﬂx1+x:—4x3=|:_‘] ________ (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3
2 -7 1 2
0 X252 K o

X% M % %
4 -16 -4 1 -4 -1

1
Therefore, X,=| -4
-1
2—3 2 =7 X1 0
Case2: IfA=3,| 2 1-3 2 Xz|= |0
0 1 —3—311%3 0

-1 2 =7][* 0
ie,|2 -2 2||x|=|0
0 1 —all%s 0

;‘*—x1+2x2—?x3=ﬂ -------- (1)



le_ 2.7(-'2 + 2.1'3 = ﬂ -------- (2)
ﬂx1+ Xz — Exﬂ = - (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3

XXX

10 -1z 275 61

5
6
1

6 2 =-7][*1 0
Case3:lIfA=—-4,|2 5 2 ||x2|= |0

Therefore, X, =

0 1 11l%s 0
= 0xy+ 23— Txg =0 -—nv (1)
2%y + 5x7 +2x3 =0 --ommmm- (2
Oxi+x:+x3=0 -mmmmev 3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3
2 -7 6 2
5 ><2’><‘2>< 5
R S S Xy Xy g

= = =2

39 —Z6 26 3 —2 2
3
-2
2

0 1 1
3.Find the eigen values and eigen vectors of the matrix[l 0 1].
1 1 0

Therefore, X5 =




Solution: Let A=

o0 1 1
1 0 1
1 1 0

To find the characteristic equation:

Its characteristic equation can be written as 1% — §; 1% + §;4— 5; = 0 where

5y = sumof the maindiagonal elements =0+ 0+ 0 = 0,

53 = Sumof the minors of the main diagonal elements = |3 é| + |2 é| + |2 1| =
-1-1—-1= -3

53 = Determinantof A= [A|=0-1(-1)+ 1(1)=0+1+1=2

Therefore, the characteristic equation of Ais A2 — 04*—31 -2 =10

1)1 0 -3 -2
0 -1 1 2
1 -1 -2 0

A-(-1))A-1-2)=0=2=-1,
1+ /(D7—4D(-2) 1+y1+8 1+3 1+31-3
2(1) 2 2 27 2 7

A=

Therefore, the eigen values are 2, -1, and -1

To find the eigen vectors:

[A-AIlX =0

e
RSN
i 2 Al

0
Case l: If A =12, [

= —2x+tx,+x3=0--- (1)
X — 2%+ x3 =0 o (2)
.'X-'1+ xﬂ—2x3 =0 - (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get



0—(-1) 1 1 11 [0
Case 2: IfA = —1, 1 0—-(-1) 1 [ :] = H

1 1 0— (—1)|Lxs 0
1 1 1|[* Q0
e, |1 1 1]||*Xz2|= |0
1 1 1J/Ll%s a
:‘X1+x:+xE:ﬂ ---------- (1)
x1+xg+x3:ﬂ ---------------- (2)
tratxy3=0--—-—--m- (3). All the three equations are one and the same.
Xg Xg
Therefore, x;+ x;+x3=0.Putx;, =0 =2x, +x; =0 =2 x; = —x, ==
0
Therefore, X, = | 1
-1
l
Since the given matrix is symmetric and the eigen values are repeated, letX; = |m|. X5 Is
T

orthogonal to X, and X, .

1
[1 1 1][m =0=l+m+n=0 - 1)
T
l
[0 1 —1][m]=[l =20l4+m—n= 0 2)
T

Solving (1) and (2) by method of cross-multiplication, we get,

I m 1

XXX



l_m_n 2
5 " 1 - Therefore, Xy = | 1
1
Thus, for the repeated eigen value 4 = —1, there corresponds two linearly independent

eigen vectorsX, and X;.

2 -2 2
4.Find the eigen values and eigen vectors of [1 1 1 ]
1 3 -1
2 -2 12
Solution: LetA=|1 1 1
1 3 -1

To find the characteristic equation:

Its characteristic equation can be written as A* — §;1% + 5,4 — 55 = 0 where

51 = sumofthemaindiagonalelements =2 +1—-1 = 2,

55 = Sumoftheminorsofthemaindiagonalelements = |§ _11| + E _21| + E _12| =

—4—4+4=—4

53 = DeterminantofA = |A| = 2(-4)+2(-2)+2(2)=-8-4+4=-8

Therefore, the characteristic equation of Ais A* — 237 — 41 +8=10

21 -2 -4 8
0 2 0 -8
1 0 -4 0

-2 —-4)=0=21=2, A=2-2
Therefore, the eigen values are 2, 2, and -2
A is a hon-symmetric matrix with repeated eigen values

To find the eigen vectors:

[A-AIlX =0

2—A4 -2 2 X1 0
1 1-4 1 Xz|= 10
1 3 -1- X3 0



2—(—2) —2 2 Xy 0
Case 1: If A= -2, 1 1-(-2) 1 [ 2] = H
1

X3 0
4 —2 21[*1 0
e, (1 3 1f|x2[= |0
1 3 1llxs 0

= 4'.'3(.'1_ 2.'3(.': =+ 2_",'(.'3 = cmmmm- (1)
X+ 3+ x3=0 e (2)
X+ 3%+ x3 =0 - (3) . Equations (2) and (3) are one and the same.

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3
-1 1 2 -1
3 X 1 2<4 1 X 3
Xy X3 Xz X3 Xp X3

= — = = = =
—4 —1 7 4 1 —7

4
1
-7

2—2 —2 2 X1
Case 2: IfA =12, 1 1-2 1 X3

Therefore, X, =

I
L —
[ R e
—

1 3 —1—211%3 0
0 -2 2 Xy 0
e, |1 -1 1 ||xz|= |0
1 3 —=3llxs 0
= ﬂxl_ 2.’1-': + 2.'1'3 =) | SEEn—— (1)
Xj_ Xa +:XI3 = U (2)
xy + 3x; — 3x3 = O m—- (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3

XX



Therefore, X, =

0
1
1
We get one eigen vector corresponding to the repeated root 4, = 43 = 2

1 1 3
151]

3 1 1

5.Find the eigen values and eigen vectors of

1 1 3
1 5 1] whichis a symmetric matrix
3 1 1

Solution: Let A=

To find the characteristic equation:

Its characteristic equation can be written as A* — §;4% + 5,4 — 55 = 0 where
51 = sumofthemaindiagonalelements=1+5+1 =7,
_ . Ny _ |5 1 1 3 1 1_,
55 = Sumoftheminorsofthemaindiagonalelements = |1 1| + |3 'l| + |1 5| =4
g+4=10
53 = DeterminantofA = |A| =1(4)-1(-2)+3(-14) = 4+ 2-42=- 36

Therefore, the characteristic equation of Ais 2*—71°+04 +36=0

-2 |1 —7 0 36
0 -2 18 - 36
"1 9 18 0

(A—(-2))(12-91+18)=0=1= -2,
_9+./(-97-4(1)(18) 9++81-72 9+3 9+39-3
- 2(1) - 2 o2 T2 2 T

A

6,3

Therefore, the eigen values are -2, 3, and 6

To find the eigen vectors:

[A—AIX =0

1-4 1 3 X1 0
1 5—4 1 X21= |0
3 1 1- A3 0

1-(-2) 1 3 Xy 0
Case 1: If A= -2, 1 5—-(-2) 1 [ :] = H
3



31 3" 0
e, (1 7 1([*z2|= |0
3 1 31l%3 0

:}-3x1+x:+3x3:{] _________ (1)
X+ Taa+x3 =0 —-mmmmeme- 2)
3x;+x,+3x3=0 - (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3

1 3 3 1
X X X X 1
i=_2=_3:>i=—2=—3. Therefore, X1=| 0
-20 0 20 1 0 -1 1

1—3 1 3 X 0
Case 2: IfA=3,] 1 5-—3 1 Xz|= |0

3 1 1—311x3 0
-2 1 3][* 0
e, |1 2 1l|xz|= 1|0
3 1 —2il%s 0
= —2x1+x,+3x3=0 - (1)
Xt 2x;+x3 =0 - 2)
3xytx;—2x3 =0 --mmeeee- (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3

s XK X s




1—-6 1 3 Xy 0
Case 3: If4A = 6, 1 5—6 1 Xa21= 10

3 1 1—6l1xs 0
-5 1 31[*1 0
e, |1 -1 1]|xz|=]0
3 1 —G5llxg 0
;"—5x1+x2+3x3={] __________ (1)
Xy xn+x:5:ﬂ ---------------- (2)
3_'X.'1+ Xa— 5_'X.'3 Y | S —— (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3

Therefore, X5 =

1
2
1

PROPERTIES OF EIGEN VALUES AND EIGEN VECTORS:

Property 1:

0] The sum of the eigen values of a matrix is the sum of the elements of the
principal diagonal (or) The sum of the eigen values of a matrix is equal to the
trace of the matrix

(i) Product of the eigen values is equal to the determinant of the matrix

Property 2:

A square matrix A and its transpose AT have the same eigen values (or) A square
matrix A and its transpose AT have the same characteristic values

Property 4:

If 4 is an eigen value of a matrix A, then % (A # 0) is the eigen value of 471

Property 5:

. . . 1. . .
If 4 is an eigen value of an orthogonal matrix, then 7S also its eigen value

Property 6:

If Ay, 45, ..., 4, are the eigen values of a matrix A, then A™ has the eigen values
AT AT, .., A (m being a positive integer)



Property 7:
The eigen values of a real symmetric matrix are real numbers
Property 8:

The eigen vectors corresponding to distinct eigen values of a real symmetric matrix
are orthogonal

Property 9:
Similar matrices have same eigen values
Property 10:

If a real symmetric matrix of order 2 has equal eigen values, then the matrix is a
scalar matrix

Property 11:
The eigen vector X of a matrix A is not unique.
Property 12:

If A4, 42,..., 4, be distinct eigen values of a nh x n matrix, then the corresponding eigen
vectors Xy, X5,..., X, form a linearly independent set

Property 13:

If two or more eigen values are equal, it may or may not be possible to get linearly
independent eigen vectors corresponding to the equal roots

Property 14:

Two eigen vectors X; and X5 are called orthogonal vectors if X{Xz =0

Property 15:

Eigen vectors of a symmetric matrix corresponding to different eigen values are
orthogonal

Property 16:

If A and B are n x n matrices and B is a non-singular matrix then A and B~*AB have
same eigen values

Problems:
-1 1 1
1. Find the sum and product of the eigen values of thematrix | 1 -1 1
1 1 -1

Solution: Sum of the eigen values = Sum of the main diagonal elements = -3.
Product of the eigen values = |A| =-1(1-1)-1(-1-1)+ 1(1- (-1)) =2+2=4

6 -2 2
2. Two of the eigen values of [—z 3 —1] are 2 and 8. Find the third eigen value
2 -1 3



Solution: We know that sum of the eigen values = Sum of the main diagonal elements
=6+3+3 =12

Given 44 = 2,4, = 8,43 =7

Therefore, 4; + A +A; =12=24+8+4;=12= A;=2

Therefore, the third eigen value = 2

8 -6 2
3. If 3and 15 are the two eigen values of A= |—-6 7 —4], find | A|, without
Z -4 3

expanding the determinant

Solution: Given 4; =3 and A = 15,45 =7
We know that sum of the eigen values = Sum of the main diagonal elements
=l +A;+A;=8+7+3

=34+154+4;=18= A;=0

We know that the product of the eigen values = | A |

= (3)(15)(0) = | 4] = |4l =0

3 10 5

-2 -3 -4
3 3 7

4. If 2,2, 3 arethe eigen values of A = , find the eigen values of AT

Solution: By the property “A square matrix A and its transpose AThave the same eigen
values”, the eigen values of AT are 2,2,3

3 -1 1
5. Two of the eigen values of A=|—-1 5 —1] are 3 and 6. Find the eigen values of
1 -1 3

}1_1
Solution: Sum of the eigen values = Sum of the main diagonal elements = 3 +5+3 = 11
Given 3,6 are two eigen values of A. Let the third eigen value be k.

Then, 3+ 6 + k=11 = k = 2 Therefore, the eigen values of A are 3, 6, 2

By the property “If the eigen values of A ared,, 1,,43, then the eigen values of A1

”

bl
w | =
=

1 . -
are— the eigen values of A~ are

1
A‘_J‘i:.l‘ls y o

CAYLEY-HAMILTON THEOREM
Statement: Every square matrix satisfies its own characteristic equation
Uses of Cayley-Hamilton theorem:

(1) To calculate the positive integral powers of A



(2) To calculate the inverse of a square matrix A

Problems:

1. Show that the matrix [; _12] satisfies its own characteristic equation

-2
1
5 = Sumof the maindiagonal elements= 1+1=2

Solution:Let A =E ] The characteristic equation of A is 1 — 5,1+ S, = 0 where
S,= |4l =1-(-4)=5
The characteristic equation is A2 — 24 +5=10

To prove A2 —24+51 =0

w=aw=[ 7l 71=[7 T

seanesi= [3 -E S 9-0 -0

Therefore, the given matrix satisfies its own characteristic equation.
11
2. Verify Cayley-Hamilton theorem for the matrix A = [1 Oj and hence find its
inverse.

Solution: The characteristic polynomial of A is p(A) =A2-A-1.
A2 — 2 1
11
2 1)(1 1y(1 O 0 0
A2-A-I= - - =
1 1)1 0)\0 1 0 0

A2-A—-1=0,

Multiplying by A * we get A—I1-A1=0,

A=Al
a0 1
1 -1
1 -1 4

3. Verify Cayley-Hamilton theorem for the matrix A=|{3 2 —1|and hence find
2 1 -1

is inverse.

Solution: The characteristic polynomial of Ais p(A) =A3-2 A2 -5\ + 6.



6 1 1 11 -3 22
A*=7 0 11|,A°=|29 4 17
3 -1 8 16 3 5

To verify A3—2A2—-5A+61= 0 -------mmeem- (1)

A3-2A2-5A+61=

11 -3 22 6 1 1 1 -1 4 1 00
29 4 17|-227 0 11|-53 2 -1{+6/0 1 O
16 3 5 3 -1 8 2 1 -1 0 01

1
o O O
o O O
o O O

Multiply equation (1) by A 2
WegetA2—-2A —-51+6A1=0
6AT=51+2A-A?

1 00 1 -1 4 6 1 1
6A"=50 1 0(+2(3 2 -1|-|7 0 11
0 01 2 1 -1) (3 -1 8

1 -3 7
=-1 9 -13
1 3 -5
1 -3 7
A‘lz1 -1 9 -13
0 1 3 -5
-3 1 -3
. Verify Cayley-Hamilton theorem for the matrix A=| 20 3 10 |and hence
2 -2 4

find its inverse and A 4.
Solution: The characteristic polynomial of Aiis p(A) = A3-4A2 -3\ +18 =0.

23 6 7 65 27 19
A= 20 9 10 |,A®=| 140 27 70
-38 -12 -10 ~146 -54 -—46

To verify A3—4A2 —3A + 18 | = 0 -----m-m-m-—- (1)



A3-4A2-3A+181=

65 27 19 23 6 7 -3 1 -3 1 00
140 27 70 |-4] 20 9 10 |-320 3 10(+180 1 O
-146 -54 -46 -38 -12 -10 2 -2 4 0 01

0 0O

=10 0 O

0 0O

Multiply equation (1) by A *
WegetA2-4A-31+18A1=0
18A1=31+4A-A?

1 00 -3 1 -3 23 6 7
18A*=30 1 0[+420 3 10|-| 20 9 10
0 01 2 -2 4 -38 -12 -10

-32 -2 -19
=/ 60 6 30
46 4 29
-32 -2 -19
At = 1 60 6 30
18
46 4 29

Multiply equation (1) by A
WegetA4—4A3 -3 A2+ 18A=0

A4=4A3 +3A%-18A

65 27 19 23 6 7 -3 1 -3
A*=4 140 27 70 |+3 20 9 10 (-18 20 3 10
-146 -54 -46 -38 -12 -10 2 -2 4

383 108 151
=| 260 81 130
-734 -216 -286

zZ -1 z
. Verify Cayley-Hamilton theorem, find A* andA~*when A=|-1 2 —1]
i -1 z

Solution: The characteristic equation of A is 1% — §;4%* + §,4— 5; = 0 where

51 = Sumof the maindiagonal elements =2+ 2+2 =6



53 = Sumof the minirs of the maindiagonal elements =3+ 2+3 =8

Sa= 4| =24-D+1(—2+D+2(1-2)=23)-1-2=3

Therefore, the characteristic equation is A* — 642+ 81 —3 =0

To prove that: 43 — 642+ 84—-31=0

2 -1 2][2 -1 2
Al=|-1 2 —4[—1 2 -1
1 -1 2]l1 -1 2
7 -6 9][2
A= A%A)=|-5 & —5] [—1
5 -5 7111
A3 —pAZ 484 -3
29 -—28 38
= [—22 23 —23] —
22 =22 29
0 0 0
=F 0 4:0
0 0 0

To find A%;

(I) > A®—64%2+84—-31=0=A*=6A2—8BA+ 3]

Multiply by A on both sides, 4% = 64% — 847+ 34 = 6(642 —84 + 31) — 842 + 34

|

|

7 -6
=|-5 6
5 =5
-1 2
2 1=
-1 2
42 —-36
—30 36
30 30

29
—22
22

54

—38|+
42

—-28 38
23 -28
-22 29
16 -8
-8 16
8 -8
(2)

Therefore, A* = 36A4% — 484 + 18] — 8A4% + 34 = 2842% — 454 + 18I

7 -6 9 2 -1 2 1
Hence, A*=28|-5 & —6|—45|-1 2 —-1|+18|0
5 =5 7 1 -1 2 0
196 —168 252 Qi —45 ag 15 0
= |—1440 168 —168|—|—45 Qg —-45(+ (0 18
140 —140 196 45 —45 ag 0 0
To find A™%:
Multiplying (1) by A7*, 42 — 6A+ 81 — 3471 =0
=34 1=42 64+ 8]
7 -6 9 2 -1 2 1 0 0
=341=|-5 6 —-6|—-6|-1 2 —-1|+8|0 1 0
5 -5 7 1 -1 2 o0 1
7 -6 9 —12 6 —12 8 0 0 3
=|-5 6 -—-8|—| 6 —-12 6 |+|0 8 0|l=]1
5 -5 7 —6 6 —12 0 0 8 —1

16
—a| -

16

0 0

1 ﬂ]

01

0 124 —123
{]] = [—95 96

18 95 —95

162
—123
124

|






Questions

Course code: SMTA 1202
Course Name: MATRICES, CALCULUS and SAMPLING

Unit I - Matrices

Part A
1. Define Rank of a matrix COI1(L1)

2. Find the rank of the matrix (? ZJ COI1(L1)

3. What do you mean by consistent and inconsistent system of equations?  CO1(L1)
Give examples.

4. Find the values of ‘a’ and ‘b’ if the equations 2x-3y = 5 and ax+tby =-10 COI1(L1)
have many solutions.

5. Recall Cayley Hamilton theorem. CO1(L1)

6. Find the sum and product of the eigen values of the matrix G ;J COI(L1)

7. Find the sum and product of the eigen values of the matrix | 1 -1 1 COI1(L1)

1 23
8. Find the eigen values of At and A3, if A=| 02 —7 COI1(L1)
003
3 1 4
0 3 6
9. Find the sum of the squares of the eigen valuesof \ o o 5 COI1(L1)
10. Find the third eigen value, if The product of two eigen values
6 -2 2
of the matrix | -2 3 -1]is 16. CO1(L1)
2 -1 3
8 -6 2
11. Find the sum of the eigen values of 2A ifA=| -6 7 —4 CO1(L1).
2 -4 3
12. Find the third eigen value, if two eigen values of the matrix CO1(L1).

2 21
A={1 3 1| arel,l.

1 2 2



Part B

1 -1 1\x) (4

1. Show that the system of equations | 2 1 —=3| » |7 0 | has unique solutions
1 1 1)z 2

and hence solve this system. CO1(L2).

2. Identify all the values of p for which rank of the matrix

u -1 0 0
0 u -1 0
=0 4 1 |isequalto3. CO1(L3)
-6 11 -6 1
3. Test for consistency of the following system of equations CO1(LA4).

and solve if consistent 2x-5y+2z = -3, -x-3y+3z =-1, xty-z=0

4. Test for consistency of the following system of equations COI1(L4).
and solve if consistent: 5x+3y+7z =4, 3x+26y+2z =9, 7x+2y+10z=5

5. Test for consistency of the following system of equations COI1(L4).
and solve if consistent X1+2X2+2x3-X4 =3, X1+2X2+3x3+X4 = 1, 3X1+6X2+8X3+X4= 5

6. Solve the following equations if it is consistent. CO1(L3)
x+2y-3z=-3
2x+5y+10z=25
3x—-4y+5z=29

7. Determine the value of ‘k’ for which the equations kx-2y + z =1, COI1(L5)

x-2ky + z =-2 and x-2y + kz = 1 have i)no solution ii)one solution
1i1) many solutions.

8. Determine the values of a and b for which the equations x+y+2z =3, CO1(L5)
2x-y+3z =4 and 5x-y+az =b have 1) no solution ii) unique solution
i11) many solutions.

9. Determine the values of ‘p’for which the equations 3x+y- pu z =0, CO1(L5)
4x-2y-3z = 0 and 2ux+4y+ uz = 0 possess a non-trivial solution.

For these values of p, also find the solution.

10. Determine the eigen values and eigen vectors of the following matrices ~ CO1(L5)
1 0 0
(0 1 1)
0 1 1

11. Determine the eigen values and eigen vectors of the following matrices  CO1(L5)



1 1 3
1 51
311
12. Determine the eigen values and eigen vectors of the following matrices ~ CO1(L5)
2 =2 2
<1 1 1 )
1 3 -1
13. Determine the eigen values and eigen vectors of the following matrices COI(LS)

2 1 0
(021)
0 0 2
1 0 3

14. Show that the matrix 4=|2 1 —1| satisfies its own characteristic CO3(L2)
I -1 1

equation and hence Find A™..

15. Examine Cayley — Hamilton theorem for the matrices given below and ~ CO3(L4)
hence find A™! and A*

1 2 2
2 1 2
2 2 1

16. Examine Cayley — Hamilton theorem for the matrices given below and ~ CO3(L4)
hence find A™! and A*

1 3 7
4 2 3
1 2 1
17. Examine Cayley — Hamilton theorem for the matrices given below and ~ CO3(L4)
hence find A™! and A*

7 2 2
-6 -1 2
6 2 -1

18. Examine Cayley — Hamilton theorem for the matrices given below and ~ CO3(L4)
hence find A" and A*

1 2 3
2 -1 4
31 -1



SUBJECT NAME: MATRICES,CALCULUS and SAMPLING
(COMMON TO BIO GROUPS)
SUBJECT CODE: SMTA1202
COURSE MATERIAL
UNIT-Il DIFFERENTIAL CALCULUS

Definition 1. Differentiation

The rate at which a function changes with respect to the independent variable is called the
derivative of the function.

(i.e) If y= f(x) be a function, where x and y are real variables which are independent and
dy

dependent variables respectively, then the derivative of y with respect to x is jx-

Definition 2. Derivative of addition or subtraction of functions
If f(x) and g(x) are two functions of x, then LX) 8] _ dIfGI] 4 dlg)]

dx dx — dx
Definition 3. Product rule
If y = uv, where u and v are functions of x, then % = v% + u%
Definition 4. Quotient rule W

u . d [u Viax Yax
If y = o where u and v are functions of x, then ™ H =X o
Important Derivatives Formulae

1. di(c) =0 where ‘c’ is any constant.
X

2. %(x”):nxnl
d 1
3. —(I =,

4. %(ax): a”loga

5. %(ex):ex.

d .
6. — = :
™ (sin x)= cos x

d :
7. — =— .
- (cos x)=—sin x

d 2
8. —It = .
OIX(anx) sec? X



0. i(cotx):—coseczx.
dx

10. i(sec X)=secxtan x.
dx

d
11. d—(cosecx) = —COSECXCOtX.

X
12. %(sin 1x)= 1ix2 .
13, %(cosl X)= 1__1)(2
14, %(tanl X):1+1x2 .
15. %(cot‘l X):1;>1<2 .

d _ 1
16. &(Sec ! X):m .

17. i(cosec‘lx)z —1

dx X+/1— x>

Problems

I. Ordinary Differentiation Problems

Differentiate x + i
Solution Let y = x +§

d(x+= -1
Then%=—(x IO I Co

dx dx dx X2

Differentiate 3tanx+2cosx—e*+5
Solution:

Lety =3tanx+2cosx—e*+5

d d(3tanx+2 cos x—e*+5 d(tanx
Then & = & I L GLLI
dx dx dx dx

= 3sec?x — 2 sinx — e¥

Differentiate y = e?*cos3x

d d(e?*cos3x d(e?* d(cos3x
dy _ d(eeossn)  _ oz A | ax dlcos3n)
dx dx dx
= 2cos3x e?* — 3e%%sin3x

Solution:

Differentiate y = eSi"™*x?

d(eSinXXZ)

.. dy
Solution: o =

dx

d(cosx)  d(e¥) +@

dx



10.

d(esinx) \ d(XZ)

— 2 sinx

=X cdx te dx
= x2e5I"X(cosx) + 2xeSINX

Differentiate y = x3e *tanx

. d d(x3e™*t
Solution: & = dxe tan
dx dx

d(x%)

_ _y d(tanx
=e XtanxT + x3 tanx 3—x d(tany)

+ X°e
dx
= 3x%e *tanx — x3e *tanx + x3e ¥sec?x
X
Differentiate y = —

COSXx

d(e™)
dx

d e*
cosx) _ cosxeX —e* (—sinx)

dx cos?x
cosx eX +eX (sinx)

. d
Solution: < =
dx

bcoszx
Differentiate y = =
. dy (cx+d)c;j((:1x+b)c .
Solutlon.& = i (by quotient rule)
2
Differentiate *32+3
Vx
1 -1 1
Solution: dy _ \/)?(2x+2)—(x2+22x+3)5x /2 _ 2\/;(X+1)—(X22+2X+3)m
dx (Vx) (Vx)
2VX X2VX (x+1)—(x2+2x+3) _4x(x+1)—(x%+2x+3)
2vx (Vx)° 2x /2
_ 4x%+4x—x?-2x-3 _ 3x%+2x-3
- 3 - 3
2x/2 2x° /2
Differentiate y = (3x%? — 1)3

Solution: Giveny = (3x? —1)3
Differentiating w.r.to x, we get
- % = 3(3x2 — 1)%6x

=30O9x*—6x%2+1) =27x*—18x? +3
Differentiate: log (m)

1-sinx

Solution: Let y = log (m)

1-sinx

= y = log(1 + sinx) — log(1 — sinx)
Differentiate y w.r.to x, we get
LA — COSX —
dx 1+sinx 1-sinx

(—cosx)

_ (1—sinx)cosx+cosx(1+sinx)
- (1+sinx)(1-sinx)

COSX—SIinx cosx+cosx+ cosx sinx

1-sin2x

2 coSsx
= = = 2 secx

cos2x cosx

Il. Differentiation Problems on Logarithmic Functions

Differentiate x5
Solution: Let y = x5inx
Taking log on both sides, we get logy = sinx logx



Now differentiating with respect to x
Y — Jogx(cosx) + sinxi (Using product rule)

ydx
- y (logx( cosx) + sinx i)

dx
y(xcosx logx+sinx)

dy _
dx X .
= dy — ysinx (xcosxlogx+smx)
X

dx
— dy logx
y: x-y — =
2. Ifx e*7Y prove that i (ilogd?

Solution: Given x¥ = e*7¥
Taking log on both sides, we get logx¥ = loge*™

= ylogx = (x — y)log.e
Sylogx=(X—=y)........

1 y_q1_¥
:xy:logjdx_l dx
Y, Y _q1_7
= l;)gx dx + dx 1 X
y _ Xy
=>E(logx+ 1) = "
dy _ _xy
dx x(1+logx)
dy ylogx
L= 2)

dx ~ x(1+logx) """
Again from (1) y + ylogx = x
1
= y(1+logx) = X,% = Trioes
dy _ logx
dx = (1+logx)?

3. Ify=x"" then find <

Solution:

Giveny =x¥ =xY

Taking log on both sides

logy = ylogx

Differentiating w. r. to x we get
1 dy 1 dy
;E = y; + lOgXE
1

1-yl d
:( yogX)_y:z

y dx X
=>ﬂ = X( y ) — y?
dx x \1-ylogx x(1-ylogx)
2
4. Differentiate y = log(%1)
Solution:
y =log(x? +1) —log(x* — 1)
S
x e e 2x

1 1
=>Y = 2x( - )
X X2+1  x2-1



S0 gy (EIGED) oy (£l gy (D)) ok

dx (x2+1)(x2-1) x*—1 x*—1 x*-1

Differentiate y = e3x2+2x+3
Solution:% = e3><2+2x+3(6X +2)

lIl. Differentiation of Implicit functions
If two variables x and y are connected by the relation f(x, y) = 0 and none of the variable is
directly expressed in terms of the other, then the relation is called an implicit function.

Problems
Find % ,if x3+y3 = 3axy
Solution:
Differentiating w.r.to x, we get
= 3x? + 3y2% = 33[X%+y]
= 3y2% — 3ax% = 3ay — 3x?
= % (3y? — 3ax) = 3ay — 3x2
dy _ (3ay-3x2) _ 3(ay—x?) _ (ay—-x2)
dx 3y2-3ax 3(y2-ax) (y%-ax)
Find %,if x’+y?=16
Solution:
Given x? +y%? =16
= y? =16 —x*

=>y=vV16 —x?
Y_le—x2)"Y2 x (=
=2 =516—-x%) 72 x(-2x)

dy_ __x X

= dx Vie-x2  y
Find % if x = at?,y = 2at
Solution: Given x = at?,y = 2at

dx dy _
" —dZat, dé —dZa

2 1
Now & — v jdx_ 2a 1

N dx ~ dt/ dt  2at  t
Findd—i,ify2+x3—xy+cosy=0
Solution:
Given y? + x3 — xy + cosy = 0
dy 2_ 4 —sinv¥ =
=2y +3x . dx(xy) sn(;de—O
: y 2 y —
:>(2y—smy)&+3x _(X&-I_YXI)_O
:>(2y—siny—x)%+3x2—y=0
=>(2y—siny—x)%=y—3x2

dy _ y-3%
dx ~ 2y-siny—x



IV.Successive Differentiation

The process of differentiating a given function again and again is called as successive
differentiation and the results of such differentiation are called successive derivatives.
Notations:

2 3 n
i d_y d 2/ d 2/ ....... n" order derivative: d 3/
dx dx® dx dx
i) f'(x) , f "(x) , f "(X),......, nth order derivative: f"(x)
iiiy Dy,D%y,D3....... , nth order derivative: D"y
V)Y LY LY , nth order derivative: y™
V) V1,Y2,Y3eenennn. ,nth order derivative: y,
Problems
2
d
1. If y=sin(sinx), prove that d_z/ +tan x—y + ycos® x=0
dx dx
Solution:
Given y=sin(sinX)..................... (1)
Differentiating (1) with respect to x we get,
d
. COS(SINX).COSX...viuirininrnnnnn. (2)
dx
Differentiating (2) with respect to x we get,
d? . . o
d—zl =cos(sinx)(-sinx)+cosx(-sin(sinx).cosx) [Product Rule]
X
d’y : i
Vo -sinxcos(sinx) — cos?xsin(sinX)................. (3)
Therefore,
dzy+tanxd—y+ cos® X = -si i 2xsin(sinx) +(t i + 2
v dx y = -sinxcos(sinx) — cos®xsin(sinx) +(tanx) cos(sinx).cosx +y cos“X

= - sinxcos(sinx) — y cos?x + sinxcos(sinx) + y cosx

=0
d?y

X2

2.If x = a(cost + tsint), y = a(sint — tcost), find

Solution:

% = a(-sin t+tcost +sin t)= atcost.

3—3{ =a(cost +tsin t —cost) = atsin t.
dy

dy gt _atsint _

dx dx atcost
dt

Gy S (o) gfand st

tant.

dx? dx\dx) dtldx/dx atcost atcos’t’



2 2
3. If ax® + 2hxy + by® =1then prove that d 2/: h —ab3
dx*  (hx+by)

Solution:
Given ax® + 2hxy+by’ =1 ... (1)
Differentiating (1) partially with respect to x,we get,
2ax + Zh(xd—y+ y] + 2byd—y =0
ax ax
Then, ¥ _—(@x+hy) )
dx  (hx+by)

Differentiating (2) with respect to x again,we get,

dy dy
hx+by)—-a—-h—> hy) h+b—>
d2y_( X+ y){ a dx}+(ax+ y)[ + dx}

dx? (hx+by)?
dy d
h’ —ably——2(h? — 2 _ _x
i ( ab)y dx( ab)X _ (h ab{y X dxj
(hx +by)’ (hx+ by}

2 (ax+ hy)]
4 ab{y+ X (hx+by))  (n?—ab)ax? +by? + 2hxy)

(hx +by)? (hx +by)*
d?y _ h* —ab
dx*  (hx+by)
n'" derivative of some standard functions:

Thus,

5 (from(1))

S.No Y=f(x) y
1. emX mnemX
2. (ax+b)" m(m—1)m-2).......(m-n+1)a"(ax+b)""
3. 1 (-1)"nta"

ax+b (ax+b)™
a. | log(ax+b) (-1 (n-1)a"

(ax +b)"
5 sin (ax+b) a”sm(n—ﬂ+ax+bj
2

6. cosfax+b) a" cos(—” +ax+ bj




3

4. Find yn, wh =
ndyn, where ¥ = D 2x—1)

Solution:
Resolving into partial fractions,
__2 1
S 2x-1 x+1

Coo 2=y (=1)'n

T (2x—1)" (x+2)™
5. Find the n™ derivative of log(9x2-1).
Solution:

Let y = log(9x* —1) = log {(3x + 1)(3x —1)}
= log(3x +1)+ log(3x 1)

- :Xnn (log(3x+1)) + (;jxnn (log(3x-1))

()" (-2)@)" |, )" (n-1)E)"
(3x+1)" (3x-1)°

7X+5

Then Y,

Sy, =

6. Find yn, where y=¢€

Solution:
Let y — e7x+5
Then Y, :C?Tnn(emrs) (;j”n (ese7x) o5 ;T:(e”)

— yn — e57|’1e7x
Leibnitz formula for the n'" derivative of a product

If u and v are functions of x,then
D"(uv)=u,V+nc,U, ,V; + NCU,_,V, + ... +NCU_ V. +oeoee+ LV

rYnrVr
Problems

7. Find the nth differential coefficient of X’ log x
Solution:

Take u=logx , v = x?
n n n-1 n-2 d 2

e (x2 log x) = dx (log x)x* + nc, (;jx (log x) c(ijx (x )+nc2 e ~(log x) — o (xz)

( since all the other terms are zero)

_ Y (-1 n(=2)"*(n-2)(2x)  n(n-1)-1)"(n-3)2
() ()™ 20"




2(-1)"*(n-3)

0

1 1
8. If y = x2, show that Y, = En(n -1y, -n(n-2)y, +§(n -1)(n—2)y where y, stands for

d"y
dx"

Solution:
Take u =e* v=x2
d n d n d n-1 d d n-2 d 2
Yo = (x?e*)= e (e + ”Clﬁ(ex) &(Xz) +nc, de(ex) )
( since all the other terms are zero)
Sy, =e*x? +2nxe* +n(n—1)”

Now, Y1 = x’e* +2xe* Y, = x’e* +4xe* +2e*

2,X X X

.'.%n(n—l)yz—n(n—2)yl+%(n—l)(n—2)y: n(n-1)xe 2+4xe +2¢']

n-1)fn—2)x%"
2

= x%{@—n(n—zp W} +xe*[2n(n—1)-2n(n—-2)]+ n(n—1)*

-n(n— 2)[x2eX +2xe" ]+ (

=y, on simplification.

V. Partial Differentiation

Consider z = f(x,y), here z is a function of two independent variables x and y. z can be
differentiated with respect to x or y but when we are differentiating z with respect to x (ory ) we
must keep the variable y (or x) as a constant.

Notations:

Let z=f(x,y)

First order partial derivatives of f(x, y) with respect to x and y.

of of

ox =By =y

Second order partial derivatives of f(x, y) with respect to x and y

9%f _ 9%f

oxz XX jy2 fyy
Second order mixed partial derivatives of f(x, y)

o%f o2t
axay  XY'oayox  YX
Problems:

— o3 3 ; gu du
If u=x>+y?° + 3xy, find ox ' ay
Solution: Given If u =x3 + y3 + 3xy
ou_ 5 02 ou_ 5 2
6X—3x + 3y ,6y—3y + 3x

u  du_ 3
ay 0z (x+y +2)

2. If u=log (x3+y3 +z3 - 3xyz), show that 2—2 +



Solution: u = log (x3 + y3 + z3 — 3xyz)

du 1
—=————3x%—3yz
0x  x3+y3+23-3xyz Yz,
du 1
—=————3y?2 —3xz
dy x3+y3+z3-3xyz y !
du 1
—=—————— 372 —3xy

9z x3 +y3 +23-3xyz

du  Odu du 3x%+43y?+3z%2-3yz—3xz2—3X
Now —+— +—= Y Y 24

ox 0dy 0z x3 +y3 +z3-3xyz
3(x%+y% + Zz—xy—yz—zx) _ 3
T (x+y+2)(x2 + y2 + 22-xy-yz—-2zX)  X+y+z

If f(x,y) = x? siny + y? cosx, then find its all first and 2nd order partial derivatives.
Solution: Given f(x,y) = x? siny + y? cosx

fy = 2xsiny — y*sinx; f, = x* cosy + 2y cosx.

fux = 2siny — y?cosx; fyy = —x*siny + 2 cosx;

fyy = 2xcosy — 2ysinx; fyx = 2xcosy — 2ysinx.

Iff(xy) = % log x, then find its all 1st and 2nd order derivatives.

2
1 2
fex = Z—Z (——) - X—}; (1 —logx) = 3{’—3 (-1-2(1—1logx)) =3:—3(logx—3);

X

1 11 1 1
foy =0, fyx = = (1 —logx); fyy, = i X—zlogxz = (1 —logx).
Find 28 2 Moy = sin(ax + by + ¢z)
ox’' dy’ 0z - y
Solution:
% = acos(ax + by + cz)
% = b cos(ax + by + cz)
3—2 = c cos(ax + by + cz)

VI. Euler’s Theorem for Homogeneous Functions

A homogenous function of degree n of the variables X, y, z is a function in which each term has
degree n. For example, the function f (X, y, z) = Ax® + By® + Cz% + Dxy? + Exz? + Fyz? + Gyx? +
Hzx? + Izy? + Jxyz, is a homogeneous function of x, y, z, in which all terms are of degree three.
Note:

A function f(x ,y) of two independent variables x and y is said to be homogeneous in x and y of
degree nif f(tx,ty) = t"f(x, y)for any positive quantity t.

Euler’s theorem:
1).If f(x,y) is a homogeneous function of degree n, then

f
X&‘i‘ ya—y—nf

2). If f(x,y,z) is a homogeneous function of degree n, then
ot | of of
X—+ Yoy +z-=nf
Result: If z is a homogeneous function of x, y of degree n and z=f(u) then
NRRLL S (1]
(). X— + yay = nf,(u)

Problems on Euler’s theorem



1. Verify Euler’s theorem when u = x3 + y3 + z3 + 3xyz
Solution:

Givenu = x3 +y3 + z3 + 3xyz
Now tu = (tx)3 + (ty)3 + (tz)3 + 3txtytz
=t3(x3 +y3 423+ 3xyz) =t3u
Therefore u is a homogeneous function of degree 3.

6u_ 2
§—3x + 3yz
ou _ 5.2

y 3y° + 3xz
du

ou_ o2
aZ—3Z + 3xy

Therefore x% + yZ—; + Z% = x(3x% + 3yz) + y(3y? + 3xz) + z(3z2 + 3xy)

= 3x3 + 3y + 323 + 9xyz

=3(x3+x3+3xy) =3u
Hence Euler’s theorem is verified.

2.Ifu = xlog (E),then prove that xg—; + yg—; =nu
Solution:
Given u = xlog (g)
u is a homogeneous function of degree 1.
Therefore by Euler’s theorem xg—z + yf;—;1 =1Xu=u

3. 1f (x,y) =$+fy+%,then prove thatx%+y%+2f= 0

Solution:
1 1 logx—logy
f(X, Y) - X2 + Xy + X2+y2
_ 1 1 logtx—logty
Now f(tx, ty) = (tx)2  txty = (tx)2+(ty)?
tx
_ 1 1 logyy

t2x2  t?xy  t2(x2+y?)

1 (1 1 + logx—logy)
T \x2 Xy x2+y2

_4—2(1 1 , logx-logy
=t (XZ + Xy + x2+y?2 )
Therefore f(x, y) is a homogeneous function of degree -2

, of L ,Of _ _
By Euler’s theorem , X +y6y = -2f
o L GO L op_
:xax+yay+2f—0
3 3
- -1 (X°ty du u _ .
4. If u =tan (X_y ) show that x o +y 3y sin2u

3 3
Solution: Given u = tan™? (%)
3 3
= tanu = (ﬂ)
X-y
3 3
Letz = tanu = (X Y )
X-y
And z is a homogeneous function of order 2.




du du f(u
We know that x5+ ya_y = nf,((—u))
Here f(u) = tanu

= f'(u) = sec?u

Therefore by the result,

du du tanu sinu
—+ y—= = 2— x cos?u
0x ay secZu cosu
= 2sinu X cosu = sin2u
(Or)
0z 0z
By Euler’s theorem, x —= — =nz
Yy eulers theorem, 0x+y6y
2 du 2 du _
= xsec‘u— sec‘u— = 2z
ax ty dy
du du
= xsec’u— + ysec’u— = 2tanu
ax ay
du 1 du _ , sinu
cos2u dx ycoszu dy ~ " cosu
1 0du 1 du _ ., sinu
cosu 0x ycosu dy - 1

du du . .
= X— + y— = 2sinu cosu = sin 2u.
ax ady

All the best



. Find ==, given y=¢€

Questions
Unit II - Differential Calculus
Part A

dy

. Find ——giveny = x? + 2x
X

d

Find the n™ derivative of e2*

d
Find d_y given ¥ =3/3x”
X

Find ) iven 3-2x

ind — giv =

ax BV Y T30y
d

Find —ygivenyZ(l—Sx)6
dx

Find y; given x* — y?> —x =1
Recall Euler’s theorem on homogenous functions.

Examine Euler’s theorem for the function ¢(x, y,z) = axy + byz + czx

find y1.,if y =x"

.Find yo, ify =¢* + ™

Part—B

dy s

dx

1
Find iven)y=—"
V2 given ax+b
. dy . ¥ . x
Determine o if (cosx)” =(siny)
X

Show that y» — 2ay; + (a®> + b%) y = 0, If y = e sin bx,

Determine the n derivative of sin(ax+b)

Show that 4 = SO yp y= \/sinx+\/sinx+\/sinx +...0

dx  y-1

2

(a). Show that(l +x? )Z’f + xZ’y =0.ify= log(x+\/1+x2)
X X

(b) Show that & _  logx ifx’ = ¢
dx  (1+logx)

Find% Jif \/1_x2+\/1_y2 —a(x—y) If x,/1+y + ¥+ x =0

COI(L1)
COI(L1)

COI1(L1)

COI(L1)

COI(L1)

COI(L1)
COI(L1)
CO1(L4)

CO4(L1)
COI(L1)

CO4(L1)

COI(L1)

CO4(L4)

CO4(L2)

CO4(L4)
CO4(L2)

CO4(L2)

CO4(L2)

CO4(L2)



9. Apply Euler’s theorem and show that x@_u + y@_u =—cotu,

ox oy
3 3
given u :cos’l(x T j

x>+’

2 2
10. 1f 4 =log (\PC +y jthen prove that Uy, +u,, =0

ou  ou

2 2
x—+y—-=1 “log | XY
11. Show that “ 5 5 7 1f ¥ log[HyJ

b

12. Examine Euler’s theorem for the function y = tan™? (%)
2
13. Show that ¥V, +x,+y=0 ¢ y=acos (logx)

2 2
14. Show that X"V, =2xy; + (x * 2)y =0 if y= asinx

15. Show that (1_x2)J’2 ~x);=0and (1_x2)yn+2 _(2n+1)xyn+1 _”zyn =0

[
if y=sin_ X

CO4(L4)

CO4(L2)

CO4(L2)
CO4(L2)

CO4(L2)

CO4(L2)

CO4(L2)



SUBJECT NAME: ENGINEERING MATHEMATICS I

(COMMON TO BIO GROUPS)
SUBJECT CODE: SMT1106

COURSE MATERIAL
UNIT-II INTEGRAL CALCULUS

Standard results

10

11

12

13

14

n+1

X

Ix"dx: n+1

+¢ (h=-1)

J'l dx=log x+c¢
X
'fexdx:ex+c
Isin X dX=-C0S X+C
Icos X dx= sin x+c¢
[tan x dx= logsec x+c
[cotx dx=log sin x+c
Isec X tan x dx = sec x+c¢
Icosec X cot X dx= —cosec X+c¢
. J'sec2 x dx= tan x+c

. jcosec2 x dx= —cot X+¢C

dx=tan*x+c

'-[1+x2

I 1 dx=sin*x+c

V1-x?

dx=sectx+c

I;
xx?-1



Problems

3
1. Evaluate J.(x+lj dx
X

Solution:

J( jdx I( +—+3x+ij dx

= J.(x3 +x73° +3x+3x‘1) dx

Ixsdx + Ix‘3dx + 3jx dx + 3'|.x‘1dx

X72 2

X 3X
—+—+—+3log x+c
4 -2 2

x* 1 3x?
=——-——>+——+3log X+ ¢
4 2x 2

2. Find j; dx

SIn~ X COS™ X

Solution:

J- 1 dX:J-sinZXJrcoszde

sin?x cos? x sin?x cos? x
=2 2
sin 2 x cos? X
=I—_ 5 5 dx+j—_ 5 >— dx
sin? x cos? x sin? x cos? x
= jsecz X dx + J'coseczx dx

=tfanx — cotx+c

1
3. Evaluate J-l— dx
+ COSX

Solution:

dx

1 1 1-cos X
[ ioor & [ i
1+ cosx 1+ cosx 1-cos X
1-cos
= j —ZX dx = Icoseczx dx — Icosec X cot x dx
1-cos® X

= — Ccotx + cosecx+cC



Standard results

n+l
L [(ax+b) ox (axsb)t
a(n+1)

i, Jaxl+b dx zi log(ax +b)+c

ax+b

e
a

iii. J'eax+bdx _ P

iV, jsin(ax+b) dx = Mﬂ:

v.  [cos(ax+b) dx = sin(ax+b)

a
Vi j tan (ax+b) dx = log [secgax +b) +C
vii. .[cot(ax +b)dx = logsin gax +b) +C
sec(ax +b)
viii. jsec(ax+b) tan(ax +b) dx = — e
. — cosec(ax +b)
iX. jcos ec(ax+b) cot(ax+b) dx = +C

a

X. jsecz(ax+b) dx = M+C

a
xi.  [cosec?(ax+b)dx = MJrC
1 1 a+Xx
jaZ_Xz o3 g(—a_xj
1 1 X—a
Xiii. ae L oal X2,
J.Xz_az oa g(x_{_a)

Xv. j 21 2 dx:étan_l(glrc

1 (X
w. o dx —sin 1 ‘j*c
2 2 a



XVi. I\/% dx=|og(x+\/x2—a2)+c
x> —a

XVii. j\/ﬁ dx:log(x+\/x2 +a’ )+c

2
XViii. J\/a2 —x? dx:gx/a2 —x? +%sin 1(5j+c

a

2

Xix. I\/a2+x2 dx=§\/a2+x2 +a? Iog(x+\/a2+x2)+c
2

XX. I\/xz—a2 dx:gxlxz—a2 _a? Iog(x+\/x2—a2)+c

Problems:
1. Evaluate
Cr. . sin X
|.I5|n3 X cos? xdx . J. —— = dx
sin(x +a)
Solution:

i. We have J' sin ® x cos® x dx :I sin ? x cos? x(sin x) dx
= J. (L—cos? x) cos® x (sin x) dx
Put t=cos x so that dt = —sin x dx

Therefore, [ sin?x cos® x (sin x) dx = — | (L1-t?) t?dt
I VAT £ S
= [ (2 —t*)dt = (3 5J+c

1 3.1 5
= —=-C0S° X+=C0S> X+¢C
3 5
ii. Put x+a=t. Then dx =dt. Therefore

J- | sin x dx=j sin(.t—a)dt
sin (x+a) sin t

dt

J- sint cosa— cost sin a
sint



coS aj dt —sin a_[ cott dt

(cosa)t —(sin a) (log sin t) +c¢

(cosa)(x +a)— (sin a)[log sin(x+a)]+c

X cosa + a cosa —(sin a)[log sin(x +a)] +¢

'[ sin X

mdx = x cosa —sin alog[sin (x +a)]+c,

where ¢, = a cos a+ Cis another arbitrary constant.

3
xX°dx
2 . Evaluate I —d3
(x2 +1)
Solution:
Put x> +1=t
Then, 2x dx =dt

sec’(log x) ix

3. Evaluate I
X

Solution:

Putt=logx, ..dt :ldx
X

_[ wdx = J' sec’t dt
X

=tant + ¢ = tan(log x)+c



N

Integration of rational function of the type

1. Evaluate J.ﬂdx

X +5X+7
Solution:

Let 2x + 3= A(2x+5)+B
Equating the Coefficients of x,
2=2A .. A=1

Equating the constant term,

3=5A+B
.B=3-5=-2
J- 2X+3
x? +5x+7
:_[12X+5
X +5x+7
2X+5 dx
:I X% +5x+7 _2-[ X% +5x+7

Put x* +5x+7 =t
(2x +5)dx = dt

=[S

5
X+ =

:Iogt—Zitan’l

J3 J3
2

+C

IXx+m

ax’> +bx+c

= Iog(x2 +5x+7)—itan‘1(zx+5]+c

NE V3

. Evaluate I & dx

x? —2x-35
Solution:

Let 5x+1 = A (2x-2) + B



Equating the coefficient of x,

Equating the Constant Terms, 1 =-2A+B
Therefore, B =6

J' 5x+1
x? —2x-35

gcx—a+6
x? -2x-35

:_J‘ 2X 2 +6J‘ dx
X% —2X— 35 (x-1)° -36

5 1 X-1-6
="log(x?-2x-35)+6 lo +C
2 o ) 2.6 g(x—1+6)

5 1 X—7
=Zlog(x? —2x-35)+=log| =—— |+¢C
2 g( ) 2 g(x+5)

: o . IX +m
Integration of irrational function of the type ————
vax? +bx+c
2X+2
1. Evaluate | ——————
X+ 44X+ 7
Solution:

Let2x +2=A(2x+4)+B
Equating the coefficient of x, 2A=2 ... A=1

Equating the constantterms,2=4A+B ..B=-2

(2x+4-2) 2% + 4 2
| = | ———2dX dx - dx
I\/x +4X+7 J‘\/x2+4x+7 J‘\/x2+4x+7

= 2x® +4x+7 =2log ( (x+2) + J(x+2)*> +3) +¢C



2. Evaluate L{i_—x dx
+ X

Solution:

1-x 1-x
j mdx J 1—x? J\/1 x? - J‘\/1 X’
sinlx + V1-x* +¢

Integration of the function of the type !
(ax + b) 4/Ix* + mx +n
1
1. Find dx
I(1+ X) V1+ x°
Solution:
Put i:t yX+1= ! ,log (1+x)=-logt , i:_%
1+x t 1+Xx t

L+ X) V1+x° 1+(1_ T
t

- / 2:_1—\/2t2dt2t+
t1+—+1——
Ry o F

1

1 1

where t = L
1+X

R s —



2. Evaluate j

! dx
Xy X2 +6x +109

Solution:

Putt:1 or x:1
X t

Sdx = ;—zldt

dt

t2
I:
J.1/1+6+109
tVt® t

_J‘ —dt
109 t? +6t+1

1 dt

=\/1091\/2 6t 1
"+
109 109
_ 1 J. dt
V109 3V 1 9
t+ T
109 109 1092
L dt
V109 3 \? 10 .,
t+— | +(-—)
109 109
——ilog (t+ij+ I T
/109 109 109 109
where,t=l
X

Integrals of the type jwdx

¢ sin X+ d cosx

2sin X +3cos x
——————dXx

1. Evaluate
J‘4sin X+5c0s X

Solution:

2sinx+3cosx=A (4sinx+5cos x)+B(4cosx-5sinx)



Equating the coefficients of sin x and cos X, we get A= TR B = 1
é(4sinx+5cosx)+£(4cosx—53in X)
| = f41 M dx
4sin X + 5 cosx
= Ejdx v 2 4C_OSX_55mX x =By 4+ 2 log (4 sinx +5 cosx) +c.
41 41 “ 4sin X + 5 cosx 41 41
2. Evaluate IL
1+ tan x
Solution:
| :.[ dx _ J COSX
1+ tan x COSX + sin X
Cosx = A( cos x + sinx) + B(-sinx + coOs Xx)
A = l ,B: l
2 2
1 . 1 .
— (cosx+sin x) + —( cosx—sin x)
| = jz 2 dx

23 2

sin X +C0S X

1 1 )
= Z|dx+ = log (sihnx+ cos x)+c
5] 5 109 ( )

1 1 .
= Ex +Elog (sinx+ cos X)+c

INTEGRATION USING PARTIAL FRACTIONS

S.No. | Form of the Rational Function Form of the partial fraction

1. pX +q A B
_PTH_axzb 2
(x—a) (x—h) a7 x—a  x—b

2. px + g A + B
(x—a) x-a (x-ay

3. PXZ + X+ T A B C
(X—a)(x—b)(x—c) Xx—a X-b x-c

pX> +Ox+r
,wh
4, (x—a)(x2+bx+c)W o A, Bx+C
x—a x*+bx+c

x? +bx +c cannot be factorized further.




Problems:

dx

1. Find jm

Solution:

The Integrand is a proper rational function. So we write,

1 _ A, B
x+D(x+2)  x+1 X+ 2
1 = AXx+2) + B(xt+l)

Equating the coefficient of x-term and the constant term, we get
A+ B =0 and 2A+B=1
Solvingwe getA=1 and B=-1

1 1 1

(X+D(x+2) X+1 X+2

dx dx dx
I(x+1)(x+2) I(x+1) - I(x+2)

= log( x+1) - log(x+2) + c
(x+1J

= logl —| + ¢C
X+2

. x> +1
2: Find dex

Solution:

Here the integrand is not a proper rational function. So we divide x?+1 by x?> - 5x + 6

x?+1 5x— 5
- =14+ — -
x> —5x +6 x? — 5X +6
5 - 5 A B
Now 5 = +
X —5x +6 X—2 X—-3

bx-5= A(x-3) + B(x-2)
Equating the coefficient of x-term and the constant term, we get

A+ B =5 and 3A+2B =5 solvingweget A = -5 and B = 10



X2+ 1 5 10

7T e - 1ot
X° —-5x +6 X—2 X—3
2
J'2X+1 X = Idx—jidx+j£dx
X°+ 5X +6 X—2 X—-3

= X - 5log (x-2) + 10 log (x-3) + c.

33X -2

3. Find | . X
(x+D°(x+3)
Solution:

3x -2 _ A N B N C
(x+1)? (x+3) x+1  (x+1)* (x+3)

3Xx—2 = A(x+1)(x+3) + B( x+3) + C(x+1)?
Equating the coefficient of x? , x-term and the constant term, we get

A+C=0,4A+B+2C =3, 3A+3B+ C = -2. Solving these equations we get

A = E , B :__5 and C= __11
4 2 4
3x -2 on 5 11

(x+D? (x+3)  4x+1)  2(x+1? 4(x+3)

5 11
2 _jog(x+3
er)) 4 og(x +3)+c

11 X+1 5
=—log + +C .
4 (x+3j 2(x+1)

INTEGRATION BY PARTS:

=1741Iog(x+1)+

judv=uv— Ivdu

1. Find J'xcosxdx

Solution:
Let u =x, dv =cosx dx

Then integration by parts gives,



jxcosxdx:xsin x—J' sin x dx

= XSIN X+COSX+C

2. Find jlog X dx

Solution:
Let u = logx, dv = dx

Then,jlog xdx = (log x)x— jlx dx
X

= X(log x)-x+c
3. Find I xe* dx
Solution:
Let u=x, dv=e*dx

I xe* dx = xeX—J' le* dx - xe*

xsin * x

1—x?

dx

4. Find j

Solution:
Let u=sinlx, dv= x/N(1-x3)dx

For finding v,

Put t=1—-x? thendt= -2x dx

Thenv = I ;_jft = —\/f=—\/l—X2

I xsin dx = sin *x (—\/1—7)— j

1—x2
= —J1-x®>sin*x + X +¢

BERNOULLI'S FORMULA

_[u dv = uv — u v, +u v, +..

—€

X

+C



Problems
1. Solve J. x?e* dx
Solution:
szex dx= x%2e*X- 2x(eX) + 2e*+C
2. Solve f X sin ax dx

Solution:
. — COoS ax —sin ax
jxsmaxdx=x[ ]—( 5 j+C
a a

3. Solve J. (ax® +bx+c) cos xdx

Solution:
j (ax®+bx+c) cosxdx= (ax?+bx+c)(sinx) +(2ax + b) (-cosx)+2a (-sinx) +c

DEFINITE INTEGRAL
PROPERTIES OF DEFINITE INTEGRALS:

1. f’ fodx = — [ F(x) dx
2. jo f(x)dx = j: f(a—x) dx
3. j f(x)dx = 2 L f(x)dx if f(x)is even
—0if f(x)is odd
a [t = [ fodx+[ f(odx , a<c<b

5. joz"‘ f(x)dx = 2j: f(x)dx if f(2a—x)=f(x)

—0if f(2a—x)=—f(x)

z 2
6. [f(sinx)dx = 2| f(sinx) dx
0 0



Problems:

Sln

dx
\sin x ++/cos x

1.Solve i
0

Solution:

e
Jsin X + JJeosx

}sm ——x
dx
. T
sin| = —x |+ cos——x
\/ (2 ] \/

VCOSX

Jsin X + ++/cosx

|=| —————dx (1)

o*—.Nm

O N[y

dx (2)

z
j‘
0

(1)+2) =2l =j\/_“§ \/_Vcosxdx ==
0

Hence I:E.
4

V4

2
2. Solve [logsin x dx
0

Solution:

V4

2
1= [log sin x dx

= |log cosx dx ( by property 2)

O'—;N\-ﬁ

( logsin x + log cosx )dx

N
o'—,m\ﬁ

T

2
log sin 2x dx — [log 2 dx

0

log (sin x cosx) dx=

1]
oy
o —n N

o

«
7\

a.

>
™ N

>
\_/
O'—.N\N



f . dy T 17 . T
= |logsin —2 |- =log2 = = |logsiny dy — — log 2
!g y[zjzg 2{9 y dy — = log
-2 .Z[Iogsin dy — ZIog2
2 5 y 2
T T
2l = 1-Zlog2 = I=-=log 2.
> g 2 g

ya

2
3. Solve [log (tan x + cotx) dx
0

Solution:

4 T

2 3 .
_[|09 (tan x + cotx) dx = _['09 [Sln X N cos XJ dx
0 0

CosS X  sin X

T 4

2 L2 2 2 3 2
jlog (WJ dx = Ilog (;] dx = -jlogsinxdx-jlog cosx dx
4 sin X. cos X sin X . Cos X .

0 0
T T

= —log 2+ =log 2=xlog 2.
> g > g g

4
4.Solve [log (1+ tanx) dx
0

Solution:

Va T

4 4
| = J'Iog (1+tanx) dx = J’Iog[l+tan(%—xD dx
0 0

Oty

3 _ 3
= [log e LCILY [log 2 dx = [log2—log (1+ tanx) dx
0 l+tanx 0 1+tanx

log2 dx - |

1
ot— |y

T
21 = Zlog 2 ,
49

T
I = Zlog 2
89



Questions

Unit III - Integral Calculus

Part A
. List any two properties of definite integrals. CO2(L1)
. Evaluate j sin?3xdx CO2(L5)
. Evaluate | Md CO5(L5)
. Evaluate |logr dx COS5(L5)
dx
. Evaluate [ N CO5(L5)
. Evaluate [e'x dx COS5(L5)
. Evaluate [ tan” x dx COS5(L5)
. Evaluate |V¥'-d d COS5(L5)
b a
Show that j F(x)dx =— j £ (x)dx CO2(L2)
a b
z 5
2 2
10. Evaluate [ —"———dx CO2(L5)
Osin? x+cos? x
¢ dx
11. Evaluate j CO2(L5)
1+ x
12. Evaluate J' CO2(L5)
4+ x?
1
13. Evaluate j x*(1—x) dx. CO2(L5)
0
Part B
. Evaluate [ _dx COS5(L5)
1+2x
. Evaluate [ xe ™ dx CO2(L5)
0
dx
. Evaluate j e CO5(L5)
4+ 5cosx
. EvaluateJ.32x+—5dx CO5(L5)

x“+4x+7



.. x+2dx
Evaluate 1) jeS sindx dx _[

5. i) Zrar_3 CO5(L5)
6. Evaluate | (281“," +cosx) dx CO5(L5)
3sinx + cosx
7. Evaluate | (251“"“ +cosx) dx CO5(L5)
3sinx + cosx
% T
8. Show that | log(l+ tan x)dx = ~-log?. CO2(L2)
0
9. Evaluate |————dx CO5(LS)
(x=2)(x+3)
© 4
10. Evaluate | x “e ™ dx CO2(L5)
0
1. Evaluate [ NS x dx CO5(L5)
N2—x
12. Evaluate | _xrddx CO5(L5)
6x—7—x
3x+1
13. Evaluate | ——5 ——dx CO5(L5)
(x=-D"(x+3)
i
2
14. Evaluate f logsin xdx CO2(L5)
0
2_.2
15. Evaluate | @dm COS5(L5S)
X
a
j’ oz
16. Show that ) [,2_2 4 CO2(L5)
z
6
j- cos xdx
17.  Bvaluate ¢ 3+4sinx CO2(L5)



SUBJECT NAME: MATRICES, CALCULUS and SAMPLING
(COMMON TO BIO GROUPS)
SUBJECT CODE: SMTA1202

COURSE MATERIAL
UNIT- IV VECTOR CALCULUS

Definitions
Scalars

The quantities which have only magnitude and are not related to any direction in space are
called scalars. Examples of scalars are (i) mass of a particle (ii) pressure in the atmosphere (iii)
temperature of a heated body (iv) speed of a train.

Vectors
The quantities which have both magnitude and direction are called vectors.

Examples of vectors are (i) the gravitational force on a patrticle in space (ii) the velocity at any
point in a moving fluid.

Scalar point function

If to each point p(x,y,z) of a region R in space there corresponds a unique scalar f(p) then f is
called a scalar point function.

Example
The temperature distribution in a heated body, density of a body and potential due to a gravity.

Vector point function

If to each point p(x,y,z) of a region R in space there corresponds a unique vector f(p) then fis

called a vector point function.

Example
The velocity of a moving fluid, gravitational force.
Scalar and vector fields

When a point function is defined at every point of space or a portion of space, then we say that
a field is defined. The field is termed as a scalar field or vector field as the point function is a
scalar point function or a vector point function respectively.



Vector Differential Operator (V)

The vector differential operator Del, denoted by V is defined as

vaili il
OX oy

Gradient of a scalar point function

K9
oz

Let #(X,Y,2)be a scalar point function defined in a region R of space. Then the vector point

function given by V¢ = (iﬁ2 + ]2 + IZEM
OX 0z

oy
= 7% + ]% + IZ% is defined as the gradient of ¢ and denoted by
OX oy oz

grad ¢

Directional Derivative (D.D)

The directional derivative of a scalar point function ¢ at point (x,y,z) in the direction of a vector
dis given by D.D = V¢.% (o)D.D=Vg.4

The unit normal vector

The unit vector normal to the surface ¢(X, Y, z) = cis given by i = %
Angle between two surfaces
) o AL
Angle between the surfaces ¢,(X,Y,z)=c, and &,(X,Y,Z)=C,is given by cosf = W
1 2

Problems
1) Find V¢ if ¢(x,y,z)=xy—y’z at the point (1,1,1)
Solution:

0

-0 +0 -
V¢:(|&+Ja+ka)¢



.»6 ?6 "a
V=010 —+]=—+k=)(xy-y’z
p=0— Py 7Y =Y°7)

0
- a—(xy yz)+15(xy y2)+k—(xy y*2)

=yi +(x-2yz)j - y’k
Vg==yi +(x-2y2)j - y’k.
AL(1,1,1), Vé=i D)+ jL-(QOWO)-k®*
=T-j-K
2) Find V¢ if ¢(x,y,z)=x"y + 2xz> —8 at the point (1,0,1)

Solution:
= 8 - 5 e 5
V=0 —+|]—+k—
#=( OX J&y az)¢

75 —.*8 *8
V=010 —+]—+k—)(x*y+2xz° -8
p=(— + 1Tk )

:iﬁi(x2y+2xz2 ~8) + ]g(xzy+2xz2 —8)+Izg(x2y+2xz2 - 8)
OX oy oz
= (2xy + 222)i + (x?)] + 4xzk
At(10,1), V=T (20)(0) + 2(12)) + j(12) + K4Q)(L)
=20 + ] +4k
3) Find the unit normal vector to the surface ¢(x,y,z) = x*yz®
at the point (1,1,1)

Solution:

Vo= 2+ ]2k D)
OX oy

0 2,53 -'2 2,53 "2
Vo= (I—+]5+k )(x yz) (x yZ)+Jay(X y2)+k82

(x*yz?)



=2xyz°T + x22°] +3x%yz%k

At(1,1,2), Vg =12()0)Q) + JL7)L) + k3D

=27 +]+3k
Vgl=v2? +1* + 3
=14
Unit normal to the surface is A = V—¢
Ve
fo 21+ +3k
J14

4) Find the unit normal vector to the surface ¢(x,y,z)=x> +y* -z
at the point (1,-1,-2)
Solution:

0

r@ - "a
V=01 —+ ] —+k—
¢ (ax Jay a?¢

0 -0
— + k=
oy oz
-”6 2 2 78 2 2 _'6 2 2

I—(X"+y" —-2)+ ] —(X"+y " -2)+k—(X"+y° -z
KXY T DIy m ) k= (YT - 7)

v¢=<?§+i (X2 +y? —2)
X

=2xi +2yj —k
At (1,-1,-2), Vg=i2() + j2(-1) -k

=2i -2j-k

V=22 +(-2)° +(-1)* =3

Vo
V4

Unit normal to the surface is A =

2i -2 -k
3

A=



5) Find the angle between the surfaces xyz and x%yz at the point (1,1,-2)

Solution:

Given the surface @, (X, y,2) =Xxyz

V¢1 :(724' ]_+E_)¢1
OX Z

-0 .0 .y
=i (xyz) + j o (xyz) +k = (xy2)

= VZi + X7 + XyK

At(1,1,-2), Ve =TA)(-2) + JA)(-2) + @)k =-2i —2] +k

V| == 2) +(-2) +1°

=3

Given the surface é, (X, y,2) =x%yz

7»8 —.»8 _’a
Vo, =(1 =—+ ] —+k=)(xyz
b =0 — ]+ k=) x7y2)

0
= &(x yz)+15(x yz)+k—(x yz)

=3x2yzi +x°z] + x°yk

At (1,1,-2), Vg, =1 31*)(D)(-2) + J@®)(-2) + @)Dk =-6i —2] +k

Vs | = (-6 + (-2 +12 =/a1

V.V,
AA

Angle between the surfaces is given by cosé =

_ (2 2] +K).(-6i —

27 +k)

341



(124441 17

3J41 341

17
=60 =cos | ——
[3J41]

6) Find the angle between the normal to the surface xy - z? at the point (1,4,-2) and
(1,2,3)

Solution:

r@ ?6 —*5
V=0 —+ )] —+k—
¢=( o Jay é%)¢

ﬁa 76 _’a ﬁa 76 _’a
Vo=(0 —+]—+k)xy-2z?) =i —(xy—z?)+]—(xy—z?)+k —(xy—-2z°
p=0— +] & Y2 =t (Xy=27) 4 j— (y—27) + k—(xy = 27)

= Vi +xj —2zk
At (1,4,-2), Vg,=1(4)+ Q) - 2(-2)k

= 4i + ] +4k
V=42 +12 + 42
= V33
At (1,2,3), Vg,=1(2)+ ] (1) -2k

=2 + ] -6k

V|=\2? +1° +(-6)

= /41
\2AY
Angle between the surfaces is given by cosé = M
V&V

(47 + 7+ 4k).20 + ] - 6Kk)
V33441




8+1-24  -15
J33J41 /33441

=0= cos‘l{_—lsj
V33441

7) Find the directional derivative of ¢(x,y,z)=xy’ +yz® at the point (2,-1,1) in the
direction of T + 2] + 2k

Solution:

7-8 —.*6 *8
V=01 —+ ] —+k—
¢ (ax Jay az)¢

76 —.*8 "6 7»5 —.»5 —»5
V=010 —+]—+k=)xy* +yz®) =1 =—(xy* + yz°) + ] =— (xy* + yz°) + k — (xy® + yz°
¢(8x13 az)(y yz*) ax(y Y)Jg(y yz*) az(y yz*)
=yi +(2xy+2%)] +3yz3k

At (2,-1,1), Vg =1(=12)+ J(2(2)(-1) +1%) + 3(-)(A%)k
=i-3j-3k

To find the directional derivative of ¢ in the direction of the vector i + 2] + 2k
find the unit vector along the direction

d=i+2]+2k =|a=v1* +2° +2° =3

Directional derivative of ¢ in the direction a at the point (2,-1,1) = V(/ﬁ.ﬁ
a
= (3] -3k L F21+20)
3
1-6-6 -11
= 3 ~ 3 units.

8) Find the directional derivative of ¢(X,Y,z)=Xxyz+ yz* at the point (1,1,1) in the

direction of 1 + ] +k
Solution:

7-8 —.*6 *8
V=01 —+ ] —+k—
¢ (ax Jay az)¢



-0 -0 ~20 ~ 0 + 0 ~ 0
V=0 —+ ] —+Kk )xyz+vyz?) =1 —(xyz+Vyz?) + ] — (xyz+ yz?) + kK — (xyz + yz°
¢(8x Jay az)(y yz°©) aX(y y)Jay(y yz°©) 62(y yz°©)
=yzi +(xz+22)] + (xy+ 2yz)k

At(1,1,1), V=T + J(OQ) +1%) + (OO + 20 @)k

=i +2]+3k

To find the directional derivative of ¢ in the direction of the vector i + j+ k
find the unit vector along the direction

a=i+]+k=a=v1*+1*+1* =3

L o . o . a
Directional derivative of ¢ in the direction a at the point (1,1,1) = V¢.H
a

d - . (T+T+E)
=(+2)+3k)——~
(i+2] ) i

1+2+3 6
= \/5 _Eunits.

Divergence of a differentiable vector point function F

The divergence of a differentiable vector point function F is denoted by div F and is defined by

dvE=v.E=(L+72+k2.E
OX oy oz
-0 =0
=(I—+j—+k—) (Fi+F,j+Fk) F=FRi+Fj+Fk
OX oy
oF,  oF, dF
ox oy oz

Curl of a vector point function

The curl of a differentiable vector point function F is denoted by curl F and is defined by



Vector ldentities

Let ¢ be a scalar point function and U and V be vector point functions. Then

Q) v-J+V)=v.-U+V.V

2 VxUxV)=VxU+VxV

(3) V-(U)=Vg-U+¢V-U

(4) Vx(U)=VgxU + ¢V xU

(5) V-(U xV)=V -(VxU)=U -(VxV)

6) Vx (U xV)=(V-VIU—-(V-UNV+UV-V)-VU -V)
(7) VU -V)=(V-VIU +(V-UWN +U x (VxV) - (VxU)xV

Solenoidal and Irrotational vectors

A vector point function is solenoidal if div F =0 and it is irrotational if curl F = 0.

Note:

If Fis irrotational, then there exists a scalar function called Scalar Potential ¢ such that

F=Vg

Problems

1) Find divF and curl Fif F=Xi + yj + 2K

Solution:



=7(0-0)-j(0-0)+k(0-0)=0.

2) Find the divergence and curl of the vector V = xyzi +3xy?] + (xz% — y2z)k at the point
(1,-1,2)

Solution:

Given V = xyzi +3xy?] +(xz2 — y2z2)k
divV = V.V = (Ti+ ]i
OX oy

~ 0 = 27 2 2.0\,
— +k =) (xyzI +3x +(xz° =y°2)k
8X+Jay+ az)(y yoJ+( y“2)k)

~ 0
K—
a)

_o(y2) | o(3xy?) . o(xz* - y’z)
ox ay o

= yz+6Xy+2Xz-y?
At (1,-1,1), V-V =(-1).1+ 6(1)(-1) + 2(1)(1) — (-1)*

= -1-6+2-1 = -6.

Curl V=VxV = (Ti+ T£+Izi)x\7
OX oz

oy

i k
o2 2
ox oy 0z

xyz 3xy® xz°-y’z



9

:|(ay

(2~ y*2) = @xy")) - (2" = y*2) =2 () + K (- (30y°) —%(xyz» .
= T(-2y2) - §(2* - ) +KBy* - x2) .

A1), VxV =T (2(-DD) - 12 - (-DD) + k(3D -10)

=21 -2j+2k

3) Find the constants a, b, ¢ so that F = (x+2y+ax)i +(bx—3y—2)] + (4x+cy +22)k is
irrotational.

Solution:

Given V x F =0
i i K
0 0 0

= — — — =0
OX oy 0z

(x+2y+az) (bx—-3y—2z) (4x+cy+2z2)

T(£(4x+cy+22)—£(bx—3y—z))—T(£(4x+cy+22)—g(x+2y+az)+
oy 0z OX 0z
= 5 5 =0.
k(—((bx-3y-2)——(x+2y+az
(8x( y—1) 8y( y +az)

=i(c+)-j@d-a)+k(h-2)=0.
c+tl1=0,4-a=0,b-2=0
Hencec=-1,a=4,b=2.
4) Prove that F = (2x + yz)i + (4y + 2x)] — (62 — xy)k is both solenoidal

and irrotational.

Solution:

V-IE:(T£+TE+IZ£)-\7
OX oy 0z



+ k—) ((2x+ y2)i +(4y +2x)] — (62 - xy)k)

_0(2x + yz) N o(4y +zx)  9(6z —xy)
OX oy 0z

= 2+4-6 = 0O for all points (x,y,z)

.. F is solenoidal vector.

i j k
vxE=| 2 2 s
OX oy 0z

2X+Yyz 4y+zx —(6z2—xy)

- 0 0 <, 0 0
i (5 (=62 =xy)) = — (4y + 1) = J(— (=(62 = xy)) = — (2x+yz) +

~ 0 0
k(&(4y+ zx)—5(2x+ yz)

=i(x=x)=j(y-y)+k(z—2)=0for all points (x,y,2)
~. F is irrotational vector.

5) Prove that F = (y? —z% +3yz - 2X)i + (3xz+2xy) ] + (3xy—2xz+22)K is both

solenoidal and irrotational and find its scalar potential.

Solution:
vE=(2+72:k9E
ox oy oz
- a a g
=(|a— @ ka—) ((y2 — 22 +3yz — 2X)i + (3xz + 2xy) ] + (Bxy — 2xz + 22)K)

_O(y? —z% +3yz - 2x) . 0(3Xz + 2xy) N O(3xy — 2xz + 22)
OX oy oz

= -2+2x-2x+2 = 0 for all points (x,y,z)

.. F is solenoidal vector.



i j k
VxF = < o o
OX oy 0z

(y? —z2 +3yz-2x) (3xz+2xy) (3xy—2xz+27)

T(i (3Xy — 2Xz + 22) — i(3xz +2xy)) — ](ﬁ (3xy — 2xz + 27) - 9 (y> —z% +3yz-2x) +
oy 0z OX 0z

~ 0 0
k(= (3xz + 2xy) — — (y? — 2% + 3yz — 2x
(8x( y) 6y(y y )

= (3x=3X)— j(8y—2z+2z-3y)+k(3z+2y—2y—3z) = 0 for all points (x,y,2)

.. Fis irrotational vector.

Since F is irrotational, F = V¢

790 ,c90

= (y? = 2% +3yz - 2X)I + (3xz+ 2xy) ] + (Bxy — 2xz + 22)k 799,
OX oy 0z

Equating the coefficients of i 1,k,we get

%:y2_22+3yz_zx ............................................................................ (1)
OX
0P _ BKZ b DXy T 2)
oy
%=3Xy_2Xz+22 ................................................................................... (3)
0z
Integrating (1) with respect to X’ treating ‘y’ and ‘z’ as constants, we get
2

¢:xy2—x22+3xyz—2X?+f(y,z) ............................................................ (4)
Integrating (2) with respect to ‘y’ treating ‘x’ and ‘Z’ as constants, we get

XY N e, (5)

¢:3xyz+27+ f(x,2)



Integrating (3) with respect to ‘Z’ treating ‘X’ and ‘y’ as constants, we get

2 2
¢=3xyz—2x%+2%+f(x,y) .................................................................... (6)

Hence from equations (4), (5), (6), we get
¢ =3xyz+Xy* —xz° —x* + 2% +c¢

6) Prove that F =3x?y4 +(2x®y+cosz)j—ysinzk is irrotational and find its scalar

potential.
Solution:
i i k
VxF = g i ﬁ
OX oy oz

3x’y? 2x®y+cosz —ysinz

-, 0 . 0 3 ~, 0 . 0 2,2
|(5(—ysm Z)—E(ZX y +C0S2)) — J(&(—ysm Z)—E(3X y°))

l E(% (2x°y +cos z) —%(3x2y2))

— i (=sin z - (=sin z)) — J(0—0) + k(6x%y — 6x%y) =0 for all points (x,y,2)
~. F is irrotational vector.
Since F is irrotational, F = V¢

3x2y2i + (2x°y +cos2) ] — ysin zk =Tg—¢+ j%Jr K9
X

oy 0z
Equating the coefficients of T, 1, K , we get
op BXZYZ e (1
OX
D B L e, (2)

L =2x’y+cosz
oy



09 _ LY Z e (3)
0z
Integrating (1) with respect to X’ treating ‘y’ and 'z’ as constants, we get
34,2
$=3 y oy, g) T 4)
Integrating (2) with respect to ‘y’ treating X’ and 'z’ as constants, we get
XY e, (5)

+ycosz+ f(x,2)

$=2

Integrating (3) with respect to ‘Z' treating ‘X’ and ‘y’ as constants, we get

p=ycosz+ f(x,y)

Hence from equations (4), (5), (6), we get

p=x>y> +ycosz+c



10.

Questions

Unit IV - Vector Calculus

Part-A
Find the directional derivative of x> + 2xy at (1, —1, 3) in the direction CO2(L1)
of x axis
FindV ¢ if p = x>y*z* CO2(L1)
2 2 2

Show that V u=0ifu=x -y CO2(L2)
Find div F,if F = x%yi+ xzj + 2yzk at (2.-1,1) CO2(L1)

Define gradient of a vector. CO2(L1)
Find curl F, IfF = x2yl+ xzj + 2yzk CO2(L1)

Show that curl F =0, if V- xV)=v(Vxi)—-i.(VxV) =zi+xj+yk,  CO2(L2)

Show Curl (gradg) = 0. CO2(L2)

— VAN
Find the value of ‘a’ so that the vector F = (x+3y) ? +(ay—3z) j+(x= 32)2
is solenoidal CO2(L2)
Show that V.(u x V) =V.(Vxu)—u.(VXx V) CO2(L2)

Part-B

Find the maximum directional derivative of F = 2 x% + 3 y? + 5 z2 CO2(L2)
at (1,1,-4).
Find the angle between two surfaces Z=x>+y> -3 and x> +y2+z2=9 CO2(L2)
at (2, -1,2).

Show that the vector F = (3x2 + 2y? + 1)T + (4xy - 3zy? - 3)J CO2(L2)
+(2-y3%) k is irrotational and find its scalar potential.

Find the constant ¢ so that F  is irrotational CO2(L2)
GivenF = (cxy — z3)T+ (c — 2)x%] + (1 — O)xz%k
Show that V2r" = n(n + 1)r"2 where # = x7 + yJ + zk CO2(L2)
2 2
Find the unit normal vector to the surface X~ =V~ +z=2 at (1,1,2) CO2,L2)

Find (a) V.F (b) V.(V.F) (c) VX (V.F) (d) (VX F) (e) V.(Vx F)  CO2(L2)



10.

() Vx (Vx 17") at the point (1,1,1), if F = (x2- y2 + 2x2)i+ (xz- xy + yz)] +
(z2 + xV)k
show that div (r%) =0, if 7 = xi+ yj+zk and r = |F], CO2(L2)

Find the constants a,b,c so that CO2(L1)

—

f= (x +2y+ az)lT + (bx -3y- z)} + (4x +cy+ 22)12 is irrotational.

Show that F = (6?6)/ 23 )l? + (3362 - Z)] + (3XZ2 - y)lg is irrotational ~ CO2(L2)

vector and find the Scalar potential function ¢ such that F=V é.



SUBJECT NAME: MATRICES, CALCULUS and SAMPLING
(COMMON TO BIO GROUPS)
SUBJECT CODE: SMTA 1202
COURSE MATERIAL

UNIT-V THEORY OF SAMPLING AND TESTING OF HYPOTHESIS

Population: The group of individuals, under study is called population.
Sample: A finite subset of statistical individuals in a population is called Sample.
Sample size: The number of individuals in a sample is called the Sample size.

Parameters and Statistics: The statistical constants of the population are referred as
Parameters and the statistical constants of the Sample are referred to as Statistics.

Standard Error: The standard deviation of sampling distribution of a statistic is known as
its standard error and is denoted by (S.E)

Test of Significance: It enables us to decide on the basis of the sample results if the
deviation between the observed sample statistic and the hypothetical parameter value is
significant or the deviation between two sample statistics is significant.

Null Hypothesis: A definite statement about the population parameter which is usually a
hypothesis of no-difference and is denoted by Ho.

Alternative Hypothesis: Any hypothesis which is complementary to the null hypothesis is
called an Alternative Hypothesis and is denoted by H;.

if L = Mo is the null hypothesis Ho then, the alternate hypothesis Hi could be p > o (Right
tail) or u < o (Left tail) or g # Mo (Two tail test)

Errors in Sampling: Type | and Type Il errors.
Type | error: Rejection of Ho, when it is true.
Type Il error: Acceptance of Ho, when it is false.

Critical region: A region corresponding to a statistic “t” in the sample space S which leads
to the rejection of Ho is called Critical region or Rejection region.

Acceptance Region: Those regions which lead to the acceptance of H, are called
Acceptance Region.

Level of Significance: The probability a that a random value of the statistic “t” belongs to
the critical region is known as the level of significance.

Types of samples: Small sample and Large sample. A sample is said to be a small sample
if the size is less than or equal to 30 otherwise it is a large sample.



Large Sample
Z test for mean

Test of significance for single Mean

X — . , . .
Z= i , Wwhere X the sample mean, J is is the population mean, ¢ is the population

standard deviation and n is the sample size.

Test of significance for difference of mean

X —X . ) _ . .
Z=—2_"2_  where X, is the first sample mean, X, is the second sample mean, ny is the

2 2
S1. 52
nl n2
first sample size, n; is the second sample size, s? is the first sample variance and s; is the

second sample variance.

Confidence Limits

The values of X + 1.96 2 are called 95% confidence limits for the mean of the population
n

corresponding to the given sample. The values of X + 2.58 i are called 99% confidence
n

limits for the mean of the population corresponding to the given sample.

Z test for proportions

Test of significance for single proportion

Z= p—P , where P is the population proportion, Q = 1 — P, p is the sample proportion and n is

the sample size.

Test of significance for difference of proportion

Z= P P , Where ps is the first sample proportion, p2 is the second sample
1 1
PQ —+—
r]1 n2
: : , . , : _ NP tNp,
proportion, n; is the first sample size, n; is the second sample size, P=——"-"=
n, +n,

andQ=1-P



Small Sample

t -Test of significance for single Mean

t= ;,u _Where X the sample mean, W is is the population mean, s is the sample standard

n-1
deviation and n is the sample size.

If the mean and standard deviation are not given, then the following formulae are used to
calculate

Degrees of freedomisn-1

Confidence Limits
Let X be the sample mean and n be the sample size. Let s be the sample standard deviation.

, - . S .
Then the 95 % level confidence limits are given by X + t; . ﬁ . The 99 % level confidence
n —

S
limits are given by X * t,,, —— .
S An-1

Test of significance for difference of mean

)?1—)?2
1 1
S| —+—
n n,

first sample size, n, is the second sample size, s° =

Z= , Where X, is the first sample mean, X, is the second sample mean, n; is the

ns,” +n,s,”
n+n,—2

Degrees of freedomis n; + nz - 2

F test

s’ S,”
ie, F =SL2 if $,°)S,” (OR) F :S—22 if $,°)S,°

2 1

- Greater var iance
Smaller var iance

If the sample variances s:2 and s,? are given, then the following formula can be used to
calculate S:?and S2? :

2 2
n,s n,s
1¥1 2 _ 1272

182_

S7 =
Yo -1 n, -1
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If the sample variances s:? and s,? are not given and the set of observations for both
samples are given then the following formula can be used to calculate S;?and S;?

=\2 —\2
X—X -
St = L S? =M, where n; is the first sample size, n; is the second
n -1 n, -1
sample size, X is the first sample mean and Y is the second sample mean.
7z test

, <« (0-E)
=2
Where O is the observed frequency and E is the expected frequency.
Calculation of expected frequencies in testing independence of attributes
Expected Frequency = (Row total * Column Total) / Grand total

Explanation for the above with two classes is given below

Observed Frequencies

Total
a |c |atc
b d b+d
| Total | a+b | c+d | atb+c+d = N

Expected Frequencies

Total
_(a+c)a+b) E(c) = atec
B@) = —— (a+c)c+d)
N
_(b+d)a+b) E(d) = b+d
E(b)-T (c+d)b+d)
N
Total a+b c+d atb+c+d = N
Problems

A company manufacturing electric light bulbs claims that the average life of its
bulbs is 1600 hours. The average life and standard deviation of a random sample
of 100 such bulbs were 1570 hours and 120 hours respectively. Test the claim of
the company at 5% level of significance.



Solution:
Null Hypothesis Ho: x# =1600 . There is no significant difference between sample mean

and population mean
Alternative Hypothesis Hi: x #1600. There is a significant difference between sample
mean and population mean.
- . X —
The statistic testis Z = >~

T

1570-1600
= — 10 - 2.5
100
|z| =25

Calculated value z = 2.5

Tabulated value of z at 5% level of significance for a two tail test is 1.96
Calculated value >Tabulated value, Ho is rejected.

We cannot accept the claim of the company.

The breaking strength of ropes produced by a manufacturer has mean 1800N and
standard deviation 100N. By introducing a new technique in the manufacturing
process it is claimed that the breaking strength has increased. To test this claim a
sample of 50 ropes is tested and it is found that the breaking strength is 1850N.
Can we support the claim at 1% level of significance?

Solution:

Null Hypothesis Ho: p = 1800 N

Alternative Hypothesis Hi: p > 1800 N (one tailed test)
n =50, X=1850 x=1800 o =100

The statistic testis Z = ~—*
Jn
1850-1800
Z = T =3.54
V50

Calculated value z = 3.54

Tabulated value of z at 5% level of significance for a one tail test is 2.33
Calculated value >Tabulated value, Ho is rejected.

The difference is significant and so we support the claim of the manufacturer.

Measurements of the weights of a random sample of 200 ball bearings made by a
certain machine during one week showed a mean of 0.824N and a standard
deviation of 0.042N. Find the 95% and 99% confidence limits for the mean weight
of all the ball bearings.



Solution:

The 95% confidence limits are X + 1.96 S

Jn
N=200, X=0.824 s=0.042
X +£1.96 =0.824+ (1.96)(%J — 0.824+0.0058
Jn J200
The 95% confidence interval is (0.8182, 0.8298)
The 99% confidence limits are X * 2.58 S
Jn
X +£2.58 > =0.824 + (2.58)(%J — 0.824+0.0077

Jn V200

The 99% confidence interval is (0.8163, 0.8317)

In a survey of buying habits, 400 women shoppers are chosen at random in
supermarket A. Their average weekly food expenditure is Rs.250 with standard
deviation Rs.40. For 400 women shoppers chosen at random in supermarket B,
the average weekly food expenditure is Rs.220 with standard deviation is Rs.55.
Test at 1% level of significance whether the average weekly food expenditure of
the populations of shoppers are equal.

Solution:
Ho: 14 = 1,
Hit gy # 1,

n, =400 n,=400 X=250 y=220 s =40 s,=55

2 2 2 2
S= S—1+S—2 :1/£+£:3.4
n n, 400 400

X-y _ 250-220

i21+§ 3.4
r]l n2

Calculated value z = 8.82

Tabulated value of z at 1% level of significance for a two tailed test is 2.56
Calculated value >Tabulated value, Ho is rejected.

The difference in the weekly food expenditure is significantly different.

=8.82

. Arandom sample of 500 pineapples was taken from a large consignment and 65
were found to be bad. Test whether the proportion of bad ones is not significantly
different from 0.1 at 1% level of significance

Solution:
Null Hypothesis Ho: P = 0.1There is no significant difference between sample and
population proportion.



Alternative Hypothesis Hi: P = 0.1 There is a significant difference between sample and
population proportion.

The statistic test is Z _P-P

PQ

n
p :E — 013
500
P=01 Q=1-P=1-0.1=09
7 _ 0.13-0.1 _ 9938
009
500

Calculated value z = 2.238

Tabulated value of z at 5% level of significance for a two tail test is 1.96
Calculated value >Tabulated value, Ho is rejected.

The proportion of bad ones is significantly different from 0.1

In a sample of 1000 people, 540 were rice eaters and the rest were wheat eaters.
Can we assume that the proportion of rice eaters is more than 50% at 1% level of
significance.

Solution:
HoZ P=05
Hi: P > 0.5 (One tailed test)
P=05 Q=1-P=1-05=05
p = ﬂ = 0.54
1000
The statistic test isZ = PP
PQ
n
7 _ 054-05 9 539

~ [(05)(05)
1000
Calculated value z = 2.532
Tabulated value of z at 5% level of significance for a one tail test is 2.33

Calculated value >Tabulated value, Ho is rejected.
The rice eaters are more than 50% of the population.

In a random sample of 900 votes, 55% are favored the Democratic candidate for
the post of the President. Test the hypothesis that the Democratic candidate has
more chances of winning the President post.

Solution:
Ho: P = 0.5
Hi: P > 0.5 (Right tailed test)



P=05, Q=1-P=1-05=05

p= E =0.55
100
The statistic test isZ = p-P
PQ
n
0.55-05

~ [(05)05)
900

Calculated value z = 3

Tabulated value of z at 5% level of significance for a one tail test is 2.33
Calculated value >Tabulated value, Ho is rejected.

The Democratic candidate is having more chances to win the President Post.

In a random sample of 1000 persons from town A, 400 are found to be consumers
of wheat. In a sample of 800 from town B, 400 are found to be consumers of
wheat. Do these data reveal a significant difference between town A and town B
so far as the proportion of wheat consumers is concerned?

Solution:
Ho: Two towns do not differ much as far as the proportion of wheat consumption. P; = P»
Hi: P1# P>

The Statistic test is Z = P P,
nl n2
400 400
= =04 =—=05
P 1000 P2~ 800
P np,+n,p, :1000(0.4) +800(0.5) _0.444
n+n, 1000+ 800
Q=1-P=1-0.444= 0556
0.4-05 0.1

Z = = = 4.
1 1 j 0.024

\/ (0.444)(0.556)(1000 oo

Calculated value z = 4.17

Tabulated value of z at 5% level of significance for a two tail test is 1.96

Calculated value >Tabulated value, Ho is rejected.

Hence the data reveal a significant difference between town A and town B so far as the
proportion of wheat consumers is concerned.

In the past, a machine has produced washers having a thickness of 0.050 inch. To
determine whether the machine is in proper working order, a sample of 10
washers is chosen, for which the mean thickness is 0.053 inch and the standard
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deviation is 0.003 inch. Test the hypothesis that the machine is in proper working
order, using 5% and 1% level of significance.

Solution:

Ho: p = 0.050

Hi: g # 0.050 (two tailed test)

n=10 X =0.053 s =0.003 4 =0.050

X—u _0.053-0.050
~ 0,003

n-1 v10-1
Calculated value t = 3.00
Degree of freedom=n-1=10-1=9
At 5% LOS:
Tabulated value of t at 5% level of significance with 9 degrees of freedom for a two tailed
test is 2.26
Calculated value >Tabulated value, Ho is rejected.
The Machine is not in proper working order at 5% level of significance
Tabulated value of t at 1% level of significance with 9 degrees of freedom for a two tailed
testis 3.25
Calculated value < Tabulated value, Ho is accepted.
The Machine is in proper working order at 1% level of significance.

The statistic test ist = =3.00

The specifications for a certain kind of ribbon call for a mean breaking strength of
180 pounds. If five pieces of the ribbon (randomly selected from the different rolls)
have a mean breaking strength of 169.5 pounds with a standard deviation of 5.7
pounds. Test the null hypothesis #=180pounds against the alternative

hypothesis 1 <180 pounds at the 0.01 level of significance. Assume that the
population distribution is normal.

Solution:

Ho: =180

Hi: 2 <180 (left tailed test)

n=>5 X =169.5 s=57 1 =180

The statistic test ist = X ; # :169'2 ;180 =-3.68

n-1 o-1
Calculated value t = 3.68
Degree of freedom=n-1=5-1=4
Tabulated value of t at 1% level of significance with 4 degrees of freedom for a one tail
test is 3.747.
Calculated value > Tabulated value, Ho is accepted.
Hence the mean breaking strength can be taken as 180 pounds.




11. Ten individuals are chosen at random from a normal population and their heights
are found to be 63,63,66,67,68,69,70,70,71,71 inches. Test the hypothesis that the
mean height is greater than 66 inches at 5% level of significance

12.

Solution:
Ho: 1 = 66

Hi: 1 > 66 (one tailed test)

ko2 678 g7

n 10
X 63 63 66 67 68 69 70 70 71 71 Total
(X-%) -48 |-48 |-18 |-08 0.2 1.2 |22 |22 |3.2 3.2
(x —%)2|23.04|23.04|3.24 |064 {004 |1.44 484|484 |10.24 | 10.24 | 81.6
=\2
X=X 1.
szzz( ) _8 6=8.16
n 10
s =2.857
L ) X—u 67.8-66
t= = =1.89
The statistic test is 5 857
Jn-1 J9

Calculated value t = 1.89
Degree of freedom=n-1=10-1=9

Tabulated value of t at 5% level of significance with 9 degrees of freedom for a one tail
testis 1.833
Calculated value >Tabulated value, Ho is rejected. Accepted H;
The Mean is significantly higher than 66 inches.

Two independent samples of size 8 and 7 items had the following values
Sample | 9 |11 |13 |11|15|9 12 14
Sample ll 1012 |10|14|9 |8 10

Test if the difference between the mean is significant

Solution:

Ho: 14 = u, There is no significant difference between means

Hi: 14 # 1, There is a significant difference between means

D ox

X:—:

94

=11.75

y

Dy 73

n

=10.43
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X x% |&—-x2 |y -9 | G—3?

9 -2.75 | 7.56 10 -0.43 0.185
11 -0.75 | 0.56 12 1.57 2.465
13 125 | 156 10 -0.43 0.185
11 -0.75 | 0.56 14 3.47 112.041
15 3.25 | 10.56 9 -1.43 2.045
9 -2.75 | 7.56 8 -2.43 5.905

12 0.25 | 0.06 10 -0.43 0.185

14 2.25 | 5.06

94 33.48 |73 23.011
o 20X y-y)  3348+23011_, o
- n, +n, —2 o o8+7-2

s =2.086

X-y 11.75-10.43

i+i 2.0861/1+1
n n, 8 7
Calculated value t = 1.22

Degree of freedom=n, +n,-2=8+7-2=13

Tabulated value of t at 5% level of significance with 13 degrees of freedom for a two tail
tets is 2.16

Calculated value < Tabulated value, Ho is accepted

There is no significant difference between means.

The statistic test ist = =122

The IQ of 16 students from one area of a city showed a mean of 107 with the
standard deviation 10, while the 1Q of 14 students from another area showed a
mean of 112 with standard deviation 8. Is there a significant difference between
the 1Q’s of the two groups at 1% and 5% level of significance?

Solution:
Ho! 1y = 1,
Hi oy # 1,
n=16 n,=14 s =10 s,=8 Xx=107 y=112
o _ ns, +n,8,” _16(10)° +14(8)° _ 2496
n+n,-2 16+14-2 28
s=9.44

=89.143

The statistic test

. X—y _ 107 -112 145
J[1,1) gaaflil
n o, 16 14

Calculated value t = 1.45
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Degree of freedom=n +n,-2=16 + 14 -2 =28

At 5% LOS:

Tabulated value of t at 5% level of significance with 28 degree of freedom for a two tail
test is 2.05

Calculated value < Tabulated value, Ho is accepted

There is no significant difference in the 1Q level of the two groups.

At 1% LOS:

Tabulated value of t at 1% level of significance with 28 degree of freedom is 2.76
Calculated value < Tabulated value, Ho is accepted.

There is no significant difference in the 1Q level of the two groups.

A random sample of 10 parts from machine A has a sample standard deviation of
0.014 and another sample of 15 parts from machine B has a sample standard
deviation of 0.08. Test the hypothesis that the samples are from a population with
same variance.

Solution:
Ho: 0’ =0}
Hi o’ # o)
n =10 n,=15 s =0.014 s, =0.08
ns; 10x(0.014)

S? = =0.0002
n, -1 10-1
2 2
52 = % _15x(0.08) _ 0.006
n,-1  15-1
2
FoS2_ 0006 g,
SZ  0.0002

Calculated value F = 30

Tabulated Value of F at 5% level of significant with (14, 9) degrees of freedom is 3.03
Calculated value > Tabulated value, Ho is rejected

There is a significant difference in the variances of two populations.

Two random samples drawn from two normal populations are

Sample | 20116 |26 |27 (232218 |24 25|19
Sample Il 27133 |42 35[32134/38 | 28|41 ]43]30]37

Obtain the estimates of the variances of the population and test whether the two
populations have the same variance.



Solution:
Ho: o} = o7

. 2 2
Hi: o] #0,

16.

(o X220
n 10
go2Y 420 o
n 12
X (%) | (x—%2 |y -3 | =72
20 -2 4 27 -8 64
16 |-6 |36 33 [-2 | 4
26 4 16 42 7 49
27 5 25 35 0 0
23 1 1 32 -3 9
22 0 0 34 -1 1
18 [-4 |16 38 3 9
24 2 4 28 -7 49
25 3 9 41 6 36
19 |-3 9 43 8 |64
30 [-5 [25
37 2 4
120 314
n, =10 n, =12
)2
S, = 2.(x-%) _120_1333
n, -1
=)\2
o XY 31,
n, -1 1

2

F= S—z = 2854 =214
s 13.33

Calculated value F = 2.14

Tabulated Value of F at 5% level of significance with (11, 9) degrees of freedom is 3.1

Calculated value < Tabulated value, Ho is accepted

There is no significant difference between variances.

In one sample of 8 observations the sum of squares of deviations of the sample
values from the sample mean was 84.4 and in another sample of 10 observations
it was 102.6. Test whether this difference is significant at 5% level.



Solution:
Ho: o’ =0’
Hi o’ # o)
n=8 n,=10 > (x-x)=844 > (y-y) =1026

2 (x=%)°" 844

S,2 = ~12.057
n -1 7
—\2
5,72 2y-y) 1026 ..,
n,-1 9
2
P SE_12057 o
Sz 114

Calculated value F = 1.057

Tabulated Value of F at 5% level of significance with (7, 9) degrees of freedom is 3.29
Calculated value < Tabulated value, Ho is accepted

There is no significant difference between variances.

17. The mean life of a sample of 9 bulbs was observed to be 1309 hrs with standard
deviation 420 hrs. A second sample of 16 bulbs chosen from a different batch
showed a mean life of 1205 hrs with a standard deviation 390 hrs. Test at 5% level
whether both the samples come from the same normal population.

Solution:

Both t-test and F-test has to be done to check whether they have come from the same
population. Fist F-test is done and the followed by t-test.

F-test:

Ho: 0} = o7
Hi: 012 # 022
n=9 n,=16 s =420 5,=390 X=1309 y=1205
ns;  9x(420)

SZ = =198450
n-1 9-1
2 2
sz NSt _ 16 (390) _ 169940
n,-1  16-1
2
F_Si _198450 _ .

T SZ 162240

Calculated value F = 1.223
Tabulated Value of F at 5% level of significant with (15, 8) degree of freedom is 3.22
Calculated value < Tabulated value, Ho is accepted .



t-test:
Ho: 14 = 1,
Hi gy # 1,

2 2 2 2
2 s’ +ns,’ 9(420)* +16(390) _ 4021200 _ 1100y 7006
n,+n,—2 9+16-2 23
s=418.13
The statistic test

(__ X-y _ 1309-1205 _ 104

- = 7420~ 0%
J[1,1) smsiz/til '
0 9 16
1 2

Calculated value t = 0.596

Degree of freedom=n +n,-2=9+16 -2 =23

Tabulated value of t at 5% level of significance with 23 degree of freedom is 2.069
Calculated value < Tabulated value, Ho is accepted

Since in both F-Test and t-Test we have accepted the null hypothesis, we conclude that
the samples have come from the same normal populations.

18. A dice is tossed 120 times with the following results:
No. turned 1 |2 3 |4 |5 |6 Total

up
Frequency 3025 |18 10|22 |15 | 120

Test the hypothesis that the dice is unbiased.

Solution:
Null Hypothesis Ho: The dice is an unbiased one.
Alternative Hypothesis Hi: The dice is biased

. 0—E)2
o) E O-E |(0-E)? [%]
30 20 10 100 5.00
25 20 5 25 1.25
18 20 -2 4 0.20
10 20 -10 100 5.00
22 20 2 4 0.20
15 20 -5 25 1.25
12.90
Calculated x3= ["G_E}‘]= 12.90

Degree of freedom=n-1=6-1=5
Calculated value of 2 at 5% level of significance with 5 degree of freedom is 11.07
Tabulated value = 11.07
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Tabulated value = calculated value, Ho is rejected.
The dice are biased.

Genetic theory states that children having one parent of blood type M and other of
blood type N will always be one of the three types M, MN, N and that the ratios of
these types will be 1:2:1. A report states that out of 300 children having one M
parent and one N parent, 30% were found to be of type M, 45% of type MN and
remainder type N. Test the hypothesis using x“test.

Solution:
Ho: There is no significant difference between the theoretical ratio and observed ratio.
Hi: There is no significant difference between the theoretical ratio and observed ratio.

If theoretical ratio is true the 300 children should be distributed as follows:

Type M :%x300=75
2
Type MN =ZX300=150

Type N :%xsoo =75
Observed frequencies:

30
Type M =—— 300 = 90
P 100
Type MN = 300 =135
100

25
Type N =22 %300 = 75
P 100

Type observed | Expected | O—E i 0—E)?

yp P © —£)? {( ) ]
E

M 90 75 15 225 3

MN 135 150 -15 225 1.5

N 75 75 0 0 0

Total 4.5

Calculated y2= ["G_E}h]z 4.5

Degree of freedom=n-1=3-1=2

Calculated value of x* at 5% level of significance with 2 degree of freedom is 5.99

Tabulated value = 5.99
Calculated value < Tabulated value, Ho is accepted

There is no significant difference between the theoretical ratio and observed ratio.




20. A certain drug was administered to 456 males, out of a total 720 in a certain
locality, to test its efficacy against typhoid. To incidence of typhoid is shown
below. Find out the effectiveness of the drug against the disease. (The table value
of x*for 1 degree of freedom at 5% level of significance is 3.84)

Infection | No Infection | Total
Administering the drug 144 312 456
Without administering the | 192 72 264
drug
Total 336 384 720
Solution:

Null Hypothesis Ho: The drug is independent.
Alternative Hypothesis Hi: The drug is not independent
The expected frequencies are

384 X 456 456
336 x456 __ o Toop - 2432
720 ' ~243
~213
336 %264 _ BEx26% _ [ 264
720 ' 720 '
~123 ~141
336 384 720
[ Tlo—-E)2
o) E O-E | (0-E)2 {—( E}]
144 | 213 ~69 | 4761 22.35
192 | 123 69 | 4761 38.71
312 | 243 69 | 4761 19.59
72 141 “69 | 4761 33.77
114.42
Calculated 2= ["G'E}h]z 114.42

Degree of freedom=(r—1) (c-1)=(2-1)(2-1) =1

Tabulated value of y? at 5% level of significance with 1 degree of freedom is 3.841
Tabulated value = 3.841

Calculated value >Tabulated value, Ho is rejected.

Therefore, the drug is definitely effective in controlling the typhoid.

21. A brand Manager is concerned that her brand’s share may be unevenly distributed
throughout the country. In a survey in which the country was divided into four
geographical regions, a random sampling of 100 consumers in each region was
surveyed, with the following results:



Region

NE NW SE SW TOTAL
Purchased the 40 55 45 50 190
brand
Did not purchase | 60 45 55 50 210

Using x* test, find out if the brand is unevenly distributed throughout the country.
Solution:

Ho: There is no significant difference between the observed and expected frequencies
Hi: There is a significant difference between the observed and expected frequencies

The expected frequencies are :

Region
NE NW SE SW TOTAL
Purchased 190x100 ~ 47 190x100 ~48 190 %100 <47 190x100 ~48 190
the brand 400 400 400 400
Did not 210x100 ~53 210x100 <52 210x100 ~53 210x100 ~52 210
purchase 400 400 400 400
100 100 100 100 400
- 0—E)2
o} E O-E |(0—-E)? [—( E}]
40 47 -7 49 1.04
55 48 7 49 1.02
45 47 -2 4 0.085
50 48 2 4 0.083
60 53 7 49 0.924
45 52 -7 49 0.942
55 53 2 4 0.075
50 52 -2 4 0.076
4,245

Calculated y2= [%]: 4.245

Degree of freedom = (r — 1)(c — 1)= (2-1)(4-1) =3
Tabulated value of x* at 5% level of significance with 3 degree of freedom is 7.815
Tabulated value = 7.815
Calculated value < Tabulated value, Ho is accepted
There is no significant difference between the observed and expected frequencies.
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Questions

Unit V-Theory Of Sampling And Testing Of Hypothesis

Part- A

. What is the difference between population and sample? CO2 (L1)
Define Type I and Type Il errors. CO2(L1)
Define level of significance. CO2 (L1)
List any two uses of y 2 test. CO2 (L1)
Find the formula for chi-square for 2 x 2 contingency table. CO2 (L1)
Define Null Hypothesis and Alternate Hypothesis. CO2 (L1)
Recall the formula for confidence limits for p for small sample at CO2 (L1)
5% level of significance.
Define critical region. CO 2(L1)
Define critical value. CO2 (L1)
List two applications of student’s t- test. CO2 (L1)

Part-B

Test the hypothesis of the following CO4(L4)

The average breaking strength of steel rod is specified to be 18.5
thousand pounds. To test this sample of 14 rods was tested. The mean and SD
obtained were 17.85 and 1.955 respectively. Is the result of the experiment significant?

Test the hypothesis of the following CO4(L4)

The mean weakly sales of soap bars in departmental stores were 146.3 bars per store.
After an advertising campaign the mean weekly sales in 22 stores for a typical week
increased to 153.7 and showed a SD of 17.2. Was the advertising campaign successful?

Test the hypothesis of the following CO4(L4)
A sample of 26 bulbs gives a mean life of 990 hours with SD of 20 hours. The
manufacturer claims that the mean life of bulbs is 1000 hours. Is the sample not upto
the standard?

Test the hypothesis of the following CO4(L4)

A random sample of 10 boys had  the following 1Q’s
70,120,110,101,88,83,95,98,107,100. Do these data support the assumption of a
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population mean IQ of 100? Find the reasonable range in which most of the mean 1Q
values of samples of 10 boys lie?

. Test the hypothesis of the following CO4(L4)

The heights of 10 males of a given locality are found to be
70,67,62,68,61,68,70,64,64,66 inches. Is it reasonable to believe that the average height
is greater than 64 inches. Test at 5%.

Test the hypothesis of the following CO4(L4)

Samples of two types of electric light bulbs were tested for length of life and following
data were obtained.

TYPE 1 TYPE 11

Sample size  n; =8 Sample size ny =7
Sample mean x; = 1234 hrs Sample mean x2 = 1036 hrs
Sample S.D. s1 =36 hrs Sample S.D. s> =40 hrs

Is the difference in the means sufficient to warrant that type I is superior to type II
regarding length of life.
Test whether the samples come from the same normal population CO4(L4)

Below are given the gain in weights (in N) of pigs fed on two diets A and B.

Diet A |25(32|30|34|24|14|32|24|30|31]|35]|25
DietB |44 (34|22 [10]47|31]40(32|35|18[21[35[29|22

Test whether the samples come from the same normal population CO4(L4)
The nicotine content in milligrams of two samples of tobacco were
found to be as follows:

Sample A |24 |27 |26 | 21 | 25
Sample B [ 27 |30 |28 |31 ]22 36

Show that the die is biased from the data CO4(L2)
A die is thrown 264 times with the following results.

No. appeared | 1 2 3 4 5 6

on the die

Frequency 40 32 28 58 54 60
Use Chi square test for the following information CO4(L)

In a certain sample of 2000 families 1400 families are consumers of tea.

Out of 1800 Hindu families, 1236 families consume tea. State whether there is any
significant difference between consumption of tea among Hindu and Non-Hindu
families.

Find the value of Chi-Square and is there any good association between the two
variables from the given following contingency table for hair colour and eye colour.



W Fair | Brown | Black
Eye colour

Grey 20 10 20
Brown 25 15 20
Black 15 5 20

12. Test the claim at 5% level of significance from the following information CO4(L4)

A manufacture claimed that at least 95% of the equipment which he supplied to a
factory conformed to specifications. An examination of a sample of 200 pieces of
equipment revealed that 18 were faulty. In a big city 325 men out of 600 men were
found to be smokers. Does this information support the conclusion that the majority of

men in this city are smokers?




