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UNIT – I 

DIFFERENTIAL EQUATIONS 

INTRODUCTION 

During the past three decades the development of non-linear analysis, dynamical 

systems and their applications to Science and Engineering has stimulated renewed 

enthusiasm for the theory of Ordinary Differential Equations (ODE). 

An Ordinary Differential Equation is an equation containing a function of one 

independent variable and its derivatives.Differential equations have wide application in 

various engineering and science discipline. In general, modeling variations of a physical 

quantity, such as temperature, pressure, displacement, velocity, stress, strain or 

concentration of pollutant with the cahnge of time ‘t’ or location, or both would require 

differential equation . The study of differential equation began in 1675, when Gottfried 

Willhelm Von Leibnig (1646 - 1716 ) wrote the equation. 
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The search for general methods of integrading differential equations began when 

Isaac Newton (1646 - 1727) classified first order Differential equations  
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 The first two classes contain only ordinary derivatives of one dependent variable, 

with respect to single independent variable, and are known today as Differential Equation 

and third is partial differential equation. 

 A simple example is Newton’s second law of motion, the relationship between the 

displacement ‘x’ and time ‘t’ of the object under the force F which leads to the differential 

equation is  
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 for the motion of a particle with constant mass ‘m’. In general, F depends on the 

position x(t) on the particle at time ‘t’ and so the unknown function x(t) appears on both 

sides of the differential equations as in the notation F[x(t)].  

Linear Differential equations with Constant Coefficients 

 The general form on nth order linear differential equation with constant coefficient 

is 
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where a0 0, a1, a2, …, an are constants and ‘X’ is a function of x. 
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Eqn (2) becomes 

 (a0D
n + a1D

n-1 + a2D
n-2 +……+ an-1D+ an) y = X    …(3) 

 The general solution of (3) is 

 y = Complementary Function + Particular Integral 

 i.e., y =  C.F. + P.I. 

To find the Complementary Function 

The Auxiliary Equation of (3) is obtained by putting D = m and X = 0. 

 The Auxiliary eqn is 

 a0m
n +  a1m

n-1 + … + an = 0       …(4)  

 Solving equation (4), we get ‘n’ roots for ‘m’. Say m1, m2,…. mn. 

Case (i): If all the roots m1, m2, &mnare real and different, then the complementary 

function, 
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Case (ii): If any two roots are equal say m1 = m2 = m (say), then the complementary 

function is given by 

 
mxmx eBxAoreBAxFC )()()(..   



Case (iii): If any three roots are equal say m1 = m2 = m3 = m, then the complementary 

function is given by 

 mxmx eCxBxAoreCBxAxFC )()()(.. 22   

Case (iv): If the roots are imaginary of the form )( iß then the complementary function 

is 

 ]sincos[.. ßxBßxAeFC x    

To find particular Integral 

 When the R.H.S. of the given differential equation is zero, we need not find 

particular Integral. When R.H.S. of a given differential equation is a function of x say eax, 

sin ax or cos ax, xn, eax f(x), x f (x), we have to find particular Integral. 

Case (i): If f(x) = eax, then P.I. = axe
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, provided F(a) 0 and so on. 

Case (ii): If f(x) = sin ax or cos ax then 
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 Replace D2 by – a2 in F(D), provided F(D)  0. 

 If F(D)= 0, when we replace D2 by –a2 then 
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cos ax and the process may be repeated if F(D) = 0 and so on. 

Case (iii): If f(x) = x n, then nx
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 Expand = [F(D)]-1by using Binomial theorem and then operate on xn. 

Case (iv): If f(x) = eax X, where X is sin ax (or) cos ax, then 
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can be evaluated by using anyone of the first three types.  

Case (v): If f(x) = xn sin ax or x n cos ax, then 
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Example 

1. Find the complementary function of 02
2

2

 y
dx

dy
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Solution:The given equation can be written as (D2 + 2D + 1) y = 0 

 The Auxiliary equation is m2 + 2m + 1 = 0 

 (m + 1)2 = 0 

 m =–1, –1 

 C.F. = (A + Bx) e-x 

 



2. Solve the equation (D2 + 3D + 2) y = 0 

Solution:The Auxiliary equation is m2 + 3m + 2 = 0 

 (m + 1) (m + 2) = 0 

 m = –2, –1 

 y = Ae-2x + Be-x 

3. Find the complementary function of (D2 + 1) y = 0 

Solution:The A.E. is m2 + 1 = 0 m2 = –1 

 m = i 

 y = e0x (A cos x + B sin x) 

 y = A cos x + B sin x 

4. Solve y + 4y + 20y = 0 

Solution:The A.E. is m2 + 4m + 20 = 0 

 m = 
2

80164 
 

  = 
2

84

2

644 i



 

  = i42  

 y = e-2x (A cos 4x + B sin 4x) 

5. Solve the equation (D3 – 3D2 + 4D – 2) y = 0 

Solution:The A.E. is m3– 3m2 + 4m – 2 = 0 

 (m – 1) (m2 – 2m +2) = 0 

 m = 1 or m = 1 i 

 The solution is y = Aex + ex (B cos x + C sin x) 

 

 



6. Find the complementary function of (D3 + 2D2 + D) y = 0 

Solution:The A.E. is m3+ 2m2 + m = 0 

 m (m2+2m +1) = 0 

 m = 0, (m + 1)2 =0 

 m = 0, –1, –1 

 C.F = A + (Bx + C) e-x 

7. Solve the equation 065
2

2
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dx

dy

dx

yd

 

Solution:The given equation can be written as 

 (D2 – 5D + 6) y = 0 

 The auxiliary equation is m2– 5m = 6 = 0 

 (m – 3) (m – 2) = 0 

  m = 2, 3 

 y = Ae2x + Be3x 

8. Solve the equation 0
2
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dx

dy
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Solution:The given equation can be written as 

 (D2 + D) y = 0 

 The auxiliary equation is m2+ m = 0 

 m(m + 1) = 0 

 
 m = 0, –1 

 y = A+ Be-x 

9. Solve 022
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Solution:The given equation can be written as 

 (D3 + 2D2 – D – 2) y = 0 



 The auxiliary equation is m3 + 2m2 – m – 2 = 0 

 m2 (m + 2) – 1(m + 2) = 0 

 (m2 – 1) (m + 2) = 0 

 m2 = 1 or m = –2 

 m = –1, 1, –2 

 y = Ae-2x + Be-x + Cex 

10. Find the complementary function of (D2 – 2D + 2) y = 0 

Solution:The auxiliary equation is m2 – 2m + 2 = 0
 

 m = i


1
2

842
 

 C.F. = ex (A cos x + sin x) 

11. Solve (D2 – 4D + 13) y = 0 

Solution:The auxiliary equation is m2 – 4m + 13 = 0 

 m = 
2

52164 
 

 = i
i

32
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 y = e2x (A cos 3x + B sin 3x) 

12. Solve (D4 + 8D2 + 16) y = 0 

Solution:The auxiliary equation is m4 + 8m2 + 16 = 0 

 (m2 + 4)2 = 0 

 m2 + 4 = 0, m2 + 4 = 0 

 m =  2i m =  2i 

 y  =  (A1 + A2x) cos 2x + (A3 + A4x) sin 2x 

13. Solve (D2– 9) y = 0 

Solution:The auxiliary equation is m2 – 9 = 0 



 m2 = 9 

 m =  3 

 y = Ae-3x + Be3x 

14. Solve (D2 – 5D + 7) y = 0 

Solution:The A.E. is m2 – 5m + 7 = 0 

 m =
2

28255 
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15. Solve 02

2
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dx
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Solution:The given equation can be written a 

 (D2 + a2) y = 0 

 The A.E. is m2 + a2 = 0 

 m2 = –a2 

 m = ai 

 y = A cosax + B sin ax. 

Exercises: (Part A) 

(1) Solve (D2+ 2D – 15) y = 0 

(2) (2D2+ 7D + 5) y = 0 

(3) Solve 05
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(4) (D2 + 6D + 9) y = 0 

(5) (D2 + 8D + 16) y = 0 
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(7) (D2 + D + 1) y = 0 

(8) 03
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(9) (D2 + 16) y = 0 

(10) 0
2
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(12) (D2 + 8D + 16) y = 0 

(13) (D2 - 7D + 12) y = 0 

(14) (D3 - 6D2 + 11D - 6) y = 0 

(15) (D2 + 7) y = 0 

Answers 

(1) y = Ae3x + 13e-5x 

(2) 2

5x

x BeAey



   

(3) y = (Ax + B)e-4x 

(4) y = (Ax + B)e-3x 

(5) y = (Ax + B)e-4x 

(6) y = (Ax + B)e5x 

(7) 











xBxAey

x

2

3
sin

2

3
cos2  

(8)  xBxAey x 2sin2cos    

(9) y = A cos 4x + B sin 4x 

(10) y = A cos x + B sin x 



(11) y = Ae2x + B cos 2x + C sin 2x 

(12) y = (Ax + B)e-4x 

(13) y = Ae3x + Be4x 

(14) y = Aex + Be2x+ Ce3x 

(15) xBxAy 7sin7cos   

Problem based on P.I. = axe
Df )(
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1. Find the particulars integral of (D – 1) y = ex   [s.u. May ‘07] 

Solution: Particular Integral  = xe
D 1
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2. Find the particular integral of (D2 – 4D + 13) y = e2x 

Solution: Particular Integral = xe
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3. Find the particular Integral of (D2 – 2D + 1) y = ex   [s.u. May ‘10]  



Solution: Particular Integral = xe
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4. Find the particular Integral of (D2 – 4D + 4) y = cos h2x  [s.u. Dec ‘07]  

Solution: Particular Integral  = xh
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5. Solve (D – 2)2y = e2x where 
dx

d
D       [s.u. Dec ‘06]  

Solution: Auxiliary Equation: (m – 2)2 = 0 

    m = 2, 2 

 Complimentary Function (C.F) = (Ax + B) e2x 

 Particular Integral = xe
D
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 Complete Solution y = Complimentary function + Particular Integral 

 y = 
2
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6. Solve (D2 – 1) y = ex       [s.u Dec ’11] 

Solution: Auxiliary Equation  m2 – 1 = 0 

    m2 = 1 

    m =  1 



 Complimentary Function = Aex + Be-x 

 Particular Integral  = xe
D )1(

1
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 Complete Solution: 
2

x
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7. Find the particular integral of (D2 + D – 6) y= e2x   [s.u. Dec ‘12] 

Solution: Particular Integral  = xe
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8. Solve (D2– 3D + 2) y = e4x where D = 
dx

d

    
[s.u Dec’09] 

Solution: AuxiliaryEquation  m2 – 3m + 2 = 0 

   (m – 1) (m – 2) = 0 



   m = 1, 2 

Complimentary Function = Aex + Be2x 

Particular Integral  = xe
DD
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Complete Solution: 
6

4
2

x
xx e

BeAey   

9. Solve (4D2 – 4D + 1) y = 4 

Solution: Auxiliary Equation  4m2+ –4m + 1 = 0 

    4m2 – 2m – 2m + 1 = 0 

    2m (2m – 1) –1 (2m – 1) = 0 

    (2m – 1)2 = 0 

    m = 
2

1
,

2

1
 

 Complimentary Function = 
x

eBAx 2
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 Particular Integral  = xe
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2
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 Complete Solution: 4)( 2 

x

eBAxy  

10. Solve (D3 – 3D2 + 4D – 2) y = ex 



Solution: Auxiliary Equation is m3 – 3m2 + 4m – 2 = 0. 

 m = 1 satisfies the equation 

 m – 1 is a factor of this equation 

 To find the other roots, divide the given equation by m – 1 

 

0221

221

2431

1







 

 m2 – 2m + 2 = 0 

 m = 
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 The roots of the equation are m = 1, 1 + i, 1 – i.  

Complimentary Function=Aex +ex(A cos x + B sin x) 

Particular Integral: xx ee
DDD 214131
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(Since the denominator is 0) 
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 Complete Solution: y = Aex + ex (A cos x + B sin x) + xex 

11. (D2 – 3D + 2) y = e4x (sin hx) 

Solution: Auxiliary Equation m2 – 3m + 2 = 0 

    (m – 1) (m – 2) = 0 

    m = 1, 2 

 Complimentary Function = Aex + Be2x 



Particular Integral = )(sin
)23(

1 4

2
hxe

DD

x


 

   = 







 





2)23(

1 4

2

xx
x ee

e
DD

 

   = 







 

 2)23(

1 35

2

xx ee

DD
 

   = 













xx e
DD

e
DD

3

2

5

2 )23(

1

)23(

1

2

1
 

   = 













xx ee 3

2

5

2 )2333(

1

)2535(

1

2

1  

   = 









2122

1 35 xx ee
 

   = 
24

6 35 xx ee 
 

 Complete Solution:  
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 Problems based on nx
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 Following formulae are important 

 (1 + x)-1 = 1 – x + x2 – x3 + … 

 (1 - x)-1 = 1 + x + x2 + x3 + … 

 (1 + x)-2 = 1 – 2x + 3x2 – 4x3 + … 

 (1 - x)-2 = 1 + 2x + 3x2 + 4x3 + … 

12. Find the particular integral of (D2 – 9D + 20) y = 20x  [s.u Dec ‘10] 

Solution: Particular Integral  = x
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13. Solve (D2 – 1) y = x 

Solution: Auxiliary Equation  m2 – 1 = 0 

    m2 = 1 

    m2 =  1 

 Complimentary Function = Aex + Be-x 

 Particular Integral  = x
D 1

1
2 

 

    = x
D21

1




 

    = xD 12 )1(   

    = xDD ...))(1( 222   

    = )...)()(( 42 xDxDx   

    = x  

 Complete Solution:  xBeAey xx  
 

 



14. Solve 365 2
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Solution: Auxiliary Equation  m2 – 5m + 6 = 0 

    (m – 3) (m – 2) = 0 

    m = 3, 2 

 Complimentary Function = Ae3x+ Be2x 

 Particular Integral  = )3(
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 Complete solution: ]733018[
108

1 223  xxBeAey xx  

15. Solve (D4 – 2D3 + D2) y = x3 

 Solution: Auxiliary Equation  m4 – 2m3 + m2 = 0 

     m2 (m2 – 2m + 1) = 0 



    m2 (m – 1)2 = 0 

    m = 0, 0, 1, 1 

 Complimentary Function = (Ax + B) e0x + (Cx + D) ex 

 Particular Integral  = 3

234 2

1
x
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22 )12(

1
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2
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     (omitting D4and higher powers] 
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 Complete Solution: 
23

45

123
220

)()( xx
xx

eDxCBxAy x   

16. Solve (D3 + 8) = x4 + 2x + 1 

Solution: Auxiliary Equation  m3 + 8 = 0 

 m = –2 satisfies the equation   
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8001
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 (m+2) (m2 – 2m + 4) = 0 

 m = –2 or m = 
2

1642 

 

 m = –2 or m = 
2

122 i

 

 m = –2 m = 
2

322 i

 

 m = –2 m = 31 i  

 Complimentary Function =  xxBeAe xx 3sin3cos2   

 Particular Integral  = )12(
)8(
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3
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1
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1 4
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8

1
8

1 4

1
3













xx
D

 

    = )12(...
8

1
8

1 4
3









 xx

D
 

    = 







 )12(

8

1
12

8
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Complete Solution: )1(
8

1
)3sin3cos( 42   xxxxBeAey xx  



Exercises 

Solve: 

1. xey
dx

dy

dx

yd
 56

2

2

 

2. xeyDD 32 5)96(   

3. xeyD 32 6)6(   

4. hxyDD sin)22( 2   

5. xeyDD 22 )44(   

6. xeyDDD  )243( 3  

7. xeyDDD  )133( 23  

8. 
32 )4( xyD   

9. 97)45( 22  xxyDD  

10. xyDD  )6( 2
 

11. 12)23( 22  xyDD  

12. xyD  )1( 3
 

13. xyDD  )1213( 3
 

14. xxyDDD  23 )2(  

15. xyDDD  )863( 23
 

16. 
xexyDDD  2234 )2(  

17. xhxxyD 2cos12)8( 43   

18. xhxyD 2sin)4( 4   

19. Find the particular integral of (D – 1)3y = 2 cos hx 

20. Find the particular integral of (D2 + a2) y = b cos ax + c sin ax 



Answer 

1. 
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)sincos(: 21
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5. 
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2
2
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)_(:  

6.  xxx xexcxceeCyAns  )sincos(: 321  

7. 
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x
exCxCCyAns

6
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3
2
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8. 







  )32(

8

1
: 22

2

2

1 xxeCeCyAns xx  

9. 
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2

9

4

1
: 24

21 xxeCeCyAns xx
 

10. 
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36

1
: 2

2

3

1 xeCeCyAns xx  

11.  43: 22

21  xxeCeCyAns xx
 

12. 
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2

1
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13. 







  )1312(

144

1
: 3

3

4

21 xeCeCeCyAns xxx  

14. 







  x

xx
exCCCyAns x 4

2

3

3
)(:

23

321  



15. 















 

4

3

8

1
: 4

3

2

21 xeCeCeCyAns xxx  

16. 







 xx e

x
x

xx
eCxCCxCyAns

2
3

3

2

12
)()(:

2
2

34

4321
 

17.      










  xxxx xeexxxCxBeAeyAns 2242 43

96

1
1

8

1
3sin3cos:  

18. 







  hxhx

x
eCeCyAns xx cos

9

2
sin

3
: 2

2

2

1  

19. 







 xx ee

x
yAns

8

1

6
:

3

 

20. 







 )cossin(

2
: axcaxb

a

x
yAns  

1. Solve xyDD 3sin)34( 2   

 Auxiliary Equation is  m2 – 4m = 0 

    (m – 1) (m – 3) = 0 

    m = 1, 3 

 Complementary function (C.F) = Aex + Be3x 

 P.I.  = x
DD

3sin
34

1
2 

 

    D2 → -a2 = -9 

   = x
D

3sin
349

1


 

   = x
D

3sin
46

1


 

   = x
D

D

D
3sin

46

46

46

1







 

   = x
D

D
3sin

1636

)46(
2


 

    D2 → -a2 = -9 



   = x
D

3sin
)9(1636

)46(




 

   = )]3(sin43sin6[
4436

1
xDx 


 

   = ]3cos123sin6[
180

1
xx   

   = ]3sin3cos2[
180

6
xx   

 P.I.  = ]3sin3cos2[
30

1
xx   

 C.S  = C.F + P.I 

 y  = ]3sin3cos2[
30

13 xxBeAe xx   

2. Solve 
22 2cos)12( xxyDD   

Solution: Auxiliary Equation is m2 + 2m +1 = 0 

 (m + 1)2 = 0 

 m = –1 (twice) 

 C.F = (Ax + B) e-x 

 P.I. = )2(cos
12

1 2

2
xx

DD



 

  = 2

22 12

1
2cos

12

1
x

DD
x

DD 



 

 P.I. = P.I.1 + P.I.2 

 P.I.1 = x
DD

2cos
12

1
2 

 

    D2 → -a2 = -4 

  = x
D

2cos
124

1


 



  = x
D

D

D
2cos

23

23

23

1







 

  = x
D

D
2cos

49

23
2


 

    D2 → -a2 = -4 

  = x
D

2cos
)4(49

)23(




 

  = x
D

2cos
169

)23(




 

  = )]2(cos22cos3[
25

1
xDx 


 

 P.I.1 = ]2sin42cos3[
25

1
xx 


 

 P.I.1 = ]2sin42cos3[
25

1
xx 


 

 P.I.2 = 2

2 12

1
x

DD 
 

  = 2

2 21

1
x

DD 
 

  = 
212 )]2(1[ xDD   

  = 
2222 ...])2()2(1[ xDDDD   

  = ....])2()2[ 222222  xDDxDDx  [neglecting D3& higher powers] 

  = )](4)(2)([ 222222 xDxDxDx   

  = )]2(442[ 2  xx  

 P.I.1 = 642  xx  

 C.S. = C.F. + P.I1+ P.I2 

 y = 64]2sin42cos3[
25

1
)( 2   xxxxeBAx x  



3. Solve  xyDD 5sin8)98( 2   

Solution: Auxiliary Eqn is m2 – 8m + 9 = 0 

 m = 
2

36648 
 

 m = 74
2

728



 

 C.F = 
xx BeAe )74()74(    

 P.I = 255sin
18

1
8 22

2



aDx

DD
 

  = x
D

5sin
9825

1
8


 

  = x
D

5sin
816

1
8


 

  = x
D

D

D
5sin

2

2

2

1

8

8







  

  = 255sin
4

)2( 22

2





 aDx

D

D
 

  = 
)25(4

5sin)2(



 xD
 

  = )]5(sin5sin2[
29

1
xDx   

 P.I = )]5(cos55sin2[
29

1
xx   

 C.S = C.F + P.I 

 y =     ]5cos55sin2[
29

17474 xxBeAe xx    

4. Solve xeyDDD x 2sin)2( 223   

Solution: Auxiliary Eqn is m3 + 2m2 + m = 0 

 m (m2+ 2m + 1) = 0 



 m = 0; m2 + 2m + 1 = 0 

 (m + 1)2 = 0 

 m = 0, m = -1 (twice) 

 C.F. = Ae0x + (Bx + C) e-x 

 C.F. = A + (Bx + C) e-x 

 P.I = ]2sin[
2

1 2

23
xe

DDD

x 


 

 P.I = x
DDD

e
DDD

x 2sin
2

1

2

1
23

2

23 



 

 P.I. = P.I.1 + P.I.2 

 P.I.1 = xe
DDD

2

23 2

1


 

    D → a = 2 

  = xe2

2)4(28

1


 

 P.I.1 = xe2

18

1
 

 P.I.2 = 42sin
2

1 22

23



aDx

DDD
 

  = x
DD

2sin
)4(24

1


 

  = x
D

2sin
38

1


 

  = x
D

D

D
2sin

38

38

38

1







 

  =  42sin
964

38 22

2





aDx

D

D
 

  = x
D

2sin
)4(964

38




 



  = x
D

2sin
3664

38




 

  = )]2(sin32sin8[
100

1
xDx   

  = ]2cos62sin8[
100

1
xx   

  = ]2sin42cos3[
100

2
xx   

 P.I.2 = ]2sin42cos3[
50

1
xx   

 C.S = C.F + P.I.1 + P.I.2 

 y = ]2sin42cos3[
5018

1
)( 2 xxeeCBxA xx    

5. Solve xyDD 3cos)34( 2   

Solution: Auxiliary Eqn is m2 – 4m + 3 = 0 

 (m – 1)(m – 3) = 0 

   m = 1, 3 

 C.F = Aex + Be3x 

 P.I = 93cos
34

1 22

2



aDx

DD
 

  = x
D

3cos
349

1


 

  = x
D

3cos
46

1


 

  = x
D

D

D
3cos

46

46

46

1







 

  = 93cos
1636

46 22

2





aDx

D

D
 



  = x
D

3cos
)9(1636

46




 

  = x
D

3cos
14436

46




 

  = )]3(cos43cos6[
180

1
xDx   

  = ]3sin123cos6[
180

1
xx   

  = ]3sin23[cos
180

6
xx 


 

 P.I = ]3sin23[cos
30

1
xx 


 

 C.S = C.F + P.I 

 y = ]3sin23[cos
30

13 xxBeAe xx   

6. Solve xyDD 22 sin2)23(   

 Auxiliary equation is m2 + 3m + 2 = 0 

 (m + 1) (m + 2) = 0 

 m = –1, –2 

 C.F = Ae-x + Be-2x 

 P.I = x
DD

2

2
sin2

23

1


 

  = 













 2

2cos1
2

23

1
2

x

DD
 

  = )2cos1(
23

1
2

x
DD




 

  = x
DDDD

2cos
23

1

23

1
22 




 



  = x
DD

e
DD

x 2cos
23

1

23

1
2

0

2 



 

     D → a = 0, D2 → - a2= -4 

  = x
D

e x 2cos
234

1

2

1 0


  

  = x
D

D

D
2cos

32

32

32

1

2

1







  

  = 42cos)32(
94

1

2

1 22

2



 aDxD

D
 

  = ]2cos32cos2[
364

1

2

1
xDx 


  

  = ]2sin62cos2[
40

2

2

1
xx   

  = ]2sin32[cos
20

1

2

1
xx   

 P.I. = ]2sin32[cos
20

1

2

1
xx   

 C.S = C.F. + P.I 

 y = ]2sin32[cos
20

1

2

12 xxBeAe xx    

7. Solve (D2 + 6D + 8) y = cos2x 

Solo A. Eqn is m2 + 6m + 8 = 0 

 (m + 2) (m + 4) = 0 

 m = –2, –4 

 C.F  = Ae-2x + Be-4x 

 P.I = x
DD

2

2
cos

86

1


 

  = 






 

 2

2cos1

86

1
2

x

DD
 



  = 42cos
86

1

2

1
)1(

86

1

2

1 22

22






aDx

DDDD
 

  = x
D

2cos
)864(

1

2

1

8

1

2

1


  

  = x
DD

D
2cos

64

1

64

64

2

1

16

1







  

  = x
D

D
2cos

3616

64

2

1

16

1
2


  

  = x
D

2cos
)4(3616

)64(

2

1

16

1




  

  = xD 2cos)64(
14416

1

2

1

16

1



  

  = )]2(cos62cos4[
160

1

2

1

16

1
xDx   

  = ]2sin122cos4[
320

1

16

1
xx   

  = ]2sin32[cos
320

4

16

1
xx   

 P.I = ]2sin32[cos
80

1

16

1
xx   

 C.S = C.F. + P.I 

 y = ]2sin32[cos
80

1

16

142 xxBeAe xx    

8. Solve (D2 + 16)y = e-3x + cos 4x 

 Auxiliary Eqn is  m2 + 16 = 0 

 m2 = –16 

 m =  4i 

 α = 0   = 4 

 C.F. = A cos 4x + B sin 4x 



 P.I.1 = 
xe

D

3

2 16

1 


 

    D → a = –3 

  = xe 3

169

1 


 

 P.I.1 = xe 3

25

1   

 P.I.2 = x
D

4cos
16

1
2 

 

    D2 → –a2 = –16 

  = x4cos
1616

1


 

  = x
D

x 4cos
2

1
 

  = 
4

4sin

2

xx
 

 P.I.2 = 
8

4sin xx
 

 C.S = C.F. + P.I.1 + P.I.2 

 y = 
8

4sin

25

1
4sin4cos 3 xx

exBxA x    

9. Solve (D2 + 9) y = sin 3x 

Solution:Auxiliary Eqn is m2 + 9 = 0 

 m2 = –9 

 m =  3i 

 C.F = A cos 3x + B sin 3x 

 P.I. = 93sin
9

1 22

2



aDx

D
 



  = x3sin
99

1


 

  = x
D

x 3sin
2

1
 

 P.I = 
6

3cos xx
  

 C.S = C.F + P.I. 

 y = 
6

3cos
3sin3cos

xx
xBxA   

10. Solve (D2 + 1) y = cos x 

 Auxiliary Eqn is m2 + 1 = 0 

 m2 = –1 

 m = i 

 C.F = A cos x + B sin x 

 P.I. = 1cos
1

1 22

2



aDx

D
 

  = xcos
11

1


 

  = x
D

x cos
2

1
 

 P.I = 
2

sin xx
  

 C.S = C.F + P.I. 

 y = 
2

sin
sincos

xx
xBxA   

11. Solve (D2 – 4D + 3) y = sin 3x cos 2x 

 Auxiliary Eqn is m2 – 4m + 3 = 0 

 (m – 1) (m – 3) = 0 

 m = 1, 3 



 C.F = Aex + Be3x 

 P.I. = xx
DD

2cos3sin
34

1
2 

 

  = 










))23sin()23(sin(

2

1

34

1
2

xxxx
DD

 

 P.I = x
DD

x
DD

sin
34

1

2

1
5sin

34

1

2

1
22 




 

 P.I. = P.I.1 + P.I.2 

 P.I.1 = 255sin
34

1

2

1 22

2



aDx

DD
 

  = x
D

5sin
3425

1

2

1


 

  = x
D

5sin
422

1

2

1


 

  = x
D

D

D
5sin

211

211

211

1

4

1









 

  = 255sin
)4121(

)211(

4

1 22

2





aDx

D

D
 

  = x
D

5sin
)2549121(

)211(

4

1




 

  = x
D

5sin
100121

)211(

4

1




 

  = )5sin25sin11(
221

1

4

1
xDx 


 

  = )5cos105sin11(
884

1
xx 


 

 P.I.1 = ]5sin115cos10[
884

1
xx   

 P.I.2 = 1sin
34

1

2

1 22

2



aDx

DD
 



  = x
D

sin
)341(

1

2

1


 

  = x
D

sin
)42(

1

2

1

  

  = x
D

D

D
sin

42

42

42

1

2

1







 

  = 1sin)42(
)164(

1

2

1 22

2



aDxD

D  

  = x
D

sin
))1(164(

)42(

2

1





 

  = )sin4sin2(
20

1

2

1
xDx   

  = )cos2(sin2
20

1

2

1
xx 

  

 P.I.2 = ]cos2[sin
20

1
xx 

 

 C.S = C.F + P.I.1 + P.I.2

 

 y = ]cos2[sin
20

1
]5sin115cos10[

884

13 xxxxBeAe xx   

12. Solve (D2 + 4) y = 2 cos x cos 3x 

 The auxiliary Eqn is m2 + 4 = 0 

 m2 = –4 

 m = 2i 

 C.F = A cos 2x+ B sin 2x 

 P.I = ]3coscos2[
4

1
2

xx
D 

 

  = 













)]3cos()3[cos(

2

1
2

4

1
2

xxxx
D

 



  = ]2cos4[cos
4

1
2

xx
D




 

  = x
D

x
D

2cos
4

1
4cos

4

1
22 




 

   D2 → -a2 = -16  D2 → -a2 = -4 

  = xx 2cos
44

1
4cos

416

1





 

  = x
D

xx 2cos
2

1
.4cos

12

1



 

 P.I = 
4

2sin
4cos

12

1 xx
x   

 C.S = C.F + P.I 

 y = 
4

2sin
4cos

12

1
2sin2cos

xx
xxBxA   

Exercise 

1. Solve xyDD 2cos)44( 2   

2. Solve xyDD 3sin)23( 2   

3. Solve )12cos()1( 2  xyD  

4. Solve xyDD cos7)23( 2   

5. Solve xeyDD x 2cos)127( 52   

6. Solve xyDD 2sin)34( 2   

7. Solve xexyDD 22 4cos3)54(   

8. Solve xexyDD  cos)44( 2  

9. Solve xeyDDD x 2sin)2( 223    

10. Solve xyDD 2sin)4( 3   



11. Solve xyD 2cos)4( 2   

12. Solve xyDD 22 sin)56(   

13. Solve 222 cos3)4( xxyD   

14. Solve xyD 32 sin)9(   

15. Solve xyDD 22 cos)56(   

16. Solve xe
xx

yD 2
2

sin
2

cos)1( 3   

17. Solve xxyDD cos2sin)12( 2   

18. Solve xxyD sin2sin)1( 2   

19. Solve xxyD 3cossin2)1( 2   

20. Solve xxyDD cos2cos2)1( 2   

Answer 

1. xeBAxy x 2sin
8

1
)( 2   

2. ]3sin73cos9[
130

12 xxBeAey xx    

3. )12cos(
3

1
sincos  xxBxAy  

4. ]sin3[cos
10

72 xxBeAey xx   

5. ]2sin72cos4[
130

1

2

5
43 xx

e
BeAey

x
xx   

6. ]2sin2cos8[
65

13 xxBeAey xx   

7. ]4sin164cos21[
697

3

9

1 25 xxeBeAey xxx    



8. xeeBAxy xx 2sin
8

1
)( 2   

9. ]2sin42cos3[
50

1

2

1
)( 2 xxeeCBxAy xx    

10. x
x

xCxBAy 2sin
8

2sin2cos   

11. 
4

2sin
2sin2cos

xx
xBxAy   

12. ]2sin122[cos
290

1

10

15 xxBeAey xx    

13. 
8

2sin3

4

1

4
2sin2cos

2 xxx
xBxAy   

14. 
24

3cos

32

sin3
3sin3cos

xxx
xBxAy   

15. ]2sin122[cos
290

1

10

15 xxBeAey xx    

16. ]sin[cos
4

1

3

2

2

3
sin

2

3
cos2 xx

xe
xCxBBeAey

xx

x 











 

17. 
4

cos
]3sin43cos3[

100

1
][

x
xxeBAxy x    

18. x
xx

xBxAy 3cos
16

1

4

sin
sincos   

19. xxxBxAy 2sin
3

1
4sin

15

1
coscos   

20. xxxxBxAey

x

sin]3sin33cos8[
145

1

2

3
sin

2

3
cos2 


















 

 

 

 



Type (4): bxeorbxexf axax cos)(sin)(   

Method of finding P.I. 

 P.I = bxe
D

ax sin
)(

1


 

 Replace D by D + a 

 P.I = bx
aD

eax sin
)(

1










 

 bx
aD

sin
)(

1










is evaluated using type (2) 

 Note: If  xVxf )(  where V = sin ax or cos ax, then 

 P.I = 
2)]([

).(

)(
.

D

VD

D

V
x







 

1. Solve: xeYDD x 2sin)45( 2   

Solution: Given, xeyDD x 2sin)45( 2   

(i) To find C.F. 

 0)45( 2  yDD  

 The auxiliary equation is 

 m2 + 5m + 4  =  0 

 (m + 1) (m + 4)  = 0 

 m +1 = 0, m +4  =  0 

 m = –1, m = – 4 

 The roots are real and distinct 

 C.F = 
xmxm

BeAe 21   

   = 
xx BeAe 4   

 



(ii) To find P.I. 

 P.I = xe
DD

x 2sin
45

1
2




 

 Here, a = –1 and b = 2 

 Replace D by D + a = D – 1 

 P.I =  x
DD

e x 2sin
4)1(5)1(

1
2 

  

  = x
DDD

e x 2sin
45512

1
2 


 

  = x
DD

e x 2sin
5

1
2 


 

 Replace D2 by –b2 = –4 

 P.I = x
D

e x 2sin
34

1



  

 P.I = x
DD

D
e x 2sin

)43)(43(

)43(




 

  = 
169

)2sin42cos6(
2 



D

xx
e x

 

 Replace D2 by –b2 = –4 

 P.I = 
16)4(9

)2sin42cos6(



 xx
e x

 

  = 
)52(

2sin22cos3
2



 xx
e x

 

  = )2sin22cos3(
26

xx
e x




 

The solution is 

 y = C.F + P.I 

  = )2sin22cos3(
26

)(4 xx
e

BeAe
x

xx 






 



  = )2sin22cos3(
26

)(4 xx
e

BeAe
x

xx 



 

2. Solve: xeyDD x sin)42( 2   

Solution:Given, xeyDD x sin)42( 2   

(i) To find C.F. 

 0)42( 2  yDD  

 The auxiliary equation is  

 0422  mm  

 Here, a = 1, b = -2 and c = 4 

 m = 
a

acbb

2

42 
 

  = 
2

1642 
 

  = 
2

122 
 

  = 
2

322 i
 

 m = 31 i  

 The roots are imaginary Here α = 1 and ß = 3  

 C.F = )sincos( ßxBßxAeax   

  =  xBxAex 3sin3cos   

(ii) To find P.I. 

 P.I. = xe
DD

x sin
42

1
2 

 

 Here a = 1, and b = 1 



 Replace D by D + a = D + 1 

 P.I = x
DD

ex sin
4)1(2)1(

1
2 

 

  = x
DDD

ex sin
42212

1
2 

 

 P.I = = x
D

ex sin
3

1
2 

 

 Replace D2 by – b2 = -1 

D2 + 3 =–1 + 3 

  = 2 

   0 

 P.I = 
2

sin
.

x
e x  

 The solution is 

 y = C.F + P.I. 

 y =   xexBxAe xx sin
2

1
3sin3cos   

3. Solve: xeyDD x cos)52( 22   

Solution: Given, xeyDD x cos)52( 22   

(i) To find C.F 

 0)52( 2  yDD  

 The auxiliary equation is 

 m2 – 2m + 5 = 0 

 Here a = 1, b = -2 and c = 5 

 m = 
a

acbb

2

42 
 



  = 
2

2042 
 

  = 
2

162 
 

  = 
2

42 i
 

 m = i21  

 The roots are imaginary. Here α = 1 and ß = 2 

  C.F = )sincos( ßxBßxAeax   

    C.F  = )2sin2cos( xBxAex   

(ii) To find P.I 

 P.I = xe
DD

x cos
52

1 2

2 
 

 Here, a = 2 and b = 1 

 Replace D By D + a = D + 2 

 P.I = x
DD

e x cos
5)2(2)2(

1
.

2

2


 

  = x
DDD

e x cos
54244

1
.

2

2


 

  = x
DD

e x cos
52

1
.

2

2


 

 Replace D2 By –b2 = -1  

 P.I = x
D

e x cos
521

1
.2


 

  = x
D

e x cos
42

1
.2


 

  = x
D

ex

cos
2

1
.

2 
 



  = 
)2)(2(

cos)2(
.

2

2





DD

xDe x

 

  = 












4

cos2sin
.

2 2

2

D

xxe x

 

 Replace D2 by –b2 = -1 

  D2 – 4 = – 1 – 4 = –5  0 

  P.I = 












5

cos2sin

2

2 xxe x

 

   = )cos2(sin
)10(

2

xx
e x





 

   = )cos2(sin
10

2

xx
e x

  

 The solution is y = C.F. + P.I 

 i.e., y = )cos2(sin
10

)2sin2cos(
2

xx
e

xBxAe
x

x   

4. Solve: xey
dx

dy

dx

yd x cos65
2

2

  

Solution:Given, xey
dx

dy

dx

yd x cos65
2

2

  

 xey
dx

d

dx

d x cos65
2

2









  

 xeyDD x cos)65( 2   

(i) To find C.F 

 (D2 – 5D + 6) y = 0 

 The auxiliary equation is 

 m2 – 5m + 6 = 0 

 (m – 2) (m – 3) = 0 



 m – 2 = 0, m – 3 = 0 

 m = 2, m = 3 

 The roots are real and distinct 

  C.F = 
xmxm

BeAe 21   

   = 
xx BeAe 32   

(ii) To find P.I 

 P.I = xe
DD

x cos
65

1
2 

 

 Here a = 1 and b = 1 

 Replace  D by D + a = D + 1 

 P.I = x
DD

ex cos
6)1(5)1(

1
2 

 

  = x
DDD

ex cos
65512

1
2 

 

  = x
DD

ex cos
23

1
2 

 

 Replace  D2 by –b2 = – 1 

 P.I = x
D

ex cos
231

1


 

  = x
D

ex cos
13

1


 

  = x
D

ex cos
13

1


  

  = 
)13)(13(

cos)13(






DD

xD
ex

 

  = 
19

]cossin3[
2 



D

xx
e x

 

 Replace  D2 by -b2 = – 1 



 P.I = 
1)1(9

)cossin3(



 xxex

 

  = ]sin3[cos
10

xx
ex




 

 The solution is  

 y = C.F + P.I 

  = )sin3(cos
10

32 xx
e

BeAe
x

xx   

5.  Solve: (D2 + 4D + 3)y = e-xsin x 

Solution:Given, (D2 + 4D + 3)y = e-xsin x 

(i) To find C.F. 

 (D2 + 4D + 3) y = 0 

 The auxiliary equation is 

 m2 + 4m + 3 = 0 

 (m + 3) (m + 1) = 0 

 m + 3 = 0, m + 1 = 0 

 m = –3, m = –1 

 The roots are real and distinct 

 C.F =
xmxm

BeAe 21   

   = 
xx BeAe )1(3    

(ii) To find P.I 

 P.I = xe
DD

x sin
34

1
2




 

 Here a = –1; b = 1 

 Replace D by D + a = D – 1 



 P.I = x
DD

e x sin
3)1(4)1(

1
2 

  

  = x
DDD

e x sin
34412

1
2 


 

  = x
DD

e x sin
2

1
2 

  

 Replace D2by –b2 = –1 

 P.I = x
D

e x sin
21

1



  

   = x
D

e x sin
12

1



  

   =
)12)(12(

sin)12(





DD

xD
e x

 

   = 
14

]sincos2[
2 



D

xx
e x  

 Replace D2 by –b2 = –1 

  4D2 – 1 = 4(-1) – 1 = –5  0 

 P.I = 
5

)sincos2(



 xx
e x  

  = )sincos2(
5

xx
e x


 

 

 The solution is 

 y = C.F + P.I 

  = )sincos2(
5

33 xx
e

BeAe
x

x 



 

6. Solve: xey
dx

yd x sin4
2

2

  

Solution:Given, xey
dx

yd x sin4
2

2

  

 xeyD x sin)4( 2   



(i) To find C.F 

 (D2 + 4) y = 0 

 The auxiliary equation is 

 m2 + 4 = 0 

 m2 = – 4 

 m =  4  

 = 2i 

 = 0  2i 

 The roots are imaginary 

 Here, α = 0, ß = 2 

  C.F = )sincos( ßxBßxAeax   

   = )2sin2cos( xBxA   

    C.F  = xBxA 2sin2cos   

(ii) To find P.I 

 P.I = xe
D

x sin
4

1
2 

 

 Here a = 1, b = 1 

 Replace D by D+ a = D + 1 

 P.I = x
D

ex sin
4)1(

1
2 

 

  = x
DD

ex sin
412

1
2 

 

  = x
DD

ex sin
52

1
2 

 

 Replace D2 by –b2 = –1 



 P.I = x
D

ex sin
521

1


 

  = x
D

ex sin
42

1


 

  = x
D

ex

sin
2

1

2 
 

  = 
)2)(2(

sin)2(

2 



DD

xDex

 

  = 
4

)sin2(cos

2 2 



D

xxex

 

 Replace D2 by –b2 = –1 

 D2 – 4 = –1 – 4 = –5  0 

 P.I = 
)5(

)sin2(cos

2 

 xxex

 

  = )sin2(cos
10

xx
ex

  

 The solution is 

 y = C.F + P.I 

 y = )sin2(cos
10

)(
2sin2cos xx

e
xbxA

x




  

7. Solve: xey
dx

dy

dx

yd x 2sin44 3

2

2
  

Solution:Given, xey
dx

dy

dx

yd x 2sin44 3

2

2


   

  
xeyDD x 2sin)44( 32 

 

(i) To find C.F 

 0)44( 2  yDD  

 The auxiliary equation is  



 m2 + 4m + 4  = 0 

 (m + 2) (m + 2)  = 0 

 m + 2 = 0, m + 2 = 0 

 m = –2,            m = –2 

 m = –2 (twice) 

 The roots are real and equal 

 C.F = emx (Ax + B) 

   = e-2x (Ax + B) 

(ii) To find P.I 

 P.I = xe
DD

x 2sin
44

1 3

2




 

 Here a = –3 and b = 2 

 Replace D by D + a = D – 3 

  P.I. = x
DD

e x 2sin
4)3(4)3(

1
.

3

2



  

   = x
DDD

e x 2sin
412496

1
2

3




 

    P.I  = x
DD

e x 2sin
12

1
2

3



  

 Replace D2 by –b2 = –4 

 P.I  = x
D

e x 2sin
124

13



  

  = x
D

e x 2sin
32

13



  

  = 
)32)(32(

2sin)32(3





DD

xD
e x

 

  = 
94

]2sin3)2cos2(2[
2

3





D

xx
e x

 



 Replace D2 by –b2 = –4 

 4D2 – 9 = 4(–4) – 9 = 16 – 9 = 25  0 

  P.I = 
25

2sin32cos4(3




  xx

e x  

  = )2sin32cos4(
25

3

xx
e x




 

 The solution is 

 y = C.F + P.I 

 y = )2sin32cos4(
25

)(
3

2 xx
e

BAxe
x

x 



 

8. Solve: xeyDD x cos)2( 2   

Solution:Given xeyDD x cos)2( 2   

 0)2( 2  yDD  

 The auxiliary equation is 

 m2 + 2m = 0 

 m (m + 2)  = 0 

 m = 0, m + 2 = 0 

 m = 0,       m = –2  

 The roots are real and distinct 

 C.F = 
xmxm

BeAe 21   

  = 
xx BeAe 20   

  = 
xBeA 2  

 

(ii) To find P.I 



 P.I = xe
DD

x cos
2

1
2




 

 Here a = –1, b = 1  

 Replace D by D + a = D – 1 

 P.I = x
DD

e x cos
)1(2)1(

1
2 

  

  = x
DDD

e x cos
2212

1
2 

  

  = x
D

e x cos
1

1
2 

  

 Replace D2 by –b2 = –1 

 D2 – 1 = – 1 – 1= – 2  0 

 P.I = 
2

cos



 x
e x  

  = - x
e x

cos
2



 

 The solution is  

 y = C.F + P.I 

  = x
e

BeA
x

x cos
2

2


   

9. Solve: xeyDD x 3cos)134( 22   

Solution:Given, xeyDD x 3cos)134( 22   

(i) To find C.F 

 0)134( 2  yDD   

 The auxiliary equation is 

 m2 – 4m + 13 = 0 

 Here a = 1, b = –4, c = 13 



 m = 
a

acbb

2

42 
 

  = 
2

52164 
 

  = 
2

364 
 

  = 
2

64 i
 

 m = 32 i  

 The roots are imaginary 

 Here α = 2 and ß = 3 

 C.F = )sincos( ßxBßxAeax   

  = )3sin3cos(2 xBxAe x   

(ii) To find P.I 

 P.I = xe
DD

x 3cos
134

1 2

2 
 

 Here, a = 2 and b = 3 

 P.I = x
DD

e x 3cos
13)2(4)2(

1
2

2


 

 P.I = x
DDD

e x 3cos
138444

1
2

2


 

  = x
D

e x 3cos
9

1
2

2


 

 Replacing D2 by –b2 = –9 

 D2 + 9 = –9 + 9 = 0 

 P.I = 
D

x
xe x

2

3cos2  



  = 








D

x
e

x x 3cos

2

2  

  = xdxe
x x 3cos
2

2
  

  = 
3

3sin

2

2 x
e

x x  

  = xe
x x 3sin
6

2  

 The solution is 

 y = C.F + P.I 

  = xe
x

xBxAe xx 3sin
6

)3sin3cos( 22   

10. Solve: xeyDD x 2cos)52( 2   

Solution:Given, xeyDD x 2cos)52( 2   

(i) To find C.F 

 0)52( 2  yDD  

 The auxiliary equation is 

 m2 – 2m + 5 = 0 

 Here a = 1, b = -2 and c = 5 

 m =  
a

acbb

2

42 
 

  = 
2

2042 
 

  = 
2

42 i
 

  = 1  2i 

 The roots are imaginary. Here α = 1 and ß = 2. 



 C.F = )sincos(2 ßxBßxAe x   

  = )2sin2cos( xBxAex   

(ii) To find P.I 

 P.I = xe
DD

x 2cos
52

1
2 

 

 Here a = 1, b = 2 

 Replace D by D + a = D + 1 

 P.I = x
DD

ex 2cos
5)1(2)1(

1
2 

 

  = x
DDD

ex 2cos
52212

1
2 

 

  = x
D

ex 2cos
4

1
2 

 

 Replace D2 by –b2 = –4 

 D2 + 4 = –4 +4 = 0 

  P.I= 
D

x
xex

2

2cos
.  

  = 








D

xxex 2cos

2
 

  = 







x

xe
2sin

2

1

2
 

  = xe
x x 2sin
4

 

 The solution is  

 y = C.F + P.I 

  = xe
x

xBxAe xx 2sin
4

)2sin2cos(   

11. Solve: xeyD x cos)1( 2   



Solution:Given, xeD x cos)1( 2   

(i) To find C.F. 

 (D + 1)2y = 0 

 The auxiliary equation is 

 (m + 1)2 = 0 

 (m + 1) (m + 1) = 0 

 (m + 1) = 0, (m + 1) = 0 

 m = -1, m = –1 

 m = –1 (twice) 

 The roots are real and equal 

 C.F = )( BAxemx   

   =  )( BAxe x   

(ii) To find P.I 

 P.I = xe
D

x cos
)1(

1
2




 

  = xe
DD

x cos
12

1
2




 

 Here a = –1 and b = 1 

 Replace D by D + a = D – 1 

 P.I = x
DD

e x cos
1)1(2)1(

1
2 

  

 P.I = x
DDD

e x cos
12212

1
2 

  

  = 
2

cos

D

x
e x  



  = 






 x
DD

e x cos
11

 

  =  dxx
D

e x cos
1


  

  =  x
D

e x sin
1  

  = 
 dxxe x sin  

  =  xe x cos  

  = xe x cos  

 The solution is  

 y = C.F + P.I 

  = xeBAxe xx cos)(    

12. Solve: xxeyDD x sin)12( 2   

Solution: 

 Given xxeyDD x sin)12( 2   

(i) To find C.F 

 0)12( 2  yDD  

 The auxiliary equation is 

 m2 – 2m + 1 = 0 

  (m – 1) (m – 1) = 0 

 m = 1, m = 1 

 m = 1 (twice) 

 The roots are real and equal 

 C.F = emx (Ax + B) 

  = ex (Ax + B) 



(i) To find P.I 

 P.I = xxe
DD

x sin
12

1
2 

 

 Here a = 1, b = 1 

 Replace D by D + a = D + 1 

 P.I = xx
DD

ex sin
1)1(2)1(

1
2 

 

  = xx
DDD

ex sin
12212

1
2 

 

 P.I = 







2

sin

D

xx
e x  

  = x
D

D
ex

D
xe xx sin

)(

2
sin

1
222









 

  = 
222 )(

cos2
sin

1

D

x
ex

D
xe xx 








 

 Replace D2 by – b2 = –1 

 P.I = 
2)1(

cos2

)1(

sin














x
e

x
xe xx

 

  = xexxe xx cos2sin   

  = )cos2sin( xxxex   

 The solution is 

 y = C.F + P.I 

  = )cos2sin()( xxxeBAxe xx   

Exercises 

Solve the following differential equations 

1. xeyDD x 3cos)134( 22   



2. xeyDD x sin)34( 2   

3. xeyDD x sin)52( 22   

4. xeyD x cos)1( 2   

5. xeyDD x 2cos)65( 2   

6. xeyDD x 2cos3)34( 2   

7. xeyDD x 4sin8)136( 32   

8. xeyDD x 3cos)134( 22   

9. xey
dx

dy

dx

yd x 2sin44
2

2
  

10. xey
dx

dy

dx

xd x cos2
2

2

  

Answer 

1. xxexBxAey xx 3sin
6

1
]3sin3cos[ 22   

2. )sin7cos6(
85

xx
e

BeAey
x

xx  
 

3. )sin4cos2(
20

)2sin2cos(
2

xx
e

xBxAey
x

x   

4. xeeBAxy xx cos)(    

5. )2sin32(cos
20

32 xx
e

BeAey
x

xx   

6. ]2cos2[sin
8

32 xxeBeAey xxx   

7. xxexBxAey xx 4cos)2sin2cos( 33   

8. x
xe

xBxAey
x

x 3sin
6

]3sin3cos[
2

2   



9 )2sin32cos4(
25

1
)(2 xxeBAxey xx    

10. )cos2sin()( xxxeeBAxY xx   

Problem based on f(x) = xneax 

1. Solve xxeyDD 22 )6(   

Solution: Given xxeyDD 22 )6(   

 The Auxiliary Equation is  

 m2 – m – 6 = 0 

 m = 3, – 2 

 C.F =  
xx BeAe 32 
 

 P.I = 
xex

DD

2

2 6

1 


 

  = x
DD

e x

6)2()2(

1
2

2



  

  = x
DDD

e x

6244

1
2

2




 

  = x
DD

e x

5

1
2

2




 

  = x
D

D

e x













1
5

5

12
 

  = x
D

D

e x













5
15

12
 

  = x
D

D
e x

1

2

5
1

5

1















 



  = 

























































Rn

xD

xD

xD

x
DD

D

e

n

x

0)(

0)(

1)(

...
55

1
5

2

22





 

  = 













...
25

)(
)(

55

22 xD
x

D
x

D

e x

 

  = 













5

1

5

2

x
D

e x

 

  = dxx
e x
















5

1

5

2

 

  = 













x
xe x

5

1

25

22

 

  = 













5

1

25

2 xxe x

 

  = 






 





10

25

5

2 xxe x

 

  =  25
50

2






x
xe x

 

 y = C.F + P.I 

  = )25(
50

2
32 


 x

xe
BeAe

x
xx

 

2. Solve xexyDD 222 )44(   

Solution: Given xexyDD 222 )44(   

 The Auxiliary Equation is 

 m2 – 4m + 4 = 0 

 m = 2, 2 



 C.F  = (A + Bx) e2x 

 P.I = xex
DD

22

2 44

1


 

  = 2

2

2

4)2(4)2(

1
x

DD
e x


 

  = 
2

2

2

48444

1
x

DDD
e x


 

  = 
2

2

2

8844

1
x

DDD
e x


 

  = dxx
D

e x 22 1
  

  = 








3

1 3
2 x

D
e x  

  =  dxx
e x

3
2

3
 

  = 








43

42 xe x

 

  = 
12

42 xe x

 

 y = C.F + P.I 

  = 
12

)(
24

2
x

x ex
eBxA   

3. Solve: xeyDD x )( 3  

Solution: Given xeyDD x )( 3  

 The Auxiliary Equation is  

 m3 – 1 = 0 

 m (m2 – 1)  = 0 

 m = 0, m = 1 



 C.F = 
xxx CeBeAe  0
 

  = 
xx CeBeA  
 

 P.I = xe
DD

x

)(

1
3 

 

  = x
DD

e x

)1()1(

1
3 

 

  =  32233

23
33)(

1133

1
babbaabax

DDDD
ex 


  

  = x
DDD

ex

23

1
23 

 

  = x
DD

D

e x









 1

2

3

2
2

1
2

 

  = x
DD

D

e x












1

2

3
2

1
2

 

  = x
DD

D

ex
1

2

2

3
1

2










 
  

  = x
DDDD

D

ex






















 








 


2
22

2

3

2

3
1

2
 

  = x
DD

D

ex









 ...

2

3

2
1

2

2

 

  = 







 )(

2

3
)(

22

2

x
D

x
D

x
D

ex

 

  = 






















0)(

1)(
)1(

2

3
)0(

2
2 xD

xD
x

D

ex

  

  = 









2

3

2
x

D

ex

 



  = dxx
ex











2

3

2
 

  = 







 x

xex

2

3

22

2

 

  = )3(
4

x
xex

 

 y = C.F + P.I 

  = )3(
4

  x
xe

CeBeA
x

xx
 

4. Solve: )13()12( 22  xeyDD x       

Solution: Given )13()12( 22  xeyDD x  

 The Auxiliary Equation is 

 m2 – 2m + 1 = 0 

 m = 1, 1 

 P.I = )13(
)12(

1 2

2



xe

DD

x  

  = )13(
1)1(2)1(

1 2

2



x

DD
ex

 

  = )13(
12212

1 2

2



x

DDD
ex  

  = )13(
1 2

2
x

D
ex  

   = dxx
D

ex )13(
1 2   

  = 







 x

x

D
ex

3

31 3

 

  =  xx
D

ex 31
 



  = dxxxex
  )( 3  

  = 









24

24 xx
ex  

  y = C.F + P.I 

  = 
24

)(
24 xexe

eBxA
xx

x   

ALITER 

 Given )13()12( 22  xeyDD x  

   = 
xx exe 23  

 C.F = (A + Bx) ex 

 P.I1 = 2

2
3

)12(

1
xe

DD

x


 

  = 2

2 1)1(2)1(

1
3 x

DD
ex


 

  = 2

2 12212

1
3 x

DDD
ex


 

  = )(
1

3 2

2
x

D
ex  

  = dxx
D

ex 21
3   

  = 








3

1
3

3x

D
ex  

  = dxxex
D

e xx 32 )(
1

  

 P.I1 = 
4

4x
e x

 

 P.I2 = xe
DD 12

1
2 

 



  = 
121

1


 

  = xe
0

1
 

  = xe
D

x
22

1


 

  = xex
22

1


 

  = xex
0

1
.  

  = xex
2

12  

  = 
2

2 xex
 

 P.I = P.I1 – P.I2 

  = 
24

24 xex x

  

 y = C.F + P.I 

  = 
x

x
x e

xex
eBxA

24
)(

24

  

5. Solve 2)()12( 2 xexyDD        

 = 
xx exex 22 2   

 The Auxiliary Equation is m2 + 2m – 1 = 0 

(i.e) m = 
2

442 
 

  = 
2

82 
 

  = 
2

222 
 



  = 21  

 C.F = 
xBeAe )21()21(    

 P.I1 = 2

2 12

1
x

DD 
 

  = 2

2 )]2(1[

1
x

DD 


 

  = 212 )]2(1[ xDD   

  = - 2222 ...])2()2(1[ xDDDD   

  = 22342 ...]4421[ xDDDDD   

  = )](4)(4)()(2)([ 2223242222 xDxDxDxDxDx   

 

 = )]2(400)2(22[ 2  xx  

  = ]842[ 2  xx  

  = ]104[ 2  xx  

 P.I2 = xxe
DD

2
12

1
2 

 

  = 
1)1(2)1(

1
2

2  DD
ex  

  = x
DDD

ex

12212

1
2

2 
 

  = x
DD

ex

24

1
2

2 
 

  = x
DD

ex









 1

2

4

2

1
2

2
 

  = x
DD

ex






















 


2

4
12

1
2

2
 



  = x
DD

ex

1
2

2

4
1










 
  

  = x
DDDD

ex






















 








 
 ...

2

4

2

4
1

2
22

 

  = 

















0)(

1)(
....

2

4

2
1

2

2

xD

xD
x

DD
ex


 

  = 









2

)(4

2

)(2 xDxD
xex  

  = ]2)0([ xex  

  = )2( xex  

 P.I3 = xe
DD

2

2 12

1


   

  = xe2

144

1


   [Replace D by 2] 

  = xe2

7

1
 

P.I = P.I1 + P.I2 + P.I3 

  = xx exexx 22

7

1
)2()104(   

 y = C.F + P.I 

  = xxxx
exexxBeAe 22)21()21(

7

1
)2()104( 

  

 

 

6. Solve xx exeyDD 222 5)22(   

Solution:Given xx exeyDD 222 5)22(   



 The Auxiliary Equation is 

 m2 – 2m  + 2 = 0 

 m = 1 i 

 C.F = ]sincos[ xBxAex   

 P.I1 = 2

2 22

1
xe

DD

x


 

  = 2

2 2)1(2)1(

1
x

DD
ex


 

  = 2

2 22212

1
x

DDD
ex


 

  = 2

2 1

1
x

D
ex


 

  = 212)1( xDex   

  242 ...]1[ xDDex   

  = ...])()([ 24222  xDxDxex  

  = ]2[ 2 xex  

 P.I2 = xe
DD

0

2
5

22

1


 

  =
xe0

2)0(2)0(

1
5


 

  = 
2

5
 

 P.I3 = xe
DD

2_

2 22

1


 

  = xe 2

2 2)2(2)2(

1 


 

  = xe 2

244

1 


 



  = xe 2

10

1   

 P.I = P.I1 + P.I2 + P.I3 

  = xx exe 22

10

1

2

5
)2(   

 y = C.F + P.I 

  = xxx exexBxAe 22

10

1

2

5
)2()sincos(   

7. Solve xexyDD 23 )1()67(   

Solution: xx xeeyDD 223 )67(   

 The Auxiliary Equation is m3 – 7m – 6 = 0 

 

0611

6110

6701

1







  

 (m+ 1) (m2 – m –6) = 0 

 m = –1, –2, 3 

 C.F  = 
xxx CeBeAe 32  
 

 P.I2 = 
xxe

DD

2

3 67

1


 

  = x
DD

e x

6)2(7)2(

1
3

2


 

  = x
DDDD

e x

61478126

1
23

2


 

  = x
DDD

e x

1256

1
23

2


 

  = x
DDD

e x

















 
1

12

56
12

1
23

2
 



  = x
DDD

e x
















 


12

56
112

1
23

2  

  = x
DDDe x

1
232

12

)56(
1

12










 



 

  = x
DDDe x








 




12

...)56(
1

12

232

 

  = 













...

12

))(56(

12

232 xDDD
x

e x

 

  = 











12

)(5

12

2 xD
x

e x

 

  = 











12

5

12

2

x
e x

 

 P.I1 = xe
DD

2

3 )67(

1


 

  = xe2

6148

1


 

  = 
12

2 xe
 

 P.I = P.I1+ P.I2 

  = 











12

5

1212

22

x
ee xx

 

  = 



















12

5
1

12

2

x
e x

 

  = 











12

7

12

2

x
e x

 

  y = C.F + P.I 



  = 







 

12

7

12

2
32 x

e
CeBeAe

x
xx  

8. Solve:  xxeyDD x sin)12( 2   

Solution: Given xxeyDD x sin)12( 2   

 The Auxiliary Equation is 

 m2 – 2m + 1 = 0 

 C.F = xeBxA )(   

 P.I. = xxe
DD

x sin
12

1
2 

 

  = xx
DD

ex sin
1)1(2)1(

1
2 










 

  = xx
DDD

ex sin
12212

1
2 










 

  = xx
DDD

ex sin
1222

1
2 










 

  = xx
D

e x sin
1

2
 

  = dxxx
D

ex )sin(
1
  

  = )]sin(cos[
1

xxx
D

ex   

  =    xdxdxxex sincos  

  = ]cos)cossin([ xxxxex    u = x : v = cos x 

        u = 1 : v1 = sin x 

        u = 0 : v2 = -cos x 

  = ]coscossin[ xxxxex   



  = ]cos2sin[ xxxex   

 y = C.F + P.I 

  = )cos2sin()( xxxeeBxA xx   

9. Solve: xexyDD x 2sin8)44( 222   

Solution:Given xexyDD x 2sin8)44( 222   

 The Auxiliary Equation is  

 m2 – 4m + 4 = 0 

 (m – 2)2= 0 

 m = 2, 2 (twice) 

 C.F = xeBxA 2)(   

 P.I = xex
D

x 2sin8
)2(

1 22

2
 

  = xx
D

e x 2sin
)22(

1
8 2

2

2


 

  = 










321

22 2sin
1

8
vuvuuvuvdx

formulaBerroulliBy
xdxx

D
e x  

  = 











8

2cos2

4

2sin2

2

2cos1
8

2
2 xxxxx

D
e x  

  = 











4

2cos
2sin

22

2cos1
8

2
2 x

x
xxx

D
e x  

  = 







  xdxxdxxxdxx

D
e x 2cos

4

1
2sin

2

1
2cos

2

11
8 22  

 = 































x

xxxxxxxx
e x 2sin

8

1

4

2sin

2

2cos

2

1

8

2sin2

4

2cos2

2

2sin

2

1
8

2
2

 



  = 










x

xxxxxxxx
e x 2sin

8

1

8

2sin

4

2cos

8

2sin

4

2cos

4

2sin
8

2
2  

  = 











8

2sin3

4

2cos2

4

2sin
8

2
2 xxxxx

e x  

  = 











8

2sin3

4

2cos

3

2sin
8

2
2 xxxxx

e x  

  = 











8

2sin3

8

2cos4

8

2sin2
8

2
2 xxxxx

e x  

  = ]2sin32cos42sin2[8 22 xxxxxe x   

  = ]2cos42sin)23[(8 22 xxxxe x   

10. Solve: hxxy
dx

yd
sin4

2

2

  

Solution:The Auxiliary Equation is 

 m2 – 4 = 0 

 m =  2 

 C.F  = Ae2x + Be-2x 

 P.I = hxx
D

sin
4

1
2 

 

  = 






 





24

1
2

xx ee
x

D
 

  = 













 xe
D

xe
D

xx

4

1

4

1

2

1
22

 

  = 













 x
D

ex
D

e xx

4)1(

1

4)1(

1

2

1
22

 

  = 













 x
DD

ex
DD

e xx

412

1

412

1

2

1
22

 



  = 













 x
DD

ex
DD

e xx

32

1

32

1

2

1
22

 

  = 











































 x
DD

ex
DD

e xx

1
3

2

3
3

1

1
3

2

3
3

1

2

1
22

 

  = 





























































 x
DD

ex
DD

e xx

3

2

3
1

1

3

2

3
1

1

6

1
22

 

  = 

























































x
DD

ex
DD

e xx

1
2

1
2

3

2

3
1

3

2

3
1

6

1
 

  = 

























  x

DD
ex

DD
e xx ...

3

2

3
1...

3

2

3
1

6

1 22

 

  = 



























  ...)(
3

2
)(

3
...)(

3

2
)(

36

1 22

x
D

x
D

xex
D

x
D

xe xx  

  = 



























 

3

2

3

2

6

1
xexe xx

 

  = 









  )(

3

2
)(

6

1 xxxx eeeex  

  = 











hxhxx cos2(
3

2
sin2

6

1
 

  = 










hxhxx cos

3

4
sin2

6

1
 

  = hxhx
x

cos
9

2
sin

3
  

  y = C.F + P.I 



  =  xx
x

BeAe xx cosh
9

2
sinh

3

22    

11. Solve: 3323 )133( xeyDDD   

Solution: Given  323 )133( xeyDDD x  

 The Auxiliary Equation is 

 m3 – 3m2 + 3m – 1 = 0 

 (m – 1)3 = 0 

 m = 1, 1, 1 (thrice) 

 C.F = xeCxBxA )( 2  

 P.I = 3

3)1(

1
xe

D

x


 

  = 3

3)11(

1
x

D
e x



  

  = 3

3)2(

1
x

D
e x



  

  = 3

3

3 1
2

2

1
x

D
e x











  

  = 3

3

2
18

x
D

e x













 

  = 
3

3

2
1

8
x

De x 












 

  = 



















...
8!3

)23)(13(3

4!2

)13(3

2
31

8

32 DDDe x

 

   









  ...

!3

)2)(2(

!2

)1(
1)1( 32 x

nnn
x

nn
nxx n  



   














....)(
88

)5(4.3

4

)(

2

4.3
)(

2

3

8

3
322

33
3

x
DxD

xDx
e

 

   = 













)6(
4

5
)6(

2

3
)3(

2

3

8

23
3

xxx
e

 

   = 













159
2

9

8

23
3

xxx
e

 

 P.I =  151892
16

23 




xxx
e x

 

 y = C.F + P.I 

  = ]151892[
16

)( 232 


xxx
e

eCxBxA
x

x
 

12. Solve: xhxyD 2sin)4( 2   

Solution: Given xhxyD 2sin)4( 2   

  =  






  

2

22 xx ee
x  

  = 
22

22 xx xexe 

  

 The Auxiliary Equation is 

 m2 – 4 = 0 

 m2 = 4 

 m =  2 

  

 C.F.  = 
xx BeAe 22 
 

 P.I. = 







 )....(

16
)(

4

1

8

22

x
D

x
D

x
D

e x

 



  = 









4

11

8

2

x
D

e x

 

  = 









428

22 xxe x

 

  = 






 

4

12

8

2 xxe x

 

  =  12
32

2

x
xe x

  

 P.I1 = xe
x

D

2

2 2)4(

1 


 

  = x
D

e x

4)2(

1

2 2

2


 

  = x
DD

e x

444

1

2 2

2





 

  = x
DD

e x

)4(

1

2 2

2





 

  = x
D

D

e x













4
14

1

8

2

 

  = x
D

D

e x 12

4
1

1

8














 

  = x
DD

D

e x



























...
44

1
8

22

 

  = 













....)(
16

)(
48

22

x
D

x
D

x
D

e x

 

  = 













4

1

8

2

x
D

e x

 



  = 





















 


4284

1

8

222 xxe
dxx

D

e xx

 

  = ]12[
32

2


 

x
xe x

 

 P.I = P.I1 + P.I2 

  = )12(
32

)12(
32

22

 x
xe

x
xe xx

 

 y = )12(
32

)12(
32

22
22  x

xe
x

xe
BeAe

xx
xx

 

Exercise Problems 

1. xexyDD 322 )22(   

2. 22 )44( xeyDD x  

3. )1()54( 22   xeyDD x  

4. xeyDD x32 )158(   

5. xexyD 322 )1()9(   

6. xxyDD 3)12( 22   

7. xexyDD 22 )12(   

8. 
2

2 )12(
x

e
yDD

x

  

9. xhxyD 2cos)4( 22   

 

Answers 

1. )224025(
125

1
)sincos( 23  xxexBxAey xx

 

2. )64()( 22   xxeeBAxy xx

 



3. 












7

15

7

2
5 x

e
BeAey

x
xx

 

4. 







 

24

7

48

3
53 x

e
BeAey

x
xx

 

5. 









9

10

3

2

18
3sin3cos 2

3 x
x

e
xBxAy

x

 

6. 









2

3
2

4
)( 2

3

xx
e

eBxAy
x

x

 

7. 12
)(

4 x
x ex

eBxAy   

8. xeeBxAy xx log)(    

9. 
)2sinh32cosh62sinh8(

96

222 xxxxx
x

BeAey xx  

 

LINEAR DIFFERENTIAL EQUATIONS WITH VARIABLES CO-EFFICIENTS 

I - Cauchy Euler Type  

An equation of the form 

 Xya
dx

dy
xa

dx

yd
xa

dx

yd
xa nnn

n
n

n

n
n  




11

1
1

10 .......     …(1) 

Where a0, a1, ..., an are constants and X is a function of x is called Euler’s homogeneous 

linear differential equation. 

Equation (1) can be reduce to constant co-efficient by means of transformation  

x = ex(or) z = log x 

 
dx

dy
 = dx

dz

dz

dy
.

 

  = 
]log[

1
xzex

dz

dy

x

z 
 

 dx

dy
x  = Dy where D = d / dz      (2) 



Now 

 2

2

dx

yd
 = 


















dz

dy

xdx

d

dx

dy

dx

d 1
 

  = 

















xdx

d

dz

dy

dz

dy

dx

d

x

11
 

  = 






 









2

11

xdz

dy

dx

dz

dx

dy

dz

d

x
 

  = 
dz

dy

xx

d

dz

yd

x 22

2 11 
  

 2

2

dx

yd
 = 

dz

dy

xdz

yd

x 22

2

2

11
  

2

2
2

dx

yd
x  = 

dz

dy

dz

yd


2

2

 

  = (D2 – D) y  where D = d / dz 

 2

2
2

dx

yd
x = yDD )1(          …(3) 

Similarly yDDD
dx

yd
x )2)(1(

3

3
3        …(4) 

and so on. Substituting  (2), (3), (4) and so on in (1), differential equation of variables co-

efficients reduced to constant co-efficients and can be solved by any one of the known 

methods.  

 

 

II – Legendre’s Type 

An equation of the form  

 Xya
dx

yd
baxa

dx

yd
baxa nn

n
n

n

n
n 




 .......)()(

1

1
1

10    …(1) 

where a0, a1 , ..., an are constants and X is a function of x is called Legendre’s linear 

differential equation. 



Equation (1) can be reduced to linear differential equation with constant co-efficient by the 

substitution.  

 ax + b = ez  z = log (az + b) 

 
dz

dy
a

dx

dy
bax  )(  

 (ax + b) D = aD, where D = d / dz 

 Similarly (ax + b)2D2 = a2D (D-1) and so on. 

Examples 

1. Solve 0
2

2
2  y

dx

dy
x

dx

yd
x    [S.U May’ 09, Dec’ 10, May’ 12] 

Solution: Given [x2D2 – xD +1] y = 0       …(1) 

Put x = ez  z = log x 

 x2D2 = D( D – 1) 

 xD = D where D = d / dz 

 Equation (1) reduces to 

 (D( D–1) – D+1) y = 0 

 (D2 – 2D + 1) y = 0 

 A.E is m2 – 2m + 1 = 0 

 (m – 1)2 = 0 

 m = 1, 1 

 C.F = y = (Az + B) ez 

 y = (A log x + B) x 

2. Solve 0
x

y
yyx     [ S.U May’ 07, May’ 11] 

Solution: Given 0
12 







 y

x
DxD  



 [Multiply by x] 

 [x2D2+ xD +1] y = 0         …(1) 

 Put x = ez   z = log x 

 x2D2 = D( D– 1) 

 xD =  D, where D = d / dz 

(1) reduces to [D(D– 1) + D + 1] y = 0 

 [D2 + 1] y = 0 

 A.E :   m2 + 1 = 0 

 m2 = –1 

 m = i 

 C.F = y = A cos z + B sin z 

 y = A cos (log x) + B sin (log x) 

3. Solve (x2D2 – 3xD + 4) y = 0       [S.U Dec’ 07] 

Solution: Given (x2D2 – 3xD + 4) y = 0      ...(1) 

 x2D2 =D(D– 1) 

 xD =D,  Where D = d / dz 

(1) reduces to [D(D–1) – 3D + 4] y = 0 

 (D2 – 4D + 4) y = 0 

 A.E : m2 – 4m + 4 = 0 

 m = 2, 2 (repeated roots) 

     C.F = y = (Az + B) e2z 

 y = (A log x + B) e2logx 

= (A log x + B) x2 

4. Solve xy + y = 0 
      

[S.U Dec ‘08] 

Solution: Given xy + y = 0 



 multiply by x x2y + xy = 0      …(1) 

 (x2D2 + xD) y = 0 

 A.E :   (D( D – 1) + D) y = 0 [x2D2 = D( D – 1) xD = D] 

 D2y = 0 

 A.E:   m2 = 0 

 m = 0, 0 

 y = C.F. = (Az + B)e0z 

 y = A log x + B 

5.  Convert the Euler equation (x2D2− 7xD + 12) y = x2 into a differential equation 

with constant co-efficients         [S.U. Dec ’09] 

Solution: Given (x2D2 −7xD + 12) y = x2      
…(1) 

 Put x = ez z = log x 

 x2D2 = D( D− 1) 

 xD = D, where  D = 
dz

dy
 

 Equation (1) reduces to 

 (D( D− 1) − 7 D +12) y = (ez)2 

 (D2− 8D + 12) y = e2z       …(2) 

Equation (2) is a linear differential equation with constant co-efficients. 

6.  Transform xy
dx

dy
x

dx

yd
x  2

2

2
2

into linear differential equation with constant co-

efficients                  [S.U. Dec ’11] 

Solution: Given xyxDDx  ]2[ 22       …(1) 

 Put  xzex z log  

  )1(22  DDDx  



  DxD   

 Equation (1) reduces to 

 zeyDDD  ]2)1([  

 zeyDD  ]22[ 2         …(2) 

Equation (2) is a linear differential equation with constant co-efficients. 

7. Solve 0
2

4
2

2
2 

x

y

dx

dy
x

dx

yd
x      [S.U.Dec’ 11] 

Solution: Given 0
2

42 







 y

x
DxD  

 Multiply by x 

 0]24[ 22  yxDDx  

 Put xzex z log  

 0]24)1([  yDDD  

 0]23[ 2  yDD  

 A.E:  m2 + 3m + 2 = 0 

 (m + 2)(m + 1) = 0 

 m = −1, −2 

 C.F = y = Ae-z + Be-2z 

 y = ][
2

zex
x

B

x

A
   

8. Solve 222 )(log32)42( xyxDDx           [S.U May’ 09, May’ 11] 

Solution: Given 222 )(log32)42( xyxDDx   

 Put xzex z log  

 )1('22  DDDx  



 
dz

d
DDxD  ,  

 232]42)1([ zyDDD   

 22 32]43[ zyDD         …(2) 

Equation (2) is a linear differential equation with constant co-efficients. 

 A.E:  m2 - 3m - 4 = 0 

 (m - 4)(m + 1) = 0 

 m = 4, −1 

 C.F  = Ae4Z + Be-z 

 P.I. = 
2

2
32

43

1
z

DD 
 

  = 2

2

4

3
14

1
32 z

DD
















 


 

  = 
2

1
2

4

3
18 z

DD


















 
  

  = ...]1)1([....
4

3

4

3
18 212

2
22























 







 
  xxxz

DDDD
  

  = 






 



 )(

16

9
)(

4

3
)(

4
8 2

2
22

2
2 z

D
zDz

D
z  

     }0)(,2)(,2)({ 22222  zDzDzzD  

  = 







 )2(

16

9
)2(

4

3

4

2
8 2 zz  

 P.I = 









8

13

2

3
8 2 zz  

  General solution y = C.F + P.I 



  = 







 

8

13

2

3
8 24 z

zBeAe zz  

 y = ]13)(log12)(log8[ 24  xx
x

B
Ax  

9. Solve )(logsinlog)1( 22 xxyxDDx      [S.U.Dec ‘07] 

Solution: Given )(logsinlog)1( 22 xxyxDDx      …(1) 

 Put xzex z log  

 )1(22  DDDx  

 DxD   

(1) reduces to  

 zzyDDD sin)1)1((   

 zzyD sin)1( 2   

 A.E: m2+ 1 = 0 

 m = i 

 C.F = A cos z+ B sin z 

 P.I = zz
D

sin
1

1
2 

 

  = 
1

1
2 D

 I.P. of eiz z 

  = I.P. of eiz z
iD 1)(

1
2 

 

  = I.P. of eiz z
DiD  2

1
2

 

  = I.P. of eiz z

i

D
Di 







 


2
12

1
 



  = I.P. of eiz z
Di

D

i
1

2
1

2










 





 

  = I.P. of eiz z
DiDi

D

i




















 






....
22

1
2

2

1
 

  = I.P. of eiz }0)(1)({
22

2 













zDzD

i
z

D

i
  

  = I.P. of eiz }....
1

{
222

1 2

ztrwInt
D

izz













  

  = I.P. of 












44
)sin(cos

2 ziz
zz  

 P.I = z
z

z
z

sin
4

cos
4

2

  

 y = C.F + P.I 

 General solution: z
z

z
z

zBzAy sin
4

cos
4

sincos
2

  

 )(logsin
4

log
)(logcos

4

)(log
)(logsin)(logcos

2

x
x

x
x

xBxAy   

 

10. Solve xy
dx

dy
x

dx

yd
x 612)32(2)32(

2

2
2   [S.U. Dec ‘09] 

Solution: The given eqn is a Legendre’s linear differential equation 

 Put )32(log)32(  xzex z  

 yD
dz

dy

dx

dy
x '22)32(   

 yDD
dx

yd
x )1(4)32(

2

2
2   

 Equation reduces to  



 ]32[
2

3
6]12)2(2)1(4[ z

z

ex
e

yDDD 






 
   

 ]3[3]1284[ 2  zeyDD  

 )3(
4

3
]32[ 2  zeyDD        …(1) 

 Equation (1) is a linear differential equation with constant co-efficients 

 A.E:  m2– 2m – 3 = 0 

 (m – 3) (m + 1) = 0 

 m = 3, – 1 

 C.F = Ae3z + Be-z 

 P.I = )3(
4

3

32

1
2




ze
DD

 

  = )3(
32

1

4

3 0

2

zz ee
DD




 

  = 










1

4

1

4

3 ze  [subst. D = 1 in Ist and D = 0 in IInd] 

 y = C.F + P.I 

 

General Solution 

 y = 
4

3

16

33   zzz eBeAe  

 y = 
4

3
)32(

16

3
)32()32( 13   xxBxA  

11. Solve xxyxDDx log)24( 22            [S.U. Dec’ 06, May’ 11] 

Solution: Given xxyxDDx log)24( 22       …(1) 

 Put xzex Z log  



 )1(22  DDDx  

 DxD   

 (1) zzeyDDD  )24)1((  

 zzeyDD  )23( 2  

 A.E:  m2 + 3m + 2 = 0 

 (m+ 2) (m + 1) = 0 

 m  = -1, -2 

 C.F  = Ae-z + Be-2z 

 P.I. = 
zze

DD 23

1
2 

 

  = z
DD

e z

2)1(3)1(

1
2 

 

  = z
DD

ez

65

1
2 

 

  = z
DD

ez








 


6

5
1

1

6 2
 

  = z
DDe z

1
2

6

5
1

6










 
  

  = z
DDDDe z

















 








 
 ...

6

5

6

5
1

6

22

 

 P.I = ]0)(,1)([
6

5

6

2 








 zDzDz

ez

  

 y = C.F + P.I 

General Solution 



 y = 







 

6

5

6

2 z
e

BeAe
z

zz
 

 y = 









6

5
log

62
x

x

x

B

x

A
 

12. Solve )sin(log)4( 222 xxyxDDx   [S.U May’ 10] 

Solution: Given 

 )sin(log)4( 222 xxyxDDx        …(1) 

 Put xzex z log,   

 )1(22  DDDx  

 )1(22  DDDx  

 Equation (1) reduces to 

 zeyDDD Z sin)4)1(( 2  

 zeyDD Z sin)42( 22   

 A.E:  m2 – 2m + 4 = 0 

 m = 
2

1642 
 

  = 
2

322 i
 

 m = 31 i  

 C.F  = )3sin3cos( zBzAez   

 P.I = ze
DD

z sin
42

1 2

2 
 

  = I.P. of  
izzee

DD

2

2 42

1


 



  = I.P. of  
zie

DD

)2(

2 42

1 


 

  = I.P. of  
zie

ii

)2(

2 4)2(2)2(

1 


 Replace D = 2 + i 

  = I.P. of  
izzee

i

2

23

1


 

  = I.P. of  )sin(cos
13

)23( 2 zize
i z 


 

 P.I = )cos2sin3(
13

2

zz
e z

  

 y = C.F + P.I 

  = )cos2sin3(
13

)3sin3cos(
2

zz
e

zBzAe
z

z   

General solution 

      ))cos(log2)sin(log3(
13

log3sinlog3cos
2

xx
x

xBxAxy   

13. Solve )cos(log53
2

2
2 xxy

dx

dy
x

dx

yd
x               [S.U May’ 08] 

Solution: Put xzxez log  

 )1(22  DDDx   

 
dz

d
DDxD  ,  

 Then the given equation becomes 

 zeyDDD z cos]53)1([   

 
dz

d
DDxD  ,  

 A.E:  m2 + 2m + 5 = 0 



 m =  
2

2042 
 

  = 
2

42 i
 

 m = -1  2i 

 C.F = )2sin2cos( zBzAe z   

 P.I = ze
DD

z cos
52

1
22 

 

  = 
izzee

DD
PR

52

1
.

22 
 

  = 
zie

DD
PR )1(

2 52

1
. 


 

  = 
zie

ii
PR )1(

2 5)1(2)1(

1
. 


 

  = 
izzee

i
PR

47

1
.


 

  = )sin(cos
65

)47(
. zize

i
PR z 


 

  = )sin4cos7(
65

zz
e z

  

ALITER 

 P.I = ze
DD

z cos
52

1
2 

 

  = z
DD

e z cos
5)1()1(

1
2 

 

  = z
DD

e z cos
84

1
2 

  Replace D2= - 1 

  = z
DD

D
e z cos

)74)(74(

)74(




 



  = 
22 7)4(

]cos7)sin(4[





D

zz
ez

 

  = )cos7sin4(
65

zz
e z

  

 y = C.F + P.I 

  = )sin4cos7(
65

)2sin2cos( zz
e

zBzAe
z

z 
 

 y = )]cos(log7)sin(log4[
65

))(log2sin())(log2cos((
1

xx
x

xBxA
x

  

14. Solve xxyxDDx log)2( 22       [S.U. Dec 11] 

Solution: Given xxyxDDx log)2( 22        …(1) 

Put  xzex z log  

 )1(22  DDDx  

 DxD   

 Equation (1) reduces to 

 zzeyDDD  )2)1((  

 zzeyDD  )22( 2  

 A.E:  m2– 2m + 2 = 0 

 m = 
2

842 
 

  = 
2

22 i
 

 m = 1  i 

 C.F. = ez (A cos z + B sin z) 

 P.I. = 
zze

DD 22

1
2   



  = z
DD

ez

2)1(2)1(

1
2 

 

  = z
D

e z

1

1
2 

 

  = zDez 12 )1(   

  = zDDez ...))(1( 222   

 P.I = ]0)(,1)([ 2  zDzDze z  

 y = C.F + P.I 

  = zz zezBAe  )sincos(  

 y   = xxxBxAx log)sin(log)cos(log(   

15. Solve )log2cos(2 xyyxyx        [S.U Dec 08] 

Solution: Given )log2cos()1( 22 xyxDDx   

 Put xzex z log  

 )1(22  DDDx  

 
dz

d
DDxD  ,  

 zyDDD 2cos)1)1((   

 zyD 2cos)1( 2   

 A.E. m2 + 1 = 0 

  m2 = - 1 

  m = i 

 C.F =  A cos z + B sin z 

 P.I. = z
D

2cos
1

1
2 

 

 Replace D2 = - 4 



   = z2cos
3

1
 

  y = C.F + P.I 

   = zzBzA 2cos
3

1
sincos   

 y = )log2cos(
3

1
)sin(log)cos(log xxBxA   

Exercise 

1.  Convert the equation 213 xyxyyx   as a linear equation with constant co-

efficients. 

2. Solve: 03 23  yyxyxyx  

3. Solve: 
2

2

2

2
2 1

24
x

xy
dx

dy
x

dx

yd
x   

4. Solve: 

2

22 log
)1( 










x

x
yxDDx  

5. Solve: )sin(log)log2sin()1( 22 xxyxDDx   

6. Solve: )1log(cos4)1()1(
2

2
2  xy

dx

dy
x

dx

yd
x  

7. Solve: 14336)23(3)23( 2

2

2
2  xxy

dx

dy
x

dx

yd
x  

8. Solve: )(logsin)9( 322 xyxDDx   

9. Solve: )sin(log)53( 22 xyxDDx   

10. Solve: xxy
dx

dy
x

dx

yd
x log242 2

2

2
2   

11. Solve: 
22

2

2
2 )1(202  xy

dx

dy
x

dx

yd
x  



12. Solve: 
2

2

2
2 )(log259 xy

dx

dy
x

dx

yd
x   

13. Solve: xxy
dx

dy
x

dx

yd
x log3 2

2

2
2   

14. Solve: 42

2 log21

x

x
y

xx

D
D 








  

15. Find Particular integral for )sin(log)13( 2233 xyxDDxDx   

16. Solve: 
2

2

2
2 243 xy

dx

dy
x

dx

yd
x   

17. Solve: )log5sin(22 2

2

2
2 xxy

dx

dy
x

dx

yd
x   

18. Solve: 
x

xyxDDx
1

)24( 22   

19. Solve: xyyxyxyx log2 23   

20. Solve: 
22

2
2 5

9
x

y
dx

dy
x

dx

yd
x   

 

Answer 

1. zeyDD 32 )14(   

2. 








































 xCxBosx

x

A
y log

2

3
sinlog

2

3
 

3. 
2

2

2

log

12 x

xx

x

B

x

A
y   

4. 









3

2
)(log

3

4
)(log

9

1
)log( 2

2
xx

x
xBxAy  

5. )cos(loglog
4

1
)log3sin(

16

1
)sin(log)cos(log xxxxBxAy   



6. )1log(sin)1log(2))1sin(log())1cos(log(  xxxBxAy  

7. ]1)23log()23[(
108

1

)23(
)23( 2

2

2 


 xx
x

B
xAy  

8. )log3sin(
72

1
))(sin(log

40

3
3

3 xx
x

B
Axy   

9. 
26

)sin(log3)cos(log25 xx

x

B
Axy


  

10. 



















































4

1
log

2

1

10
log

2

15
sinlog

2

15
cos

1 2

x
x

xBxA
x

y  

11. 
20

1

79

log 24

5

4 
xxx

x

B
Axy  

12. 









625

78
log

25

16
)(log

25

1
)]log3sin()log3cos([

1 2

4
xxxBxA

x
y  

13. 









3

2
log

2

2
3

3
x

x
Bx

x

A
y  

14. 









3

2
log

9

2
)log(

2
x

x
BxAxy  

15. ))cos(log)(sin(log
2

1
. xxIP   

16. 222 )(log)(log xxBxxy   

17. 
754

)log5sin(23)log5cos(15
log22 xx

xxBxAxy


  

18. 
x

xx

x

B

x

A
y

log

62
  

19. 1log)log(  xCxB
x

A
y  

20. 
23

3 1

xx

B
Axy   



Simultaneous linear Differential Equations with constant co-efficients 

Simultaneous linear Differential Equations: 

 The system of differential equations which consist of one independent and two or 

more dependent variables. 

 To solve such system completely, we must have as many simultaneous equations 

as the number of dependent variables. 

 Here we consider only the 1st order simultaneous linear differential equations. 

 Let x, y be the two dependent variables and‘t’ be the independent variable, then 

consider the system like 

 )()()( 11 tyDgxDf         …(1) 

 )()()( 22 tyDgxDf         …(2) 

 
dt

d
D   

 Where f1, f2, g1, g2 are polynominals in D. 

Methods to solve the simultaneous equations 

 Solving simultaneous differential equation is based on the process of elimination of 

the variables which is applied in solving the simple algebraic equations. 

Method 1 

 The method of solution is to eliminate the dependent variables x or y between the 

two given equations. First getting an equation in the dependent variable and then solve the 

equations by the methods as used already. 

 After getting the solution either for  x or y, substitute the solution either in (1) or in 

(2) to get the solution for the other dependent variable. 

Note (1) 

 The number of arbitrary constants in the solution of the system 

 )()()( 111 tyDgxDf   

 )()()( 222 tyDgxDf   



is equal to the degree of D in the determinant 
)()(

)()(

22

11

DgDf

DgDf
 (i.e.) The number of 

arbitrary constants in the solution of the system is equal to the number of dependent 

variables appeared in the system. 

Example: 

 Consider the system .cos;sin tx
dt

dy
ty

dt

dx
 Here the number of 

arbitraryconstants is equal to the number of dependent variables in the system 

 Let
dt

d
D  , then the above system is 

 tyDx sin          …(1) 

 txDx cos          …(2) 

 Now ,
0

0

)()(

)()(
2

22

11
D

D

D

DgDf

DgDf
  Here the degree is 2 

  We have two arbitrary constants in the solution of the system. 

Method 2 

 Elimination of x in the equations (1) and (2) gives the solution of y, in which we 

have two arbitrary constants. 

 Likewise elimination of y in the equations (1) and (2) gives the solution. 

 But according to the rule (in Note), we must have only two arbitrary constants. 

Therefore we can write the relation between the arbitrary constants. (i.e) one constant can 

be expressed interms of other. 

Note (2) 

 Also, we can eliminate first y and then using y we may find out the solution of x. 

Problems 

1. Solve: tx
dt

dy
ty

dt

dx
cos;sin1         (S.U 2006) 



Solution:Given tx
dt

dy
ty

dt

dx
cos;sin1   

 Let ,
dt

d
D   then the above equations are tyDx sin1  

 (i.e) 1sin  tyDx         …(1) 

 And txDy cos         …(2) 

 First we can eliminate x from (1) and (2) 

 ttDDxyDD sin)(cos)2( 2       …(3) 

 (i.e) tyDDx sin2   

 (1) – (3) 

1sin2)1(

sin

1sin

2

2







tyD

tyDDx

tyDx

 

 (i.e) 1sin2)1( 2  tyD  

 (i.e) 1sin2)1( 2  tyD  which is 2nd order differential equation in y with 

constant coefficients. 

 The solution of y(t) = C.F. + P.I. 

  

 Now the Auxiliary equation is 

 m2 – 1 = 0 

 (i.e) m2 = 1 

 m =  1 

 C.F. = Aet + Be-t 

P.I. = )1sin2(
1

1
2




t
D

 

 = 
te

D
t

D

0

22 1

1
)sin2(

1

1





 



 = 
tet 0

10

1
sin

11

2







 

 = 
tet 0

1

1
sin

2

2





 

 = sin t + 1 

y  = 1sin   tBeAe tt
 

 To find the solution of x, first we can find Dy. 

 Dy = ]1sin[   tBeAeD tt  

  = tBeAe tt cos 
 

 Consider the equation (2) 

 Dy + x = cos t 

  x = cos t – Dy 

 x = cos t – (Aet –Bet  + cos t) 

 = cos t – Aet+ Bet – cos t 

 x = Be-t– Aet 

 

 The solutions are 

 x = Be-t– Aet 

y = Ae-t+Bet + sin t + 1 

where A and B are arbitrary constants. 

2. Solve tx
dt

dy
ty

dt

dx
cos;sin   where x(0) = 2 and y(0) = 5      (S.U 2007) 

Solution:Given tx
dt

dy
ty

dt

dx
cos;sin   

(i.e) 

 Dx + y = sin t;          …(1) 



 Dy + x = cos t         …(2) 

 First we can eliminate x from (1) and (2) 

 ttDyDDxD sincos)2( 2       …(3) 

 

tyD

tyDDx

tyDx

sin2)1()3()1(

sin

sin

2

2







 

 (i.e) tyD sin2)1( 2  , this is a 2nd order differential equation in y with constant 

coefficients.  

 y = C.F. + P.I. 

 Now the auxiliary equation is 

 m2 – 1 = 0 

 m2 = 1 

 m2 = 1 

  C.F. = Aet + Be-t 

 P.I. = tt
D

sin
11

2
)sin2(

1

1
2 





(Replace D2by – 1) 

  = tt sinsin
2

2
  

 y = tBeAe tt sin 
       …(4) 

 To find the solution of x, first let us find Dy and substitute the value in (2) 

 Dy = tBeAetBeAeD tttt cos]sin[  

 

 Now (2)   txDy cos  

 x = cos t – Dy 

  = cos t – (Aet – Be-t + cos t) 

  = cos t – Aet + Be-t – cos t 

 x = Be-t– Aet        …(5) 



 To find the value of A and B, We can use the given conditions  

 Given x(0) = 2, y(0) = 0  

 (4) y(0) = Ae0 + Be-0 + sin (0) Since t = 0 

 0 = A + B 

 B = – A 

 (5) x(0) = Be-o – Aeo [t = 0] 

 2 = B – A 

 2 = – A– A = – 2A 

 A = – 1 

 B = 1   

  The solutions are 

 
2

coscosh2
tt

tt ee
htteex


 

   

 teey tt sin     

 
2

sinsin)(
tt

tt ee
httee


 

   

 tty sinsinh2   

3. Solve .sin2;cos tDyxtyDx   

Solution:Given  

 ;cos tyDx          …(1) 

 tDyx sin2         …(2) 

 where 
dt

d
D   

 First we can eliminate y from (1) & (2) 

 ttDDyxDD sin)(cos)1( 2   



(i.e) 

 

).....(..........

)3.....(..........

sin3)1(

sin2

sin

)2()3( 2

2

ItxD

tDyx

tDyxD









 

which is a 2nd order differential equation in x with constant coefficients the solution of  

x(t) = C.F. + P.I. 

 Now Auxiliary equation is 

 m2 – 1 = 0 

 m2 = 1 

 m = 1 

 C.F. = Aet + Be-t 

 P.I. = )sin3(
1

1
2

t
D




 

  = tsin
11

3




 Replace D2 by – 1 

  = tsin
2

3
 

 x(t) =  tBeAe tt sin
2

3
 

       …(4) 

 Now to find y we can find Dx and then substitute Dx in (1). 

 Dx = 







  tBeAeD tt sin

2

3
 

  = tBeAe tt cos
2

3
 

 

 (1) Dx + y = cos t 

 y = cos t – Dx 



  = 







  tBeAet tt cos

2

3
cos  

  = tBeAet tt cos
2

3
cos  

 

  = tt BeAe
t 

2

cos
 

 y = tt Ae
t

Be 

2

cos
 

Aliter 

To find y we can eliminate x from (1) & (2) 

 ttDyDDxD cos2)sin2()2( 2   

 tyDDx cos2)1()6( 2  ……………………….(6) 

   tyDx cos  

   tyD cos)1( 2  …………………………(II) 

 PICFy   

 Auxiliary equation is 

 m2 – 1 = 0 

 m2 = 1 

 m = 1 

 C.F. = Cet + De-t 

 [Since already A, B are introduced in x] 

 P.I. = t
D

cos
1

1
2 

 

  = tcos
11

1


 Replace D2 by – 1 

  = tcos
2

1
 



 tDeCety tt cos
2

1
)(  

       ...(7) 

 Here the solutions of x and y contains four constants. But the solutions for x and y 

should contain as the order of equations (I) and (II). 

 Hence the values of C and D should be expressed interms of A and B as explained 

below. 

 Inserting the values of x and y in (1) 

 (i.e) 







 )(cos x

dt

d
DxHeretyDx  

 ttDeCetBeAeD tttt coscos
2

1
sin

2

3









 

 

 (i.e) ttDeCetBeAe
dt

d tttt coscos
2

1
sin

2

3









 

 

 0coscos
2

1
cos

2

3
  ttDeCetBeAe tttt

 

 0cos
2

3
cos

2

3
  tDeCetBeAe tttt  

 0  tttt DeCeBeAe  

 (i.e) .0)()(  tt eBDeCA  

  0,0  BDCA  

 (i.e) BDCA  ;      (et, e-t will not be zero) 

 The solutions are tBeAex tt sin
2

3
   

 In (7), But tBeAeyBDAC tt cos
2

1
,    

 Where A and B are arbitrary constants. 

4. Solve xt
dt

dy
ty

dt

dx
 2;

    
(S.U 2008, 2012) 



Solution: Given D
dt

d
wherextDytyDx  2;  

 (ie) 
















tBtAeCF
t

2

15
sin

2

15
cos2

3

 

 First we eliminate x from (1) and (2) 

   )3(22  tyDDx  

   )1()1()3(  tyDx  

    tyD  )1( 2   

 is a differential equation in y with constant coefficients. 

 PICFy   

 Now the auxiliary equation is 

 m2 + 1 = 0 

 (ie) m2 =  – 1  

 m = i 

 C.F. = A cos t + B sin t 

 P.I. = )(]1[)(
1

1 12

2
tDt

D




 

  = )...](1[ 42 tDD   

  = ...)()( 42  tDtDt  

  = t [D2(t) = 0, D4(t) = 0… 

    Neglecting D2 and higher powers of D] 

 y  =A cos t + B sin t + t [(1 + x)-1 = 1 – x + x2 – x3 + …, |x|<1.] 

 To find x, find Dy and substitute in equation (2) 

 1cossin)(  tBtAy
dt

d
Dy  



 2)2( tDyx   

 Dytx  2  

 ]1cossin[2  tBtAt  

 1cossin2  tBtAt  

 1cossin)( 2  ttBtAtx  

 The solutions are 

 1cossin)( 2  ttBtAtx  

 ttBtAty  sincos)(  

 Where A and B are arbitrary constants. 

5. Solve (D + 2) x – 3y = t; (D + 2) y – 3x = e2t                                        (S.U 2009) 

Solution: Given  

 (D + 2) x – 3y = t → (1) 

 (D + 2) y – 3x = e2t → (2) 

 First we can eliminate x from (1) & (2) 

 tyxD 3)3(3)2(33)1(    

 )3(39)2(  tyxD  

 teDyDxDD 22 )2()2()2(3)2()2(   

 teDyDxD 22 )2()2()2(3   

     tt ee 22 22   

 )4(4)2()2(3 22  teyDxD  

 tyxD 39)2(3)4()3(   

   teyDxD 22 4)2()2(3   

   teyDD t 34)944 22   



(ie) (D2 + 4D – 5) y = 4e2t + 3t is differential equation in y with arbitrary constants. 

 y = C.F. + P.I. 

 Now the auxiliary equation is 

 m2 + 4m – 5 = 0 

 (ie) (m + 5) (m – 1) = 0 

 m = -5,  m = 1 

  C.F. = Aet + Be-5t 

 P.I.  = )34(
54

1 2

2
te

DD

t 


 

  = )(
54

3

54

4
2

2

2
t

DD
e

DD

t





 

  = )(

5

4
15

3

5)2(42

4
2

2

2
t

DD
e t


















 

  = )(
5

4
1

5

3

584

4
1

2
2 t

DD
e t










 



 

  = )(....
5

4

55

4

5
1

5

3

7

4
2

22
2 t

DDDD
e t
































  

  = )(
5

4
1

5

3

7

4 2 t
D

e t









 [neglecting D2 and higher power of D, since D2(t) = 0] 

  = 







 )(

5

4

5

3

7

4 2 tDte t
 

  = 









5

4

5

3

7

4 2 te t
 

  = 









5

12
3

5

1

7

4 2 te t
 



 







 

5

12
3

5

1

7

4 25 teBeAey ttt
 

 Now consider texyD 23)2(   

 (ie) texyDy 232   

 (ie) 















 

5

12
3

5

1

7

4 25 teBeAe
dt

d ttt
 

  xeteBeAe tttt 3
5

12
3

5

1

7

4
2 225 
















 

 

 (ie) )3(
5

1

7

4
53 25   ttt eBeAex  

    
tttt eteBeAe 225

6

12

5

2
)3(

5

2

5

8
22  

 

  )3(
5

2

25

24

5

3

7

16
333 225 teeBeAex tttt  

 

    
25

39

5

6

7

9
33 25   teBeAe ttt

 

  







 

25

39

5

6

7

9
33

3

1 25 teBeAex ttt
 

  
25

13

5

2

7

3 25   teBeAex ttt
 

 The Solutions are 







 

5

12
3

5

1

7

4 25 teBeAey ttt
 

 
5

13

5

2

7

3 25   teBeAex ttt
, where A and B are arbitrary constants.  

6. Solve: 052;07  yx
dt

dy
yx

dy

dx
        (S.U 2010) 

Solution:Given 052;07  yxDyyxDx  where 
dy

d
D   



 (ie) )1(0)7(  yxD  

  )2(0)5(2  yDx  

 First we can eliminate xfrom (1) and (2) 

 (1) 2   2(D – 7) x + 2y   = 0………..(3) 

 (2) (D – 7) -2(D – 7) x + (D – 5) (D – 7) y = 0………..(4) 

 (3) 4  (D2 – 5D – 7D + 35 +2) y= 0 

(ie) (D2 – 12D + 37)y = 0 is a differential equation is y with constant coefficients. 

  y = C.F. + P.I.  

 Now the Auxiliary equation is m2 – 12m + 37 = 0 

 m = 
2

212

2

412

2

14814412 i






 

 m = 6 i 

 C.F. = e6t(A cos t + B sin t) 

 P.I. =  0 

y = e6t(A cos t + B sin t) 

Now  (2)  (D – 5) y – 2x = 0 

 2x = (D – 5) y  

 = Dy – 5y 

 = )]sincos([5)]sincos([ 66 tBtAetBtAe
dt

d tt   

 = )sincos(5)]sincos)[(()]sincos[( 666 tBtAetBtAe
dt

d
tBtA

dt

d
e ttt   

 = )]sincos[(5)]sincos[(6)]cossin[( 666 tBtAetBtAetBtAe ttt   

 = )sincos(]sincos[ 66 tBtAetAtBe tt   

 )](sin)([cos2 6 ABtABtex t   



 )](sin)([cos
2

6

ABtABt
e

x
t

  

 The solutions are  )](sin)([cos
2

6

ABtABt
e

x
t

  

 )sincot(6 tBtAey t  where A and B are arbitrary constants 

7. Solve: tx
dt

dy
y

dt

dx
cos2;0   

Solution:Given tx
dt

dy
y

dt

dx
cos2;0   

 (ie) )2(cos2)1(0  txDyyDx  

 First eliminate x from (1) and (2) 

 (2)DD2y+ Dx =D(2 cos t) 

 (ie) )3(sin22  tyDDx  

 (1)   Dx + 2y = 0 

 (3)  Dx + D2y         = -2 sin t 

 (1) –(3) –D2y + y          = 2 sin t 

 – (D2 – 1) y = 2 sin t 

    (ie) (D2 – 1) y = 2 sin t is a differential equation in y with constant co-efficient. 

 y = C.F. + P.I. 

Now the auxiliary equation is m2– 1 = 0 

(ie) m2 = 1 

m =  1 

 C.F. = Aet  +Be-t 

P.I. = )sin2(
1

1
2

t
D




 



 = tsin
11

2




 Replace D2 by – 1 

 = sin t 

y = Aet + Be-t + sin t 

To find the solution of x, first find )( y
dt

d
and put this value in (2) 

Dy = ]sin[)( tBeAeDy
dy

d tt  
 

 = tBeAe tt cos 
 

 (2) txDy cos2  

 (ie) Dytx  cos2  

 = )cos(cos2 tBeAet tt    

 = tBeAet tt coscos2  
 

 tAeBex tt cos 
 

  The solutions are tAeBex tt cos 
 

 tBeAey tt sin   

 Here A and B are arbitrary constants. 

8. Solve:  1;  x
dt

dy
ty

dt

dx
 

Solution:Given 1;  x
dt

dy
ty

dt

dx
 

 (ie) )2(1);1(  xDytyDx  

 First eliminate x from (1) and (2) 

 (2)D D2y + Dx =D(1)= 0 

    Dx + D2y= 0……………(3) 

    – Dx – y = t  



 – (1) +(3) (D2 + 1) y  = -t 

 is a 2nd order differential equation in y with constant coefficients  

 y = C.F. + P.I. 

Now the auxiliary equation is m2+ 1 = 0 

m2 = –1 

m = i 

 C.F. = Acos t + Bsin t 

P.I. = )(
)1(

1
2

t
D




 

 = (1 + D2)-1 (-t) 

 = [1 – D2 + (D2)2  – …](–t) [(1+x)-1 = 1 – x + x2 – …] 

 = –t + D2 (t2) + … 

 = –t [Neglecting D2 and higher powers of DD2(t) = 0] 

y = A cos t + B sin t – t 

To find x, find Dy and substitute this in (2) 

Dy = ]sincos[ ttBtA
dt

d

dt

dy
  

 =-A sin t + B cos t – 1 

(2) reduces Dy = 1 + A sin t – B cos t +1 

x = 2 + A sin t – B cos t 

The solutions are x = 2 + A sin t – B cos t 

y = A cos t – B sin t – t where A, B are arbitrary constants, 

9. Solve:  ;2cos;2sin tx
dt

dy
ty

dt

dx
     (S.U 2011) 

Solution:Given )2(2cos);1(2sin 









dt

d
DtxDytyDx   



 First we can eliminate x between (1) & (2) 

 D(2) D2y – Dx = D (cos 2t) = –2 sin 2t 

    – Dx + D2y = –2 sin 2t……………………(3) 

 (ie)   Dx + y = sin 2t……………………………(1) 

  (1) +(3) (D2 + 1) y  = – sin 2t 

 is a 2nd order differential equation in y with constant coefficients 

 y = C.F. + P.I. 

The auxiliary equation is m2+ 1 = 0 

(ie) m2 = –1 

(ie) m = i 

 C.F. = Acos t + Bsin t 

P.I. = tt
D

2sin
12

1
)2sin(

1

1
22 




 

 = ttt 2sin
3

1
2sin

3

1
2sin

14

1








 

y = ttBtA 2sin
3

1
sincos   

Now let to find Dy, get x, we can use Dy in (2) 

Dy = ttBtA
dt

d
y

dt

d
2sin

3

1
sincos)(   

 = ttBtA 2cos
3

2
cossin   

  (2)  txDy 2cos  

  tDyx 2cos  

 = tttBtA 2cos2cos
3

2
cossin   



   x = ttBtA 2cos
3

1
cossin   

 The solutions are ttBtAx 2cos
3

1
cossin   

ttBtAy 2sin
3

1
sincos  where A and B are arbitrary constants. 

10. Solve: teyDxtyxD 2)5(2;3)4(   

Solution: 

 Given )2()5(2);1(3)4( 2  teyDxtyxD  

 First we can eliminate x from (1) and (2) 

 (1)  2  2  2(D + 4) x +  6y    = 2t 

 (2) (D + 4) 2(D + 4) x + (D + 5)(D + 4) y = (D + 4)e2t…….(4) 

 (3) – (4)   6y - (D + 5) (D + 4) y = 2t – D(e2t) – 4e2t 

  (ie)                              6y – (D2 + 5D + 4D + 20) y = 2t – 2e2t – 4e2t 

 [–(D2 + 9D + 20) + 6] y = 2t – 6e2t 

 –[D2 + 9D + 20 – 6] y = 2t – 6e2t 

 (D2 + 9D + 14) y = –(2t – 6e2t) 

 (D2 + 9D + 14) y = 6e2t– 2t, is a 2nd order differential equations in y with constant  

co-efficients.  

 y = C.F. + P.I. 

The auxiliary equation is m2+9m + 14 = 0 

(m + 7) (m + 2) = 0 

m = -7, m = -2   

 C.F. = A-2t+ Be-7t 

Now P.I. = )26(
149

1 2

2
te

DD

t 


 



  = t
DD

e
DD

t

149

2
6

149

1
2

2

2 



 

  = t
DD

e t








 





14

9
114

2

14)2(92

6
2

2

2
 

  = )(
14

9

14
1

14

2

14184

6
1

2
2 t

DD
e t






















 

   )(....
14

9

1414

9

14
1

7

1

36

6
2

22
2 t

DDDD
e t
































  

  = 







 )(

14

9

7

1

6

1 2 tDte t [Neglecting D2 and higher powers of    

   D  D2(t) = 0] 

  = 









14

9

7

1

6

1 2 te t  

  = 
98

9

76

1 2 
t

e t
 

 y = 
98

9

76

2
72   te

BeAe
t

tt
 

 To find x, First find )( y
dt

d
 and substitute )( y

dt

d
in (2)  

 Dy = 







 

98

9

76

2
72 te

BeAeD
t

tt  

  = 
7

1

6

2
72

2
72  

t
tt e

BeAe  

  = 
7

1

3
72

2
72  

t
tt e

BeAe  

 Now teyDx 2)5(2)2(   

 (ie) yDyeyDex tt 5)5(2 22   



 







 

7

1

3

1
722 2722 tttt eBeAeex  

  







 

98

9

76
5

2
72 te

BeAe
t

tt  

  = 
7

1

3

1
72 2722   tttt eBeAee  

   
98

45

7

5

6

5
55

2
72   te

BeAe
t

tt
 

  = 
7

1

98

45

7

5
23

6

5

3

1 72222   t
BeAeeee ttttt

 

  = 






 








  

98

1445

7

5
23

6

526 722 t
BeAee ttt  

  
98

31

7

5
23

6

1
2 722   t

BeAeex ttt
 

 
196

31

14

5

2

3

12

1 722   t
BeAeex ttt

 

 The solutions are 
136

31

14

5

12

1

2

3 227   t
eAeBex ttt

, 

 
98

9

76

2
72   te

BeAey
t

tt
where A and B are arbitrary constants. 

11. Solve 02;22  yx
dt

dy
eyx

dt

dx t
 

Solution: Given teyxDx  22  

 (i.e) teyxD  2)2(        …(1) 

 02  yxDy  

 (i.e) 02)1(  xyD         …(2) 

 First eliminate x from (1) and (2) 

 (1)  2   2(D + 2) x -  22 y    = 2et……………(3) 



 (2) (D + 2) 2(D + 2) x + (D + 1)(D +2) y = (D + 2)(0)…….(4) 

 (3) –(4)   -4y - (D2 + D + 2D+ 2) y = 2e2t 

 (ie)        –[D2 + 3D + 2 + 4]y = 2et 

 (D2 + 3D + 6)y = 2et is an differential equation with constant co-efficients in y. 

 y = C.F. + P.I. 

Now the auxiliary equation is  

m2+3m + 6 = 0 

 C.F. = 
















tBtAe
t

2

15
sin

2

15
cos2

3

 

  P.I. = 
tt ee

DD 6)1(31

2
)2(

63

1
2 




 

 = 
tt ee

5

1

10

2
  

y = 
t

t

etBtAe
5

1

2

15
sin

2

15
cos2

3



















 

Dy = 





























t
t

etBtAeD
5

1

2

15
sin

2

15
cos2

3

 

Substitute Dy in (2) 

02)1()2(  xyD  

.202 yDyxxyDy   

2x = 












































tBtAeDtBtADe
t

2

15
sin

2

15
cos)(

2

15
sin

2

15
cos

1
2

3

2

3

 

  






























t
t

t etBAeeD
5

1

2

15
sin

2

15
cos)(

5

1
2

3

 



 = 
















tBtAe
t

2

15
cos

2

15

2

15
sin

2

15
2

3

 

   
t

t

etBtAe
5

1

2

15
sin

2

15
cos

2

3
2

3



















 

   
t

t

etBtAe
5

1

2

15
sin

2

15
cos2

3



















 

= 
t

t

etBtAetAtBe
te

5

2

2

15
sin

2

15
cos

2

1

2

15
sin

2

15
cos

2

15 2

3

2

3


































 

 = t
t

e
AB

t
A

Bte
5

2

2

15

22

15
sin

22

15

2

15
cos2

3














































 

x = t
t

e
AB

t
BA

te
5

1

2

15

2

15
sin

2

15

2

15
cos

2

1
2

3


























 



























 














 

 The solution are 

  x = t
t

e
ABtBAt

e
5

1

2

15

2

15
sin

2

15

2

15
cos

2

1
2

3


























 



























 














 

    y = 
t

t

etBtAe
5

1

2

15
sin

2

15
cos2

3



















, where A and B are arbitrary 

constants.  

12. Solve D2x + y = sin t;  D2y + x = cos t 

Solution: Given D2x + y = sin t → (1) 

   x + D2y  = cos t → (2) 

 First we can be eliminate x from (1) and (2) 

 (2) D2 D2x + D4y = D2(cos t) = D (-sin t) = - cos t 

    D2x + D4y = - cos t…………………. (3) 

    D2x + y = sin t………………………. (1) 



 (3) – (1)  (D4 – 1) y =  cos t– sin t 

 is a differential equation in y with constant co-efficients. 

 y = C.F. + P.I. 

Now the auxiliary equation is  

m4–1 = 0 

(i.e) (m2 + 1) (m2– 1) = 0 

m2 = –1, m2 = 1   

m = i,  m=  1.  

 C.F. = C1e
t + C2e

-t + C3 cos t + C4 sin t 

P.I. =  )sincos(
1

1
4

tt
D




 

 = )(sin
1

1
cos

1

1
44

t
D

t
D 





 

 = )(sin
4

1
cos

4 33
t

D
t

D

t
   

 =     dtdttdt
t

dtdttdt
t

sin
4

)cos(
4

   

 =    dttdt
t

dttdt
t

cos
4

sin
4

   

 = tdt
t

tdt
t

sin
4

cos
4

   

 = )cos(sin
4

cos
4

sin
4

tt
t

t
t

t
t

  

y = )cos(sin
4

sincos 4321 tt
t

tCtCeCeC tt  
 

First we can find )(y
dt

d
Dy   



Dy = )cos(sin
4

1
)sincos(

4
cossin 4321 tttt

t
tCtCeCeC tt  

 

D2y  = )cossin(
4

sincos 4321 tt
t

tCtCeCeC tt  
 

  )sincos(
4

1
)sincos(

4

1
tttt   

Now (2) x = cos t – D2 y 

x =  







  )sin(cos

4

2
)sin(cos

4
sincoscos 4321 tttt

t
tCtCeCeCt tt  

 = tttt
t

tCtCeCeCt t sin
2

1
cos

2

1
)sin(cos

4
sincoscos 43

1

21  
 

 = )sin(cos
4

sincossin
2

1
cos

2

3
4321 tt

t
tCtCeCeCtt tt    

 The solutions are 

x = )sin(cos
4

sincossin
2

1
cos

2

3
4321 tt

t
tCtCeCeCtt tt    

y = )cos(sin
4

sincos 4321 tt
t

tCtCeCeC tt    

 Where C1, C2, C3 and C4 are arbitrary constants. 

Exercise 

1. Solve tx
dt

dy
tdy

dt

dx
cos2;sin2   

2. Solve tDyxDtyDDx 2sin)2(;cos)2(   

3. Solve tt eyDxDeyDxD 2)7()5(;)13()12(   

4. Solve tey
dt

dy
xyx

dt

dx 2223;032   

5. Solve 023;232 2  yx
dt

dy
eyx

dt

dx t  



6. Solve tx
dt

dy
ty

dt

dx
cos;sin   

7. Solve teyx
dt

dy
tyx

dt

dx 2223;532   

8. Solve tx
dt

dy
ty

dt

dx
2cos2;2sin2   

9. Solve tt ex
dt

dy
ey

dt

dx
52;52   

10. Solve tDyxtyDx sin52;cos3   

11. Solve 0002;25  twhenyxgivenyx
dt

dy
tyx

dt

dx
 

12. Solve 00,52;52  twhenyxgivenex
dt

dy
ey

dt

dx tt  

13. Solve 0)5(2;03)4(  yDxyxD  

14. Solve yx
dx

dy
tyx

dt

dx
23;32   

15. Solve tt exy
dt

dy
eyx

dt

dx 23;5   

16. Solve tyDDxtDyx
dt

dx
2cos)2(;2sin2   

Answers 

1. ttBtAyttBtAx sin2cos2sin;cos2sin2cos   

2. ttBtAex t 2sin
2

1
)cossin(   

 ttBtAey t 2sin
2

1
)cossin(   

3. ttt etBeAex 272

2

1

196

31

14

5
   

 ttt etBeAey 272

6

1

98

9

7

1

3

2
   



4. tttttt eAeBeyeBeAex 2525

7

8
;

7

6
   

5. tttttt eBeAeyeBeAex 2525

7

6
;

7

8
   

6. tAeBeyBeAex tttt sin;    

7. 
5

13
2

7

6 25   teBeAex ttt  

 
5

12
3

7

8 25   teBeAey ttt  

8. ttBtAx 2cos
2

1
2cos2sin   

 tBtAy 2sin2cos   

 

9. tetAtBx  2sin2cos  

 
tetBtAy 32sin2cos    

10. 



























 teBeAtx

tt

sin
11

1

5

6

5

6
5sin

2

1
5

6

5

6

 

 

tBeAey
tt

cos
11

1
5

6

5

6

  

11. )31(
27

1
)61(

27

1 3 tetx t    

 )32(
27

2
)32(

27

2 3 tety t    

12. 
tettx 32sin2cos3   

 tetty  2sin32cos  

13. 
tt BeAex 72    



  tt AeBey 27 23
3

1    

14. ttt tetBeAex
6

1
]45[

25

2

5

15    

 







  ttteBeAey ttt )45(

25

4

2

1
33

3

1 5  

15. 
3625

4
)(

2
4

t
tt e

eeBAtx  
 

 
t

t
tt e

e
BAteAty 244

36

7

25
)(  

 

16. ttBtAex t 2cos
2

1
)sincos(   

 ttBtAey 2sin
2

1
)cossin(4   

17. ttt eBeAex 272

12

1

2

3
   

 ttt eBeAey 272

6

1
   

18. 
2

)( 2

3
t

CeeBtAx

t

t 


 

 
3

1

3
)262( 2

3



t

t e
c

eBtBAy  

19. )cos3sin4(
25

1
sin)(cos)( ttetDcttBAtx t   

 )cos4sin3(
25

1
cos)(sin)( ttetDcttBAty t   

20. tttDtcBeAex tt

16

3
sin

15

4
2sin2cos22    

 tttDtce
B

e
A

y tt

16

5
sin

5

1
2sin32cos3

33

22    



METHOD OF VARIATION OF PARAMETERS 

This method is very useful in finding the general solution of the second order equation. 

Xya
dx

dy
a

dx

yd
 212

2

where a1,a2 are constants and ‘X’ is a functionof x . 

 The complementary function is 

 C.F = Af1 + Bf2 

Where A, B are constants and f1and f2are functions of x . Thenparticular Integral, 

 P.I. = Pf1 + Qf2 

Where P = dx
ffff

Xf
Qdx

ffff

Xf











 

1221

1

2121

2 ,  

 The complete solution is 

 y = Af1 + Bf2 + P.I. 

1. Solve xecy
dx

yd
cos

2

2

 by using method of variation of  parameters. 

Solution:Given xecy
dx

yd
cos

2

2

  

 (i.e) xecyD cos)1( 2   

 The Auxiliary Equation is 

 m2 + 1 = 0 

 m2 = -1 m = i [imaginary roots] 

  C.F. = A cos x + B sin x 

 Here f1=cos x;  f2=sinx;  

 f1= - sin  x;  f2=cosx 

 f1f2 - f1f2= cos2x + sin2x  = 1 

 P.I. = Pf1 + Qf2 

where 



 P = dx
ffff

Xf

2121

2





   

  = ]cos[
1

cossin
ecxxdx

ecxx
   

  = dx
x

x
sin

1
.sin  

  = dx  

  = x  

 Q = dx
ffff

Xf

2121

1



  

  = 
1

cos.cos ecxdsx
  

  = dx
x

x

sin

cos
  

  = xdxcot  

  = )log(sin x  

 P.I = Pf1 + Qf2 

  = - x cos x + sin x log (sin x) 

y = C.F + P.I 

  = A cos x + B sin x – x cos x + sin x log (sin x) 

2. Solve xy
dx

yd
tan

2

2

 by the method of variation of parameters. 

Solution:Given xyD tan)1( 2   

 The Auxiliary eqn is 

 m2 + 1 = 0 m2 = –1 

 m =  i 

 C.F = A cos x + B sin x 



 f1 = cosx;   f2 =sin x;   

 f1 = –sin x;   f2 =cos x;   

 f1f2 – f1f2 = 1 

 P.I. = Pf1 + Qf2 

 P = dx
xx

dx
ffff

Xf

1

tan.sin

2121

2
 





 

  = dx
x

xx

cos

sin.sin
  

  = dx
x

x

cos

)cos1( 2
   

  = dx
x

x
dx

x cos

cos

cos

1 2

   

  = xdxx cossec    

   = xxx sin)tanlog(sec   

 Q = dx
ffff

Xf

2121

1



  

  = dx
xx

1

tancos
  

  = dx
x

x
x

cos

sin
cos  

  = dxxsin  

  = – cos x 

 P.I = Pf1 + Qf2 

  = [–log(sec x + tan x) + sin x] cos x + (–cos x) sin x 

  = –cos xlog(sec x + tan x) + sin x cos x –sin x cos x 

 P.I = –cos x log (sec x + tan x) 



y = C.F + P.I 

  = A cos x + B sin x – cos x log (sec x + tan x) 

3. Solve (D2 + 4) y = tan 2x using the method of variation of parameters. 

Solution:Given (D2 + 4) y = tan 2x 

 The Auxiliary Equation is m2 + 4 = 0 

 m =  2i 

 C.F = A cos 2x + B sin 2x 

 f1 = cosx;   f2 = sin x;   

 f1 = –2 sin x;   f2 = 2cos x;   

 f1f2 – f1f2 = 2 cos2 2x + 2 sin2 2x = 2 

 P.I. = Pf1 + Qf2 

 P = dx
ffff

Xf

2

1

1

1

21

2


   

  = dx
xx

2

2tan.2sin
  

  = dx
x

x
x

2cos

2sin
2sin

2

1
  

  = dx
x

x

2cos

2sin

2

1 2

  

  = dx
x

x

2cos

)2cos1(

2

1 2
   

  = dx
x

xdx
dx

x 2cos

2cos

2

1

2cos

1

2

1 2

   

  = xxx 2sin
2

1
.

2

1
)2tan2log(sec

2

1

2

1









  

  = xxx 2sin
4

1
)2tan2log(sec

4

1
  



 Q =  dx
ffff

Xf

21

1


  

  = xdx
x

2tan
2

2cos
  

  = dx
x

x
x

2cos

2sin
2cos

2

1
  

  = xdx2sin
2

1
  

  = 









2

2cos

2

1 x
 

  = x2cos
4

1
  

 P.I = Pf1 + Qf2 

  = xxxxx 2sin2cos
4

1
)2tan2log(sec2cos

4

1
  

  xx 2cos2sin
4

1
 

  = )2tan2log(sec2cos
4

1
xxx   

 y = C.F. + P.I 

  = )2tan2log(sec2cos
4

1
2sin2cos xxxxBxA   

4. Solve xy
dx

yd
2tan44

2

2

 using method of variation of parameters. 

Solution:Given xy
dx

yd
2tan44

2

2

  

 i.e xyD 2tan4)4( 2   

 m2 + 4 = 0 

 m =  2i = 0  2i [imaginary root α = 0, ß = 2] 



 C.F = e0x (A cos 2x + B sin 2x) 

 Now C.F = A cos 2x + B sin 2x 

 Here f1 = cos 2x;  f2 = sin 2x;   

  f = –2 sin 2x;  f = 2cos 2x;  

 f1f2 – ff2 = 2 cos2xcos2x+ 2 sin 2x sin 2x 

   = 2 (cos2 2x + sin2 2x) = 2 

 P.I. = Pf1 + Qf2 

 P = dx
ffff

Xf

2121

2

'
   

  = dx
xx

2

2tan42sin
   xx 2tan4  

  = dx
x

x

2cos

2sin
2

2

  

  = dx
x

x

2cos

2cos1
2

2
   

  = 







  dx

x

x
dx

x 2cos

2cos

2cos

1
2

2

 

  =  xdxxdx 2cos2sec2    

  =
2

2sin
22tan2log(sec

2

1
2

x
xx 







  

  = xxx 2sin)2tan2log(sec   

  = )2tan2log(sec2sin xxx   

 Q =  dx
ffff

Xf

2121

1


  

  = dx
xx

2

2tan42cos
  



  = dx
x

x
x

2cos

2sin
2cos2  

  = xdx2sin2  

  = 






 

2

2cos
2

x
 

  = x2cos  

 P.I = Pf1 + Qf2 

  = )]2tan2log(sec2[sin2cos xxxx   

    = xx 2sin2cos  

  = )]2tan2log(sec2cos xxx   

 y = C.F + P.I 

  = )2tan2log(sec2cos)2sin2cos( xxxxBxA   

5. Solve xeyDD x tan)52( 2  , by method of variation of parameters. 

Solution:Given xeyDD x tan)52( 2  , 

 The Auxiliary Equation is  

 m2 + 2m + 5 = 0 

 m = 
2

2042 
 

  = 
2

42 i
 

  = i21  

 C.F = e-x (A cos 2x + B sin 2x) 

Here f1 =e-x cos 2x 

 f1 = –2e-x sin 2x– e-x cos 2x 

 f2 =e-x sin 2x 



 f2 = 2e-x cos 2x– e-x sin 2x 

f1f2– f2f1
'
 = 2e-2x cos2 2x– e-x sin 2x cos 2x 

  + 2e-2x sin2 2x+ e-2x sin 2x cos 2x 

  = 2e-2x (cos2x+ sin 2x) 

  = 2e-2x 

 P.I. = Pf1 + Qf2 

 P = dx
ffff

Xf

2121

2


   

  = ]tan[tan
2

2sin
2

zexxdxe
e

xe xx

x

x






    

  = 
x

x
xx

cos

sin
cossin2

2

1
  

  = xdx2sin  

  = dx
x

2

2cos1
   

  = 









2

2sin1

2

1 x
x  

  = 
4

2sin

2

1 x
x   

 Q =  dx
ffff

Xf

2121

1


  

  = xdxe
e

xe x

x

x

tan
2

2cos
2







  

  = xdxx tan2cos
2

1
  

  = 
2

2cos1
cos

cos

sin
)1cos2(

2

1 22 x
xdx

x

x
x


   

  = xxdx
x

x

x

x
x 2cos1cos2

cos

sin

2

1

cos

sin
cos2

2

1 22    



  = dx
x

x
xdxx

cos

sin

2

1
cossin2

2

1
   

  = dx
x

x
xdx

cos

sin

2

1
2sin

2

1
   

  = x
x

coslog
2

1

2

2cos

2

1









 

  = )log(cos
2

1

4

2cos
x

x
  

 P.I = Pf1 + Qf2
 

  = )log(cos
2

1

3

2cos

4

2sin

2
x

xxx
  

 y = C.F + P.I 

  = )log(cos
2

1

4

2cos

4

2sin

2
2sin2cos x

xxx
xBexAe xx    

6. Solve xeyyy x tan22  , using method of variation of parameters. 

Solution:Given xeyDD x tan)22( 2  , 

 The A.E is  m2 - 2m + 2 = 0 

 m = 
2

842 
 

The A.E is = 
2

42 
 

  = 
2

22 i
 

  = i1  

 C.F = ex (A cos x + B sin x) 

  = Aex cos x + Bex sin x 

 f1 =e-x cos x – ex sin x 

 f2 =ex sin x+e-x cos x 



  f1f2– f1
'f2 =e2x cos xsin x+ e2xcos2x 

  –e2xcos xsin x+ e2x sin2x 

  = e2x (cos2x+ sin 2x) 

  = e2x 

 P.I. = Pf1 + Qf2 

 P = dx
ffff

Xf

2121

2


   

  = xdxe
e

xe x

x

x

tan
sin
2  

  = dx
x

x
x

cos

sin
sin  

  = dx
x

x

cos

sin 2

  

  = dx
x

x

cos

)cos1( 2
   

  = dx
x

x
dx

x cos

cos

cos

1 2

 
 

                     = -log(secx +tanx) +sinx
 

7. Solve xeyDD 22 )44(  , by the method of variation of  

Solution:Given xeyDD 22 )44(   

 The A.E. is m2 – 4m + 4 = 0 

  (m – 2)2 = 0 

  m = 2, 2 (Equal roots) 

 C.F. = (Ax + B)e2x 

  = Axe2x + Be2x 

  = Af1 + Bf2 



Here 

 f1 = xe2x     f2 = e2x 

 f1 = 2xe2x + e2x    f'
2 = 2e2x 

 f1f2– f1
'f2= 2xe4x – 2xe4x – e4x 

  = –e4x 

 P.I. = Pf1 +Qf2 

 P = dx
ffff

Xf

2121

2


   

  = dx
e

ee
x

xx

4

22 .


   

  = dx  

  = x  

 Q =  dx
ffff

Xf

2121

1


  

  = dx
e

exe
x

xx

4

22


  

  = xdx  

  = 
2

2x
  

 P.I = 
xx e

x
xex 2

2
2

2
)(


  

  = 
xx e

x
xex 2

2
22

2
  

  = 
xe

x 2
2

2
 

 y = C.F + P.I 

  = 
xx e

x
eBAx 2

2
2

2
)(   



8. Solve xyD 2sec)4( 2   by using method of variation of parameters. 

Solution: 

 Given xyD 2sec)4( 2   

 The Auxiliary Equation is m2 + 4 = 0 

  m =   2i 

 C.F. =eex (A cos 2x + B sin 2x) 

  = Acos 2x + B sin 2x 

Here 

 f1 = cos 2x     f2 = sin 2x 

 f1 = 2 sin 2x     f2 = 2 cos 2x 

 f1f2– f1
'f2= 2 

 P.I. = Pf1 +Qf2 

 P = dx
ffff

Xf

2121

2


   

  = dx
xx

2

2sec2sin
  

  = dx
xx

2

2sec2sin
  

  = dx
x

x

2cos

2sin

2

1
  

 Put t = cos 2x 

 dt = –2 sin 2xdx 

 p = 
t

dt

22

1
  

  = tlog
4

1
  



 p = )2log(cos
4

1
x  

  = )2log(cos
4

1
x  

 Q =  dx
ffff

Xf

2121

1


  

  = dx
xx

2

2sec2cos
  

  = dx
2

1
 

  = x
2

1
 

 P.I. = Pf1 +Qf2 

  = xxxx 2sin
2

1
)2log(cos2cos

4

1
  

 y = C.F + P.I 

  = xxxxxBxA 2sin
2

1
)2log(cos2cos

4

1
2sin2cos   

9. Solve xyD sec)1( 2  by the method of variation of parameters. 

Solution:Given xyy sec  

 (ie) xyD sec)1( 2   

 The Auxiliary Equation is m2 + 1 = 0 

  m =  i 

 C.F. =A cos x + B sin x 

  = Af1 + Bf2 

 Here f1= cosx   f2= sin x 

  f'
1= - sin x  f'

2= cos x 



 P = dx
ffff

Xf

2121

2


   

  = dx
xx

1

secsin
  

  = dx
x

x

cos

sin
  

  =  log (cos x)  

 put  t = cos x 

 P = log t 

 P.I = Pf1+ Qf2 

 P = 
t

dt
   

  = log t 

  = log (cos x) 

 Q =  dx
ffff

Xf

2121

1


  

  = dx
xx

1

2seccos
  

 P.I = cos x log (cos x) + x sin x 

 y = C.F + P.I 

  =  xxxxxBxA sin)log(coscossincos   

10. Solve axyaD tan)( 22  by the method of variation of parameters. 

Solution:Given axyaD tan)( 22   

 The Auxiliary Equation is m2 + a2 = 0 

  m =   ai 

 C.F. =eax (A cos ax + B sin ax) 

 f1 = cos ax    f2 = cos ax 



 f1 = - a sin ax    f2 = a cosax 

 f1f2 – f1
'f2= a cos2ax = asin2ax = a 

 P.I  =  Pf1 + Qf2 

 P =  dx
ffff

Xf

2121

2


   

  = dx
a

axax tansin
  

  = dx
ax

ax
ax

a cos

sin
sin

1
   

  = dx
ax

ax

a cos

)cos1(1 2
   

  = dx
ax

ax

axa








 

cos

cos

cos

11 2

 

  =  dxaxax
a

cossec
1

   

  = axdx
a

axdx
a

cos
1

sec
1

   

  = 


















a

ax

a
axax

aa

sin1
)tanlog(sec

11
 

  = ax
a

axax
a

sin
1

)tanlog(sec
1

22
  

 Q =  dx
ffff

Xf

2121

1


  

  = dx
a

axax tancos
  

  = dxax
a

sin
1
  

  = ax
aa

ax

a
cos

1cos1
2









  



 P.I  =  Pf1 + Qf2 

  =  axax
a

axax
a

axaxax
a

cossin
1

cossin
1

)tan(seclogcos
1

222
  

  = )]tan(seclog[cos
1

2
axaxax

a
  

 y = C.F + P.I 

  = )tanlog(seccos
1

sincos
2

axaxax
a

axBaxA   

11. Solve by the method of variation of parameters xxy
dx

yd
sin

2

2

  

Solution:Given xxy
dx

yd
sin

2

2

  

 (ie) xxyD sin)1( 2   

 The Auxiliary Equation is m2 + 1 = 0 

     m = i 

 C.F. = A cos x + B sin x 

 f1 = cos x    f2 = sinx 

 f1 = - sin x    f2 = cosx 

 f1f2 – f1
'f2= 1 

 P =  dx
ffff

Xf

2121

2


   

  = dx
xxx

1

)sin(sin
  

  = dxxx 2sin  

 xdxu v 2cos  

 
2

2sin x
vdxdu   



   = dxxx 2sin  

  = dx
xx

dx
x

2

2cos

2
  

  = 







  dx

xx
x

x

2

2sin

2

2sin

2

1

4

2

 

  = 
8

2cos

4

2sin

4

2 xxxx
  

 Q =  dx
ffff

Xf

2121

1


  

  = dx
xxx

1

)sin(cos
  

  = dx
x

x
2

2sin
  

 u = x  dv = sin 2x 

 du  =dx v = 
2

2cos x
  

  = 












2

2cos

2

2cos

2

1 xdxx
 

  = x
xx

2sin
8

1

4

2cos



 

 P.I  =  Pf1 + Qf2 

  =  xx
xx

x
xxxx

sin2sin
8

1

4

2cos
cos

8

2cos

4

2sin

4

2
























 

  = 
8

2coscos
cos2sin

4
cos

4

2 xx
xx

x
x

x



 

    xx
xxx

sin2sin
8

1

4

sin2cos



 

  = ]sin2coscos2[sin
4

cos
4

2

xxxx
x

x
x




 



    ]sin2sincos2[cos
8

1
xxxx   

  = )2cos(
8

1
)2sin(

4
cos

4

2

xxxx
x

x
x




 

  = xx
x

x
x

cos
8

1
sin

4
cos

4

2




 

  y = C.F + P.I 

  = xx
x

x
x

xBxA cos
8

1
sin

4
cos

4
sincos

2

  

  = x
x

x
x

xBxA sin
4

cos
4

sincos
8

1 2









  

  = x
x

x
x

xcxc sin
4

cos
4

sincos
2

21   

    where BcAc  21
8

1
 

12. Solve xxecy
dx

yd
cotcos

2

2

 using the method of variation of parameters.  

Solution:Given xxecyD cotcos)1( 2   

 The Auxiliary Equation is m2 + 1 = 0 

     m = i 

 C.F = A cos x + B sin x 

 f1 = cos x    f2 = sin x 

 f1f2 – f1
'f2= cos2x + sin2x = 1 

 P.I = Pf1+Qf2 

 P =  dx
ffff

Xf

2121

2


   

  = dx
xecxx

1

cotcossin
  



  = dx
x

x

x
x

sin

cos

sin

1
sin  

  = )log(sin x  

 Q =  dx
ffff

Xf

2121

1


  

  = xdxecxx cotcoscos  

  = dx
x

x

x
x

sin

cos

sin

1
cos  

  = dx
x

x
2

2

sin

sin1
  

  = dxdx
x

 
2sin

1
 

  = xxdxec 
2cos  

  = xx  cot  

 P.I = Pf1  +Qf2 

  = – cos x log (sin x) – sin x cot x – x sin x 

  = – cos x log (sin x) – [cot x + x] sin x  

 y = C.F + P.I 

  = A cos x + B sin x – cos x log (sin x) – [cot x + x] sin x 

Exercie Problems 

1. Using method of variation of parameters solve. (D2 + 9)y = sec 3x 

2. Solve (D2 + 1)y = cot x 

3. Solve (D2 + 25)y = tan 5x 

4. Solve (D2 + 16)y = cosec 4 x 

5. Solve (D2 + 25)y = sec 5x 

6. Solve (D2 + 9)y = cot 3x 



7. Solve 
x

e
yDD

x3
2 )96(   

8. Solve xecyD 6cos)36( 2   

9. Solve 
xe

yD



1

1
1( 2

 

10. Solve 
xe

yD



1

2
)1( 2

 

11. Solve xyy   

12. Solve 223 xyyy   

13. Solve xeyDD  25)32( 2  

Answers 

1. xxxxxBxAy 3sin
3

1
)3log(cos3cos

9

1
3sin3cos   

2. )cotlog(cossinsincos xecxxxBxAy   

3. x
x

xxxxxBxAy 5sin
25

5cos
5cos]5sin])5tan5[log(sec

25

1
5sin5cos    

4. xxxxxBxAy 4sin)]4[log(sin
16

1
4cos

9

1
4sin4cos   

5. xxxxxBxAy 5sin
5

1
)5log(sec5cos

25

1
5sin5cos   

6. 
3

3sin3cos

3

3cos3sin
3sin3cos

xxxx
xBxAy   

7. xxx xexexeBAxy 333 )(log)(   

8. )6log(sin.6sin
36

1
6cos

6

1
6sin6cos xxxxxBxAy   

9. )1log(
2

1
])1log([

2

xxxx
x

xx eexee
e

BeAey  
 

10. )1log()1log(1 xxxxxx eeeeBeAey    



11. xxBxAy  sincos  

12. 
4

7

2

3

2

1 2   xxBeAey xx  

13. xxx
x

xeeBeAey   522

3
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UNIT – II 

VECTOR CALCULUS 

Scalars 

The quantities which have only magnitude and are not related to any direction in 

space are called scalars. Examples of scalars are (i) mass of a particle (ii) pressure in the 

atmosphere (iii) Temperature of a heated body (iv) speed of a Train. 

Vectors 

The quantities which have both magnitude and direction are called Vectors. 

Examples of vectors are (i) The gravitational force on a particle in space (ii) The 

velocity at any point in a moving fluid. 

Representation and notation of a Vector 

A vector is often denoted by two letters with an arrow over them ie., AB , A is 

called the origin (initial point) and B is the terminus (end point). Its magnitude is given by 

the length AB and direction is from A to B as indicated by the arrow. We write vector 

quantities also in single letter like ,,, cba  and the corresponding letters a, b, c denote their 

magnitudes. 

The magnitude a of a vector a


is called its modulus or module. 

Collinear or Parallel Vectors 

Two or more vectors are said to be collinear or parallel when they act along the 

same line or along parallel lines. 

Coplanar Vectors 

Three or more vectors are said to be coplanar when they are parallel to the same 

plane or lie in the same plane whatever their magnitude may be. 

Unit Vectors 

A vector whose magnitude is of unit length is called a unit vector. If a


is a vector 

whose magnitude is ‘a’ then the unit vector in the direction of a


is denoted by n̂ and is 

obtained by dividing the vector a


by its magnitude ‘a’ i.e. 
a

a
n 


ˆ  



Position Vector 

If O be a fixed origin and P any point, then the vector OP is called the position 

vector of the point P(x,y,z) with respect to the origin O(0,0,0). 

Addition of Vectors 

Let a


and b be any two vectors. Choose any point O as origin and draw the vectors 

a


and b so that the terminals of a


coincides with the origin of b ie., OA  = a


 and AB  = b . 

Then the vector given by OB is defined as the sum of vectors a


and b . 

The above law is called triangle law of addition. 

 

The Unit Vectors kji


,, (Orthonormal system of unit vectors) 

Let OX, OY and OZ be three mutually perpendicular straight lines in the right 

handed orientation. These three mutually perpendicular lines can uniquely determine the 

position of a point. Hence these lines can be taken as the co-ordinate axes with O as origin. 

The planes XOY, YOZ and ZOX are called co-ordinate planes. 

Let OP represents a vector r


. With OP as diagonal construct a rectangular 

paralleloiped whose three coterminous edges OA, OB, OC lie along OX, OY and OZ 

respectively. Let OA = x, OB = y, OC = z. Then OA  = ix


, OB  = jy


and OC = kz


. Now, 

we have  

NPANOANPONopr 


 

kzjyixOCOBOA


  

 

Thus kzjyixr


 . Here x, y, z are called the co-ordinate of the point P 

referred to the axes OX, OY and OZ. Also jyix


, and kz


are called resolved parts of the 



vector r


in the direction of ,i


j


and k


respectively. The modulus of r


is given by 

222 zyxrr 


 

Scalar Product or dot Product 

Let a a


and b


be two vectors. The scalar product or dot product of a


and b


is 

defined to be cos.  baba


, where  is the angle between the two vectors when drawn 

from a common origin. 

Note: 

(i) cos. baba


  

(ii) nbaba ˆsin


  

(iii) bndaifba


0.  are perpendicular vectors.  

(iv)   cabacba


...   

(v) .1...  kkjjii


 

(vi) .0...  ikkjji


 

 since kji


,,  are mutually perpendicular vectors.  

(vii) If kajaiaa


321  and kbjbibb


321   

 then 332211. babababa 


 

Vector product or Cross product 

Let a


and b


be two non-zero vectors. Then the vector product or cross product  

of a


and b


is a vector perpendicular to both a


and b


with magnitude ab sin .  Here  

0 ≤  ≤ π is the angle between a


and b


. The direction is along a unit vector n̂ such that  

a


,b


and n̂ form right handed system. Thus nbaba ˆsin 


 . 

 

 



Note 

(i) ba


  = area of the parallelogram with sides a and b 

(ii)  abba


  

(iii) 0ba


 if a


 and b


are parallel. 

(iv)      cabacba


  

(v) 0 kkjjii


  (Parallel Vector) 

(vi) jikikjkji


 ,,  

(vii) jkiijkkij


 ,,  

(viii) kajaiaa


321   and ,321 kbjbibb


  

 then 

321

321

bbb

aaa

kji

ba




  

Definition 

The scalar triple product or box product of three vectors a


, b


and c


is defined to 

be the scalar  cba


. . It is usually denoted by  cba


,, . 

It can be easily verified that 

321

321

321

.

ccc

bbb

aaa

cba 


 

kbjbibbkajaiaa


321321 ,   and kcjcicc


321   

Note 

(i)  cba


.  represents the volume of the parallelepiped formed by the co-terminus 

edges ba


, and c


. 



(ii) ],,[],,[],,[ bacacbcba


  

(iii) ],,[],,[],,[],,[ bcaabccabcba


  

(iv) The vector ba


, and c


 are coplanar if and only if .0],,[ cba


 

Results 

(i) cbabcacba


).().()(   

(ii) acbbcacba


).().()(   

(iii) 
dbcb

daca
dcba 



..

..
)).((   

(iv) dcbacdbadcba


).,(),,[)()(   

In this chapter, we introduce a vector differential operator which is used to obtain 

gradient of a scalar valued function, divergence and curl of a vector valued function and 

discuss briefly the properties arising out of these concepts. We see the general rules for 

differentation of a vector functions. 

Rules 

 If ba


, are vector functions of a scalar ‘t’ and ‘’ is a scalar function of ‘t’, then  

(i) 
dt

bd

dt

ad
ba

dt

d



)(  

(ii) b
dt

ad

dt

bd
aba

dt

d 



..).(   

(iii) b
dt

ad

dt

bd
aba

dt

d 


 )(  

(iv) a
dt

d

dt

ad
a

dt

d 


 
 )(  

Scalar Point function 

If to each point P (x,y,z) of a region R in space there corresponds a unique scalar 

f(P) then f is called a scalar point function. 



Example 

The temperature distribution in a heated body, density of a body and potential due 

to a gravity. 

Vector point function 

If to each point P (x,y,z) of a region R in space there corresponds a unique vector 

f


(P), then f


is called a vector point function. 

Example 

The velocity of a moving fluid, Gravitational force. 

Vector differential operator () 

The vector differential operator Del, denoted by is defined as 

z
k

y
j

x
i











 
  

Level Surface 

Let the surface (x,y,z) = c passes through a point P. If the value of the function at 

each point on the surface is the same as at P, then such a surface is called a level surface 

through P. 

Example 

 (x,y,z) represents potential at the point P, then equipotential surface (x,y,z) =c is 

a level surface. 

Gradient of a scalar point function 

Let (x,y,z) be a scalar point function defined in a region R of space. Then the 

vector point function given by 













 










z
k

y
j

x
i


 

z
k

y
j

x
i











 
  is defined as the gradient of and denoted as grad . 

 



Directional Derivative : (D.D) 

The directional derivative of a scalar point function at point (x,y,z) in the 

direction of a vector a


is given by 

a

a
DD ..     

Definition 

The unit vector normal to the surface  (x,y,z) = c is given by n̂.







 

Definition 

The Directional derivative at a point is maximum in the direction of the normal to 

the level surface at P and its magnitude is   (ie) maximum of DD.  

Definition 

Angle between the normal to surface is given by 
21

21.cos








  

Example: 1 

If  (x,y,z) = x2y – 2y2z3find at the point (1, -1, 2) 

Solution: 

z
k

y
j

x
i




















 

2232 6,4,2 zy
z

yzx
y

xy
x














 
 

kzyjyzxixy


2232 6)4(2    

kji


223

)2,1,1( )2()1(6)2)(1(41()1)(1(2    

kji


24332   

 

 



Example: 2 

If  (x,y,z) = x2yz3find at the point (1, 1, 1) 

Solution: 

z
k

y
j

x
i




















 

22323 3,,2 yzx
z

zx
y

xyz
x














 
 

kyzxjzxixyz


22323 32    

kji


32)1,1,1(   

Example: 3 

Find the unit vector normal to the surface x2y + 2xz2= 8at (1,0,2). 

Solution: 

 
z

k
y

j
x

i



















 

xz
z

x
y

zxy
x

4,,22 22 












 
 

kxyzjxizxy


4)22( 22   

kji


88)2,0,1(   

129818 222   

 Since unit vector normal to the surface is 







n̂  

129

88
ˆ

kji
n




  

 

 



Example: 4 

Find the unit vector normal to the surface z = x2 +y2at the point (-1,-2,-5). 

Solution: 

 
z

k
y

j
x

i



















 

Given zyxzyxyxz  2222 ),,(  

 1,2,2 














z
y

y
x

x


 

kjyix


122   

kji


  )2(2)1(2)5,2,1(  

kji


 42  

21)1()4()2( 222   

 Unit vector normal to the surface is 
21

42
ˆ

kji
n




  

Example: 5 

Find the angle between the surface x2 +y2 + z2 = 9 and z = x2+y2 – 3 at the point (2,-

1,2). 

Solution: 

 Given the surface 1(x,y,z) = x2 + y2 + z2 – 9 

z
k

y
j

x
i














 111

1





 

z
z

y
y

x
x

2,2,2 111 












 
 

kzjyix


2221   

kji


)2(2)1(2)2(2)2,1,2(    

kji


424   



6364)2(4 222

1   

Given the surface 2(x,y,z) = x2 + y2 – z2 – 9 

1,2,2 222 














z
y

y
x

x


 

kjyix


 222  

kjikji





24)1(2)2(2
)2,1,2(2  

39)1()2(4 222

2   

Since the angle between the surfaces 

21

21.cos








  

36

)24).(424(






kjikji


 

= 
18

16

18

4416



 









 

9

8
cos 1  

Example 6 

 Find the angle between the normal to the surface xy – z2 = 0 at the points (1,4,-2) 

and (-3,-3,3). 

Solution: 

 Given the surface (x,y,z) = xy – z2 

 
z

k
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j
x

i
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z
z

x
y

y
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2,, 












 
 

kzjxiy


2  



kji


)2(24)2,4,1(1    

kji


441   

33414 222

1   

kji


)3(233)3,3,3(2    

kji


6332   

54)6()3()3( 222

2   

Since the angle between the normal is 

21

21.cos








  

5433

)633).(44( kjikji



  

229

24312
cos


  

229

39
cos


   

223

13
cos


   








 
 

223

13
cos 1  









 

223

13
cos 1  

Example 7 

 Find the directional derivative of (x,y,z) = x2yz + 4xz2 at the point (1,-2,-1) in the 

directional of the vector kji


22  . 

Solution: 

 Given the surface (x,y,z) = x2yz + 4xz2 



z
k

y
j

x
i




















 

xyyx
z

zx
y

zxyz
x

8,,42 222 












 
 

kxyyxjzxizxyz


)8()42( 222   

kji


)]1)(1(8)2(1[)1(1)1(4)1)(2)(1(2( 222

)1,2,1(    

kji


108   

To find the Directional Derivative of  in the direction of the vector kji


22   

Find the unit vector along the direction 

32)1(222 222  akjia


 

Directional Derivative along the direction a


 at the point (1,-2,-1) = 
a

a



.  

= 
3

)22(
).108(

kji
kji


 

  

= 
3

20116 
 

= 
3

37
units. 

Example 8 

Find the directional derivative of  (x,y, z) = xy2+yz3at (1,-1,2) towards the point 

(2,1,-1). 

Solution: 

Given the surface  (x,y, z) = xy2+yz3 

z
k

y
j

x
i




















 



232 3,2, yz
z

zxy
y

y
x














 
 

kyzjzxyiy


232 3)2(   

kji


232

)2,1,1( 2)1(3]2)1)(1(2[)1(    

kji


126   

To find the Directional derivative along the point P (1,-1,2) towards the point 

Q(2,1,-1) 

Find the Vector OPOQPQ   

)2()2( kjikji


  

kjiPQ


32   

14)3(21 222 PQ  

Directional Derivative = 
PQ

PQ
.  

 = 
14

)32(
).126(

kji
kji


 

  

= 
14

36121 
 

= 
14

49
Units. 

Example 9 

Find the directional derivative of the scalar function  = xyz in the direction of the 

outer normal to the surface z = xy at the point (3,1,3). 

Solution: 

Given the surface  = (x,y,z) = xyz 



 
z

k
y

j
x

i



















 

xy
z

xz
y

yz
x














 
,,  

kxyjxziyz


  

kji


393)3,1,3(   

Given the surface 1 (x,y,z) = xy – z 

1,, 111 














z
x

y
y

x


 

The normal to the surface is  

kjxiy


 1  

kji


 3)3,1,3(  

11)1(31 222   

Directional derivative of (x,y,z) along the direction of outward to the surface  

1(x, y, z) at (3,1,3) is  

Directional Derivative = 
1

1.








  

11

)3(
).393(

kji
kji


 

  

11

3273 
  

11

27
 Units. 

 

 

 



Example 10 

Find the maximum value of the directional derivative of  = x3yz at the point 

(1,4,1). 

Solution: 

Given the surface 1(x, y, z) = x3yz 

z
k

y
j

x
i




















 

yx
z

zx
y

yzx
x

3323 












 
 

kyxjzxiyzx


3323   

kji


)4()1()1()1()1)(4()1(3 332

)1,4,1(   

kji


)4()1()1()1()1)(4()1(3 332

)1,4,1(   

kji


412   

Since the maximum of the Directional derivative   

Maximum Directional Derivative at (1,4,1) = 
222 4112   

 = 161  

Example 11 

In what direction from the point (1, 1, -2) is the directional derivative of  

=x2 –2y2+4z2maximum? Also find the value of the maximum directional derivative. 

Solution: 

Given the surface (x, y, z) = x2 – 2y2 + 4z2 

z
k

y
j

x
i




















 

z
z

y
y

x
x

8,4,2 












 
 



kzjyix


842   

kji


1642)2,1,1(    

Maximum of the directional derivative at the point (1,1,-2) =   

222 )16()4(2 

 

256164   

276  

Example 12 

Find the Directional Derivative of = xy + yz + zx at the point (1,2,3) along the  

x-axis. 

Solution: 

Given the surface  (x, y, z) = xy +yz + zx 

z
k

y
j

x
i




















 

yx
z

zx
y

zy
x














 
,,  

kyxjzxizy


)()()(   

kji


)21()31()32()3,2,1(   

kji


345   

Directional Derivative of along the direction of x-axis at the point (1,2,3) 

= 
i

i




.  

ikji


).345(   

= 5 



Example 13 

If ,2 22 kyxjzxixyz


 , find the scalar potential . 

z
k

y
j

x
i




















 

Equating like coefficients we get 

xyz
x

2



         … (1) 

zx
y

2



         … (2) 

yx
z

2



         … (3) 

Partially integrating (1), (2) and (3) with respect to x, y and z respectively, we get 

),(2 zyfyzx          … (4) 

),(2 zxfzyx          … (5) 

),(2 yxfyzx          … (6) 

 From (4), (5) and (6) we get 

Cyzx  2 (union of all the three results) 

Example: 14 

Find the equations of the tangent plane and normal line to the surface  

x2 +y2 – z =0 at the point (2,-1,5). 

Solution: 

Given the surface  (x, y, z) = x2 +y2 – z 

z
k

y
j

x
i




















 

1,2,2 














z
y

y
x

x


 



kjyix


 22  

kji


  24)5,1,2( which is normal to the surface. 

Direction ratio of the normal to the surface at the point (2,-1,5) are (4,-2,-1) 

Equation of the tangent plane is 

4 (x – 2) – 2 (y + 1) – (z – 5) = 0 

4x – 8 – 2y – 2 – z + 5 = 0 

4x – 2y – z – 5 = 0 

4x – 2y – z = 5 which is a tangent plane. 

Equation of normal line passing through point (2,-1,5) and having Direction ratio 

(4,-2,-1) is 

1

5

2

1

4

2











 zyx
 

Exercise 

1. If (x, y, z) =x2y +y2x +z2find at the point (1,1,1). 

2. If (x, y, z) = 3xz2y – y3z2, find grad at the point (1,-2,-1). 

3. Find the unit vector normal to the surface x3+y3+3xyz = 3 at the point (1,2,-1). 

4. Find the unit vector normal to the surface x2y +2xz = 4 at the point (2,-2,3) 

5. Find the angle between the surfaces xy2z =3x +z2and 3x2 –y2+2z = 1 at the point 

(1,-2,1) 

6. Find the angle between the normals to the surface xy3z2=4 at the point (-1,-1,2) and 

(4,1,-1) 

7. Find the angle between the surfaces x2 –y2–z2= 11 and xy + yz – zx = 18 at the point 

(6,4,3) 

8. Find the directional derivative of =x3+y3+z3at the point (1,-1,2) in the direction of 

the vector kji


 2  



9. Find the directional derivative of  =(x, y, z) = x2 – 2y2 +4z2at the point (1,1,-1) in 

the direction kji


2  

10. Find the directional derivative of the function =x2–y2 +2z2at the point P(1,2,3) in 

the direction of the line PQ where Q (5,0,4) 

11. Find the directional derivative of =x2yz +4xz2at the point P (1,-2,-1) along the 

direction of PQ where Q(3,-3,-2). 

12. Find the directional derivative of =xy2+yz2at the point (2,-1,1) in the direction of 

the normal to the surface x log z –y2+4=0at the point (-1,2,1). 

13. Find the directional derivative of (x, y, z) = xy2+yz3at the point (1,-1,2) in the 

direction of the normal to the surface x2+y2+ z2=9 at the point (1,2,2). 

14. Find the maximum value of the directional derivative of the function  

=2x2 +3y2 +5z2at the point (1,1,-4). 

15. Find the maximum directional derivative of =x3y2z at the point (1,1,1). 

16. In what direction is the directional derivative of the function =x2– 2y2 +4z2from 

the point (1,1,-1) is maximum and what is its value? 

17. Find the direction along which the directional derivative of the function  

=xy +2yz +3xz is greatest at the point (1,1,1). Also find the greatest directional 

derivative. 

18. Find the function if grad = (y2 – 2xyz3) i


+ (3 + 2xy - x2z3) j


 + (6z3 –3x2yz2) k


 

19. If  = 2xyz3 i


 + x2z3 j


 + 3x2yz2 k


, find <j)(x, y, z) if (l, -2,2) = 4 

20. Find the equation of the tangent plane and normal line to the surface  x2+y2+z2 = 

25  at the point (4,0,3) 

Answer 

1. kji


233      11. 
6

27
 

2. )4916( kji


    12. 
17

15
 



3. 
14

kji



    13. –7 

4. )22(
3

1
kji


    14. 1652  

5. 








67

3
cos 1     15. 14  

6. 








2299

45
cos 1    16. 212,442 kji


  

7. 






 

5246

24
cos 1    17. 215,534 kji


  

8. 
2

67
     18. Czyyzxxyzyx  4322

2

3
3),,(  

9. 
6

8
     19. 20),,( 32  yzxzyx  

10. 
3

214
     20. 2534  zx  

       0,
3

3

4

4






y

zx
 

Divergence of a vector point function 

The divergence of a differentiable vector point function F


is denoted by div F


 

div F
z

k
y

j
x

iFF


.. 





















  If kFjFiFF


321   

).( 321 kFjFiF
z

k
y

j
x

i


























 

z

F

y

F

x

F














 321  

 

 



Curl of a vector point function 

The curl of a differentiable vector point function F


is denoted by curl F


and is 

defined bycurl  

F
z

k
y

j
x

iFF
























  

if ,321 kFjFiFF


 then 

    curl 

321 FFF

zyx

kji

F
















 

Definition 

A vector point function F


is said to be solenoidal if div F


 = 0 and it is said to be 

irrotational if curl F


 = 0. 

Example 

 kzjyixr


  

    div 3)()()( 













 z

z
y

y
x

x
r


 

i.e., 3.  r


 

     curl )00()00()00( 











 kji

zyx

zyx

kji

r





 

Hence .0 r


 

1.  Find the divergence and curl of the vector kzyxzjxyixyzV


)(3 222   at the 

point (2,-1,1) 

Solution: 

 Given kzyxzjxyixyzV


)(3 222   



div )()3()(. 222 zyxz
z

xy
y

xyz
x

VV 













  

226 yxzxyyz   

At (2,-1,1), 
2)1()1)(2(2)1)(2(61).1(. V  

  = –1 + 12(–1) + 4 – 1 

  = –1 + 12 + 4 – 1 

= (-10) 

     curl 

zyxzxyxyz

zyx

kji

VV

2223 
















 






















































 )()3()()()3()( 222222 xy

y
xz

x
kxyz

z
zyxz

x
jxy

z
zyxz

y
i


 

]3[][]2[ 22 xyykxyzjyzi 


 

At (2,-1,1), )]1(23)1(3[)]1(21[)]1)(1(2[ 2  kjiV


 

kji


 32  

2. If ,)()()2( 2222 kxzjyzxyxzixyyxF


  find 

).(,),.(,. FFFF


  and )( F


 at the point (1,1,1). 

Solution: 

 kxzjyzxyxzixyyxF


)()()2( 2222   

)()()2(. 2222 xz
z

yzxyxz
y

xyyx
x

F 
















 

zxzzxzx 52)()22(   

kzx
z

jzx
y

izx
x

F


)5()5()5().( 













  

       = kji


50   



2222 2 xzyzxyxzxzyx

zyx

kji
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 )()( 22 yzxyxz

z
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y
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 )2()( 2222 xzyx

z
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y
j


 



















 )2()( 22 xzyx

z
yzxyxz

y
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]2[]22[)](0[ yyzkxxjyxi 


 

kzyiyx


)()(   

][)0()](().( zy
zy

yx
x
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zyyx
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kji
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 )(0))()(0)( yx

x
kyx

z
zy

x
jzy

y
i


 

ki


  

6).( )1,1,1(  F


 

kiF


5).([ )1,1,1(   

kiF


22)( )1,1,1(   

0).([ )1,1,1(  F


 

kiF


 )1,1,1()([  



3.  Show that kzxzxyjxyxzixyzzyF


)223()23()23( 22   is both 

solenoidal and irrotational. 

Solution: 

)223()23()23(. 22 zxyxy
z

xyxz
y

xyzzy
x

F 
















 

2222  xx  

         = 0 for all points (x,y,z) 

F


 is solenoidal vector.  

)223()23()23( 22 zxzxyxyxyxyzzy

zyx

kji

F



















 



















 )23()223( xyxz

z
zxyxy

y
i


 



















 )23()223( 22 xyzzy

z
zxzxy

x
j


 



















 )23()23( 22 xyzzy

y
xyxz

x
k


 

]3223[]3223[]33[ zyyzkyzzyjxxi 


 

= 0 for all points (x, y, z) 

F


 is an irrotational vectors. 

4.  Find the constants a, b, c so that 

 kzCyxjzybxiazyxF


)24()3()2(   is irrotational. 

Solution: 

 Given 0 F


 



0

)24()3()2(

















zCyxzybxazyx

zyx

kji


 



















 )3()24( zybx

z
zCyx

y
i


 



















 )2()24( azyx

z
zCyx

x
j


 



















 )2()3( azyx

y
zybx

x
k


 

kbjaiC


)2()4()1(   

= 0 

i.e. C + 1 = 0, C = –1 

 4 – a = 0, a = 4 

 b – 2 = 0, b = 4 

a = 4,    b = 2,  C = –1. 

5.  Determine the constant m so that the vector 

 kzxjmyxiyxF


)5()3()(  is such that its divergence is zero. 

Solution: 

 div 0F


 

i.e., 0.  F


 

)5()3()(. zx
z

myx
y

yx
x

F 
















 

  1 + m – 5 = 0 

 m – 4 = 0 

 m  = 4 



Laplacian operator 2 

The operator 2is called the laplacian operator. If  is a scalar function of x, y, z 

then 

2

2

2

2

2

2
2

zyx 















  

6. Prove that . = 2 

Solution: 
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zyx 















 

2  

7. Prove that curl (grad  ) = 0 

Solution: 

 Curl (grad  ) = )(   

zyx

zyx

kji
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8. Prove that kxzjxyizxyF


 )3()4sin2()cos( 232 is irrotational and fine 

its scalar potential. 

 



Solution: 

kxzjxyizxyF


 )3()4sin2()cos( 232  

232 34sin2cos xzxyzxy

zyx

kji

F



















 



















 )4sin2()3( 2 xy

z
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y
i


 



















 )cos()3( 322 zxy

z
xz

x
j


 



















 )cos()4sin2( 32 zxy

y
xy

x
k


 

]cos2cos2[]33[]0[ 22 xyxzkzzji 


 

kji


000   

.0  

Hence F


 is irrotational  

F


 

 i.e., kxzjxyizxy


)3()4sin2()cos( 232   

z
k

y
j

x
i
















 
 

Equating the coefficients ,,, kji


 we get 

32 cos zxy
x





        … (1) 

4sin2 



xy

y


        … (2) 

23xz
z





         … (3) 



Integrating (1) with respect to ‘x’ treating ‘y’ and ‘z’ as constants we get. 

),(sin 32 zyfxzxy         … (4) 

Integrating (2) with respect to ‘y’ treating ‘x’ and ‘z’ as constants we get. 

 ),(4sin
2

2
2

zxfyx
y









       … (5) 

Integrating (3) with respect to ‘z’ treating ‘x’ and ‘y’ as constants we get. 

),(
3

3 3

yxf
xz

         … (6) 

from equations (4), (5) and (6) we get 

Cyxzxy  4sin 32  

9.  If ,rr   where r is the position vector of the point (x, y, z), prove that 

22 ).1()(  nn rnr  

Solution: 

).()(2 nn rr   

)()()( nnnn r
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x
x

r
r 22 



 

r

x

x

r





 

 Similarly 
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)()2(3 22242 zyxrnnnr nn    

242 .)2(3 rrnnnr nn    

22 )2(3   nn rnnnr  

22 )2(]23[   nn rnnnnr  

10. Find f® if the vector f(r) r


is both solenoidal and irrotational.  

Solution: 

 f(r) r


 is solenoidal.  0)(.  rrf


 

 i.e., 0.)().(.  rrfrrf


 

 since r
r

rf
rf

)(
)(.


  we get 

 i.e, 0)(3.
)(




rfrr
r

rf 
 

 since 2. rrr 


 we get 

 i.e. 0)(3)(  rfrfr  

 i.e. 0
3

)(

)(




rrf

rf
    (on division by 3r) 

 Integrating both sides with respect to r 



 log f(r) + 3 log r = log C 

 log r3f(r) = log C 

3
)(

r

C
rf           … (1) 

f(r) r


is also irrotational 

0))((  rrf


 

i.e, 0)()(  rxfrrf


 

i.e., 00)(
)(




rr
r

rf 
 since )0(  r


 

since 0rr


 

00)0(
)(




r

rf
        … (2) 

This is true for all values of f(r) 

From (1) & (2) 
3

)(
r

C
rf  we get rrf


)(  is both solenoidal and irrotational. 

Exercise 

1. If r  = kzjyix  find div r and curl r . 

2. If r  = ,222 kxzjzyiyx  find curl .F  

3. If  = x2 + y2 + z2prove that curl (grad  ) = 0. 

4. For what value of ‘a’ the vector kazxjzyiyxF )()2()3(  is solenoidal. 

5. Prove that div (curl F ) = 0 

6. If A and B are irrotatioanl, prove that BA  is solenoidal. 

7. Find the value of ‘c’ so that the vector kxzcjxcizcxyF 223 )1()2()(  is 

irrotational. 



8. Find the values of the constants a, b, c so that 

kyxzjczxibzaxyF )3()3()( 223  may be irrotational for these values of 

a, b, c. Also find the scalar potential of .F  

9. Find div F and curl F ,where F  = grad (x3+ y3 + z3 - 3xyz). 

10. Prove that kxyzjzxyiyzxf )6()4()2(  is solenoidal as well as 

irrotational. Also find the scalar potential. 

11. F is solenoidal, prove that curl curl curl F = 4F. 

12. If ,53 322 kxyzjxyixF  find ).(,),.(,. FFFF  and )( F at 

the point (1, 2, 3). 

13. Show that kzxyjzyxiyxzF )2()23()32( 2   is irrotational, but not 

solenoidal. Find also its scalar potential. 

14. Prove that f(r) r is irrotational. 

15. Prove that ).(
2

)()(2 rf
r

rfrf   

Answers 

1. 3, 0 

2. kxjziy 222   

3. - 2 

7. 4 

8. a = 6, b = 1, c = 1 

9. 6 (x + y + z), 0 

10.  = x2 + 2y2+ 3z2 + xyz + k 

12. jikjikji 2774,0,205427,363780,80   

13. x2 + y2 + 3xy + yz + z2x + C 

LINE INTEGRALS 

Any integral which is to be evaluated along a curve is called a line integral. 



Let F (x, y, z) be a vector point function defined at all points in some region of 

space and let C be a curve in thatregion. The integral rdF
C

. is defined as the line integral 

of F along the curve C. 

Note 

(1) Physically rdF
C

. denotes the total work done by the force F in displacing a 

particle from A to B along the curve C. 

(2) rdF
B

A

. depends not only on the curve C but also on the terminal points A and B. 

(3)  If the path of integration C is a closed curve, the line integral is denoted as .. rdF
C

  

(4)  If the value of rdF
B

A

. does not depend on the curve C, but only on the terminal 

points A and B, than F is called a conservative vector or conservative force. 

(5)  If F is irrotational (conservative) and C is a closed curve then .0.  rdF
C

 

(6)  If rdF
C

. is independent of the path C then curl .0F  

(1) If ,3 2 jyixyF  evaluate rdF
C

. , where C is the arc of the parabola y =2x2from 

(0, 0) to (1, 2). 

Solution: 

 Given jyixyF


23   

kdzjdyidxrd


  

dyyxydxrdF 23.   

 

 Given 22xy   

xdxdy 4  

)4()2()2(3. 222 xdxxdxxxrdF   



dxxx )166( 53   

rdF
C

. = dxxx )166( 53
1

0

  

 = 

1

0.

6
1

0

4

6
16

4
6 
















 xx
 

= 
6

16

4

6
  

= 
6

7
 

(2) If  .2014)63( 22 kxzjyziyxF


  Evaluate rdF
C

.  from (0, 0, 0) to (1, 1, 1) 

along the curve x = t, y = t2, z = t3. 

Solution: 

 Given kxzjyziyxF


22 2014)63(   

  kdzjdyidxrd


  

dzxzyzdydxyxrdF 22 2014)63(.   

 Given x = t  y = t2  z= t3 

  dx = dt  dy = 2tdt dz = 3t2dt 

rdF
C

. = )3()(20)2)((14)63( 223222
1

0

dtttttdttdttt   

= dtttt )60289( 962
1

0

  

=  101073 643 ttt   

= 3 – 4 + 6 

= 5 Units. 

(3)  Find the work done in moving a particle in the force field 

kzjyxyixF


 )2(3 2 from t = 0 to t = 1 along the curve x = 2t2, y-=t, z = 4t3. 

Solution: 



Work done = rdF
C

.  

Given  kzjyxyixF


 )2(3 2  

kdzjyixrd


 22  

zdzdyyxzdxrdF  )2(3. 2  

 Given  x = 2t2  y = t  z = 4t3 

   dx = 4tdt dy = dt  dz = 12t2dt 

 rdF
C

.  = dttttt ]48)16(48[ 555
1

0

  

= dttt )16( 5
1

0

  

= 

1

0

26

26
.16 










tt
 

= 
2

1

6

16
  

= 
6

13
 Units 

(4)  Find the work done by the force jxyiyxF


2)( 22  along the curve C where C 

is the rectangle in the xy-plane bounded by x = 0, x = a, y = 0, y = b. 

Solution: 

Given jxyiyxF


2)( 22   

kdzjdyidxrd


  

kdzjdyidxrdF


.  

The curve C is the rectangle OABC and C consists of four different paths OA, AB, 

BC, CO. 

rdFrdFrdFrdFrdF
COBCABOAC

.....    



Along OA, 

y = 0  dy = 0 

Along AB, 

x = a  dx = 0 

Along BC, 

y = b  dy = 0 

Along CO, 

x = 0  dx = 0 

 .0)(2. 222   dxbxaydydxxrdF
BCABOAC

 

= dxbxydyadxx
bba

)(2 22

00

2

0

   

= 

0

2
3

0

2

0

3

3
32

2
3

a

ba

b
xy

a
x



























 

= 2
3

2
3

33
ab

a
ab

a
  

= -2ab2 

5. If .)2(3 2 kzjyxzixF


  Evaluate 
C

rdF . where C is the straight line from A 

(0,0,0) to B(2,1,3). 

Solution: 

 Given kzjyxzixF


 )2(3 2  

kdzjdyidxrd


  

zdzdyyxzdxxrdF  )2(3. 2
 

Equation of the straight line AB is given by 

12

1

12

1

12

1

zz

zz

yy

yy

xx

xx














 

C (0,b) 

y=b 

x=0 

y=0 

0 (0,0) 

B(a,b) 

A (a,0) 

x=a 



where (x1, y1, z1) =  (0, 0, 0) and  (x2, y2, z2) = (2, 1, 3) 

30

0

10

0

20

0
















zyx
 

t
zyx


312
 (say) 

x = 2t  y = t  z = 3t 

dx = 2dt  dy = dt  dz = 3dt 

 tdtdtttdttrdF
C

9)12()2()2(3. 22
1

0

   

dtttdtt )812(24 22
1

0

   

dttt )836( 2
1

0

   

1

0

23

2
8

3
.36 










tt
 

2

8

3

36
  

= 12 + 4 

= 16. 

6. Find the work done by the force ,kyjxizF


  when it moves a particle along 

the arc of the curve ktjtitr


 sin2cos from t=0 to t = 2π. 

Solution: 

Given kyjxizF


  

kdzjdyidxrd


  

ydzxdyzdxrdF .


 

work done by rdFF
C

.


 

ydzrdyzdx
C

   



From the vector equation of the curve C, 

x = cos t y = sin t z = t 

dx = -sintdt dy = costdt dz = dt 

dtttttrdF
C

]sincos)sin([. 2
2

0

 


 

2

0

cos
2

2sin

2

1
sincos 

















 t

t
tttt  

)1()12(    

3  

(7)  Find the work done by the force 

kxyzyjzyxxizyxyF


2)2()3( 2222  when it moves a particle around a 

closed curve C. 

Solution: 

To evaluate the work done by a force, the equation of the path C and the terminal 

points must be given. 

Since C is a closed curve and the particle moves around this curve completely, any 

point (x0, y0, z0) can be taken as the initial as well as the final point. 

But the equation of C is not given. Hence we verify when the given force F


is 

conservative, ie., irrotational. 

xyzxzyxyzxy

zyx

kji

F

223 23222 

















 

 = kzzyxyxjyzyzixzxz


)66()22()22( 2332   

0  

 

Since 0 F


 

 F


  is irrotatonal 



0.   rdF
C


 

(8)  If kzxjxizxxyF


3222 22)34(  check whether the integral rdF
C

.


 is 

independent of the path C. 

Solution: 

kzxjxizxxyF


3222 22)34(   

rdF
C

.


 is independent of the path of integration, if .0 F


 

zxxzxxy

zyx

kji

F

2222 2234 


















 

)44()66()00( 22 xxkzxxji 


 

.0  

Hence the line integral is independent of the path C. 

(9)  If ,iyjxF


 find rdF
C

.


 along the arc of the circle x2 + y2 = 1 from (1,0) to (0,1). 

 Given iyjxF


  

kdzjdyidxrd


  

xdyydxrdF .  

 Given 122  yx         … (1) 

  022  ydyxdx  

ydyxdx 22   

ydyxdx          … (2) 








 
 dx

y

x
xdyydxrdF .      (from 2)) 



dx
y

x
ydx

2

  

dx
y

x
y 










2

 

dx
y

xy







 


22

 

y

dx
        (from (1)) 

rdF .  )1(
1

1 22

2





 yxdx

x
  

rdF
C

.
2

0

1 1 x

dx


   

2

0

1 1 x

dx


   

1

0

1 )(sin x  

.
2


  

(10) Evaluate rdF
C

.  where C is the boundary of the region given by x = 0, y = 0,  

x +y = 1 and jxyyiyxF


)64()83( 22   

Solution: 

 Given  jxyyiyxF


)64()83( 22   

kdxjdyidxrd


  

dyxyydxyxrdF )64()83(. 22   

Here C consists of the lines x = 0, x + y = 1. 

 

Along AB, 



1 yx  

xy  1  

dxdy   

 Along BO, 

 0,0  dxx  

rdF
C

.  rdFrdFrdF
BOABA

...
0

   

 ydydxxxxdxxxdxx 4)]))(1(6)1(4()1(83[3
0

1

22
1

0

2
1

0

   

 

0

1

2
2

1

0

1

0

3

2
.4)122611(

3
.3 

















 

y
dxxx

x
 

 )10(212
2

.26
3

.111

0

1

23









 x

xx
 

 21213
3

11
1   

Exercise 

(1)  Evaluate rdF
C

. where jyiyxF


 22
 and C is y= 4x in the xy-plane from (0, 0) 

to (4, 4).  

(2)  If ,)()32( kxyzjxziyF


 find rdF
C

. along C, where C is the straight line 

joining the points (0, 0, 0) to (1, 1, 1).  

(3)  Find the work done by the force jxizxyF


23)2(  when it moves a particle 

from (1, -2, 1) to (3, 1, 4) along any path.  

(4)  Find the total work done in moving a particle in a force field given by 

kzyxjzyxizyxF


)523()()2(  along a circle C in the xy-plane  

x2 +y2 =9, z = 0. 

(5)  Show that kzjyixF


222  is a conservative vector field. 

(6)  Given the vector field ,2kzjyzixzF


 evaluate the work done in moving a 

particle from the point (0, 0, 0) to (1, 1, 1) along the curve C, x =t, y =t2 , z =t3. 



(7)  If ,2 jxyixF


 evaluate rdF
C

. from (0, 0) to (1, 1) along the line y = x. 

(8)  If  ,)3()2(3 32 jyxiyxxF


 show that rdF
C

. is independent of the path C. 

(9)  Find the work done by the force ,2)(22 kyjzxyiyF


  when it moves a 

particle around a closed curve C. 

(10)  Find the work done by ,2)( kxjzyixyF


  when the particle moves along 

the curve x= t, y =t2, z =t3, from t = 1 to t = 2. 

SURFACE INTEGRAL 

Introduction 

A surface integral is a definite integral taken over a surface. It can be thought of as 

the double integral analogue of the line integral. Given the surface, one may integrate over 

its scalar field (ie, functions which return scalars as value) and vector field ((ie) functions 

which return vectors as value). Surface integrals have applications in physics, particularly 

with the classical theory of electromagnetism. Various useful results for surface integrals 

can be derived using differential geometry and vector calculus, such as the divergence 

theorem and its generalization Stokes theorem. 

Consider any surface (planar, curved, closed or open) and let ),,( zyxFF


 be a 

vector point function, defined and continuous on a region S of the surface. Then 

sdF
S


. where ds denotes an element of the surface S is called the surface integral of 

F


over S.  

We define it as the limit of a sum as follows. 

 



Subdivide S, in any manner into n elements of areas Si,I = 1, 2, .....n. Let iF


be the 

value of F


at some point, Pi inside or on the boundary of the sub-region Si.  

From the vector sum .
1

ii

n

i

SFIn  


If the limits of the above sum exists, as n →∞in 

such a way that each Si collapses ((ie) shrinks) to a point, and is independent of the mode 

of the sub-division of S, then this limit is called the surface integral of F


over S and is 

denoted by .. sdF
S


  

Normal surface Integral of F


over the parts of a given surface 

Consider the above Fig. 1 let Pibe any point of S and let n̂ ,a unit normal vector at 

Pi, pointing outwardly (called the outward unit normal at Pi) to the surface Si. Then 

inF ˆ.


is the scalar complement of ,iF


in the direction of .ˆ
in  

The limiting value of the sum ii

n

i

nF


.
1




 as n → ∞ where n is the number of 

subregions Si, such that each Sishrinks to a point, if it exists and is independent of the 

manner of division of S into sub-regions, is called the normal surface integral of F


over S 

and is denoted by .ˆ. sdnF
S


  

Evaluation of double integral 

 

The surface S is projected onto a region R of the xy-plane, so that an element of 

surface area ds at point P projects onto the area element. We see that SdFd


|cos|  , 

where α is the angle between the unit vector k̂ in the z-direction and the unit normal n̂ to 

the surface at P. So at any given point of S, we have simply  
|ˆ.ˆ||cos| kn

FdFd
sd







 



Now if the surface S is given by the equation f(x,y,z) = 0 then the unit normal at 

any point of the surface is simply given by 
f

f
n 






ˆ evaluated at that point. The scalar 

element of the surface area then becomes 

dz

fd

fdf

kf

Fdf

kn

Fd
sd 






 ||

ˆ.

||

ˆ.ˆ







  

Where  || f


  and 
z

f






and are evaluated on the surface S. we can therefore express 

any surface integral over S as a double integral over the region R in the xy-plane. 

Note 

The projection of the elementary surface ds on the xy palne is dxdy. Also the 

projection of the vector n̂ ds of magnitude ds on the XOY plane to which k̂ is the unit 

normal vector. 

Thus sdknkdsndy


|ˆ.ˆ||ˆ..ˆ|   giving .
|ˆ.ˆ| kn

dxdy
ds   Hence .

|ˆ.ˆ|
ˆ.ˆ.

kn

dxdy
nFsdnF

SS





  

where S is the projection of S on the XOY plane. Similarly 
|ˆ.ˆ|

ˆ.ˆ.
in

dxdy
nFsdnF

SS





  where 

sis the projection of S on the YOZ plane and 
|ˆ.ˆ|

ˆ.,ˆ.
jn

dxdy
nFsdnF

SS





 where sis the 

projection S on the XOZ plane. 

Flux 

In physical applications the integral sdnF
S


ˆ. is called the flux of F


 through S. 

Cylindrical and Spherical polar co-ordinates 

In evaluating surface and volume integrals, in certain cases, it will be advantage to 

change the variable x, y, z into cylindrical or spherical polar co-ordinates. So it is better to 

recall the relations between these coordinates and the respective Jacobian of 

transformation.  

 

 

Polar Co-ordinates 



We know that in two dimensions, the relation between x, y and the polar co-

ordinates r, are x = r cos ; y = r sin and 0 ≤ r< ∞, 0 ≤  ≤ 2π. And the jacobian of the 

transformation is r so that dxdy = rdrd. 

Cylindrical Co-ordinates 

If P is (x, y, z) (refer Fig.3) and if PL is the perpendicular from P to the XOY plane 

then OL angle XOL, LP are the cylindrical polar co-ordinates which are denoted by r, , z 

where 0 ≤ r< ∞, 0 ≤  ≤ 2π, -∞ <z< ∞. 

The relations between x, y, z and r, , z and that between 

dzdrddxdydz &  are dzrdrddxdydz

zx

ry

rx




















cos

cos

 

 

Spherical Co-ordinates 

If P is (x, y, z) (refer Fig.4) and if PL is perpendicular from P to the XOY plane, 

then OP, angle ZOP, angle XOL are the spherical polar co-ordinates which are denoted by  

r, , where 0 ≤ r<∞, 0 ≤ ≤π, 0 ≤  ≤ 2π. The relations between x, y, z and r, , . 

are  x = r sin  cos  

y = r sin  cos  

z = r cos  

The relation between dxdydz and drddis dxdydz = r2 sin drdd. For a 

hemisphere the limits of will be from 0 to 
2


and the limits for will be 0 to 2π. 

 

Note 

Fig.3 

Cylindrical co-ordinates 

 

Fig.4 

Spherical co-ordinates 

 

 

 



(i)  If S is a closed surface, the outer surface is usually chosen as the positive side 

(ii) sd
S


 and ,sdF

S


  where is a scalar point function, are also surface integrals. 

(iii) To evaluate a surface integral in the scalar form, we convert it into a double 

integral and then evaluate. Hence the surface integral sdF
S


. is also denoted as 

.. sdF
S


  

(iv)  The area of the region S is .ds
S

  

Solved Problems 

1. Obtain ,ˆ. dsnF
S


  where kyzjxiyxF ˆ2ˆ2ˆ)( 22 


 over the surface of the plane  

2x + y + 2z = 5 in first octant. 

Solution 

 Let the given surface be  = 2x + y + 2z – 6 

 
3

22

||
ˆ

kji
n













 

 Let s be the projection is S in the XOY plane 

 
kn

dxdy
nFdsnF

SS




.ˆ
ˆ.ˆ.    

 Now 
3

ˆ2ˆˆ2
).ˆ2ˆ2ˆ)((ˆ. 22 kji

kyzjxiyxnF





 

3

42)(2 22 yzxyx 
  
















 


2

26
2

3

2 22 yx
yxyx   since 

2

26 yx
z


  

 222 26
3

2
yxyyxyx   

 yxxyx 62
3

2 22   



Since the equation of the line AB is 2x+y=6 (or) y=6-2x. In the region sas x varies 

from 0 to 3, y varies from 0 to 6-2x. 

sdnF
S


ˆ.  

3

2
)62(

3

2 2 dxdy
yxxyx

S

   

 dxdyyxxyx
x

)62( 2
2

0

3

0

 


 

 dxyxyxyyx xy

y

26

0

222
3

0

)3( 

   

 dxxxx )644114108( 32
3

0

   

 
2

171
  

2. Given that kzjyixF ˆ2ˆˆ 


 find ,. sdF
S


 S being the surface of the sphere  

x2 + y2 + z2 = a2, z ≥ 0 

Solution: 

 Let  =  x2 + y2 + z2 

  kzjyix ˆ2ˆ2ˆ2   

  
222 444

ˆ2ˆ2ˆ2

||
ˆ

zyx

kzjyix
n














 

a

kzjyix ˆˆˆ 
    since 

2222 azyx   

 dsnFsdF
sS

ˆ..


   

kn

dxdy
nF

s ˆ.ˆ
ˆ.


  where s is the projection of the spherical surface above the  

XY-plane on the XOY plane. 

nF ˆ.


 )ˆˆˆ(
1

).ˆ2ˆˆ( kzjyix
a

kzjyix   



)2(
1 222 zyx
a

  

)2(
1 22222 yxayx
a

  since 22222222 yxazazyx   

)233(
1 222 ayx
a

  

 kn ˆ.ˆ  kkzjyix ˆ).ˆ2ˆˆ(   

Since sis the circle x2 +y2 =a2on the XOY plane. x varies from -a to +a and y 

varies from 

2222 xatoxa   

Hence dxdy
z

a
ayx

a
sdF

SS

).233(
1

. 222  


 

dxdy
yxa

ayxxa

xay

a

ax




 


 

22

222 2)(3
22

22

 

Taking x =r cos , y =r sin , we get x2 +y2 +r2and dxdy =rdrd. For the circle s, r 

varies from 0to a and varies from 0 to 2π. 




rdrd
ra

ara
rdrd

ra

ar
sdF

aa

S
22

222

0

2

0
22

22

0

2

0

)(323
.









 


 

22
0

2

0

222

0

2

0

3
ra

rdrd
adrdrar

aa


 






 

21 II   (say)        … (1) 

Consider  1I  


drdra
a

22

0

2

0

3    

 Let a2 – r2 = t2 

  2rdr = –2tdt 

  rdr = –tdt 

 



 If r = 0, t = a 

  r = a, t = 0 

 dtttdrrar
aa

)(2

0

22

0

   

dtt
a

2

0

  

dtt
a

2

0

  

a

t

0

3

3 







  

3

3a
  




drdrarI
a

22

0

2

0
1 3    




d
a








 

3
3

32

0

 

 2

0

3 )(a  

23a  

 Consider  
22

0

2

0

2

2

ra

rdrd
aI

a


 



 

 Let  a2 – r2 = t2  If r = 0 t = a 

   2rdr = –2tdt     r = 0 t = a 

rdr = –tdt 

)(
1

2

0

22
0

tdt
tra

rdr

a

a




   

dt
a

 
0

 

dt
a


0

 



at 0)(  

a  

22
0

2

0

2

2

ra

rdrd
aI

a


 



 




ada 
2

0

2  




da 
2

0

3  

 2

0

3 )(a  

 2

0

3 )(a  

23a  

   22.)1( 33

0

aasdF  


 

0  

3. Obtain sdnF


ˆ. over the surface of the cylinder x2 +y2 = 16 in the first octant 

between z = 0 &z =5 where kzyjxizF ˆ3 2


 

Solution: 

 Let 1622  yx  

jyix ˆ2ˆ2   

4

ˆˆ

44

22
22

jyix

yx

jyix
n



















 since 1622  yx  

Now )(
4

1
).3(ˆ. 2 jyixzkyjxiznF


  

)(
4

1
xyxz   

)(
4

1
yzx   



The surface S of the cylinder in the first octant can be projected onto YOZ (or 

ZOX) plane into a surface s 

Hence 
in

dydz
zyxdsnF

SS ˆ.ˆ
)(

4

1
ˆ.  




 

4

)(
4

1

x

dydz
zyx

S

 


   since 
4

ˆ.ˆ
x

in   

,)(
4

0

5

0

dydzzy
yz

 


S is a rectangle of sides 4 & 5 units. 

dxzy
y

y
z

4

0

25

0 2











   

dzz
z

)48(
5

0

 


 

5

0

2

2

4
8 










z
z  

5040  

90  

4.  If kxzjyzixyF ˆˆˆ2 2 


and S is the rectangle parellelopiped bounded x = 0, y = 0,  

z = 0, calculate sdnF
S


ˆ.  

Solution: 

 



There are six faces of the parellelepiped and we calculate the integral over each of 

these faces. We denote the values of F


on these faces by 621 ..........., FFF


 

Face n̂  Equation ds  F


 

ABEF î  x = 1 dydz  kzjyziyF ˆˆˆ2 2

1 


 

COGD î  x = 0 dydz  jyzF ˆ2

2 


 

BCDE ĵ  y = 2 Dzdx  kxzjzixF ˆˆ2ˆ4 2

3 


 

GOAE ĵ  y = 1 dzdx  kxzF ˆ
4 


 

EDGE k̂  z = 3 dxdy  kxjyixyF ˆ3ˆ9ˆ25 


 

AOCB k̂  z = 0 Dxdy  ixyF ˆ26 


 

 

 dsnFdsnFdsnFdsF
BCDECOGDABEF

ˆ.ˆ.ˆ.. 321


   

dsnFdsnFdsnF
AOCBEDGEGOAE

ˆ.ˆ.ˆ. 654


   

   654321 IIIIII    (Say)   … (1) 

Consider, dsnFI
ABEF

ˆ.11


  

 ikzjyziynF ˆ).ˆˆˆ2(ˆ. 2

1 


 

y2  

on the surface ABEF, z varies from 0 to 3 and y varies from 0 to 2 

ydydzI
zy

2
3

0

2

0
1 



  

3

0

2

0

)(2 zydy  

ydy
2

0

32  



2

0

2

2
6 










y
 

12  

Consider dsnFI
COGD

ˆ.22


  

).(ˆ. 2

2 ijyznF


  

0  

on the surface COGD, z varies from 0 to 3 and y varies from 0 to 2. 

dydzI
zy

0
3

0

2

0
2 



  

0  

Consider dsnFI
BCDE

ˆ.33


  

jkxzjzixnF ˆ).ˆˆ2ˆ4(ˆ. 2

3 


 

22z  

 on the surface BCDE, z varies from 0 to 3 and x varies from 0 to 1 

3I dxdzz
zx

2
1

0

1

0

2


  

dx
z

x

3

0

31

0 3

2








 



 

  dxz
x

3

0

3
1

03

2



  

dx
1

0

18  

18  

 

Consider dsnFI
GOAE

ˆ.44


  



)ˆ.(ˆˆ.3 jkxznF 


 

0  

on the surface GOAE, z varies from 0 to 3, x varies from 0 to 1. 

4I  dxdz
zx

.0
3

0

1

0




  

0  

Consider dsnFI
EDGF

ˆ.55


  

kkxjyixynF ˆ).ˆ3ˆ9ˆ2(ˆ.5 


 

x3  

on the surface EDGE, y varies from 0 to 2, x varies from 0 to 1. 

5I  xdxdz
yx

3
2

0

1

0




  

xdxy 2

0

1

0

)(3  

xdx
1

0

23  

1

0

2

2
6 










x
 

3  

Consider dsnFI
AOCD

ˆ.66


  

)ˆ.(ˆ2(ˆ.6 kixynF 


 

0  

on the surface AOCB, y varies from 0 to 2, x varies from 0 to 1. 

6I  dxdz
yx

0
2

0

1

0




  

0  



 03018012.)1(   sdF
S


 

13  

5. Evaluate the integral dsnA
S

ˆ.


  if kxjziyA ˆˆ18ˆ4   and S is the surface of the 

portion of the plane 3x + 2y + 6z = 6 contained in the first octant. 

Solution: 

 

 Let OABC be the given surface S. Then the projection R of S on the xoy plane is 

OAB. 

 6623  zyx  

kji ˆ6ˆ2ˆ3   

3649   

7  

kxjziyA ˆˆ18ˆ4 


 

7

ˆ6ˆ2ˆ3
ˆ

kji
n


  

7

6ˆ.ˆ kn  

)63612(
7

1
ˆ. xzynA 


 

kn
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Let AAparellel to the y axis. Then R lies between the y-axis &AA, where A is 

(2,0,0). Thus 0 ≤ x ≤ 2 with this restriction on the x-co-ordinate of a point of R, the y-co-

ordinate varies from y =0 to .
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6.  Evaluate sdF
S


.  and S is the surface of the cylinder x2 +y2 =9 contained in the 

first octant between the planes z=0 &z=2. 

Solution: 
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where R is the rectangular region OABC in the xoz-plane, got by projecting the cylindrical 

surface S on the xoy plane and z varies from 0 to 2, x varies from 0 to 3. 
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Volume Integral 

In multivariable calculus, a volume integral refers to an integral over a  

3-dimensional domain. Let V denote the volume enclosed by some closed surfaces and F


, 

a vector function defined throughout V. Then, ,. VdF
v


 where Vd


denotes an element of 

the volume V, is called the volume integral F


over V. 

We define it as the limit of a sum as follows.  

Sub-divide V into n regions of elementary volumes Vi,i = 1, 2,….n. Let iF


 be the 

value of F


at some point Piinside (or) on the boundary of the region, enclosing the volume 

Vi. 

Form the vector sum .
1

ii

n

i
n VFI  



 If the limit of Inexists as n → ∞, in such a way 

that each Vi shrinks into a point, and is independent of the manner of division of V into 

these elementary volumes, then the limit is called the volume integral of F


over V and is 

denoted by .. VdF
v


  



Remark 

A volume integral is a triple integral of the constant function 1 which gives the 

volume of the region D (ie) the integral Vol(D) .dxdydz  

A triple integral within a region D in R3of a function f (x, y, z) is usually written as 

.),,( dxdydzzyxf  

Note 

A volume integral in cylindrical co-ordinates is dxrdrdzrf
D

 ),,( and a volume 

integral in spherical co-ordinates has the form  ddrdrrf
D

sin),,( 2
  

Remarks 

Integrating the function f (x, y, z) =1 over a unit cube yields the following result 

11
1

0

1

0

1

0

 dxdydz so, the volume of the unit cube is 1 as expected. That is, rather trivial 

however a volume integral is far more powerful. For instance if we have a scalar function  

f : R3 → R describing the density of the cube at a given point (x,y,z) by f = x+y+z then 

performing the volume integral will give the total mass of the cube  

.
2

3
)(

1

0

1

0

1

0

 dxdydzzyx  

Solved Problems 

1. If ,ˆˆˆ2 kyjxizF 


evaluate dVF
D

.


  where V is the region bounded by the 

surfaces x = 0, y = 0, x = 2, y = 4, z = x2, z = 2 

Solution: 

 dVF.


 dxdydzkyjxiz
V
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2. Evaluate ).( F
v


 if )ˆˆˆ 222 iziyixF 


and if V is the volume of the region 

enclosed by the cube  ≤ x, y, z ≤ 1 

Solution: 

 VdF
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3. Evaluate dVA
v


. if kxzjyzixyA ˆˆˆ2 2 


and S is the surface of the 

parellelopiped formed by the planes x = 0, x = 2, y = 0, y = 1, z = 0, z = 3. 

Solution: 
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4. Find dVA
v

).(


  where ,ˆ4ˆˆ2 222 kxzjyiyxA 


V being the region in the first 

octant bounded by y2 + z2 = 9 &x = 2. 

Solution: 



 

 xzyxyA 824. 


 

 To cover the volume of the region shown in the figure, we take x = 0 to x = 2, y = 0 

to y = 3 and z = 0 to z = 
29 y  
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5. Find kzjyixF ˆˆ2ˆ4 32 


and V is the volume enclosed by x2 + y2 = a2, z = h and 

prove that )4().( 32 hhadVF
v

 


 

Solution: 

 Given  kzjyixF ˆˆ2ˆ4 32 


 

2344. zyF 


 

 Also, on the circle x2 + y2 = a2, as y varies from 22 xa  to xxa ,22   varies 

from –a to a  
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6.  S.T if 5333

5

12
).(,ˆˆˆ RdVAkzjyixA

v

 


where V is the volume enclosed by 

the sphere of radius R with origin as centre. 

Solution: 

dVA
v

).(


 dVzyx
v

)333( 222    

dVzyx
v

)(3 222    

To evaluate the integral, we consider the transformation x = r sin  cos , y=r sin  

sin and z =r cos . Then using the Jacobian, we obtain dV =r2 sindrdd, where r 

changes from 0 to R, from 0 to π and from 0 to 2π. 
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Exercise 

1.  Show that ,
2

3
ˆ.  sdnF

S


where kyzjyixzF ˆˆˆ4 2  and S is the surface of the 

cube bounded by the x=0, x=1, y=0, y=1, z=0, and z=1. 

2.  Evaluate sdnF
S


ˆ. where, kxyjzxiyzF ˆˆˆ 


and S is the surface of the sphere  

x2 + y2 +z2 =1in the first octant. 

3.  Evaluate sdkzyjxiz
S


)ˆˆˆ( 2 where S is the surface of the cylinder x2 +y2 = 1 in 

the first octant between the planes z=0 &z=2. 

4.  Find the area of the surface of the portion of the plane 3x+2y+6z=6 contained in 

the first octant. 

5.  Evaluate dsnA
S

ˆ.


 if kyzjxiyxA ˆ2ˆ2ˆ)( 22 


and S is the surface of the plane 

2x+y+2z=6 in the first octant. 

6.  Evaluate VdF
V


).( where kxjxyizxF ˆ4ˆ2ˆ)32( 2 


and V is the region 

bounded by x=0, y=0, z=0 & 2x+2y+z = 4. 

7.  Evaluate VdF
V


. where kyjxixzF ˆˆˆ2 2


and V is the volume of the region 

enclosed by the cylinder x2 + y2 = a2 between the planes z=0, z=c. 

8. Evaluate VdA
V


. if kxzjyiYxA ˆ4ˆˆ2 222 


where V is the region bounded by 

the cylinder y2 + z2 = 9& the plane x = 2. 



9.  Evaluate VdF
V


. where kxyzjzxyiyzxF ˆ)(ˆ)(ˆ)( 222 


taken over the 

rectangular parallelepiped bounded by x=0, x=a, y=0, y=b, z=0, z=c. 

10.  Evaluate ydVx
V

245 where V is the surface bounded by the plane x=0, y=0, z=0, 

4x+2y+z=8. 

Answers 

1. 264 

2. 
6

25
 

3. 202 

4. 18π 

6. 
105

86
 

7. 
3
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9. 0 

10. 
20

427
 

12. 
8

3
 

13. 3 

14. 
2

7
 

15. 81 

16. 
3

8
 

17. k
ca ˆ
4

4 
 

18. 180 



19. abc (a + b + c) 

20. 128 

Theorem 

Gauss Divergence Theorem 

If F


be a vector point function having continuous partial derivation in the region 

bounded by a closed surface S, then where dsnFdVF
sV

ˆ.).(


   where n̂ is the unit 

outward normal at any point of the surface. 

Proof 

 Let kFjFiFF
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321     … (1) 

Assume that a closed surface S is such that any line parallel to the coordinate axis 

intersects S at the most at two points. Divide the surface S into two parts S1 the lower and 

S2, the upper part. 

Let Z1=F1 (x, y) and Z2 = F2(x, y) be the equation and 1̂n and 2n̂ be the normals to the 

surface S1 and S2respectively. Let R be the projection of the surface S on xy-plane. 
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F

F

v 




3





















  dzdxdy

z

Fyxf

yxfR

3
),(

),(

2

1

 

dxdyzyxF
f

f
R

2

1
)],,([ 3  

dxdyfyxFfyxF
R

)],,(),,([ 1323    

dxdyfyxFdxdyfyxF
RR

),,([),,([ 1323      … (2) 

dxdy = projection of ds on xy-plane = dskn ˆ.ˆ  

For Surface S2: Z =F2(x, y) dxdy = 2
ˆ.ˆ dSkn  



For Surface S1: Z =F1(x, y) dxdy = dskn ˆ.ˆ  

Substituting in eqn (2) 

dxdydz
z

F
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3  113223 )ˆ.ˆ.()ˆ.ˆ(
22
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SS

   

113223 )ˆ.ˆ()ˆ.ˆ(
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      … (3) 

Projecting the surface S on yz and zx plane, we get 

dxdydz
z
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1 dsinF
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)ˆ.ˆ(1        … (4) 
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2 dsinF
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)ˆ.ˆ(2       … (5) 

Sub (3), (4) & (5) in (1) 
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Problems 

1.  Verify divergence theorem for kxyzjzxyiyzxF


)0()()( 222  taken over 

the rectangular parallopiped 0 ≤ x ≤a,0 ≤y ≤ b,0 ≤ z ≤c . 



Solution: 

For verification of divergence theorem, we shall evaluate the volume and 

surfaceseparately and show that they are equal. 
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= 2x +2y +2z 

= 2(x + y + z) 

dV = dxdydz or dV = dzdydx 

x varies from 0 to a 

y varies from 0 to b 

z varies from 0 to c 
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To evaluate the surface integral, divide the closed surface S of the rectangular 

parallopiped into 6 parts. 

S1 = face OAMB  S2 = face CLPN  S3 = face OBNC 



S4 = face AMPL  S5 = face OALC  S6 = face BNPM 
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Hence Gauss divergence theorem is verified. 

2.  Verify divergence theorem for kzjyixF


2224  taken over the region 

bounded by the cylinder x2 +y2 + 4, z = 0, z = 3 

Solution: 

Given kzjyixF
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Gauss divergence theorem is 
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We shall now compute the surface integral dsnF
S

ˆ.


 . S consists of the bottom surface S1, 

top surface S2and the curved surface S3of the cylinder. 

On knzS


 ˆ;0:1  

0ˆ. 2  znF
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 = 9  area of circle S2 

 = 9 (π.22)   (radius of circle = 2) 

 = 36π 
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322 yx   

Since S3is the surface of cylinder x2 +y2 +4, we use cylindrical polar co-ordinates to 

evaluate dsnF
S

ˆ.
3


  

x = 2 cos , y = 2sin , z =z  (x = r cos  

ds = 2ddz     y =r sin where r=2 

ds = rddz) 

varies from 0 to 2π 

z varies from 0 to 3. 
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 48360   

84         … (2) 

Thus from (1) & (2) dVFdsnF
VS

).(ˆ.


   

Hence Gauss divergence theorem is verified. 

Ex 3: Verify Gauss divergence theorem for kzjxyaiyxaF


2)()(  over the 

region bounded by the upper hemisphere x2 +y2 +z2 =a2and the plane z=0. 

Solution: 

Gauss divergence theorem is dVFdsnF
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 Limits of x : x = 0 to x = a. 

 Let x = a sin  dx = a cos d 
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 Now we shall compute the double integral 
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 Change to polar co-ordinates 

 x = r cos  y = r sin  r2= x2 + y2 dxdy = rdrd 
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 From (1) & (2) dVFdsnF
VS
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 Hence Gauss divergence theorem is verified. 

4. Using divergence theorem evaluate dsnF
S

ˆ.


 where kzjyixF


333  and S is 

the surface x2 + y2 + z2 = a2 

Solution: 

 Gauss divergence theorem is  
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We shall evaluate this triple integral by using spherical polar co-ordinates.. 

x = r sin cos  y = r sin  sin  z = r cos  

then 
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Note 

Here div F


 =3(x2 +y2 + z2). Since the equation of the surface x2 + y2 +z2 = a2, we 

cannot replace x2 + y2 + z2 = a2in div F, since x2 +y2 +z2 = a2is true only for points on S but 

F


is defined inside and on S.  

5.  If kczjbyiaxF


 a,b,c are constant. Show that )(
3

4
ˆ. cbadsnF
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where 

S is the surface of the unit sphere. 
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By Gauss divergence theorem we have 



dsnF
S

ˆ.


  dVF
V

).(


   

 dVcz
z

by
y

ax
xV























  )()()(  

 dVcba
V

)(    

  )( cba  Volume of unit sphere. 

 31
3

4
)( 


cba  

 ).((
3

4
cba 
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ˆ.2  where S in a closed surface. 
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 = 6  volume of closed surfaces. 

Stoke’s Theorem 

If S be an open surface bounded by a closed curve C and F


be a continuous and 

differentiable vector function then dsnFCurlrdF
SC

ˆ..


  where n̂ is the unit outward 

normal at any point of the surfaces. 
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Equation of the surface is z = f(x,y) 

F1(x,y,z) = F1(x,y,f(x,y)) = G(x,y) say 
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Substituting in equation (4). 
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Let R is the protection of S on xy plane and dxdy is the protection of ds on xy plane 

then dxdynk ˆ.
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Since the value of G at each point (x,y) of 1 C is some as the value of F1at the each point 

(x,y,z) of C and dx is same for both the C1and C we get dxFdsniF
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Similarly, by projecting surface Son to yz and zx planes. 
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Substituting equations (5), (6) and (7) in equation (1) 



dzFdyFdxFdsnF
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Problems 

1)  Verify Stoke’s theorem for the vector field jxyiyxF


2)( 22  in the rectangular 

region in the xy plane bounded by the lines x=0, x=a, y=0, y=b 

Solution: 

By Stoke’s theorem drFdsnFCurl
CS

.ˆ.


   

 To find drF
C

.
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 From equation (1) and (2). 

drFdsnFcurl
SS
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Hence Stoke’s theorem is verified. 

2.  Verify Stoke’s theorem for )2( kxzjyzixyF


 where S is the open surface of 

the rectangular parallelopiped formed by the planes x=0, x=1, y=0, y=2 and z=3 

above the xoy plane. 

Solution: 

Stoke’s Theorem is, dsnFcurldrF
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ˆ..
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From equations (1) and (2), dsnFcurldrF
SC

ˆ..


   

Hence Stoke’s theorem is verified. 

3.  Verify Stoke’s theorem for )2 2kyjyziyF


 where S is the upper half of the 

spherex2 + y2 +z2 = a2and C is the circular boundary on the xoy plane. 

Solution: 

Stoke’s Theorem is dsnFcurldrF
SC

ˆ..
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  where R is the projection of S on the xoy plane. 
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  where R is the region enclosed by x2 + y2 = a2 

 2a         … (2) 

From (1) and (2); Stoke’s theorem is verified. 

4.  Evaluate by Stoke’s theorem )2( dzydydxex

C

  where C is the curve  

x2 +y2 + 4, z = 2. 

Solution: 

 By Stoke’s Theorem dsnFdrF
SC

ˆ..


   

 Here kjyieF x


 2  

12 














ye

zyx

kji

Fcurl

x




 

)00()00()00(  kji


 

0  

 dsnFcurldrF
SC

ˆ..


   

0)2(  dzydydxex

C
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C

(sin zdx – cosxdy + sinydz)by using Stoke’s theorem where C is the 

boundary of the rectangle defined by 0 ≤x ≤ π, 0 ≤y ≤ 1, z =3 
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Green’s Theorem in the Plane 

 If C is a regular closed curve in the xy-plane and R be the region bounded by C, 

then 
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Where F1(x, y) and F2(x, y) are continuously differentiable functions inside and on C. 

Proof 

 From Stoke’s theorem, we have 
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 Also as C is a closed curve in the xy-plane, we have. 
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 Also on xy-plane, we have 
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 Where R is the projection of S on xy-plane. 
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 Corollary: If ,12
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 the value of the integral )( 21 dyFdxF

C

 is independent f 

the path of integration. 

ILLUSTRATIVE EXAMPLES 

1. Verify Green’s theorem in the plane for dyxyydxyx
C

)64()83( 22   where C 

is the boundary of theregion defined by (a) y = x y =x2 (b) x=0, y =0, x +y =1 
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The Green’s theorem is 
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Here F1 = 3x2 – 9y2. F2 = 4y – 6x 

(a) C is y = x , y = x2 

(i.e) y2 = x,  y = x2 
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From (2) and (3), we see that 
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(i.e) Green’s theorem is verified. 

(b) C is x = 0, y = 0, x + y = 1 
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From (2) and (3), we see that 
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(ie) Green’s theorem is verified. 

2)  Verify Green’s theorem in a plane with respect to  ,)()2( 2222 dyyxdxyx
C

  

where C is the boundary of the region in the xoy-plane enclosed by the x-axis and 

the upper half of the circle x2 +y2 + 1. 

Solution: 

The Green’s theorem is, 

dxdy
y

F

x

F
dyFdxF
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Here F1 = 2x2 – y2, F2 = x2 + y2 

dyyxdxyxdyFdxF
CC

)()2()( 2222

21    

dyyxdxyxdyyxdxyx
CAB

)()2()()2( 22222222

1

   

21 II   (say)         … (1) 

Along AB, y = 0 

  dy = 0 



  x varies from -1 to 1 

dxxI
x

)2( 2
1

1
1 



  

1
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3

3
2













x
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4
)11(

3

2
  

dyyxdxyxI
c

)()2( 2222
2

1

  

Along the upper half of the circle C1 : x2 + y2 =1, 

The parametric equations are, 

x = cos , y = sin 

dx = -sin d, dy =cosd 

varies from 0 to π 

 


ddI cos)sin(cos)sin)(sincos2( 2222
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From (1), 

 2221 IIdyFdxF
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Now, 
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Put 1 – y2 = t  when y = 0, t = 1 

 -2ydy = dt   y =1, t = 0 



 2ydy = -dt 

)(2
1

1

12 dttdxdy
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F
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        … (3) 

From (2) and (3), we see that 

dxdy
y

F

x

F
dyFdxF
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(ie) Green’s theorem is verified. 

3. Verify Green’s theorem in a plane to evaluate ,)()1( 332 dyyxdxyx
C

 where C 

is the square formed by x =  1 and y =  1 

Solution 

 The Green’s theorem is 

dxdy
y

F

x

F
dyFdxF

RC
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Here 
33

2

2

1 ),1( yxFyxF   

dyyxdxyxdyFdxF
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)()1()( 332

21    

dyyxdxyxdyyxdxyx
BCAB

)()1()()1( 332332    

dyyxdxyxdyyxdxyx
DACD

)()1()()1( 332332    

4321 IIII   (say)     … (1) 

dyyxdxyxI
AB

)()1( 332

1    



Along AB, y = -1 

  dy = 0 

x varies from -1 to 1 

]0)11([ 2
1

1
1  



dxxI  

0  

dyyxdxyxI
BC

)()1( 332

2    

Along BC, x = 1 

  dx = 0 

y varies from -1 to 1 
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dyyxdxyxI
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)()1( 332
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Along CD,  y = 1 

dy = 0 

x  varies from 1 to -1 
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Along DA,  x = -1 

dx = 0 

y varies from 1 to -1 
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From (1). 

 432121 IIIIdyFdxF
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From (2) and (3), we se that 

dxdy
y

F
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F
dyFdxF
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21 )(  (ie) Green’s theorem is verified. 

4. Evaluate using Green theorem ],cos)sin[( xdydxxy
C

 where C is the triangle 

formed by .
2

,
2

,0


 x
yxy   

Solution: 

 Here F1 = y –sin x, F2  =  cos x 

x
x

F

y

F
sin,1 21 









 

Using Green’s theorem, 

dxdy
y
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F
dyFdxF
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(ie) dxdyxxdydxxy
yxyC
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5. By the use of Green’s theorem, show that area bounded by a simple closed curve C 

is given by ).(
2

1
ydxxdy

C

 Hence find the area of an ellipse. 

Solution: 

By Green’s theorem is planes, 

dxdy
y

F

x

F
dyFdxF

RC
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 Put F1 = -y and F2 = x 

 11 21 









x

F
and

y

F
 

Hence from (1), 

dxdyxdyydx
RC

)11(    

dxdy
R

 2  

A2  

 Where A is the required area. 



 )(
2

1
ydxxdyA

C

   

 Any point (x,y) on the ellipse is given by 

 x = a cos , y = b sin  where  is the parameter. 

 dx = –a sin d dy = b cos d 

 Area of the ellipse  )(
2

1
ydxxdy

C

   




dabdba )sin(sin)cos(cos
2

1 2
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dabab )sincos(
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1 22
2

0

  




dab )sin(cos)(
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1 22
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Problems for practice 

1.  Verify Gauss divergence theorem for the function kjyxiyzxF


22)( 23   

over the cube bounded by x = 0, y = 0, x = a, y = a, z = 0, z = a. 

2.  Verify Gauss divergence theorem for kzjxiyF


2  for the cylindrical region S 

given by x2 +y2 =a2, z = 0, z =h. 

3.  Verify Gauss divergence theorem for kzjyixF


222   taken over the cube 

bounded by planers x = 0, x = 1, y = 0, y = 1, z = 0, z = 1. 

4.  Verify Gauss divergence theorem for kzjyixF


333   and S is the sphere 

x2 +y2 +z2= a2. 

5.  Using divergence theorem, evaluate dsnF
S

ˆ.


  and S is the closed surface enclosing 

a volume V and .32 kzjyixF


  



6. Find dsnF
S

ˆ.


  where kzyjyxzizxF


)2()()32( 2  and S is the surface of 

the sphere having centre at (3,-1,2) and radius 3. 

7. Verify Stoke’s theorem for jxiyxyF


22 )(  the region in the xoy plane 

bounded by y = x and y = x2. 

8. Verify Stoke’s theorem for the function jxyiyxF


2)( 22  taken around the 

rectangle bounded by x = a, y = 0, y = b. 

9. Verify Stoke’s theorem for the function jxyixF


 2 integrated around the square 

in the plane z = 0 whose sides are along the lines x = 0, x = a, y = 0, y = a. 

10. Verify Stoke’s theorem for kxzjyzizyF


 )4()2( where S is the open 

surface of the cube formed by x = 0, x = 2, y = 0, y = 2 and z = 2. 

11. Verify Stoke’s theorem for kzyjyziyxF


22)2(   where S is the upper half of 

the sphare x2 + y2 + z2 = 1 and C is the circular boundary in the xoy plane. 

12. Evaluate drF
C

.


  by Stoke’s theorem, where kzxjxiyF


)(22   and C is the 

boundary of the triangle with vertices (0,0,0), (1,0,0) and (1,1,0). 

13. If C is a simple closed curve and kzjyixr


 prove that 0.  drr
C


by using 

Stoke’s theorem. 

14. Use Stoke’s theorem to find drF
C

.


  when jxixxyF


22 )(   and C is the 

boundary of the triangle in the xoy plane formed by x = 1, y = 0 and y = x. 

15. Verify Green’s theorem is a plane to find the finite area enclosed by parabola  

y2 = 4ax and x2 = 4ay. 

16. Verify Green’s theorem in a plane for ))(( 22 dyxdxyxy
C

 where C is the closed 

curve of the region bounded by y = x and y = x2. 

17. Verify Green’s theorem in a plane for ])()2[( 322 dyyxydxxyx
C

 where C is  a 

square with vertices A(0,0), B(1,0), D(1,1) and E(0,1). 

18. Verify Green’s theorem for the integral ])3()2[( 22 dyyxdxxyx
C

 along the 

boundary of the region defined be y2 = 8x and x = 2. 



19. Verify Green’s theorem for ]cossin[ ydyeydxe xx

C

  where C is the rectangle 

with vertices 
















2
,0,

2
,),0,(),0,0(


  

20. Show that the integral ]2)[( 22
)1,1(

)0,0(

xydydxyx   is independent of the path of 

integration. 

21. Evaluate by Green theorem in the plate 

]cossin)sin[(cos ydyxdxxyyx
C

 which C is the circle x2 + y2 = 1. 

22. Using Green’s theorem, evaluate ][ 22 dyxydxx
C

 where C is the boundary of the 

triangle with vertices (0,0), (1,0), (1,1) 

23. Evaluate by Green’s theorem ])sin()cosh[( 2 dyxydxyx
C

  which C is the 

rectangle with vertices (0,0), (π,0), (π,1), (0,1). 

24. A vector field F


is given jyxiyF


)cos1(sin   Evaluate the integral drF
C

.


  

where C is the circular path given by x2 + y2 = a2. 

25. Find the area of the loop of folium of Descartes x3 + y3 = 3axy, a> 0. 

[Hint: Area ydxxdy
C

 
2

1
 

txy
t

at
xdtx

x

y
dx

CC












  ,

1

3
;

2

1

2

1
3

22
 Limits of t are 0 to 1.] 
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UNIT – III 

LAPLACE TRANSFORMS 

1.  Introduction 

A transformation is mathematical operations, which transforms a mathematical 

expressions into another equivalent simple form. For example, the transformation 

logarithms converts multiplication division, powers into simple addition, subtraction and 

multiplication respectively. 

The Laplace transform is one which enables us to solve differential equation by use 

of algebraic methods. Laplace transform is a mathematical tool which can be used to solve 

many problems in Science and Engineering. This transform was first introduced by 

Laplace, a French mathematician, in the year 1790, in his work on probability theory. This 

technique became very popular when Heavisidefunctions was applied to the solution of 

ordinary differential equation in electrical Engineering problems. 

Many kinds of transformation exist, but Laplace transform and fourier transform 

are the most well known. The Laplace transform is related to fourier transform, but 

whereas the fourier transform expresses a function or signal as a series of mode of 

vibrations, the Laplace transform resolves a function into its moments. 

Like the Fourier transform, the Laplace transform is used for solving differential 

and integral equations. In Physics and Engineering it is used for analysis of linear time 

invariant systems such as electrical circuits, harmonic oscillators, optical devices and 

mechanical systems. In such analysis, the Laplace transform is often interpreted as a 

transformation form the time domain in which inputs and outputs are functions of time, to 

the frequency domain, where the same inputs and outputs are functions of complex 

angular frequency in radius per unit time. Given a simple mathematical or functional 

discription of an input or output to a system, the Laplace transform provides an alternative 

functional discription that often simplifies the process of analyzing the behaviour of the 

system or in synthesizing a new system based on a set of specification. The Laplace 

transform belongs to the family of integral transforms. The solutions of mechanical or 

electrical problems involving discontinuous force function are obtained easily by Laplace 

transforms. 

1.1 Definition of Laplace Transforms 



 

Let f (t) be a functions of the variable t which is defined for all positive values of t. 

Lets be the real constant. If the integral  dttfe st )(
0




  exist and is equal to F(s), then F(s) is 

called the Laplace transform of f (t) and is denoted by the symbol L[f(t)]. 

i.e. ][)()]([
0

sFdttfetfL st  


  

The Laplace Transform of f (t) is said to exist if the integral converges for some 

values of s, otherwise it does not exist. 

Here the operator L is called the Laplace transform operator which transforms the 

functions f (t) into F(s). 

Remark: 0)( 


sFLim
S

. 

1.2  Piecewise continuous function 

A function f(t) is said to be piecewise continuous in any interval [a,b] if it is 

defined on that interval, and the interval can be divided into a finite number of sub 

intervals in each of which f (t) is continuous. 

In otherwords piecewise continuous means f(t) can have only finite number of 

finite discontinuities. 

 

Figure 1.1 

An example of a function which is periodically or sectional continuous is shown 

graphically in Fig 1.1 above. This function has discontinuities at t1, t2and t3. 

1.3  Definition of Exponential order 

A function f (t) is said to be of exponential order if 0)( 


tfeLim st

t
. 

1.4  Sufficient conditions for the existence of the Laplace Transforms 



 

Let f(t) be defined and continuous for all positive values of t. The Laplace 

Transform of f (t) exists if the following conditions are satisfied. 

(i)  f (t) is piecewise continuous (or) sectionally continuous. 

(ii)  f(t) should be of exponential order. 

1.5  Seven Indeterminates 

 1. 
0

0
  4. ∞  ∞  7. 0o. 

 2. 



  5. 1∞    

3. 0  ∞  6. ∞o. 

Example 

Check whether the following functions are exponential or not (a) f (t) = t2 (b) f (t) = 
2te  

Solution: 

(a) f (t) = t2 

By the definition of exponential order 

 0)( 


tfeLim st

S
 

 2. teLim st

t




  
















st

t e

t
Lim

2

 which is indeterminate form 

Apply L – Hospital Rule  















 Se

t
Lime

st
t

2
 which is indeterminate form 

Again apply L – Hospital Rule. 

0.
22

22
 



st

t
st

t
e

S
Lim

eS
Lim  (finite) 

0. 2  


teLim st

t
 (finite numbers) 



 

Hence f(t) = t2 is exponential order. 

(b) f (t) = 
2te  

 

Solution: 

By the definition of exponential order. 

 0)(  


tfeLim st

t
 

 






eeLimeeLim tst

t

tst

t

22
.  

f(t) = 
2te is not of exponential order. 

2.  Laplace Transform of Standard functions 

1. Prove that L[e-at] =
as 

1
where s + a > 0 or s > - a 

Proof: 

 By definition L[f(t)] = ste



0

f(t)dt 

 L[e-at] =  ste



0

.e-at dt 

   =  )(

0

aste 


 dt 

   =  0

0

)( 1
ee

asas

e as

















 




 

 = 
as 

1
 

Hence  L[e-at] = 
as 

1
 

2. Prove that L[eat] = 
as 

1
where s > a 

Proof: 



 

By the defn of L[f(t)]  = ste



0

f(t)dt 

 L[e+at] =  ste



0

.eat dt 

   = tase )(

0




 dt 

   =  

















0

)(

as

e tas

 

   =   01
ee

as




 
 

   = 
as 

1
 

Hence  L[eat] = 
as 

1
 

3. L(cos at) = ste



0

 cos at dt 

   = 















0

22
)sincos( ataats

as

e st

 

   =  )(
1

0
22

S
as




  

   = 
22 as

s


 

 ]cossin[sin
22

bxbbxa
ba

e
bxdxe

ax
ax 


  

]sincos[cos
22

bxbbxa
ba

e
bxdxe

ax
ax 


  

Hence L(cos at) =  
22 as

s


 

4. L(sin at) = ste



0

 sin at dt 



 

   =  















0

22
)cossin( ataats

as

e st

 

   =  )0(
1

0
22

a
as




  

 L(sin at) = 
22 as

a


 

5. L(cos hat) =  atat eeL 
2

1
 

   =  
























 ))((2

111

2

1

asas

asas

asas
 

   = 
22 as

s


 

 L(cos hat) =  
22 as

s


 

6. L(sin hat) =  atat eeL 
2

1
 

   =  











 asas

11

2

1
 

   =  












))((

)()(

2

1

asas

asas
 

   =  
22 as

a


 

 L(sin hat) = 
22 as

a


 

7. L(1)  = dte st .1.
0




  

   =  














0

s

e st

 

   =  
ss

11
0 










  

 L(1)  =  
s

1
 



 

8. L(tn)  =  dtte nst



0

 

   =    dt
s

e
nt

s

e
t

st
n

st
n
































1

0
0

 

   =    dtte
s

n nst 1

0

00 


  

8. L(tt)  = dtte nst



0

 

   =   dt
s

e
nt

s

e
t

st
n

st
n
































1

0
0

 

   =   dtte
s

n nst 1

0

00 


  

   =  1ntL
s

n
 

 L(tn)  =  1ntL
s

n
 

 L(tn-1) =  21  ntL
s

n
 

 L(t3)  =  23
tL

s
 

 L(t2)  =  tL
s

2
 

 L(tn)  = ).1(.
1

.
2

.
3

.....
2

.
1

. L
ssss

n

s

n

s

n 
 

   =  
ss

n
L

s

n
nn

1
.

!
]1[

!
  

 L(tn)  =  
 

11

1!



nn s

n
or

s

n
 

In particular n = 1,2,3…. 



 

we get  L(t) = 
2

1

s
 

  L(t2) =  
3

!2

s
 

  L(t3) = 
4

!3

s
 

2.1 Linear property of Laplace Transform 

1. L(f(t)  g(t)) =  L(f(t)  L(g(t)) 

2. L(Kf(t)  g(t)) =  KL(f(t) 

Proof (1): By the defn of L.T 

 L[f(t)] = dttfe st )(
0




  

 L(f(t)  g(t)] =  dttgtfe st )()(
0




  

   = dttgedttfe stst )()(
00







   

   =    )()( tgLtfL   

Hence L[f(t)  g(f)] = L[f(t)]  L[g(t)] 

(2) L[Kf(t)] = KL[f(t)] 

 By the defn of L.T 

 L[Kf(t)] = dttKfe st )(
0




  

   = dttfeK st )(
0




  

   = KL[f(t)] 

 Hence L[K(t)] = KL[f(t)] 

2.2 Recall 

1. 2 sin A cos B= sin(A+B) + sin(A-B) 



 

2. 2 cos A sin B= sin(A+B) - sin(A-B) 

3. 2 cos A cos B= cos(A+B) + cos(A-B) 

4. 2 sin A sin B= cos(A-B) - cos(A+B) 

5. sin2A = 
2

2cos1 A
 

6. cos2A = 
2

2cos1 A
 

7. sin 3A = 3sin A – 4 sin3 A 

8. cos 3A = 4cos3A – 3 cosA 

9. sin (A+B) = sin A cos B + cos A sin B 

10. sin (A-B) = sin A cos B - cos A sin B 

11. cos (A-B) = cos A cos B + sin A sin B 

12. cos (A+B) = cos A cos B - sin A sin B 

3.1  Problems  

1.  Find Laplace Transform of sin2t 

Solution: 

 L(sin2t)  = 






 

2

2cos1 t
L  

   = )2cos1(
2

1
tL   

   = 











4

1

2

1
2s

s

s
 

2. Find L(cos3t) 

Solution: 

We know that cos3A = 4 cos3A – 3 cos A 

hence  cos2A = AA 3cos
4

1
cos

4

3
  



 

 L(cos2t) = )3coscos3(
4

1
ttL   

   = 











 91

3

4

1
22 s

s

s

s
 

3. Find L(sin 3t cos t) 

Solution: 

We know that sin A cos B =  )sin()sin(
2

1
BABA   

hence  sin 3t cos t = )2sin4(sin
2

1
tt   

 L(sin 3t cos t) = )2sin4(sin
2

1
ttL   

   = 











 4

2

16

4

2

1
22 ss

 

   = 
4

1

16

2
22 


 ss

 

4. Find L(sin t sin 2t sin 3t) 

Solution: 

We know that sin t sin 2t sin 3t = sin t
2

1
(cos t – cos 5t) 

   = )5cos(sin
2

1
cossin

2

1
tttt   

   = )4sin6(sin
4

1
2cos2sin

4

1
tttt   

L(sin t sin 2t sin 3t) = )6sin4sin2(sin
4

1
tttL   

   = 












 36

6

16

4

4

2

4

1
222 sss

 

 



 

5. Find L(1 + e-3t – 5e4t) 

Solution: 

 L[1+e-3t – 5e4t] = L[1] L[e-3t] + 5L (e4t] 

   = 
4

5

3

11







sss
 

6. Find L(3 + e6t + sin2t – 5 cos 3t) 

Solution: 

 L(3 + e6t + sin 2t – 5 cos 3t) = 3L(1) + L(e6t) + L(sin 2t) – 5L(cos 3t) 

      = 
9

5

4

2

6

11
.3

22 








s

s

sss
 

7. Find L(sin (2t + 3)) 

Solution: 

 L(sin(2t + 3)) = L(sin 2t cos 3 + sin 3 cos 2t) 

   = cos 3L (sin 2t) + sin 3L(cos 2t) 

   = 
4

3sin
4

2
3cos

22 


 s

s

s
 

8. Find L(sin 4t + 3 sin h2t – 4 cos h5t + e-5t) 

Solution: 

 L(sin 4t + 3 sin h2t – 4 cos h5t + e-5t) 

   = L(sin 4t) + 3L (sin h2t) – 4L (cos h5t) + L(e-5t) 

   = 
5

1

25
.4

4

2
.3

16

4
222 








 ss

s

ss
 

   = 
5

1

25

4

4

6

16

4
222 








 ss

s

ss
 

9. Find L((1 + t)2) 

Solution: 

 L((1 + t)2) = L(1 + 2t + t2) 

   = L(1) + 2L(t) + L(t2) 



 

   = 
32

!21
.2

1

sss
  

10. Find the Laplace Transform f(t) = 












t

tt

0

0sin
 

Solution: 

By definition, 

 L(f(t)) = dttfe st )(
0




  

   = dttfedttfe stst )()(
0





 




 

   = dtedtte stst )0(sin
0





 




 

   = dtte st sin
0





 

 = )cos(sinsin)cossin(
1)( 22

0

22
bxbbx

ba

e
dxbxets

s

e ax
ax

st























 

 = )10(
1

)cossin(
1 2

0

2









s

e
s

s

e s




 

 = 
1

1
)1(

1 22 






ss

e s

 

 =  1
1

1
2




 se
s

 

11. Find the Laplace Transform f(t) = 








10

10

t

tet

 

Solution: 

By definition,      L(f(t)) = dttfe st )(
0




  

   = dttfedttfe stst )()(
1

1

0





   



 

   = dtedtee sttst 0
1

1

0





   

   =   dte tst 1
1

0


  

   = 

1

0

)1(

1













s

e ts

 

   =  1
1

1 1 


se
s

 

3.2 Note 

1. (n+1) = dxex xn 



0

 (By definition) 

 (n+1) = n!, n = 1,2,3,… 

 (n+1) = n(n), n> 0 

12. Find 







 2/31

t
t

L  

Solution: 

 







 2/31

t
t

L  = L(t-1/2) + L(t3/2) 

   = 
   

1
2

3
1

2

1

1
2

31
2

1








ss

 

   = 
   

2
5

2
1

2
1

2

1
.

2

32
1

ss





 

   = 
2

54

3

ss


  

 

4. First Shifting Theorem (First translation) 

1. If L(f(t)) = F(s). then L(e-at f(t)) = F (s+a) 



 

Proof 

By definition, L[f(t)]  =  dttfe st )(
0




  

  L[e-atf(t)]  =  dttfee atst )(.
0




  

   =  dttfe ast )()(

0




  

   = F (s + a) 

Hence L[e-at f(t)] = F(s+a) 

4.1 Corollary: L(eat f(t)) = F(s-a) 

4.2 Note 

1. L(e-atf(t)) = L[f(t)]s→s+a 

   = [F(s)]s→s+a 

   = F (s+a) 

2. L(eatf(t)) = L[f(t)]s→s-a 

   = [F(s)]s→s-a 

   = F (s-a) 

4.3 Problems 

1. Find L(te2t) 

Solution: 

 L(te2t) = [L(t)]s→s-2 

 = 
2

2

1












sss
 = 

2)2(

1

s
 

 

2. Find L(t5e-t) 

Solution: 

 L(t5e-t) = [L(t5)]s→s+1 



 

   =  
1

6

!5












sss
  

   = 
6)1(

!5

s
 

3. Find L(e-2t sin 3t) 

Solution: 

 L(e-2t sin 3t) = L(sin 3t)]s→s+2 

   = 
2

2 9

3












 sss
  

   = 
9)2(

3
2 s

 

4. Find L(e-t cos h4t) 

Solution: 

 L(e-t cos h4t) = L(cos h4t)]s→s+1 

   =  
1

2 16

3












 sss
  

   = 
16)1(

1
2 



s

s
 

5. Find L(e3t sin2 4t) 

Solution: 

 L(e3t sin2 4t) = L(sin2 4t)s→s-3  

   = 
32

8cos1










 

ss

t
L  

   =  
3)8(cos)1(

2

1
 sstLL  

   = 
3

2 64

1

2

1















sss

s

s
 



 

   = 
  
















 643

3

3

1

2

1
2

s

s

s
 

6. Find L(e-2t sin 4t cos 6t) 

Solution: 

 L(e-2t sin 4t cos 6t) = L(sin 4t cos 6t)s→s+2 

   =  
2

)6cos4sin2(
2

1
ss

ttL  

   =  
2

)64sin()64(sin(
2

1



ss

ttttL  

   =  
2)2sin10(sin

2

1
 ssttL  

   = 
2

22 4

2

100

10

2

1















 ssss
 

   = 
    














 42

2

1002

10

2

1
22

ss
 

7. Find L(e4t (sin3 3t + cosh3 3t) 

Solution: 

 L(e4t (sin3 3t + cosh3 3t) = L (sin3 3t + cosh3 3t)s→s-4 

 = 
44

9cosh3cosh3

4

9sin3sin3










 




ss

tttt
L  

3sin  = 
4

3coshcosh3
cosh,

4

3sinsin3 3 


 



 

  = 
4

)9(cosh
4

1
)3(cosh

4

3
)9(sin

4

1
)3(sin

4

3












ss

ttLtLtL  

  = 
4

2222 814

1

9
.

4

3

81

9

4

1

9

3
.

4

3





















 sss

s

s

s

ss
 

  = 
81)4(

4

4

1

9)4(

4
.

4

3

81)4(

9

4

1

9)4(

3
.

4

3
2222 












 s

s

s

s

ss
 



 

8. Fine L(cos ht cos 2t) 

Solution: 

 L(cos ht cos 2t) = 




















  

t
ee tt

2cos
2

 

   = )2cos2cos(
2

1
teteL tt   

   = 11 )2(cos)2(cos
2

1
  ssss tLtL  

   = 



























  1

2

1

2 442

1

ssss s

s

s

s
 

   = 

















4)1(

1

4)1(

1

2

1
22 s

s

s

s
 

5. Theorem 

 If L(f(t)) = F(s), then L(tf(t)) = ))(( sF
ds

d
 

Proof: 

 Given F(s) = L(f)(t)) 

differentiate both sides, w.r. to ‘s’ 

 ))(( sF
ds

d
 = ))))((( tfL

ds

d
 

   = 






 


 dttfe
ds

d st )(
0

 

   = dttfe
s

st )(
0







  

   = dttfet st )()(
0




  

   = dtttf st


 )(
0

 



 

  ))(( sF
ds

d
 = - ))(( ttfL  

  ))(( ttfL  = )(sF
ds

d
 

 or ))(( ttfL  = F(s) where F(s) = L(f(t)) 

similarly we can show that, 

  )(2 tftL  = )()1(
2

2
2 sF

ds

d
  

  )(3 tftL  = )()1(
3

3
3 sF

ds

d
  

In general,  )(tftL n
 = )()1( sF

ds

d
n

n
n  

5.1 Problems 

1. Fine  tteL 3  

Solution: 

 We know that   ))(()( tfL
ds

d
ttffL


  

 Here  tetf 3)(   

 L  tte3
 =  teL

ds

d 3
 

   = 












3

1

sds

d
 

   = 













1)3(

)1()0)(3(

s

s
 

   = 
2)3(

1

s
 

2. Find  ttL 3sin  

Solution: 



 

  )(ttfL  =  )(tfL
ds

d
 

  )(ttfL  =  tL
ds

d
3sin


 

   = 












9

3
2sds

d
 

   = 
    

  
















22

2

9

2309

s

ss
 

   = 
 22 9

6

s

s
 

3. Find  ttL 3cos2
 

Solution: 

  ttL 3cos2
 =  tL

ds

d
3cos2

 

   = 






 

2

6cos1 t
L

ds

d
 

   =  )6(cos)1(
2

1
tLL

ds

d



 

   = 













16

1

2

1
2s

s

sds

d
 

   = 
 

  



















22

2

2
16

)2(1.161

2

1

s

sss

s
 

   = 
  




















22

2

2
16

161

2

1

s

s

s
 

   = 
  




















22

2

2
16

161

2

1

s

s

s
 

4. Find  tteL t 3sin2
 

Solution: 



 

  tteL t 3sin(2  = 
2)3sin( ssttL  

   = 
2

)3(sin









ss

tL
ds

d
 

   = 
2

2 9

3






















ss
sds

d
 

   = 
 

 
2

22

2

9

)2(309


















ss
s

ss
 

   = 
 22 9)2(

)2(6





s

s
 

5. Find  ttteL t 3sin2sin2
 

Solution: 

  ttteL t 3sin2sin2
 =   23sin2sin sstttL  

   = 
2

)3sin2sin2.(
2

1












ss

tttL  

   = 
2

)))32cos()32(cos((
2

1












ss

tttttL  

   = 2)5coscos(
2

1
 ssttttL  

   = 
2

)5(cos)(cos
2

1














ss

tL
ds

d
tL

ds

d
 

   = 
2

22 2512

1



































ss
s

s

ds

d

s

s

ds

d
 

   = 
   

 
   

 
2

22

2

22

2

25

21.25

1

21.1

2

1






















































ss
s

sss

ds

d

s

sss
 

   = 
   

2

22

2

22

2

25

25

1

1

2

1






















































ss
s

s

s

s
 



 

   = 
   

2

22

2

22

2

25

25

1

1

2

1























ss
s

s

s

s
 

   = 
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2

22

2
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12

12

2

1

s

s

s

s
 

6. Find  thetL t 2cos2   

Solution: 

   thteL t 2cos2  =  
1

2 2cos
ss

thtL  

   =  
1

2

2
2

)2(cos1













ss

thL
ds

d
 

   = 

1

22

2

4




















ss

s

s

ds

d
 

   = 
   

 
1

22

2

4

21.4



































ss
s

sss

ds

d
 

   = 
 

1

22

2

4

4





















ss
s

s

ds

d
 

   = 
 

1

22

2

4

4





















ss
s

s

ds

d
 

   = 
         

 
1

22

2222

4

2.42424





















ss
s

sssss
 

   =    
 

1

42

22
2

4

424
42




































ss
s

ss
ss  

   = 
 
 

1

32

22

4

2842





















ss
s

sss
 



 

   = 
 
 

1

32

2

4
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ss
s

ss
 

   = 
    

  32

2

41

12112





s

ss
 

6. Theorem 

 If )())(( sFtfL   and if 
t

tf
Lt
t

)(

0
 exist then dstfe

t

tf
L st

s

)(
)( 











 

Proof: 

 By definition, dttfetfLsF st )())(()(
0




  

 Integrate both sides w.r.t. ‘S’ from S → ∞ 

 dtdstfedtsF st

ss

)()(
0




   

 = dtdstfe st

s





 


 )(
0

 (Changing the order of integration since ‘s’ and ‘t’ are 

independent variable) 

 = dtdsetf st

s







 


 )(
0

 

 = 
















s

st

t

e
dttf )(

0

 

 =   









 



ste

t
dttf 0

1
)(

0

 

 = dt
t

tf
e st )(

0




  

 = 








t

tf
L

)(
 

 dstfL
t

tf
L

s

))((
)(












  

 Similarly we can provide that dsdstfL
t

tf
L

ss

))((
)(

2 










 



 

 In general 






timesn
timesn

sssn

dsdsdstfL
t

tf
L ))((

)(











 

Recall 

1. BAAB loglog)log(   

2.   BAB
A logloglog   

3. ABAB loglog   

4. 01log   

5. 0log  

6. log  

7. xdx
x

log
1

  

8. 
a

x

axa

dx 1

22
tan

1 


  

9. 
2

)(tan 1 


 

10.    
a

s
a

s 11 tan
2

cot  


 

Problems 

1. Find 






 

t

e
L

t21
 

Solutions: 

 
0

01 2

0




 t

e
Lim

t

t
 (Interminate form) 

 Apply L – Hospital Rule 

 2
1

2 2

0






t

t

e
Lim  



 

 the given function exists in the limit t → 0 

 






 

t

e
L

t21
 =  dseL t

s

21


 

   =   dseLL t

s

2)1( 


 

   = ds
sss















2

11
 

   =   sss )2log(log  

   = 





















s

s

s

2
log  

   =  

















































ss ss

s

s

21

1
log

21
log  

   = 
2

log0



s

s
 

   = 

1

2
log












s

s
 

   = 






 

s

s 2
log  

2. Find 






 

t

at
L

cos1
 

Solution: 

 
0

0cos1

0




 t

at
Lim
t

 (Indeterminte form) 

 Apply L – Hospital Rule. 

 0
1

sin

0




ata
Lim
t

 (finite) 

 the given function exists in the limit t → 0 



 

 






 

t

at
L

cos1
 =  dsatL

s

cos1


 

   =   dsatLL
s

cos)1( 


 

   = ds
as

s

ss















22

1
 

   =  












s

ass 22log
2

1
log   

   =  









 
s

ass 2
1

22loglog   

   = 

















 sas

s

22
log   

   = 




















ss

as

s

2

2

1

log  

   = 




















ss

a
2

2

1

1
log  

   = 
















22
log1log

as

s
 

   = 












 



































s

sa

as

s

as

s 22
1

2222
logloglog  

 

3. Find 






  

t

ee
L

btat

 

Solution: 



 

 
0

0

0


 

 t

ee
Lim

btat

t
 (Indeterminte form) 

 Apply L – Hospital Rule. 

 ab
beae

Lim
btat

t


 

 10
 

 the given function exists in the limit t → 0 

 






  

t

ee
L

btat

 =  dseeL btat

s




  

   = ds
bsass















 11

 

   =   sbsas )log()log(  

   = 
























s
bs

as

)(

)(
log  

   = 
























s
sb

sa

/1

)/1
log  

   = 













sb

sa

/1

/1
log1log  

   = 













bs

as
log1log  

   = 













bs

as
log  

   = 

1

log
















bs

as
 

   = 












bs

as
log  

4. Find 






 

t

btat
L

coscos
 

Solution: 



 

 
0

0coscos

0




 t

btat
Lim
t

 (Interminate form) 

 Apply L – Hospital Rule 

 0
1

sinsin

0






btbata
Lim
t

 (finite) 

  the given function exists in the limit t → 0 

 






 

1

coscos btat
L  = dsbtatL

s

)cos(cos 


 

   = ds
bs

s

as

s

s

















2222
 

   =    












s

bsas 2222 log
2

1
log

2

1
 

   = 
 
 
















s
bs

as
22

22

log
2

1
 

   = 
 
 























ss
bs

s
as

2

2
2

2

2
2

1

1
log

2

1
 

   = 
 
 























ss
b

s
a

2

2

2

2

1

1
log

2

1
 

   = 
 
  





















22

22

log1log
2

1

bs

as
 

   = 
 
 













22

22

log
2

1

bs

as
 

5. Find 






 

t

bte
L

at cos
 

Solution: 



 

 Since 
t

bte
Lim

at

t

cos

0




exists 

 






 

t

bte
L

at cos
 =  dsbteL at

s

cos


 

   = ds
bsass

















22

11
 

   = 













s

bsas )log(
2

1
)log( 22  

   =  
s

bsas 22log)log(  

   = 

































s
bs
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22
log  

   = 
 







































s
s

bs

s
as

2

2

1

1
log  

   = 
22

log1log
bs

as




  

   = 
22

log
bs

as




  

   = 


















as

bs 22

log  

6. Find 








t

t
L

2sin
 

Solution: 

Since 
t

t
Lim
t

2

0

sin


 exists 

 








t

t
L

2sin
 =  dstL

s

2sin


 



 

   = ds
t

L
s








 



2

2cos1
 

   =  dstLL
s

)2(cos)1(
2

1




 

   = ds
s

s

ss















4

1

2

1
2

 

   = 













s

ss )4log(
2

1
log

2

1 2  

   =   sss 4loglog
2

1 2
 

   = 












 ss

s

4
log

2

1

2
 

   = 




















ss

s

s

2
41

log
2

1
 

   = 




















ss

s 2
41

1
log

2

1
 

   = 




















2
41

log1log
2

1

s

s
 

   = 












 

s

s 4
log

2

1 2

 

7. Find 








t

tt
L

2cos3sin
 

Solution: 

 








 1

2cos3sin

0

tt
Lim
t

 exists 



 

 








t

tt
L

2cos3sin
 = dsttL

s

)2cos3(sin


 

   = dsttL
s

)2cos3sin2(
2

1



 

   = dsttL
s

)sin5(sin
2

1




 

   = ds
sss

















1

1

25

5

2

1
22

 

   = 















s

ss
1

tan
5

tan
5

1
.5

2

1 11  

   =   
s

ss
1

tan
5

tan
2

1 11
 

   =     
1

tan
5

tan)(tan)(tan
2

1 1111 ss    

   =    







 

1
tan

5
tan

222

1 11 ss
 

   =   ss 11 tan
5

tan
2

1    

8. Find 








t

at
L

sin
. Hence find the value of dt

t

tsin

0




 

Solution: 

 Since 
t

at
Lim
t

sin

0
exists 

 








t

at
L

sin
 = dsatL

s

)(sin


 

   = ds
as

a

s
22 




 

   = 













sa

s

a
a 1tan

1
.  



 

   = 













sa

s1tan  

   = 







 

a

s11 tantan  

   = 















 

a

s

t

at
L 1tan

2

sin 
 

Deduction: 

 By definition 

 







 




a

s

t

at
e st 1

0

tan
2

sin 
 

 Put s = 0, a =1 

 dt
t

tsin

0




 = )0(tan
2

1


 

   = 
2


  

9. Find 








t

at
L

cos
 

Solution: 

 
 0

1cos

0 t

at
Lt
t

 

 
t

at
Lt
t

cos

0
 does not exist. 

 Hence 








t

at
L

cos
 does not exist. 

10. Find 








t

e
L

at

 

Solution: 



 

 
 0

1

0 t

e
Lt

at

t
 

 









t

e
L

at

does not exist. 

7. Unit Step function (or) heavisides unit step function 

The unit step function about the point t = a  is defined  as U(t-a) = 








11

0

tfor

atfor
 

It can also be denoted by H(t-a) 

 

7.1 Find the Laplace transform of unit step function. 

Solution: 

 The Laplace transform of unit step function is 

 ))(( atUL   = dtatUe st )(
0




  

   = dtedte st

a

st
a

)1(.0
0





   

   = dte st

a




  

   = 














a

st

s

e
 

   =  asee
s

 
1

 



 

 ))(( atUL   =  
s

e
e

s

as
at


 


0

1
 

 ))(( atUL   = 
s

e as

 

8. Dirac delta function (or) Unit Impulse function 

8.1 Dirac delta function or unit impulse function about the point t = a is defined as 

 









 

otherwise

hata
h

Lt
at h

0

1

)( 0  

 Find the Laplace transform of Dirac delta function. 

Solution: 

  )( atL   = dtate st )(
0




   

   = dtedte
h

Ltdte st

ha

st
ha

ah

st 0
1

0
00














   

   = dte
h

Lt st
ha

ah







1

0
 

   =  









 



assha

h
ee

sh
Lt )(

0

11
 

   = 






 

 s

e

s

e

h
Lt

shaas

h

)(

0

1
 

   = 
 

0

011

0


 

 sh

ee

h
Lt

hras

h
 (Indeterminate form) 

Applying L Hospital Rule. 

   = 
  as

hsas

h
e

s

see
Lt 






0
 

 ))(( atL   = 
ase

 when 1))((,0  tLa   

8.2 Note 



 

 The dirac delta function is the derivative of unit step function. 

9. Second shifting Theorem (Second Translation) 

 If )())(( sFtfL  and 









at

atatf
tG

0

),(
)( , 

 Then )()))(( sFetGL as  

Proof: 

 )))(( tGL  = dttGe st )(
0




  

   = dttGedttGe st
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Put t – a = u  When t = a, u = 0 

 dt = du   t = ∞, u = ∞ 

 ))(( tGL  = duufe aust )()(
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In ,)(
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a


 u is a dummy variable. Hence we can replace it by the variable t. 

 )))(( tGL  = dttfee stsa )(
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   = ))(( tfLe sa
 

   = )(SFe as
 

Another form of second shifting theorem 

 If L(f)(t)) = F(s) and a> 0 then 

 L(f(t-a)U(t-a) = e-asF(s) where U(t-a) is the unit step function. 



 

Proof: 

 We know that by the definition of unit step function. 
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Let f(t-a)U(t-a) = G(t) 

 (1) becomes, 
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which is precisely the same as the first form of second shifting theorem, as discussed 

above 

 L(G)(t)) = e-asF(s) 

9.1 Problems 

1. Find the Laplace transform of G(t) , where 
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Solution: 

 We know that by second shifting if L(f(t)) = F(s) and G(t) 
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 then L(G)(t)) = e-as- F(s)      …(1) 

 Here f(t-a) = cos 
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2
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(ie) f(t) = cos t & a
3

2
        … (2) 

 L(f(t)) = L(cos t) = 
12 s

s
      … (3) 



 

 Submitting (2) & (3) in (1), we get 
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2.  Find the Laplace transform using second shifting theorem for  

 G(t) =  
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Solution: 

 Here a = 2, f(t-a) = t-2)3 

 f(t) = t3 

 L(f(t)) = L(t3) =) )(
!3
4

sF
s

  

 L(G)(t)) = e-as F(s) 

  = e-as
4
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3. Using second shifting theorem, find the Laplace transform of 
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Solution: 

 Here   
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 f(t) = sin t 

 L(f(t)) =  L(sin t) 

   = )(
1

1
2

sF
s




 

 L(G(t)) =  e-asF(s) 

   = 
1

1
.

2
3





s
e

S


 



 

   = 
1

1
2

3





s
e

S


 

10. Change of Scale Property 

 If L(f(t)) = F(s), Then L(f)at)) = 
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Proof: 

 By definition, L(f(t)  = dttfe st )(
0




  

  L(f)(at)   = dttafe st )(
0




  

Put at = y   when t = 0, y = 0 

 adt = dy     t = ∞, y = ∞ 

 L(f(at)) = 
a

dy
yfe ays )()/(
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a
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 (Replacing the dummy variable y by t) 

 L(f(at)) =  
a
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10.1 Corollary 

   
a

tfL  = aF(as) 

10.2 Problems 

1. Assuming L(sin t). Find L(sin 2t) and L  
2

sin t  

Solution: 

 We know that L(sin t) = 
1

1
2 s

      … (1) 



 

 L(sin 2t) = 
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1
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s
 Using (1) (Replace S by s/2) 

 L(sin 2t)  = 
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2. Give that L(t cos t) = 
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 Find (i) L(t cos at) and (ii) 
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Solution: 

(i) Given L(t cos t) = 
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 Replacing t by at 

 L(at cos at) =  
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(ii) Given 
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11.  Laplace Transform of Derivations  

 Here, we explore how the Laplace transform interacts with the basic operators of 

calculus differentation and integration. The greatest interest will be in the first identity that 

we will derive. This relates the transform of a derivative of a function to the transform of 

the original function, and will allow to convert many initial - value problems to easily 

solved algebraic Equations. But there are useful relations involving the Laplace transform 

and either differentiation (or) integration. So we’ll look at them too. 

11.1. Theorem  

 If  L(f(t)) = F(s) Then 

(i) L(f(t)) = sL(f(t)) – f  

(ii) L(f(t)) = s2L(f(t)) – sf(0) - f(0) 

and in genereal 

 L(fn(t)) = snL(f(t)) – sn-1f(0) – sn-2f(0)…….fn-1(0) 

Proof: 

(i) By definition, 

 L(f(t)) = dttfe st )(
0




  

   = )((
0

tfde st


  

   =    stst edtftfe 

 )()(
0
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   =   dtsetff st )()()0(0
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   = dttfesf st )()0(
0




  

   =  )()0( tfsLf   



 

 L(f(t)) = SL(f(t)) – f(0) …. (1) which proves (i) 

(ii) Again by definition, 

 L(f(t)) = dttfe st )(
0
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   = )0())(( ftfsL   

   = )0())0())((( fftfsLs    Using (1) 

 L(f(t)) = s2Lf(t) – sf(0) - f(0)     …(2) 

 Similarly proceeding like this, we can show that 

 L(fn(t)) = snL(f(t)) – sn-1f(0) – sn-2f(0)…fn-1(0)   …(3) 

 The above results (1), (2) and (3) are very useful in solving linear differential 

equations with constant coefficients. 

11.2 Note 

We have, L(f(t)) = sL(f(t)) – f (0)      …. (1)  

   and 

  L(f(t)) = s2L(f(t)) – sf (0) - f(0)    ….(2) 

When  f(0) = 0 and f(0) = 0 

  (1) & (2) becomes 

  Lf(t) = sLf(t) and Lf(t) = s2Lf(t) 

 This shows that under certain conditions, the process of Laplace transform replaces 

differentiation bymultiplication by the factor s and s 2 respectively. 

12.  Laplace Transform of integrals 



 

 Analogous to the differentiation identities L[f(t)] = sF(s) – f(0) and L[tf(t) = -

F(s)are a pair of identities concerning transforms of integrals and integrals of transforms. 

These identities will not be nearly as important to us as the differentiation identities, but 

they do have their uses and are considered to be part of the standard set of identities for the 

Laplace Transform. 

 Before we start, however, take another look at the above differentiation identities. 

They show that, under the Laplace transform, the differentiation of one of the functions, 

f(t) or F(S) corresponds to the multiplication of the other by the approprate variable. 

 This may lead to suspect that the analogous integrations identities. They show that, 

under Laplace transform integration of one of the functions f(t) or F(S), corresponds to the 

division of the other by the appropriate variables. 

12.1 Theorem:  If L[f(t)] = F(s)then L )]([
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Proof: 

 Let )()(
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tdttf
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         …(1) 

Differentiate both sides with respect to ‘t’ 

 f(t)= (t)        …(2) 

and (0)  = 0)(
0
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 We know that L[(t)] = sL[(t)] - (0) 

   L[(t)] = sL[(t)]     (0) = 0 
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 by (1) & (2) 
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Similarly we can prove that 

 )]([
1

)(
2

tfL
s

dttfL
tt









  



 

  In general  )]([
1

)( tfL
sn

dttfL

itemsn

ttt























  
  

12.2 Note  

 The above result expresses that the integral between the limits from ‘0’ to ‘t’ is 

transformed into simple division by the factor ‘S’ using Laplace transform. 

12.3 Problems 

1. Find 
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2. Find 
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3. Find the Laplace Transform of tdtte t
t
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Solution: 

 L(te-t sin tdt) = (L(t sin t))s→s+1 
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4. Find 
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Problems 

1. Find  







 dteL t
t

2

0

 

Solution: 

 







 dteL t
t

2

0

 =  teL
s

21
 

   = 
2

1
.

1

ss
 

   = 
)2(

1

ss
 

2. Find  







 tdtL
t

3sin
0

 

Solution: 

 







 tdtL
t

3sin
0

 = )3(sin
1

tL
s

 

   = 
9

3
.

1
2 ss

 

   = 
)9(

3
2 ss

 

3. Find 






 
 tdteL t
t

3cos2

0

 

Solution: 

 






 
 tdteL t
t

3cos2

0

= )3cos(
1 2 teL
s

t
 



 

   = 2)3(cos
1

sstL
s

 (Using first shifting theorem) 

   = 
2

2 9

1












 sss

s

s
 

   = 












9)2(

21
2s

s

s
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13. Periodic Functions  

 Laplace transform of periodic functions have a particular structure. In many 

applications the nonhomogeneous term in a linear differential equation is a periodic 



 

function. In this section, we desire a formulafor the Laplace transform of such periodic 

functions. 

13.1 Definition of Periodic functions  

 A function f(t) is said to have a period T or to be periodic with period T if for all t, 

f(t+T)=f(t) where T is a positive constant. The least value of T>0 is called the period of 

f(t). 

Example 1 

 Consider f(t) = sin t 

 f(t + 2π) = sin(t + 2π) 

   = sin t 

(ie) f(t)  = f(t + 2 π) 

   = sin t 

sin t t is a periodic function with period 2π. 

Example 2  

 tan t is a periodic function with period π. 

13.2 Laplace Transform of Periodic functions  

 Let f (t) be a periodic function with period a 

 f(t) = f(t + a) = f(t + 2a) = f(t + 3a)…… 
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Put in the second integral t = T +a; dt = dT 

in the Third integral   t =T +2a; dt = dT 

in the Fourth integral t = T + 3a; dt = dT 



 

When  t = a, T = 0 

  t = 2a, T = a 

When  t = 2a, T = 0 

  t = 3a, T = a 

When  t = 3a, T = 0 

  t = 4a, T = a 

 L(f(t)) = dTaTfeedttfe sT
a

asst
a

)()(
00

 
  

    ........)2(
0

2  
 dtaTfee st
a

as  

   = dtatfeedtatfeedttfe st
a

asst
a

sast
a

)2()()(
0

2

00

 
  

   = dttfeee st
a

asas )(...))(1(
0


  

   =  ...1)1()()1( 21

0

1  
 xxxdttfee st
a

as   

  L(f(t)) = dttfe
e

st
a

as
)(

1

1

0



 


 

13.3 Problems  

1.  Find the Laplace Transform of the square wave given by 
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and f(t+a) = f(t) 

Solution: 

 Given that f (t+a) = f (t) 

 Hence f (t) is a periodic function with period p =a 
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2.  Find the Laplace transform of the function f(t) = 
btbtb
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Solution: 

 The given function is a periodic function with period 2b 
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3.  Find the Laplace transform of  f(s) 
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 and f(t+2π) = f(t). 

Solution: 



 

 Given that f (t + 2π) = f (t) 

 Hence f (t) is a periodic function with period P = 2π. 
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4.  Find the Laplace transform of the Half-wave rectifier function 

 f(t)  = 
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Solution: 

Given f(t)  = 
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This ia a periodic function with period 
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5.  Find the Laplace transform of the periodic function  
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212

10,
tftfand

tfort

tfort





 

Solution: 

 The given function is a periodic function with period 2. 
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6. Find the Laplace transform of the function  
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7. Find the Laplace transform of the rectangular wave given by  



 

 f(t) = 
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Solution: 

 Given f(t) = 
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 This function is periodic the interval (0, 2b) with period 2b. 
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14.  Initial value theorem 

 If L(f(t)) = F(s), then )()(
0

ssFLttfLt
tt 

  

Proof: 

 We know that L[f(t)] = sL[f(t)] – f (0)) 

 Take the limit as S → ∞ on both sides, we have 
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            ( By definition of Laplace Transform) 
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  (s is independent of t, we can take the 

limit in the L.H.S. before integration) 
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15.  Final value Theorem 

 If L(f(t)) = F(s), then )()(
0

ssFLttfLt
ss 

  

Proof: 

 We know that L(f(t)) = sL[f(t)] – f (0) 

   L(f(t)) = sF(s) – f (0) 

 )0()(
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fssFdtfe st 


  

 Take the limit as s → 0 on both sides, 



 

 ))0()(()(
000

fssFLtdttfeLt
s

st

s








  

 ))0()(()(
000

fssFLtdttfeLt
s

st

s










  (s is independent of t, we can take the limit 

in the L.H.S. before integration) 
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Since f (0) is n ot a function of ‘s’ (or) ‘t’ it can be cancelled both sides, 
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15.1 Problems 

1. If L(f)(t)) = 
)(

1

ass 
 find )(lim tf

t 
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0
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Solution: 

 )(lim
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2. If L(e-t cos2t) = F(s). Find ))((lim
0

ssF
s

and ))((lim ssF
s 

 

Solution: 

 L(e-tcos2t) = F(s) 

 (ie)., f(t) = e-t cos2 t 

 By final value theorem, 
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 By initial value theorem, 
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3. Verify the initial and final value theorem for the function f (t) = 1 –e-at 

Solution: 

 Given that f(t) = 1 – e-at       …(1) 
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From (3) & (6), we have 
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and from (4) & (5) 
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4.  Verify initial and final value theorem for the function f (t) = e-2tcos 3t 

Solution: 

Given f(t) = e-2t cos 3t 

 L(f(t)) = L(e-2t cos 3t) 

  = L(cos 3t)s→s+2 
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5.  Verify initial and final value theorem for f (t) = t2e-3t 

Solution: 

 f(t) = t2e-3t 
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Exercise - 1 (a) 

Find the Laplace transform of the following 

1. 5 – 3t – 2 e-t   Ans: 
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2. 6 sin 2t – 5 cos 2t   Ans: 
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Exercise - 1 (b)

 Find the Laplace transform of the following functions. 

1. t3e-3t    Ans: 
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2. e-2t(cos 4t + 3 sin 4t)   Ans: 
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Exercise - 1 (c)

 Find the Laplace transform of the following functions. 

1. t cos at   Ans: 
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Exercise 1 - (d)

 Find the Laplace transform of the following functions 

1. 
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Exercise 1 (e)

 Find the Laplace transform of the following functions. 
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Exercise - 1 (f)

 Find the Laplace transform of the following 

1. f(t) = t for 0 <t< 4, f(t + 4) = f(t)    Ans: 
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 16.1. Definition 

  If the Laplace transform of a function f (t) is F(S) (ie) L( f (t)) = F(S) then f (t) is 

called an inverse laplace transform of F (s) and is denoted by 

 f (t) = L-1(F(s)) 

Here L-11 is called the inverse Laplace transform operator. 

17.  Standard results in inverse Laplace transforms 
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where n is a +ve integer 
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18.  Properties of Inverse Laplace Transforms

 



 

18.1 Linear Property  

 If F1(s) and F2(s) are Laplace transforms of f1(t) and f2(t) respectively, then 

 L-1(c1F1(s) + c2F2(s)) = c1L
-1(F1(s)) + c2L

-1(F2(s)) where c1 &c2are constants. 

Proof: 

 We know that 

 L(c1f1(t) + c2f2(t)) = c1L(f1(t)) + c2L(f2(t)) 

   = c1F1(s) + c2F2(s) 

   = [L(f1(t)) + F1(s) and L(f2(t)) = F2(s)] 

 c1f1(t)+ c2f2(t) = L-1(c1F1(s)) + c2F(s)) 

   = L-1(c1F1(s)) + L-1(c2F(s)) 

   = c1L
-1 (F1(s)) + c2L

-1(F2(s)) 

Problems 

1. Find 















43

1
2

1

s

s
s

s
L  

Solution: 

















43

1
2

1

s

s
s

s
L  = 
























4
)(

3

1
2

111

s

s
LsL

s
L  

   = e3t + 1 + cos h2t 

   = e3t + cos h2t + 1 

2. Find 

















94

1

4

11
222

1

s

s

sss
L  

Solution: 

 

















94

1

4

11
222

1

s

s

sss
L  

   = 







































 

94

1

4

11
2

1

2

11

2

1

s

s
L

s
L

s
L

s
L  



 

   = th
t

et t 3cos
2

2sin4  
 

3. Find 














16

4

4

321
222

1

ss

s

ss
L  

Solution: 

 














16

4

4

321
222

1

ss

s

ss
L  

   = 





































 

16

4

4

321
2

1

2

1

2

11

s
L

s

s
L

s
L

s
L  

   = 1 + 2t – 3 cos 2t + sin 4t 

4. Find 














25

3

9

224
22106

1

s

s

sss
L  

Solution: 

 














25

3

9

224
22106

1

s

s

sss
L  

 = 





































 

25
3

9

3

3

2!9

!9

2!5

!5

4
2

1

2

1

10

1

6

1

s

s
L

s
L

s
L

s
L  

 = tthtt 5cos33sin
3

2

181440

1

36

1 95   

5. Find 

















10100

5

3

232
22245

1

s

s

ssss
L  

Solution: 

 

















10100

5

3

232
22245

1

s

s

ssss
L  

 = 






















































 

10100

10

10

5

3

3

3

3!3

!3

3!4

!4

2
2

1

2

1

22

1

4

11

s

s
L

s
L

s
L

s
L

s
L

s
 

 = tthttt 10cos10sin
2

1
3sin3

2

1

12

1 34   



 

6. Find 





















25916

4

25

5
2225

1

s

s

s

s

s

s

s
L  

Solution: 

 





















25916

4

25

5
2225

1

s

s

s

s

s

s

s
L  

 = 













































25916
4

25

5
2

1

2

1

2

1

2

1

s

s
L

s

s
L

s

s
L

s
L  

 = sin h5t + 4 cos h4t + cos 3t – cos h5t 

7. Find 












32

11

s
L  

Solution: 

 












32

11

s
L  = 



















2
3

1

2

1 1

s
L  

   = 
t

e 2
3

2

1 

 

19.  First Shifting Property 

(i) If L-1(F(s)) = f(t) then L-1(F(s-a)) = eatL-1(F(s)) 

 

Proof: 

 We know that  L(f(s)) = f(t) then L-1(F(s-a)) = eatL-1(F(s)) 

 Hence eatf(t) = L-1(F(s-a)) 

   eatL-1(F(s)) = L-1(F(s-a))   

(ii) If L-1(F(s)) = f(t) Then L-1(F(s+a)) = e-atL-1(F(s)) 

Proof: 

 We know that  L(f(f)) = F(s) Then L(e-atf(t)) = F(s+a) 

 Hence e-atf(t) = L-1(F(s+a)) 



 

   e-atL-1(F(s)) = L-1(F(s+a))   

19.1 Problems 

1. Find 












2

1

)1(

1

s
L  

Solution: 

 












2

1

)1(

1

s
L  = 









2

1 1

s
Le t

 

   = te t  

2. Find 












1)1(

1
2

1

s
L  

Solution: 

 












1)1(

1
2

1

s
L  = 













1

1
2

1

s
Le t

 

   = te t sin  

3. Find 












4)3(

3
2

1

s

s
L  

 

Solution: 

 












4)3(

3
2

1

s

s
L  = 













42

13

s

s
Le t

 

   = te t 2cos3
 

4. Find 












2

1

)2(s

s
L  

Solution: 

 












2

1

)2(s

s
L  = 













2

1

)2(

22

s

s
L  



 

   = 















22

1

)2(

2

)2(

2

ss

s
L  

   = 























2

11

)2(

1
2

)2(

1

s
L

s
L  

   = e-2t – 2e-2t . t 

   = e-2t (1-2t) 

5. Find 















5)2(

3

3)1( 22

1

s

s

s

s
L  

Solution: 

















5)2(

3

3)1( 22

1

s

s

s

s
L  = 
























5)2(
3

3)1( 2

1

2

1

s

s
L

s

s
L  

   = 























 

5)2(

22
3

3)1(

11
2

1

2

1

s

s
L

s

s
L  

   = 





















 

3)2(

1

3)1(

1
2

1

2

1

s
L

s

s
L  

    





















 

5)2(

1
6

5)2(

2
3

2

1

2

1

s
L

s

s
L  

   = 


































5
3

3

1

3 2

12

2

1

2

1

s

s
Le

s
Le

s

s
Le ttt

 

    









 

5

1
6

2

1

s
Let

 

   = 



































2
2

1

2
2

1

3

3

33 s
L

e

s

s
Le

t
t  

   = 



































2
2

12

2
2

12

5

5

5

6

5
3

s
Le

s

s
Le tt  

   = thet
e

te t
t

t 5cos33sin
3

3cos 2  



 

   = the t 5sin
5

6 2
 

6. Find 












658

43
2

1

ss

s
L  

Solution: 

 












658

43
2

1

ss

s
L = 













49)4(

43
2

1

s

s
L  

   = 
 







































49)4(

3
4443

3
49)4(

3
43

2

1

2

1

s
L

s

s
L  

   = 



















49)4(

3
84

3
2

1

s

s
L  

   = 





















 

49)4(

1

3
8.3

49)4(

4
3

2

1

2

1

s
L

s

s
L  

   = 























49

1
8

49
3

2

14

2

14

s
Le

s

s
Le tt

 

   = 









 

49

7

7

8
7cos3

2

144

s
Lete tt

 

   = tete tt 7sin
7

8
7cos3 44   

20.  Change of Scale Property 

 If L( f (t)) = F(s) , then L-1(F(as)) = 0,
1









a

a

t
f

a
 

Proof: 

F(s) = L(f(t)) 

 = dttfe st )(
0




  



 

F(as) = dttfe ast )(
0




  

Let at = t1   When t = 0, t1 = 0 

 dt = 
a

dt1      t = ∞, t1 = ∞ 

F(as) = 
a

dt

a

t
fe st 11

0











  

 = 1
1

0

1
1

dt
a

t
fe

a

st










  

 = 1
0

1
dt

a

t
fe

a

st










   







  11)()( dttfdttf

b

a

b

a

  

 =   
a

tfL
a

1
 

L-1(F(as)) = 








a

t
f

a

1
 

 

 

20.1 Problems 

1. If  tt
s

s
L cos

)1(

1
22

2
1 











 , then find 












22

2
1

)19(

19

s

s
L  

Solution: 

 tt
s

s
L cos

)1(

1
22

2
1 











  

writing as for S, 

 





















a

t

a

t

asa

sa
L cos.

1

)1(

1
222

22
1  

Put a = 3, 





















3
cos

3
.

3

1

)19(

19
22

2
1 tt

s

s
L  



 

 = 








3
cos

9

tt
 

2. Find 












)82( 2

1

s

s
L  

Solution: 

 We know that th
s

s
L 4cos

)4( 22

1 











 

Putting as for S, 

 





















2

4
cos

2

1

)4)2(

2
22

1 t
h

s

s
L  

 th
s

s
L 2cos

2

1

164

2
2

1 











 

(ie)  

 th
s

s
L 2cos

2

1

182 2

1 











 

3. Find 












222

1

bas

s
L  

Solution: 

 
222 bas

s


 = 

222

1

bas

as

a 
 

   = )(
1

asF
a

 where 
22

1
)(

bs
asF


  

 









 

222

1

bas

s
L  = 

222

11

bas

sa
L

a 


 

   = ))((
1 1 asFL
a


 

   = 








a

t
f

aa

1
.

1
 



 

 where  f(t) = bt
bs

s
LsFL cos))((

22

11 









 

 

 









a

t
f  = 









a

bt
cos  

 









 

22

1

bs

s
L  = 









a

bt

aa
cos

1
.

1
 

   = 








a

bt

a
cos

1
2

 

21.  Result  

 We know that if L( f (t)) = F(S) , then L(tf (t)) = )(sF
ds

d
 

 L(tf(t))  =  -F(s) 

Hence L-1(F(s)) = tf(t) 

   = tL-1(F(s)) 

 L-1(F(s)) = -tL-1(F(s)) 

21.1 Problems 

1. Find 












222

1

)( as

s
L  

Solution: 

 Let F(s) = 
222 )( as

s


 

  )(sF
ds

d
 = 

222 )( as

s


 

  F(s) = ds
as

s
222 )( 

  

  put s2 + a2 = u 

  2sds = du 



 

 ds
as

s
222 )( 

  = 
2

2

u

du

  

   = 
)(2

1

2

1
22 asu 





 

  )(sF  = 
)(2

1
22 as 


 

We know that L(F(s)) = -tL-1(F(s)) 

 









 

222

1

)( as

s
L = 










 

)(2

1
22

1

as
tL  

   = 












)(

1

2 22

1

as
L

t
 

   = 












22

11

2 as

a
L

a

t
 

   = at
a

t
sin

2
 

2. Find 












22

1

)136(

3

ss

s
L  

Solution: 

 Let )(
)136(

3
22

sF
ss

s













 

  
ds

sdF )(
 = 

22 )136(

3





ss

s
 

  )(sF  = 
22 )136(

)3(





ss

dss
 

 Put s2 + 6s + 13 = u 

  (2s + 6)ds = du 

  2(s + 3)ds = du 



 

 (ie) F(s) = 
uu

du

2

12
2


  

   = 
)136(2

1
2 



ss
 

We know that L-1(F(s)) = -tL-1- (F(s)) 

22

1

)136(

3




 

ss

s
L  = 












 

)136(2

1
2

1

ss
tL  

   = 












)136(

1

2 2

1

ss
L

t
 

   = 












22

1

2)3(

1

2 s
L

t
 

   = 












)2(

1

2 22

13

s
Le

t t
 

   = 












)2(

2

2

1

2 22

13

s
Le

t t
 

   = te
t t 2sin
4

3
 

3. Find  












22

1

)22(

)1(2

ss

s
L  

Solution: 

  )(sF   = 
22 )22(

)1(2





ss

s
 

  
ds

sdF )(
 = 

22 )22(

)1(2





ss

s
 

  )(sF  = ds
ss

s
22 )22(

)1(2




  

 Put s2 + 2s + 2 = u 

  (2s + 2)ds = du 



 

  2(s + 2)ds = du 

  )(sF  = 
2u

du
  

   = 
u

1
 

   = 
22

1
2 



ss
 













 

22

1

)22(

)1(2

ss

s
L  = 










 

22

1
2

1

ss
tL  

   = 




















 

1)1(

1

22

1
2

1

2

1

s
tL

ss
tL  

   = 








1

1
2

1

s
Lte t

 

   = ttte sin  

4. Find  












22

1

)54(

2

ss

s
L  

 

Solution: 

 Let F(s) = 











22 )54(

2

ss

s
 

Integrate both sides w.r.t. ‘S’ 

 F(s)  = 
22 )54(

2





ss

s
 

 )(sF  = 
22 )54(

)2(






ss

dss
 

 )(sF   = 
22 )54(

)2(






ss

dss
 Let y = s2 + 4s + 5 



 

 )(sF   = 
2

2/

y

dy
   dy = (2s +4) ds 

   = 
22

1

y

dy
  = dss

dy
)2(

2
  

   = dyy 2

2

1 
  

 )(sF   = 












122

1 12y
 

   = 
y2

1
 

   = 
)54(2

1
2 



ss
 

We know that 

L-1(F(s))  = -tL-1(F(s)) 














22

1

)54(

2

ss

s
L  = 













)54(2

1
2

1

ss
tL  














22

1

)54(

2

ss

s
L  = 













)54(

1

2 2

1

ss
L

t
 

   = 












1)2(

1

2 2

1

s
L

t
 

   = 












1

1

2 2

12

s
Le

t t
 

   = te
t t sin
2

2
 

5. Find    
s

L 1tan 11   

Solution: 

 Let F(s) =  s
s

1tan 1  



 

 F(s) = 
 








 


22

1

11

1

s
s

 













2

1

1

1)(tan

xdzx

xd
  

 F(s) = 






 

 22

2 1

1 ss

s
 

  = 
1

1
2 



s
 

We know that L-1 (F(s)) = -tL-1(F(s)) 

   or 

   L-1(F(s)) = 
t

1
L-1(F(s))    …(1) 

(1) becomes,    )(
11tan 111 sFL

ts
L  

  

    









 

1

11
2

1

s
L

t
  

      t
ts

L sin
11tan 11 

 

6. Find     
b

s
s

aL 111 cottan    

Solution: 

Let    
b

ss
s

asF 11 cottan)(    

 
   





















 




b
b

ss

a

s
a

sF
1

1

1

1

1
)(

222
 

 

















 




bsb

b

s

a

as

s
sF

1
)(

22

2

222

2

 

 
2222

)(
sb

b

as

a
sF







  

We know that ))((
1

))(( 11 sFL
t

sFL 


 
 



 

    
b

s
s

aL 111 cottan    = 














2222 sb

b

as

a
 

   = 















2222

11

sb

b

as

a
L

t
 

   = 































22

1

22

111

sb

b
L

as

a
LL

t
 

   = )sin(sin
1

btat
t

  

7. Find   2

21 1log
s

aL   

Solution: 

 Let  F(s) =  2

2

1log
s

a  

  F(s) = 






 
2

22

log
s

as
 

  F(s) =    sas loglog 22
 

  F(s) =    sas log2log 22
 

  F(s) = 
sas

s 22
22



 

We know that L-1-(F(s)) = ))((
1 1 sFL

t


 
 

  2

21 1log(
s

aL   = 











 

sas

s
L

t

221
22

1
 

   = 



























 

s
L

as

s
L

t

12 1

22

1
 

   = )1(cos
2




at
t

 

   = )cos1(
2

at
t

  



 

8. Find 












)(

)(
log1

bs

as
L  

Solution: 

 Let  F(s) = 
)(

)(
log

bs

as




 

   = log(s+a) – log(s+b) 

  F(s) = 
bsas 




11
 ))(

1
))(( 11 sL

t
sFL  

  

 












)(

)(
log1

bs

as
L  = 














 

bsas
L

t

111 1
 

   = )(
1 btar ee

t

 


 

9.  Find 












)(

)(
log

22

22
1

bs

ass
L  

Solution: 

Let  F(s) =  
)(

)(
log

22

22

bs

ass




 

 F(s) =  ))log()(log( 2222 bsass   

 F(s) =  log s + ))log()(log( 2222 bsass   

 F(s) =  
)(

2

)(

21
2222 





s

s

as

s

s
 

We know that  ))((
1

))(( 11 sFL
t

sFL 


 
 

)(

)(
log

22

22
1

bss

ass
L




 = 















 

2222

1 2211

bs

s

as

s

s
L

t
 

   = 




































 

22

1

22

11 2211

bs

s
L

as

s
L

s
L

t
 



 

   = ]cos2cos21[
1

btat
t




 

10. Find 












)4)(9(

)4)(1(
log

22

22
1

ss

sss
L  

Solution: 

 Let F(s) = 












)4)(9(

)4)(1(
log

22

22

ss

sss
  

   = ))4)(9log(()4)(1(log( 2222  sssss  

  F(s) = )4log()9log()4log()1log(log 2222  sssss  

  F(s) = 
4

2

9

2

)4(

)4(2

1

21
2222 













s

s

s

s

s

s

s

s

s
 

we know that, L-1(F(s) = ))((
1

1 1 sFL 
 

 

)4)(9(

)4)(1(
log

22

22
1





ss

sss
L  = 





















 

4

2

9

2

4

2

1

21

1

1
222

1

s

s

s

s

ss

s

s
L  

   = )2cos23cos22cos21(
1

1 4 tthet t 


 

11. Find 












)(
log

22

1

as

as
L  

Solution: 

 Let  F(s) = 
22

log
as

as




 

   = )log()log( 22 asas   

  F(s) = 
22

21

as

s

as 



 

We know that ))((1 sFL = ))((
1 1 sFL

t


 
 



 














)(
log

22

1

as

as
L  = 














 

22

1 211

as

s

as
L

t
 

   = 













 

asas

s
L

t

121
22

1
 

   = 





























 

as
L

as

s
L

t

121 1

22

1
 

   = )cos2(
1 ateat
t

  

22.  Theorem  

 If L( f (t)) = F(s) and (t) is a function such that L((t)) = F(s) and (0) = 0, then f 

(t) = (t), (ie) L-t(sf(s)) = ))((1 sFL
dt

d 
. 

Proof: 

We know that 

 L((t)) = sL((t))) - (0) 

   = sF(s)   ((0) = 0 

 (ie) L((t)) = L(f(t)) 

 (t) = f(t) 

From this result, we get 

 L-1(s(s)) = f(t) 

   = (t) 

   = )(t
dt

d
  

   = ))((1 sFL
dt

d 
 (L(t)) = F(s)) 

Provided L-1(F(s))  = 0 as t → 0 

Problems 



 

1. Find 












4)2( 2

1

s

s
L  

Solution: 

 












4)2( 2

1

s

s
L  = 













4)2(

1
.

2

1

s
sL  

   = 








 4)2(

1
2sdt

d
 (using the above result) 

   = 












4

1
2

2

s
Le

dt

d tt
 

   = 












4

1
2

2

s
Le

dt

d tt
 

   = 






  te
dt

d t 2sin
2

12
 

   =  )2(2sin2cos2
2

1 22   tt tete  

   = )2sin2(cos2 tte t 
 

 

 

Aliter: 

 












4)2( 2

1

s

s
L  = 













4)2(

22
2

1

s

s
L  

   = 















4)2(4)2(

2
22

1

s

s

s

s
L  

   = 





















 

4)2(

1
2

4)2(

2
2

1

2

1

s
L

s

s
L  

   = 























22

12

22

12

2

1
2

2 s
Le

s

s
Le tt

 



 

   = tete tt 2sin
2

1
22cos 22    

   = )2sin2(cos2 tte t   

2. Find 












2

1

)2(s

s
L  

Solution: 

 












2

1

)2(s

s
L  = 













2

1

)2(s

s
L  

   = 












2

1

)2(

1
.

s
sL  

   = 












2

1

)2(

1

s
L

dt

d
 

   = 








2

12 1

s
Le
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3. Find 
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    (By the Previous Section 21.1 Problem No.1) 
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5. Find 
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3

1 222    
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3

5
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23. Theorem 
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Proof: 

 We know that, 
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)(
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 dxxf
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11 tfL
s

L  
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t

))((1

0


  

 







  )(

11 sF
s

L  = dtsFL
t

))((1

0


  

Note: 

Similarly 
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23.1 Problems 

1. Find 
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 (by the above theorem) 
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3. Find 
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(By the previous section 21.1 Problem no.1) 

6. Find 
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  (refer the above problem) 
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Inverse Laplace Transform using Second Shifting Theorem 

 If L( f (t)) = F(s), then L( f (t – a)) =U(tc -a)) = e-as F(s) where ‘a’ is a positive 

constant and U(t -a) isthe unit step function. 

 The above property can be written in terms of inverse Laplace operator as, 

 If L-1(F(s)) = f (t) then L-1(e-asF(s)) =f (t -a)U(t - a) 

  L-1(e-asF(s)) = L-1(F(s))t→t-a. U(t-a) where U is the unit step function. 

 Thus we want to find the Laplace inverse transform of the product of two factors 

one of which is e-as, ignore e-as, find the inverse transform of the other function and then 

replace t by t - a in it and multiply by U(t - a) 

 

 

Problems  

1.  Find 
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 where U is the unit step function. 
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 where U is the unit step function 
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22

51 43

as

sa
eL s

 = )5(.
43

22

1 






















 tU
as

sa
L

stt

 

   = )5(.43
5

22

1

22

1 






























 tU
sa

s
L

sa

a
L

tt

 



 

   = )5()cos4sin3( 5   tUatat tt  

   = )5().5(cos4)5(sin3  tUtata  

7. Find 













)5)(2(

1

Ss

e
L

S

 

Solution: 















)5)(2(

1

Ss

e
L

S

 = 














tt

Ss
L

)5)(2(

11
 

Now, 
)5)(2(

1

 ss
 = 

52 


 s

B

s

A
 

 1 = A(s+5) + B(s-2) 
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Exercise - 1(g) 

Find the inverse Laplace transform of the following functions. 

1. 0,
2




a
s

e as

   Ans: 
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ee ss 32  
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6
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Exercise - 1 (h) 

Find the inverse Laplace transform of the following functions. 

1. 
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1
2  ss
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1
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t
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Exercise - 1(i) 

Find the inverse Laplace transform of the following functions. 

1. 
5)4( s

s
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Exercise - 1(j) 

Find the inverse Laplace Transform of the following functions. 

1. 
s

s 1
log
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1
log
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1
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t
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2

2

)1(

1
log

2

1





s
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1
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3
log





ss

s
   Ans: )1(

1 32 tt eet
t
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24.  Partial Fraction 

 The rational fraction P(x)/Q(x) is said to be resolved into partial fraction if it can 

be expressed as the sum ofdifference of simple proper fractions. 

Rules for resolving a Proper Fraction P(x) / Q(x) into partial fractions 

Rule 1  

 Corresponding to every non repeated, linear factor (ax+b) of the denomiator Q(x), 

there exists a partial fraction of the form 
bax

A


where A is a constant, to be determined. 

For Example  

(i) 
532)53)(2(
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B

x

A

xx

x
 

(ii) 
3221)32)(2)(1(

22185 2
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A
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Rule 2  

 Corresponding to every repeated linear factor (ax b)kof the denominator Q(x), there 

exist k partial fractions of the forms, 

 
k

k

bax

A

bax

A

bax

A

bax

A
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)(
,

3

3
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21


  

where A1, A2, ….. Ak are constants to be determined. 

For example 
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Rule 3  

 Corresponding to every non-repeated irreducible quadratic factor ax2 + bx + c of the 

denominator Q(x)there exists a partial fraction of the form 
cbxax

BAx




2

where A and B are 

constants to be determined. 

 (ax2 +bx + c) is said to be an irreducible quadratic factor, if it cannot be factorized 

into two linear factors with real coefficients. 

Example  
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 In the case of an improper fraction, by division, it can be expressed as the sum of 

integral function and a proper fraction and then proper fraction is resolved into partial 

fractions. 

Inverse Laplace Transform using Partial Fractions  

1. Find 
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Solution: 

 Let F(s) = 
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Let us split F(S) into partial fractions, 
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put s = -3   put s = 2  put s = 0 

9 – 3 – 2 -= B(-3)(5)  4 + 2 – 2 -= C(2)(5)  -2 = A(3)(-2) 

4=15B    4 = 10C  A = 
3

1
 

B = 
15

4
   C =

10

4
     C = 

5

2
 

 
2

1
.

5

2

3

1
.

15

41
.

3

1

)2)(3(
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1
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3

1

)2)(3(

2 111
2

1

s
L

s
L

s
L

sss
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L  

    
tt ee 23

5

2

15

4
)1(

3

1
 

 

3. Find 
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1
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s
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Solution: 

 Consider, 
)3()2()3)(2(652 








 s

B

s

A

ss

s

ss

s
 

  S =A (s + 3) + B(s + 2) 

 Put s = -3   Put s = -2 

  -3 = A(0) + b(-1)  -2  = A(1) + B(0) 

  -3 = -B    A = -2 

  B = 3 

 
)3(

3

)2(

2

)3)(2( 







 ssss

s
 

 































 

)3(
3

)2(

1
2

)3)(2(

1 111

s

B
L

s
L

ss
L  

    = -2e-2t + 3e-3t 

4. Find 












2

1
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s
L  

Solution: 

Consider,  
22 )1(1)1( 





 s

B

s

A

s

s
 

  
22 )1(

)1(

)1( 




 s

BsA

s

s
 

  s = A(s + 1) + B 



 

 Put s = -1   Put  s = 0 

  B = -1    0 = A + B 

      0 = A – 1 

      A = 1 

 
2)1( s

s
 = 

2)1(

1

1

1
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s
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5. Find 
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s
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C

s

B

s

A
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Ss
 

 )1()2)(1()2)(1()2(11155 232  sDssCssBsAss  

put s = -1 Put s = 2  Equating the  Equating the  

-27A = 9 3D = -21  coefficient of s3 constant coefficient 

A = 
27

9
 D = -7  A + B = 0 -8A+ 4B – 2C + D  = -11 

A = 
3

1
   B = 

3

1
 1172

3

4

3

8
 C  

        -2C = -8 

        C = 4 
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7
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6. Find 
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2
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s
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Solution: 

 To resolve  
4

2

)3(

252





s

ss
 into partial fraction 

 we substitute s – 3 = y (or) s = y + 3 

 
4

2

)3(
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s
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2 2)3(5)3(2

y

yy 
 

   = 
4

2 2155)96(2

y

yyy 
 

   = 
4

2 35172

y

yy 
 

   = 
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35172
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1
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s
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s
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7. Find 
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Solution: 
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B
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           s2 = )()( 2222 asBbsA   

Put ,22 as   )( 222 baAa   
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2
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2
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a
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a
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Put ,22 bs   )( 222 abBb   
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2
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b
B




  

))(( 2222

2
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2
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2
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8. Find 
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)134)(1(

1
2 



sss

s
 = 

1341 2 




 ss

CBs

S

A
 

  s1  = )1)(()134( 2  sCBsssA   

Putting  s = -1 Equating coefficient of s2 Equating constant coefficient 

  2=10A A + B = 0 13A+ C = 1 

  A = 
5

1
 A = 

5

1
  C = 

5

13
1  

      C = 
5

8
 

(ie), 
)134)(1(

1
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 = 
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1
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1
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1

5

1

s
L
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s
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   = 
3
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5

6
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5

1

5

1 22 t
etee ttt    



 

   = tetee ttt 3sin
5

2
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5

1

5

1 22    

9. Find 
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Solution: 
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sss

ss
 = 

231 2 




 ss

CBs

s

A
 

 534 2  ss  = )1)(()23( 2  sCBsssA  

Putting  s = -1  Equating coefficient s2  Equating constant coefficients 

  6A = 12  4 = A + B   5 = 2A + C 

  A = 2  B= 2   C = 5 – 2A 

       C = 1 

)23)(1(
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s
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2
2

12

3

















































 t
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s
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2
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3
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t

ee
t

t  

Exercise - 1 (c) 

Find the inverse Laplace transform of the following by Partial fraction method. 

1. 
)15)(4)(3(

7886





sss

s
  Ans: 

 ttt eee 5
1

43 23    

2. 
)11)(6(

52
2 



ss

s
  Ans: 








  rte t 11sin

11

67
11coscos2828

45

1 6
 

3. 
)54(

25
23  sss

           Ans: 







  tetett tt sin2cos11

2

25
2011

5

1 222
 

4. 
)22)(1(

1
2  sss

   Ans: )cos1(1 te 
 

5. 
)3)(1(

1

 ss
   Ans: )(

4

1 3tt ee   

6. 
)1)(1(

1
2  ss

   Ans: )cos(sin
2

1 tett   

7. 
)2()2(

1
2  PP

   Ans: ))14((
16

1 22 tt ete   

8. 
3)1(

1

ss
   Ans: 








  1

2
1

2

t
t

e t  

9. 
)1)(2(

13
2 



ss

s
   Ans: )sincos77(

5

1 2 tte t   

10. 
)4()1(

1
22  ss

   Ans: )2cos42sin3(
50

ttte
e t

t




 



 

11. 
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562
23
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sss

ss
   Ans: 

ttt eee 32

2

5

2

1
  

12. 
)3)(2)(1(

3719





sss

s
   Ans: ttt eee 32 235    

13. 
)1(

1
22 ss

   Ans: tt sin  

14. 
)9)(1(

1
222  sss

   Ans: 









3

3sin

72

1

8

sin

9

ttt
 

15. 
sss

ss

2

452
23

2




   Ans: tt ee 22   

25.  Convolution of two functions 

 If f (t) and g(t) are given functions, then the convolution of f (t) and g(t) is defined 

as .)()(
0

duutguf
t

  It is denoted by f (t) * g (t) . 

25.1 Convolution Theorem 

 If f (t) and g(t) are functions defined for t ≥ 0, then L(f(t) *g(t)) = L( f (t))L(g(t))  

 (ie) L(f(t) * g(t)) = F(s). G(s) 

where F(s) = L(f(t)), G(s) = L(g(t)) 

Proof: 

By definition of Laplace Transform, 

We have )(*))(( tgtfL  =  dttgtfe st )(*)(
0




  

   = dtduutufe
t

st














))((
00

 

   = dudtutgufe st
t

)()(
00




  

on changing the order of integration, 



 

   = dtduutgeuf st

u 










 )()(
0

 

Put t – u = v   When t = u, v = 0 

 dt = dv   When t = ∞, v = ∞ 

 )(*))(( tgtfL  = dudvvgeuf vus







 


 )()( )(

00

 

   = dudvvgeeuf svsu














)()(
00

 

   = dvvgeduufe svsu )()(
00




  

   = dvtgedttfe stst )()(
00







  

   = ))(()))(( tgLtfL  

   )().()(*))(( sGsFtgtfL   

Corollary  

Using the above theorem 

We get, 

 ))().((1 sGsFL
 = )(*)( tgtf  

   = ))((*)(( 11 sGLsFL 
 

Note 

 )(*)( tgtf  = )(*)( tftg  

1. Find the value of 1*e-t 

Solution: 

Let f(t) = 1, g(t)  = e-t 

 f(u) = 1, g(t-u) = e-(t-u) 

   = e-teu 



 

By definition, f(t) * g(t) = duutguf
t

)))(
0

  

  1*et = duee ut
r


 1
0

 

   = 
tut ee 0)(

 

   = )1(  tt ee  

   = 
te1  

2. Evaluate 1*sin t 

Solution: 

Let f(t) = sin t g(t) = 1 

 f(t) = sin u g(t-u) = 1 

By definition, f(t) * g(t) = duutguf
t

)))(
0

  

  t*et = duu
r

.1sin
0

  

   = 
tu 0)(cos  

   = )1(cos t  

   = tcos1  

3. Evaluate et * cos t 

Solution: 

Let f(t) = cos t g(t) = et 

 f(t) = cos u g(t-u) = e-ut-u 

     = et.e-u 

 f(t)*g(t) = duutguf
t

)))(
0

  



 

 et * cos t = dueue ut
t


 cos
0

 

 et * cos t = duee u
t

t cos
0


  

   = 

t
u

t uu
e

e

0

22
)sincos(

1)1( 
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bxbbxa
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e
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2

1
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2
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e
e

t
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   = 
tett

2

1
)cos(sin

2

1
  

   = )cos(sin
2

1 tett   

4. Use convolution theorem to find 
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5. Use convolution theorem to find 
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   = duut
t

)sin(
0

  

   = 

t
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   = cos 0 – cos t 

   = 1 – cos t 

6. Find 
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Let f(t) = sin hat; g(t)= 1 

 f(u) = sin hau; g(t-u)= 1 

 hat
a

sin
1

*1  = duhau
a

t

1.sin
1
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a

hau

a 0

cos1









 



 

   = )1(cosh
1

2
at

a
 











 

)(

1
22

1

ass
L

 

= )1(cos
1

2
hat

a
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9. Using convolution theorem find 
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   = tet 1  

Exercise - 1 (l) 

Find the inverse Laplace transforms using convolution theorem. 

1. 
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1
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)9(

1
2 ss

   Ans: )3cos1(
6

1
t  

3. 
22

2

)4( s

s
   Ans: 








 ttt 2sin

2

1
2cos

2

1
 

4. 
)2)(4(

1
2  ss

   Ans: )2cos2(sin
8

1 2tett   

5. 
)(
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UNIT – IV 

APPLICATIONS OF LAPLACE TRANSFORM 

1.1  INTRODUCTION 

The Laplace Transform is a powerful integral transform,introduced by Laplace a French 

mathematician, astronomer, and physicist who applied the Newtonian theory of gravitation to the 

solar system (an important problem of his day). He played a leading role in the development of 

the metric system.  

The Laplace Transform is widely used in solving linear Differential equations with initial 

conditions such as those arising in the analysis of electronic circuits. It can be greatly used to 

find the solution of problems of both ordinary and partial differential equations, system of 

simultaneous differential equations, and it is applied to evaluate some definite integrals.  

Ordinary and partial differential equations describe the way certain quantities vary with 

time such as thecurrent in an electrical circuit, the oscillations of a vibrating membrane, or the 

flow of heat through aninsulated conductor these equations are generally coupled with initial 

conditions that describe the state ofthe system at time t = 0. A very powerful technique for 

solving these problems is that of Laplace transformwhich transform the differential equation into 

an algebraic equation from which we get the solution. 

Solutions of Differential Equations using Laplace Transform 

The following results will be used in solving differential and integral equations using 

Laplace transforms. 

Theorem  

If f(t) is continuous in t ≥ 0, f(t) is piecewise continuous in every finite interval in the 

range t ≥ 0andf (t) and f(t) are of exponential order, then 

L(f(t)) = sL( f (t)) – f (0) 

Proof  

The given conditions ensure the existence of the Laplace transforms of f(t) and f(t) 

 



 

By definition dttfetfL st )()]([
0




  

= ))((
0

tfde st


  

=   dttfestfe stst )()()(
0

0


   ,on integration by parts  

= ))((.)0()]([ tfLsftfeLim st

t




 

= 0 – (f(0) + sL(f(t))   [f(t) is of exponential order] 

= sL(f(t)) – f(0) 

Corollary 1 

 In the above theorem if we replace f(t) by f(t) we get, 

 L(f(t)) = sL(f(t)) – f(0) 

  = s[sL(f(t)) – f(0)] – f(0) 

  = s2L(f(t)) – sf(0) – f(0) 

 Repeated application of the above theorem gives the following result: 

 L(fn(t)) = snL(f(t)) – sn-1f(0) – sn-2f1(0) – … – fn-1(0) 

Solved Problems 

1. Using Laplace transform, solve y – y = t, y(0) = 0. 

Solution: 

 Given y – y = t, y(0) = 0 

 Taking Laplace transform on both sides,  

 L(y) – L(y) = L(t) 

 sL(y) – y(0) – L(Y) = 
2

1

s
 



 

 L(y) = 
)1(

1
2 ss

 

 y = 












)1(

1
2

1

ss
L  

 y = dtdt
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0
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dte t

t

]1[
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= tte 0)1(   

= 1 tet  

2. Solve 2)0(,84 2  yeyyy t and 2)0( y  

Solution: 

 Taking Laplace transform on both sides of the equation, we get 

 )()(8)(4)( 2teLyLyLyL    

 
2

1
)(8)]0()([4)]0()0()([ 12




s
yLyysLysyyLs  

 i.e., 102
2

1
)(]84[ 2 
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s
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L(y) = 
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1
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102

842 22 
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Solving we get 
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1
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1
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1
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e
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 ttee tt 2sin32cos

4

7

4

1 22  

=  tte t 2sin122cos71
4

1 2   

3. Use Laplace transform to solve teyy  given y(0) = 1 

Solution: 

 teyy   

 Taking Laplace transform on both sides of the equation,  

we get L(y' ) – L(y) = L(et), y(0) = 1 

1

1
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4. Solve ty
dt

yd
189

2

2

 given that 









2
0)0(


yy  

Solution: 

 tyy 189   where
2

2

dt

yd
y   

 Taking Laplace transform on both sides of the equation, we get 

 )(18)(9)( tLyLyL   

  
2

2 18
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s
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 )9)[( 2 syL  = )0(
18

2
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s
 [ )0(y is not given we can take it to be a constant a] 
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a
L   (using partial fractions) 
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3

3sin2
2

3

3sin t
t
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Now, using the conditions t = 0 and t = 
2


we have  

     0 = 
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3
sin
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3
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a
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3

2
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a
 

3

a
 = 

3

23 
 

Hence a = 3π + 2 

y = 
3

3sin2
2

3

3sin)23( t
t

t



 

 = tt 23sin   

5. Using Laplace transform, 0)0()0(,sin34  yytyyy  

Solution: 

 Given tyyy sin34   

Taking Laplace transform on both sides  
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)1()3()1()1)(3)(1(
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 )3)(1)(()1)(1()1)(3(1 22  ssDCsssBssA   …(2)  

 Put S = -3 in (2) 

  1 = B(-2)(10) 
20

1
B  

 Put S = -1 in (2) 

  1 = A(2)(2) 
4

1
A  

Comparing the coefficient of s3, 

CBA 0  
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1
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1
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Put S = 0 in (2) 

 1 = 3A + B + 3D 
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  = 
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3
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6. Using Laplace transform solve 423  yyy given that 3)0(,2)0(  yy . 

Solution: 

423  yyy  

Taking Laplace transform on both sides 

)4()(2)(3)( LyLyLyL   

s
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Put s = 1 in (1),  3 = – BB = –3 

Put s = 2 in (1),  6 = 2C C = 3 

Put s = 0 in (1),  4 = – 2AA = 2 
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7. Solve using Laplace transform the differented equation 05
2

2

2

 y
dt

dy

dt

yd
where 

4,2 
dt

dy
y at t = 0. 

Solution: 

052  yyy where 4)0(,2)0(  yy  

Taking Laplace transform on both sides 

0)(5)(2)(  yLyLyL  
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8. Using Laplace transform, solve ttey
dt
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yd 
2

2

2

given .2)0(,1)0(  yy  

Solution: 

tteyyy  2  

Taking Laplace transform on both sides 
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9. Solve using L.T 2)1(2  tyyy given 4)0( y and .2)0( y  

Solution: 

Given 2)1(2  tyyy  
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10. Using Laplace Transform, solve 2)0(,2)0(8
4 2

2
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 yyey
dt

dy

dt
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Solution: 

Given teyyy 284   

Taking Laplace Transform on both sides,  
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 Put S = 2 in (2) 

1 = 4AA = 1/4 

 Compare the coefficient of s2, 

0 = A + BB = –1/4 

Compare the constant terms, we have 

1 = 8A – 2C 
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11. Solve )(
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Solution: 

 Given )()( tfty   

 Taking Laplace transform on both sides we get 
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12. Using Laplace transform, solve the following equation ,0)0(;   iEeRi
dt

di
L at where 

L, R, E and a are constants. 

Solution: 

 Taking Laplace transform on both sides of the equation 
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Put S = –a 

 E = A(–aL + R)  

 A = 
aLR
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Comparing the coefficient of S on both sides 

0 = AL + B 

B = 
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Substituting the values of A and B in (1) 
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Exercise 

1. Solve 2)0(,84 2  yeyyy t and  2)0( y  



 

2. Solve 0)0(,sin4  ywtyy and  0)0( y  

3. Solve 0)0(,3sin113cos32  yttyyy and  6)0( y  

4. Solve 0,sin)134( 2   yteyDD t and 0Dy at 0t where 
dt

d
D   

5. Solve 0,6)96( 322   xetxDD t and 0Dx at 0t  

6. Solve 0)0(,2)0(),1(223 2  xxttxxx  

7. Solve 1)0()0(,243  yyeyyy t  

8. Solve 0
2

,0)0(,189 










xxtxx  

9. 0)(,0)(,2cos4   yytyy  

10. 3)0(,2)0(,2 32   xxetxxx t  

Answers 

1. )2sin122cos71(
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1 2 ttey t   
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1
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1 4ttt eteey    

8. ttx 3sin2   



 

9. tty 2sin)(
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Solution of Integral equations using Laplace transform 

Theorem 

 If f(t) is a piecewise continuous in everyfinite interval in the range t ≥ 0 and is of the 

exponential order, then 
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Proof 

Let g(t) = dttf
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  g(t) = f(t) 

 L(g(t)) = sL(g(t)) – g(0) 
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Corollary: 
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In general  
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Problems 



 

1. Solve ttydty
t
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Solution: 

 Given ttydty
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 Taking Laplace Transform on both sides 
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2. Solve 1)0(,cos22
0

  ytydty
dt

dy t

 

Solution: 

 Given tydtyy
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 Taking Laplace Transform on both sides 
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3. Using Laplace Transform solve t
t
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4. Using Laplace transform, solve ttdttxx
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sincos)(
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 Taking Laplace transform on both sides, 
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5. Solve using Laplace transform 0)0(,23
0

  ytdtyyy
t

 

Solution: 

 tdtyyy
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 Taking Laplace Transform on both sides, 
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Solving Integral Equations using convolution 

Theorem 

 By the definition of convolution, we have duutguftgtf
t

)()()(*)(
0

  and by 

convolution theorem )))(())(())(*)(( tgLtfLtgtfL   

Problems 

1. Solve duutyey t
t

)(21 2

0

 
       … (1) 

Solution: 

 duutye t
t

)(2

0


 is of the form duutguf

t

)()(
0

 where )()(,)( 2 tytgetf t  
 

 Taking Laplace Transform on both sides of (1), 

 L(y) = 






 

 duutyeLL u
t

)(2)1( 2

0

 



 

  =  )(*2
1 2 tyeL
s

t  (Definition of convolution) 

  =   )(2
1 2 yLeL
s

t  (Convolution theorem) 

  = )(
2

1
2

1
yL

ss










  

 L(y) = )(
2

21
yL

ss 
  

 L(y) = 
ss

1

2

2
1 










  

 L(y) = 
ss

s 1

2











 

 L(y) = 
22

212

sss

s



 

 y = 









2

1 21

ss
L  

 y = 1 + 2t 

2. Using Laplace transform solve duutuyy
t

)sin()(1
0

    

Solution: 

 Given duutuyy
t

)sin()(1
0

   

 Taking Laplace transform on both sides, 







  duutuyLLyL

t

)sin()()1()(
0

      …(1) 

Now the integral duutuy
t

)sin()(
0

 is of the form duutguf
t

)()(
0

 where 

ttgtytf sin)(),()(   



 

  (1) becomes 

 )sin*)((
1

)( ttyL
s

yL   

1

1
).(

1
)(

2 


s
yL

s
yL  

ss
yL

1

1

1
1)(

2
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2
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1
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3. Using Laplace transform solve duutfettf u
t

)(cos)(
0

 
   

Solution: 

 Given duutfettf u
t

)(cos)(
0

 
       … (1) 

 Taking Laplace transform on both sides of (1), 

 L(f)(t)) = 






 

 duutfeLtL u
t

)()(cos
0

 

  = ))(*(
12

tfeL
s

s t


 



 

  = ))()(
12

tLfeL
s

s t


 

  = ))((
1

1

12
tfL

ss

s





 

11

1
1))((
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s
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s
tfL  

11

1
))((
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1
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s
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s
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s
Ltf  

tttf sincos)(   

4. Solve the integral equation duuttytty
t

)sin()()(
0

2    

Solution: 

 duuttytty
t

)sin()()(
0

2    

 Taking Laplace transform obn both sides, 

L(y(t)) = 






  duuttyLtL

t

)sin()()(
0

2  

L(y) = )sin*)((
2
3

ttyL
s

  

= )(sin)(
2
3

tLyL
s

  

= 
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1
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2
23 s
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s
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 L(y) = 
535

2 22)1(2

sss
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 (y) = 
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s
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s
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 (y) = 
42

12

1
tt   

5. Using Laplace transform solve the integral equation t
t

eduuyy   )(
0

 

Solution: 

 t
t

eduuyy   )(
0

 

tetyy  1*)(  

Applying Laplace transform on both sides we get 

)(]1*)([)( teLtyLyL   

)()1()()( teLLyLyL   

1

11
1)(













ss
yL  

1

11
)(










 

ss

s
yL  

2)1(
)(




s

s
yL  



 

     y = 












2

1

)1(s

s
L  

= 












2

1

)1(

11
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s
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= 















2

1

)1(

1

1

1

ss
L  

= 







 

2

1 1

s
Lee tt  

= tee tt .   

= )1( te t   

 

Exercise 

1. Solve 0)0(,23
0

  xtdtxxx
t

 

2. Solve 0)0(,54
0

 
 yedtyyy t
t

 

3. Solve 1)0(,cos2
0

  xtdtxxx
t

 

4. Solve 3)0(3sin,3134
0

 
 ytedtyyy t
t

 

5. Solve duutuxttx
t

)sin()(34)(
0

   

6. Solve duutuyety
t

t )cos()(2)(
0

 


 

7. Solve 2)(2)()(
0

 ttyduutyuy
t

 



 

8. Solve duutyutty
t

)(sin)(
0

   

9. Solve duutuyy
t

)sin()(1
0

   

10. Solve duutfettf u
t

)(cos)(
0

 
  

Answers 

1. 
tt eex   )1(

2

1 2
 

2. )sin3(cos
2

1

2

1
tteey tt 


 

 

3. ]cos)1[(
2

1
tetx t  

 

4. 







 ttttttey t 3cos3sin

2

3
3sin

3

7
3cos32

 

5. ttx 2sin
2

3
  

6. 
2)1()( tety t  
 

7. 1)( ty  

8. 
6

3t
ty   

9. 
2

1
2t

y   

10. tttf sincos)(   

Simultaneous differential equations 

1.  Using Laplace transform solve 



 

ty
dt

dx
sin  

tx
dt

dy
cos  

givenx(0) = 2 and y(0) = 0 

Solution: 

 Applying Laplace transform to the given equations 

 We get, )(sin)()( tLyLxL   

)(cos)()( tLxLyL   

1

1
)()0()(

2 


s
yLxxsL  

1
)()0()(

2 


s

s
xLyysL  

2
1

1
)()(

2





s
yLxsL  

1

32
2

2






s

s
     …(1) 

 Also 
1

)()(
2 


s

s
yLysL        …(2) 

1

)32(
)()()1(

2

2
2






s

ss
ysLxLss       …(3) 

1
)()()2(

2 


s

s
ysLxL       …(4) 

11

)32(
)()1)(4()3(

22

3
2









s

s

s

ss
xLs  

1

22
2

3






s

ss
 



 

1

2
)(

2 


s

s
xL        …(5) 

 Substituting (5) in (2), we get 

 
)1)(1(

)1(2)1(

1

2

1
)(

22

22

22 
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s
ysL  

)1)(1(

3
22

3






ss

ss
 

)1)(1(

)3(
22

2

ss

ss




  

)1)(1(

)3(
)(

22

2

ss

s
yL




      …(6) 

From (5), 









 

1

2
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1

s

s
Lx  

 tcosh2  













 

)1)(1(

)3(
22

2
1

ss

s
Ly  

Consider
11

_
1)1)(1(

)3(
222

2













s

DCs

s

B

s

A

ss

s
     …(7) 

)1)(1)(()1)(1()1)(1(3 222 ssDCsssBssAs   

Put s = 1,  4 = A(2)(2) 

   4 = 4AA = 1 

Put s = –1,  4 = B(2)(2) 

  B = 1 

Put s = 0,  3 = A+ B + D 

3 = 1+ 1 + D 



 

  D = 1 

Comparing the coeffcient of S, 

0 = A – B + C 

C = 0 

Substituting the values of A, B, C, D in (7) we get 

1

1

1

1
_

1

1

)1)(1(

)3(
222

2











sssss
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1

1
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s
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s
Ly  

teey tt sin 
 

 Hence the solution is htx cos2 and teey tt sin 
 

2. Solve yax
dt

dx
  

xay
dt

dy
  

given that x = 0 and y = 1 when t = 0 

Solution: 

 Applying Laplace transform we get 

)()()( yLxaLxL   

)()()( xLyaLyL   

)()()0()( yLxaLxxsL   

)()()0()( xLyaLyysL   

Given that  1)0(,0)0(  yx  

)()()0()( yLxaLxxsL   



 

)()()0()( xLyaLyysL   

)()()( yLxaLxsL   

)()(1)( xLyaLysL   

)()()( yLxLas   

0)()()(  yLxLas       …(1) 

1)()()(  yLasxL       …(2) 

asasyLas  ]1))[(()2()()1( 2  

  
1)(

)(
2 




as

as
yL  

 Also by (1) 
1)(

1
)(

2 


as
xL  











 

1)(

1
2

1

as
Lx  











 

1

1
2

1

s
Le at

 

hte at sin  













 

1)( 2

1

as

as
Ly  











 

12

1

s

s
Le at

 

hte at cos  

3. Solve tx
dt

dy
2sin2   and 



 

0)0(1)0(,2cos2  yxty
dt

dx
 

Solution: 

 Taking Laplace Transform on both sides 

)2(sin)(2)( tLxLyL   

)2(cos)(2)( tLyLxL   

4

2
)(2)0()(

2 


s
xLyysL  

4
)(2)0()(

2 


s

s
yLxxsL  

1
4

)(2)(
2





s

s
yLxsL        … (1) 

4

2
)()(2

2 


s
ysLxL        … (2) 

2
4

2
)(4)(2)2()1(

2





s

s
yLxsL      … (3) 

4

2
)()(2)2(

2

2




s

s
yLsxsLs       … (4) 

2)()4()4()3( 2  yLs    

4

2
)(

2 




s
yL  

ty 2sin  

ty 2cos2  

Substituting y  in txy 2sin2   

 ttx 2cos22sin2   



 

 ]2cos22[sin
2

1
ttx   

4. Solve 0)0(,0)0(,32,123  yxeyx
dt

dy
yx

dt

dx t
 

Solution: 

 Taking Laplace transform on both sides 

)1()(2)(3)( LyLxLxL   

)()(3)(2)( teLyLxLyL   

s
yLxLxxsL

1
)(2)(3)0()(   

1

1
)(3)(2)0()(




s
yLxLyysL  

s
yLxLs

1
)(2)()3(         … (1) 

 
1

1
)()3()(2




s
yLsxL        … (2) 

s
yLxLs

2
)(4)()3(22)1(   

1

3
)()3()()3(2)2()3( 2






s

s
yLsxLss  

Adding  
ss

s
yLs

2

1

3
)(4)3( 2 




  

)1(

25
)()56(

2
2






ss

ss
yLss  

))1()(56(

25
)(

2

2






ssss

ss
yL       … (3) 



 

Now,  
511)5)(1)(1(

252
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s
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s
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A

ssss

ss
 

  )5)(1()5)(1)(1(252  ssBssssAss  

))1)(1(())5)(1((  sssDsssC  

when, 
3

1
124,1  BBs  

when, 
4

3
86,1


 CCs  

when, 
60

1
1202,5  DDs  

when, 
5

2
52,0  AAs  

From (3) 
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s
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ttt eeety 5

60

1

4

3

3

1

5

2
)(        … (4) 

ttt eeety 5

12

1

4

3

3

1
)(    

Substituting (4) and (5) in 

 
teyxy  32 we get, 

2x=y’+3y-et 

      2x = t
t

t
t

ttt e
e

e
e

eee 












604

3

35

2
3

12

1

4

3

3

1 5
5  

= 




























 

20

1

12

1

4

9

4

3
11

3

1

5

6 5ttt eee  



 

= 
ttt eee 5

60

2

4

6

3

1

5

6    

 x(t) = 
ttt eee 5

60

1

4

3

6

1

5

3    

5. Using Laplace transform solve  

tDyDx  and 2,3,2   DxxeyxD t and y = 0 at t = 0 

Solution: 

 Taking Leplace transform on both sides, we get 

)()()( tLyLxL   

)()()( teLyLxL   

2

1
)0()()0()(

s
yysLxxsL   

1

1
)()0()0()(2




s
yLxsxxLs  

i.e., 3
1

)()(
2


s
ysLxsL 0 

ss
yLxL

31
)()(

3
        … (1) 

and 23
1

1
)()(2 


 s

s
yLxLs        … (2) 

23
1

131
)()1()2()1(

3

2 


 s
sss

xLs  

1

23

)1)(1(

1

)1(

3

)1(

1
)(

22223 













s

s

ssssss
xL    … (3) 

Consider 
11)1)(1(

1
22 







 s

CBs

s

A

ss
 



 

)1)(()1(1 2  sCBssA  

 

Put,  2/121,1  AAs  

Put,  2/11,0  CCAs  

Comparing coefficients of S; 

2/10  BCB  

(3) becomes 

x(t) = 























 


11

1

2

1

1

1

2

1
sin3sin

22

11

0000 s

s

s
L

s
Ldttdtdtdtt

tttt

 

 




















 

1

1
2

1
3

2

1

2

1

s
L

s

s
L  

x(t) = ttttetdtdtt ttt
tt

sin2cos3cos
2

1
sin

2

1

2

1
)cos(3)cos( 00

00

 
  

= ttedtdtt t
tt

cos
2

5
sin

2

3

2

1
)1cos(3)1cos(

00

 
  

= ttedttt tt
t

cos
2

5
sin

2

3

2

1
)1cos(3)sin( 0

0

 
  

= ttetdttt t
t

cos
2

5
sin

2

3

2

1
)cos1(3)sin(

0

 
  

= ttett
t t

t

cos
2

5
sin

2

3

2

1
)cos1(3cos

2
0

2









 

 

= tet
t t sin

2

3

2

1
2cos

2

1

2

2

 
 

x = 1cos
2

1
sin

2

3

2

1
 tte t

 

Substituting x in y = x(t)- e-t 



 

 y = tte t cos
2

1
sin

2

3

2

1
1  

 

 

6. Solve 032  yxx  

02  xyy  

 given that x(0) = 8 and y(0) = 3 

Solution: 

 Applying Laplace transform to the given equations we get, 

0)(3)(2)(  yLxLxL  

0)(2)()(  xLyLyL  

i.e., 0)(3)(2)0()(  yLxLxxsL  

0)(2)()0()(  xLyLyysL  

The above equations reduce to 

8)(3)()2(  yLxLs        … (1) 

3)()1()(2  yLsxL        … (2) 

16)(6)()2(22)1(  yLxLs       … (3) 

)2(3)()2)(1()()2(2)2()2(  syLssxLss    … (4) 

)2(316)()]2)(1(6[)4()3(  syLss  

]223[)(]43[ 2  syLss  

 L(y) = 
)4)(1(

223

43

223
2 








ss

s

ss

s
 

= 
41 


 s

B

s

A
 



 

 3s – 22 = A(s – 4) + B(s  + 1)       … (5) 

Put s = 4 in (5), 

 – 10 = 5BB = –2 

 

Put s = –1 in (5), 

 – 25 = –5AA = 5 

 L(y) = 
4

2

1

5




 ss
 

 y = 























4

2

1

5 11

s
L

s
L  

 y = tt ee 425   

 y = –5e-t – 8e4t 

Substituting y and y in y–y + 2x = 0 

we get     2x = y–y 

  = (5e-t– 2e4t) – (–5e-t– 8e4t) 

= 10e-t + 6e4t 

x =
tttt eeee 44 35]610[

2

1
 

 

7. Solve x + y = –5 cos 2t 

  y + x = 5 cos 2t 

 given that x(0) = 0, x(0) = 0,  y(0) = 0,  y(0) = 0 

Solution: 

 Applying Laplace transform to the given equations 

 )2(cos5)()( tLyLxL   



 

)2(cos5)()( tLxLyL   

4

5
)()0()0()(

2

2






s

s
yLxsxxLs  

4

5
)()0()0()(

2

2




s

s
xLysyyLs  

 

Given that x(0) = x(0) = y(0) = y(0) = 0 

  
4

5
)()(

2

2






s

s
yLxLs       … (1) 

4

5
)()(

2

2




s

s
yLsxL       … (2) 

4

5
)()(1)1(

2

2






s

s
yLxLs      … (3) 

4

5
)()()2(

2

3
422




s

s
yLsxLss      … (4) 

4

5

4

5
)()1()4()3(

2

3

2

4









s

s

s

s
yLs  

4

55
2

3






s

ss
 

)4)(1(

)1(5
)(

24

2






ss

ss
yL  

)4)(1)(1)(1(

)1(5
22

2






ssss

ss
 











 

)4)(1)(1(

5
2

1

sss

s
Ly  

Now  
411)4)(1)(1(

5
22 










 s

DCs

s

B

s

A

sss

s
 



 

 )1)(1)(()4)(1()4)(1(5 22  ssDCsssBssAs  

Put s = 1,  5 = B(2)(5) 

  
2

1
B  

Put s = – 1, –5 = A(–2)(5) 

  
2

1
A  

Put s = 0, 0 = –4A + 4B –D 

D


















2

1
4

2

1
40  

  D = 0 

 Comparing the coefficient of s3, 

 0 CBA  

 0
2

1

2

1
 C  

1C  

y = 


































41

1

2

1

1

1

2

1
2

111

s

s
L

s
L

s
L  

 = tee tt 2cos
2

1

2

1


 

 = cosht – cos 2t 

y = sin ht + 2 sin 2t 

y = cosht + 4cos 2t 

From the given equation 

x = 5 cos 2t – y 



 

   = 5 cos 2t – (cosht + 4 cos 2t) 

 x= cos 2t – cosht 

Exercise 

1. Solve the simultaneous equations 

2x–y + 3x = 2t and x+2y – 2x–y = t2–t, x(0) = 1, y(0) = 1 

2. Solve the simultaneous equations 

 D2x – Dy = cost and Dx + D2y = –sin t; x = 1, Dx = 0, y = 0, Dy = 1 at t = 0 

3. Solve x –y = et and y + x = sin t; x(0) = 1, y(0) = 0. 

4. Solve x – y = sin t, y – x =–cost; x = 2 and y = 0 at t = 0. 

5. Solve D2x + y = –5 cos 2t,D2y+ x = 5 cos 2t¸x = Dx=Dy= 1 and y =–1 and t = 0. 

Answer 

1. 5

3

8

7

8

9
1

t

t eex    

43
8

49

8

9 25

3

  tteey

t

t  

2. ttyttx cos,sin1   

3. )coscossin2(
2

1
ttttex t   

)sincossin(
2

1
ttttex t   

4. thtyhtx sinsin2,cos2   

5. ttyttx 2cossin,2cossin   
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UNIT – V 

FOURIER TRANSFORM 

Introduction 

Jean-Baptiste Joseph Fourier (21st March 1768 – 16th 

May1830)was a French mathematician and physicist born 

in Auxerre and best known for initiating the investigation 

of Fourier series, which eventually developed into Fourier 

analysis and harmonic analysis, and their applications to problems 

of heat transfer and vibrations. The Fourier transform and Fourier's 

law of conduction are also named in his honour.  Joseph 

Fourier introduced the transformin his study of heat transfer, 

where Gaussian functions appear as solutions of the heat equation. 

In the study of Fourier series, complicated but periodic 

functions are written as the sum of simple waves mathematically represented by sine and cosine 

functions. The Fourier transform is an extension of the Fourier series that results when the 

period of the represented function is lengthened and allowed to approach infinity. Fourier 

Transform maps a time series (eg. audio samples) into the series of frequencies (their amplitudes 

and phases) that composed the time series. Inverse Fourier Transform maps the series of 

frequencies (their amplitudes and phases) back into the corresponding time series.  The two 

functions are inverses of each other. Shortly, The Fourier Transform is a mathematical technique 

that transforms a function of time, )(tf , to a function of frequency, F(s). 

Applications 

o The Fourier transform has many applications, in fact any field of physical science that 

uses sinusoidal signals, such as engineering, physics, applied mathematics, and 

chemistry, will make use of Fourier series and Fourier transforms. Here are some 

examples from physics, engineering, and signal processing. 

 Communication 

 Astronomy 

 Geology 

 Optics 

https://en.wikipedia.org/wiki/French_people
https://en.wikipedia.org/wiki/Mathematician
https://en.wikipedia.org/wiki/Physicist
https://en.wikipedia.org/wiki/Auxerre
https://en.wikipedia.org/wiki/Fourier_series
https://en.wikipedia.org/wiki/Fourier_analysis
https://en.wikipedia.org/wiki/Fourier_analysis
https://en.wikipedia.org/wiki/Harmonic_analysis
https://en.wikipedia.org/wiki/Heat_transfer
https://en.wikipedia.org/wiki/Vibration
https://en.wikipedia.org/wiki/Fourier_transform
https://en.wikipedia.org/wiki/Thermal_conduction#Fourier.27s_law
https://en.wikipedia.org/wiki/Thermal_conduction#Fourier.27s_law


 

o Fourier Transforms helps to analyze spectrum of the signals, helps in find the response of 

the LTI systems. (Continuous Time Fourier Transforms is for Analog signals and 

Discrete time Fourier Transforms is for discrete signals) 

o Discrete Fourier Transforms are helpful in Digital signal processing for making 

convolution and many other signal manipulation. 

Integral Transform 

The integral of a function f(x) is defined by     

dxxskxfxfI
b

a

),()()]([   

Where k(s,x) is the kernel of the integral transform and s is the parameter. If k(s,x) = e-sx, the  

integral transform leads to Laplace transform of f(x). 

 dxexfxfL sx
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 )()]([  

When k(s,x) = eisx, then the Integral transform become complex form of Fourier transform. 

dxexfxfF isx)(
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)]([ 








 

If we replace k(s,x) by sine and cosine functions, we get Fourier Sine and Cosine 

Transform. 

Fourier Integral Theorem 

A function f(x) which is piece-wise continuous in every finite interval in (-,) and is 

absolutely integrable in (-,) can be expressed as  
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      …(1) 

 This integral is known as Fourier integral of the function f(x). 

Definition of odd and even function 

Odd Function 

A function f(x) is said to odd if f(-x)= -f(x).  Ex: f(x)=x, sin x, tan x, x3. 



 

 

Even Function 

A function f(x) is said to even if  f(-x)= f(x).  Ex: f(x)=x2,x4,cos x, sec x. 

 

Fourier Sine and cosine Integrals 

The Fourier integral of f(x) is 
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Case (i) 

If f(t) is an odd function, then f(t) cos t is also an odd function and hence the first 

integral in equation (2) becomes zero. 
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 This is known as Fourier sine integral. 

Case (ii) 

If f(t) is an even function, then f(t)sint is odd function and hence the second integral in 

equation (2) becomes zero. 
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 This is known as Fourier cosine integral. 

Let us look at the definition of Fourier transform and some basic properties of it without 

getting into mathematical rigor.  

Fourier Transforms 

Complex Fourier Transform (Infinite)  

Let f(x) be a function defined in (-∞,∞) CRf : and be piece-wise continuous in each 

finite partial interval then the complex Fourier transform of f(x) is defined by 

dxexfxfFsF isx)(
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Inverse Fourier Transform  

Inverse complex Fourier transform of F(s) is given by 

dsesFsFFxf isx
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Properties of Fourier Transforms 

1. Linearity property 

 If F(s) and G(s) are the Fourier transforms of f(x) and g(x), then 

 F[af(x) + bg(x)] = aF[f(x)] + bF[g(x)] 

  = aF(s) + bG(s), where a and b are constants. 

 Proof: Given F(s) = F[f(x)], G(s) = F[g(x)] 

 F[af(x)+bg(x)] = dxexbgxaf isx)]()([
2
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a isxisx )(

2
)(

2












 

  = aF[f(x)] + bF[g(x)] = aF(s) + bG(s) 



 

2. Shifting property  

 If F[f(x)] = F(s) then F(f(x – a) = eias F[f(x)] = eias F(s) 

 Proof: Given F[f(x)] = F(s) 

 F[f(x – a)] = dxeaxf isx)(
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 Put u = x – adu = dx. When x = -∞, u = -∞ and when x = ∞, u = ∞ 
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 Changing the dummy variable from u to x 

 F[f(x-a)  = eisa F[f(x)] = eisaF(s) 

3. Changeof scale property 

If F[f(x)] = F(s) then F[f(ax)] = 
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Proof: Given F[f(x)] = F(s) then F[f(ax)] = dxeaxf isx).(
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Case (i) If a>0, then   when x = -∞, u = -∞ and x = ∞, u = ∞ 
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Case (ii) If a<0, then   when x = -∞, u = ∞ and x = ∞, u = -∞ 
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From (i) and (ii), we get 

 F[f(ax)] = 0.
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Note: Put a = – 1, then F[f(–x) = F(–s) 

 It can be seen that, if f(x) is even, then F(s) is even and if f(x) is odd, then F(s) is odd. 

4. Shifting in s  

If F[f(x)] = F(s) then F(e iaxf(x )) =  F(s+a) 

Proof: Given F[f(x)] = F(s)= dxexf isx).(
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5. Modulation Property 

 If F(f(x)) = F(s) then F[cos axf (x)]  = 
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1
[F(s+a)+F( s - a)] 
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6. Fourier transform of Derivative 

 If F[f(x)] = F(s) and derivative f (x) is continuous, absolutely integrable on (-∞, ∞), then 

F[f (x)] = - (is) F(s) if f(x) → 0 as x →  ∞ 

Proof Given F(f(x)] = F(s) = dxexf isx)(
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Applying integration by parts, taking u = eisx,  dv = f  (x)dx 

     du = sx eisx dx, v = f(x) 

 We have 1sincos  sxisxeisx
 

 Since f(x) → 0 as x →  ∞, we have eisxf(x) → 0 as x →  ∞ 

    F[f (x)] = 
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Note: Similarly, we can prove that  

 F(f (x)] = –isF[f (x)] 

  = –is(–is) F[f(x)] = (–is)2F[f(x)] 

 Generally, for any positive integer n, F[f(n)(x)] = (–is)n F(f(x)) 

 if f(x), f(x)….fn-1(x) approaches 0 as x →  ∞. 

 

7.  Derivative of transform 

 If F[f(x)] = F(s) , then F(xn f(x))= (-i)n
n
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Proof Given F[f(x)] = F(s) F(s) = dxexf isx)(
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 Differentiating w.r to s we get, 
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 We again differentiating (1) w.r. to s, we get 
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Continuing this way, 
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8.  Fourier transform of an integral function 

 If f(x) is an integral function with F(f(x)) = F(s), then )()( sF
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Proof Given F[f(x)] = F(s) and f(x) is integrable. 

Let ),()( xgdxxf
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 then f(x) = g(x) by fundamental theorem of integral calculus. 

  F[f(x)] = F[g(x)]  
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9. If F[f(x)] = F(s), then F[f(x)] = F(-s) where bar denotes complex conjugate. 

Proof Given F[f(x)] = F(s) F(s) = dxexf isx)(
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Note: )()]([ sFxfF   

Definition: Convolution of two functions.  

The convolution of two functions f(x) and g(x) is defined as   
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PROBLEMS 



 

Problem 1. Find the Fourier transform of
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By inverse Fourier transforms, 

dsesFxf isx




 )(
2

1
)(


 

= dssxisx
s

as
)sin(cos

sin2

2

1




 
 

= 












oddissx
s

as
dssx

s

as
sin

sin
cos

sin1



 

f(x) = dssx
s

as
cos

sin2

0













 

Put a = 1, x = 0 



 

ds
s

s
f

sin2
)0(

0







 

),1)((
sin

1
2 0

axaxfds
s

s
 


 

2

sin

0


 



ds
s

s
 

Problem 2: Find the Fourier transform of 
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Solution: 
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Definition: If the fourier transform of f(x) is equal to f(s) then the function f(x) is called self-

reciprocal. i.e. F(f(x)) = f(s) 

Problem3: Find the Fourier transform of
22xae .  Hence prove that 2

2x

e



 is self-reciprocal with 

respect to Fourier Transforms.  

Solution: 
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Substitute (2) in (1), we get 
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2/2se is self-reciprocal with respect to Fourier Transform. 



 

Problem 4: State and Prove convolution theorem on Fourier transform. 

Solution:  

Statement: If F(s) and G(s) are Fourier transform of f(x) and g(x) respectively, Then the Fourier 

transform of the convolutions of f(x) and g(x) is the product of their Fourier transforms. 

i.e.    sGsFxgFxfFxgxfF  )]([)]([)](*)([  

Proof: 
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Problem5: State and Prove Parseval’s Identity in Fourier Transform. 

Solution:  

Statement: If F(s) is the Fourier transform of f(x), then 22 |)(||)(| sFdxxf 








  

Proof by convolution theorem F [f (x)* g(x)] = F(s)G(s) 



 

           f (x)*g (x) = F-1 [F(s)G(s)] 
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Problem 6: Find the Fourier transform of 
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 Fourier transform of f(x) is 
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Problem 7: Find the Fourier transform of 









1||,0

1|||,|1
)(

x

xx
xf  and hence find the value of  

(i) .
sin

2

2

0

dt
t

t



 (ii) .
sin

4

4

0

dt
t

t



 

Solution: 

 The Fourier transform of dxexfxfF isx)(
2

1
))(( 








 

= dxsxisxx )sin(cos|)|1(
2

1 1

1




 



 

= .]sin|)|1([cos|)|1(
2

1 1

1

fnoddanissxxdxsxx 


 

= 

1

0

2

cos
)1(

sin
)1(

2

2




























s

sx

s

sx
x


 

= 









22

1cos

2

2

ss

s


 

F(s) = )1(
cos12

2 






 

s

s


 

(i) By inverse Fourier transform  

f(x) = dsesF isx




 )(
2

1


 

 = ))1(()sin(cos
cos12

2

1
2

bydssxisx
s

s








 



 
 

 = dssx
s

s
cos

cos11
2 







 




 (Second term is odd) 

    f(x)= dssx
s

s
cos

cos12
2

0








 




 

 Put x = 0 

 f(0)= ds
s

s







 
 



2
0

cos12
|0|1


 

2

cos1
2

0










 



ds
s

s
 

2

)2/(sin2
2

2

0






ds
s

s
 

Put t = s /2 ds = 2dt 

2
2

)2(

sin2
2

2

0






dt
t

t
 



 

.
2

sin
2

2

0






dt
t

t
 

(ii) Using Parseval’s identity. 
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Problem 8: Find the Fourier transform of 
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Problem 9: Find the Fourier transform of 0,||  ae xa  and hence deduce that  
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Problem 10: Derive the relation between Fourier transform and Laplace transform.  

Solution:  

Consider
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The Fourier transformer of f(x) is given by 
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 Fourier transform of 
2

1
)(tf Laplace transform of g(t) where g(t) is defined by 

(1). 

Fourier Sine and Cosine Transform 

Fourier sine and cosine transform are related to Fourier sine and cosine integrals.   The 

Fourier transform applies to the problems concerning the real axis or the interval (-,) whereas 

sine and cosine transform apply to the problem concerning the interval (0,). 

The Fourier Sine Integral of f(x) in (0,) is  

 sxdtdssttfxf sinsin)(
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)(
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 [Replace  by s] 
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We denote dxsxxfsFxfF ss sin)(
2

)()]([
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This is known as Infinite Fourier Sine Transform of f(x). 

Inverse Fourier Sine Transform is 
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The Fourier cosine Integral of f(x) in (0,) is  
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We denote dxsxxfsFxfF CC cos)(
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This is known as Infinite Fourier Cosine Transform of f(x). 

The Inverse Fourier Cosine Transform is  

dssxsFsFFxf CC cos)(
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Properties of Fourier Sine and Cosine Transforms 

1. Linearity Property 

(i) Fc [af(x) + bg(x)] = aFc [f(x)] + bFc [g(x)] 

(ii) Fs [af(x) + bg(x)] = aFs [f(x)] + bFs [g(x)] where a and b are constants. 

Proof: (i) By definition,  sFsxdxxfxfF cC  


cos)(
2

)]([
0
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  = aFs [f(x)] + bFs [g(x)] 

2. Modulation property 

 If Fc [f(x)]= Fc [s] and Fs [f(x)]= Fs [s], then 

(i) Fc[f(x) cos ax] = )]()([
2

1
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1
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2

1
asFasF cc   
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2

1
asFasF ss   

Proof: We have, Fs[f(x)] = sxdxxf sin)(
2

0





 

 Fs[f(x) cos ax] = sxdxaxxf sincos)(
2

0





 

   = dxxasxasxf })sin()){sin((
2

1
.

2

0





 

   = dxxasxfxasxf ])sin()()sin()([
2

2

1

0





 

   = 








 


xdxasxfxdxasxf )sin()(
2

)sin()(
2

2

1

00 
 

   = )]()([
2

1
asFasF ss   
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3. Change of Scale Property 
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4. Differentiation of sine and cosine transform 
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5.  Cosine and sine transforms of derivative 

 If f(x) is continuous and absolutely integrable in (-∞, ∞) and if f(x) → 0 as x → ∞, then 

 (i) )0(
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 (ii) )]([)]([ xfsFxfF CS   

Proof (i) by definition of Fourier cosine transform 
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 Applying integration by parts, taking u = cos sx,   dv = f(x)dx 

      du = - sin sx. s dx. v = f(x) 
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 Applying integration by parts, taking u = sin sx, dv = f(x)dx, we get 
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These formulae are useful in solving differential equations. 

6.  Identities  

If Fc(s) and Gc(s) are the Fourier cosine transforms and Fs(s) and Gs(s) are the Fourier sine 

transforms of f(x) and g(x) respectively then 
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Problem 1: Find the Fourier Sine Transform of  e-3x. 
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Problem 2: Find the Fourier cosine transform of
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Problem 3: Find the Fourier cosine transform of .32 xx ee    
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Problem 4: Find the Fourier cosine transform of f(x) defined as 
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Solution:  By definition of Fourier Cosine Transform 
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Problem 5: Find the Fourier sine transform of .
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Problem 6: Find the Fourier cosine and sine transformation of f(x) = e-ax, a> 0.  Hence deduce 

that  .
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Using Fourier inverse cosine transform, 
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Problem 7: Find Fourier cosine transform of (i) axe ax sin
  (ii) axe ax cos  
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Problem11: Using Parseval’s Identity calculate  
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(b) By Parseval’s identity. 
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 [Replace  s to x] 

Problem 13: Find the Fourier sine and cosine transform of 
1nx . Hence deduce that 

x

1
is self-

reciprocal under sine and cosine transform. Also find














||

1

x
F . 

Solution: We know that gamma function is given by dyyen ny 1

0

)( 


    ….(1) 

Put y = ax, we get )()( 1

0

nadxaxe nax 


  

n

nax

a

n
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n
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Equating real and imaginary parts, we get 

2
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n

s

n
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n
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       … (2) 

2
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0

n
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n
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        … (3) 

Xly  



2
on both sides of equation (2) and (3)  

dxsxxxF nn
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2

)( 1

0
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n in (3) and (4) 
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Hence 
x

1
is self-reciprocal under Fourier sine and cosine transform. 

To find 
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    ….(5) [The second term odd] 

Put n = 1/2 in (2), we get 
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Substitute (6) in (5)   
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Problem 14: Find f(x) if its sine transform is e-as, a> 0. 

Solution: 

)())(( sFxfFs   

Given that as

s exfF ))((  

dsxsFxf s sin)(
2

)(
0







 

= dssxe as sin
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2
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= .
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Problem 15:  Find f(x) if its Fourier sine Transform is .
s

e as

 

Solution: 

Let 
s

e
xfF
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s
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s

e
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2
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s
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        … (2) 

 At x = 0, f(0) = 0 using (1) 

0)0(tan
2

)0()2( 1   ccf


 

Hence 
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x
xf 1tan

2
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Problem 16.  Find the Fourier Cosine Transform of 
2xe and hence Show that 2

2x

xe



 is self-

reciprocal with respect to Fourier sine transform. 

 

Solution: 

The Fourier Cosine Transform of f(x) is  

  



0

cos)(
2

)( dxsxxfxfFc


 

= dxsxe x cos2.
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Result : 
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  is self reciprocal with respect to sine transform 

Exercise 1. 



 

1. Find the Fourier sine and cosine transforms for f(x) = 








1,0

10,1

xif

xif
 

2. Find the Fourier cosine transform of 2e-5x + 5e-2x. 

3. Find the Fourier sine and cosine transform of e-x and hence show that 

medx
x

mxx 






21

sin
2

0


 and medx

x

mx 






21

cos
2

0


 

4. Find the Fourier cosine transform of f(x) = 








axif

axifsx

0

0cos
 

5. Find the Fourier cosine transform of .
2xe  

6. Find the Fourier sine transform of .
1 2x

x


 

7. Find the Fourier cosine transform of .
1 2x

x


 

8. If 
s

e
xfF

as

S



)]([ , find f(x) and .
11










s
FS  

9. If 

















2,0

,21,2

10,1

)]([

sif

s

s

xfFS  find f(x). 

10. Show that 2/2xxe  is self reciprocal with respect to Fourier sine transform. 

11. Find the Fourier sine transform of e-|x|, x ≥ 0, and hence evaluate .
1

sin
2

0

dx
x

mxx





 

12. Find the Fourier sine transform of .
x

e ax

 

13. Find the Fourier sine and cosine transform of e-ax cos ax, a> 0. 

14. Find the Fourier sine transform of the function f(x) = 








ax

axx

,0

0,sin
 



 

15. Find the Fourier cosine transform of .
1

22 ax 
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)(,
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s
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Exercise 2. 

1. Using the Fourier transform e-|x|, prove that 
4)1( 22

0








x

dx
 

2. Evaluate 
)4)(1( 22

0 



xx

dx
 using transform methods. 

 [Hint: Consider f(x) = e-x,g(x) = e-2x] 

3. If f(x) = 













2
||,0

2
||,cos





x

xx
 using parseval’s Identity evaluate dx

x

x

2

2

0 )1(

2
cos










 

4. Using Parseval’s identity, evaluate .
cos1

2

0

dx
x

x







 



 

Hint: f(x) = 








10

10,1

xif

xif
. Find Fc[f(x)] and use Parseval’s identity 

5. If Fs[f(x)] = 0, 


a
s

e as

find f(x) and 








s
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6. Find the Fourier transform of f(x) given by f(x) = 








2||0

2||1

xfor

xfor
 and hence evaluate 

dx
x

xsin

0




 and .
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2

0
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x
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7. Using Parseval’s identity evaluate .
)( 22

2

0

dx
xa
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8. Using Parseval’s identities, prove that 
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0
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2)(
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2

a

e
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xax
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9. Prove that 0,0,
)(2))(( 2222

2
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10. Solve the integral equation 
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df  

Answer 

1. 
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2
  4. 
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2
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Finite Fourier Transforms 

 If f(x) is a function defined in the interval (0,l)then the finite Fourier sine transform of 

f(x) in 0 <x<l is defined as  

 dx
l

xn
xfxfF

l

S


sin).()]([

0

  where ‘n’ is an integer. 

 The inverse finite Fourier sine transform of Fs[f(x)] f(x) and given by 

 
l

xn
xfF

l
xf s

n


sin)]([

2
)(

1






  

 The finite Fourier cosine transform of f(x) in 0 <x < l is defined as 

dx
l

xn
xfxfF

l

C


cos)()]([

0

  

where ‘n’ is an integer. 

The inverse finite Fourier cosine transform of Fc[f(x)] is f(x) and is given by 

l

xn
xfF

l
F

l
xf c

n
c


cos)]([

2
)0(

1
)(

1






  

Example 1. Find the finite Fourier sine and cosine transform of f(x) = x2 in 0 <x< 1. 

Solution: 



 

 The finite Fourier sine transform is 

 dx
l

xn
xfxfF

l

S


sin).()]([

0

  

Here 2)( xxf   

 Fs[x
2] = dx

l

xn
x

l 
sin2

0

  

  = 

l

l

n

l
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l

n

l
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l

n
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l
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l
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l



  , cos n=(-1)n,  sin n=0 

= ]1)1[(
2

)1(
33

3
1

3

  nn

n

l

n

l


 

The finite Fourier cosine transform is 

Fc[f(x)] = dx
l

xn
xf

l 
cos)(

0

  

Here f(x) = x2 

 Fc[x
2] = dx

l

xn
x

l 
cos2

0

  

= 

l

l

n

l
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l
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n
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2
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, cos n=(-1)n,  sin n=0 
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n

l
)1(

2
22
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Example 2: Find the finite Fourier sine and cosine transform of f(x) = x in (0, π) 



 

Solution: 

 The finite Fourier sine transform of f(x) in (0, π) is 

dxnxxfxfFS sin).()]([
0




 

Here f(x) = x in (0, π) 

 Fs[x] = dxnxxsin
0




 

= 



0

2
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1
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 The finite Fourier cosine transform of f(x) in (0, π) is 

FC[f(x)] = dxnxxf cos).(
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Example 3: Find the finite Fourier sine and cosine transforms of f(x) = eax in (0,l) 

Solution:  

We know that dx
l

xn
xfxfF

l

S


sin)()]([

0

  

Here        f(x) = eax 
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0
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l
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Example  4: Find the finite Fourier cosine transform of f(x) = sin ax in (0, π). 

Solution: 

 dxnxaxaxFC cos.sin][sin
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= dxxnaxna ])sin()[sin(
2

1
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  if both n and a are even 

 Fc(sin ax)  = 
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Example 5: Find f(x) if its finite sine transform is given by ,
)(2

3

1

p

p
 where p is positive integer 

2 <x< π. 

Solution: 

 We know that the inverse Fourier since transform is given by 

 nxxfFxf S
p

sin)]([
2

)(
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       … (1) 

Here 
3
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)]([

p
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p
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       … (2) 

Substituting (2) in (1) we get 
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p
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4
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Example 6: If f(p) = 
2)12(

3

2
cos












p

p

 find Fc
-1 [f(p)] if 0 <x< 1. 

Solution: 

 
l

xn
xfF

l
f

l
pfF C

n
cC


cos)]([

2
)0(

1
)]([

1

1
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Let FC[f(x)] = f(p) 
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Exercise 

1. Find finite Fourier sine and cosine transform of 

1. ),0()( lxinxf     [Ans. 0,
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n
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] 
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2. Find the finite cosine transform of 

2

1 










x
 [Ans.  





















0,
3

0
2

,2

s

s


 ] 

 

 


