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UNIT — 1
DIFFERENTIAL EQUATIONS
INTRODUCTION

During the past three decades the development of non-linear analysis, dynamical
systems and their applications to Science and Engineering has stimulated renewed
enthusiasm for the theory of Ordinary Differential Equations (ODE).

An Ordinary Differential Equation is an equation containing a function of one
independent variable and its derivatives.Differential equations have wide application in
various engineering and science discipline. In general, modeling variations of a physical
quantity, such as temperature, pressure, displacement, velocity, stress, strain or
concentration of pollutant with the cahnge of time ‘t’ or location, or both would require
differential equation . The study of differential equation began in 1675, when Gottfried
Willhelm Von Leibnig (1646 - 1716 ) wrote the equation.
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The search for general methods of integrading differential equations began when
Isaac Newton (1646 - 1727) classified first order Differential equations

- dy _
0 5=

. dy
(i - =Tky)

oy oy

iii X—=—+y—=u

(i) OX y OX

The first two classes contain only ordinary derivatives of one dependent variable,
with respect to single independent variable, and are known today as Differential Equation

and third is partial differential equation.

A simple example is Newton’s second law of motion, the relationship between the
displacement ‘x’ and time ‘t’ of the object under the force F which leads to the differential

equation is

m[dzx‘t)j ~ FIx(0)] ()
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for the motion of a particle with constant mass ‘m’. In general, F depends on the
position X(t) on the particle at time ‘t” and so the unknown function x(t) appears on both
sides of the differential equations as in the notation F[x(t)].

Linear Differential equations with Constant Coefficients
The general form on n™ order linear differential equation with constant coefficient
dny dn—ly dn—2y dy
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+a,y=X ..(2)

where ag= 0, a1, ay, ..., an are constants and ‘X’ is a function of X.
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Eqgn (2) becomes
(aD" + a1D™ + @;D"? +......+ anaD+ an) y = X ...(3)

The general solution of (3) is
y = Complementary Function + Particular Integral
ie,y= CF. +P.l
To find the Complementary Function
The Auxiliary Equation of (3) is obtained by putting D =mand X = 0.
.. The Auxiliary eqn is
aom" + aim"™ + ... +a,=0 ...(4)
Solving equation (4), we get ‘n’ roots for ‘m’. Say my, my, .... mn.

Case (i): If all the roots m1, my, &mnare real and different, then the complementary
function,

C.F.=Ae™ +Be™ +Ce™ +.......

Case (ii): If any two roots are equal say m1 = mz = m (say), then the complementary
function is given by

C.F.=(Ax+B)e™ (or) (A+Bx)e™



Case (iii): If any three roots are equal say m; = mz = mz = m, then the complementary
function is given by

C.F.=(Ax?* + Bx +C)e™ (or) (A+ Bx + Cx*)e™

Case (iv): If the roots are imaginary of the form (« +iR) then the complementary function

s
C.F.=e”™[Acos Rx+ Bsin x]

To find particular Integral

When the R.H.S. of the given differential equation is zero, we need not find
particular Integral. When R.H.S. of a given differential equation is a function of x say e¥,
sin ax or cos ax, X", e f(x), x f (x), we have to find particular Integral.

1

Case (i): Iff(x) = e, then P.I. = F(D) e Replace D by a in F(D), provided F(D)= 0.

If F(@) =0, then P.I. =

!

X )eax, provided F (a)= 0.

X2

If F{a) =0, then P.l. =
FI!(D)

e, provided F{a)= 0 and so on.

Case (ii): If f(x) = sin ax or cos ax then

sinax or cos ax

P.l.= 1
F(D

Replace D? by — a? in F(D), provided F(D) = 0.

If F(D)= 0, when we replace D? by —a? then

X .
P.l.= sinax (or) cos ax

F'(D)

X2

14

Again replace D? by —a? in F{D) provided F (D)= 0, then P.I.= ) sin ax (or)
cos ax and the process may be repeated if F(D) = 0 and so on.

n

Case (iii): Iff(x) = x", then P.1.= X

F(D)

= [F(D)]"x"



Expand = [F(D)]*by using Binomial theorem and then operate on x".

Case (iv): If f(x) = e* X, where X is sin ax (or) cos ax, then

zLeaxx _eax;x
F(D) F(D+a)

P.I.

Here _ 1 X can be evaluated by using anyone of the first three types.
F(D+a)

Case (v): If f(x) = x" sin ax or x" cos ax, then

P.l.= x"sin ax (or) x" cosax
F(D)
Now, x"(cosax +i sin ax)
—_ 1 n,iax
= x"e
F(D)
— qiax 1 n
= —X
F(D +ia)
n o H iax 1 n
x" sin ax =Imaginary part of e ————x
F(D) F(D+ia)
iax 1 n
x" cosax = Real part of e ————x
F(D) F(D +ia)
Example
. : d’y _dy
1. Find the complementary function of e + 2d—+ y=0
X X

Solution:The given equation can be written as (D?+ 2D + 1)y =0
The Auxiliary equationism? + 2m+1=0
(m+1)2=0
=-1,-1

C.F.=(A +Bx)e*



2. Solve the equation (D? + 3D +2) y=0
Solution:The Auxiliary equation is m? + 3m +2 =0
(M+1)(m+2)=0
m=-2,-1
y = Ae’® + Be™
3. Find the complementary function of (D? + 1) y =0
Solution:The AE.ism?+1=0=m>=-1
m =i
y =e% (A cos x + B sinx)
-y =Acos x+ B sinx
4. Solvey” + 4y’ + 20y =0

Solution:The AE.ism2+4m+20=0

o - —4=/16-80
2
_ —4+J-64 —4x8i
2 2
= —2+4i

-y = €2 (A cos 4x + B sin 4x)
5. Solve the equation (D®—3D?+4D -2)y=0
Solution:The A.E. ism®*-3m?+4m-2=0

(m-1) (M?>-2m+2) =0

m=21orm=1i

The solution is y = Ae* + e* (B cos x + C sin x)



6. Find the complementary function of (D® + 2D?+ D) y =0
Solution:The A.E. is m®*+ 2m? + m=0

m (m?+2m +1) =0

m=0,(m+1)2=0

m=0,-1,-1

CF=A+(Bx+C)e*

d’y _dy
5 16y=0
dx? dx+ y

7. Solve the equation

Solution:The given equation can be written as
(D2 -5D +6)y=0
The auxiliary equation is m?>-5m =6 =0
(m-3)y(m-2)=0
m=2,3
y = AeZ + Be>

2
8. Solve the equation ay + dy =0

dx®>  dx
Solution:The given equation can be written as
(D*+D)y=0

The auxiliary equation is m?>+ m = 0

m(m+1)=0
m=0,-1
y = A+ Be™
3 2
0. solve dY 2dY W 5y
dx dx® dx

Solution:The given equation can be written as

(D} +2D*-D-2)y=0



The auxiliary equation is m®* + 2m*> - m -2 =0
m*(m+2)—1(m+2)=0
(M -1)(m+2)=0
m2=1lorm=-2
m=-1,1,-2
y = Ae® + Be™ + Ce*
10. Find the complementary function of (D?—2D +2)y =0

Solution:The auxiliary equation is m> - 2m +2=0

_2£44-8 _
2

m 1+i

C.F. =¢*(A cos x + sin x)
11.  Solve (D?*-4D+13)y=0

Solution:The auxiliary equation is m? —4m + 13 =0

o 4+4/16-52
2
.
= AE0 5 g
2

y = e (A cos 3x + B sin 3x)

12.  Solve (D*+8D?+16)y=0

Solution: The auxiliary equation is m* + 8m? + 16 =0
(m?+4)2=0

m?+4=0,m?+4=0

2y = (A1 + Axx) cos 2x + (As + AsX) sin 2x
13.  Solve (D>-~9)y=0

Solution: The auxiliary equation ism?>—-9=0



m=+3
y = Ae® + Be*
14.  Solve (D?-5D+7)y=0

Solution:The AE.ism?-5m+7=0

_5++/25-28

5
y=e? [Acos§x+ Bsin %x}

2

15.  Solve ((jj y+a2y=0

X2

Solution:The given equation can be written a
(D?+a?)y=0
The AE.ism?+a?=0
m? = —a?
m = tai
..y = A cosax + B sin ax.
Exercises: (Part A)
(1) Solve (D?*+2D-15)y=0
(2) (2D*+7D+5)y=0

2
dy 2y 59

3 Solve
®) dx dx

4 (D’+6D+9)y=0

(5) (D?+8D+16)y=0



d? d
(6) W2’—10(1—3)Z+25y=0
(7) (D’+D+1)y=0

d’y 2dy
8 ——+3y=0
®) ax dx Y
€)] (D?+16)y=0

d’y
(10) o +y=0

d’y d’y  ,dy

11 —— 4—-8y=0
(11) o dx Y
(12) (D*+8D+16)y=0
(13) (D?-7D+12)y=0
(14) (D®-6D%*+11D-6)y=0
(15) (D?>+7)y=0
Answers
(1)  y=Ae¥+13e>
—5x
(2) y=Ae*+Be?
(3) y=(Ax+B)e
(4) y=(Ax+B)e¥
(5) y=(Ax+B)e¥
(6) y=(Ax+B)e
(7) y=e? Acos£x+ Bsin ﬁx}
2 2

(8) y=e‘XlAcos\/§x+ Bsin \/EXJ
9 y = A cos 4x + B sin 4x

(10)

y=Acos x+ B sinx



(11) y=Ae*+ B cos 2x + C sin 2x
(12) y=(Ax+B)e*

(13) y=Ae*+Be*

(14) y=Ae*+ Be*+ Ce¥

(15)  y=AcosJ7x+Bsin/7x

1 ax
e
(D)

Problem based on P.1. =

1. Find the particulars integral of (D —1) y = &*

X

Solution: Particular Integral = ﬁe

(replacing D by 1)

e*  xe* .
= —= +Dris0
5= 1 ( )

= xe*

2. Find the particular integral of (D? — 4D + 13) y = %

Solution: Particular Integral = Z;e2X
D°-4D +13
1 2%
= 57— ¢
2% —4x* +3
(replacing D by 2)
- 1 e2x
4-8+13
= £e2x
9

3. Find the particular Integral of (D?> — 2D + 1) y = &¥

[s.u. May ‘07]

[s.u. May “10]



Solution: Particular Integral = — e
D°-2D+1
1 x
=5 e
1" -2x1+1

xe* .
= = DrisO
2D—1( )

xe* .
= replacing D by 1
5 2( placing D by 1)

x%e*

= +Dris0
5 )

4. Find the particular Integral of (D? — 4D + 4) y = cos h2x [s.u. Dec ‘07]

Solution: Particular Integral = %cos h2x
(D? —4D +1)

_ 1 e y e
(D —4D+1)| 2

- i 1 er + 1 er:l
2

D?—4D+4 D?—4D +4

_ 1 1 2 1
7 e " + “one - e
_(2) 4x2+4 (-2)°—-4x(-2)+4

I
N |-

1e2x+ie—2x
0 16

|
N |~

Xe2x e—2x

+
2D-4 16




N~

= +
| 2x2-4 16}

_ 'Xzezx e—zx
2 16

N~
|

5. Solve (D — 2)% = e®* where D = % [s.u. Dec 06]

Solution: Auxiliary Equation: (m — 2)2=0
m=2,2

Complimentary Function (C.F) = (Ax + B) e*

Particular Integral = %ezx
(D-2)

7 12)2 e** (replacing D by 2)

=X e?*(Since Dr is 0)
(2D—-4)

Xe2x

2x2—-4
XeZX
0

XzeZX

2

Complete Solution y = Complimentary function + Particular Integral

X2e2x

y = (Ax+ B)e* +

6. Solve (D? - 1)y = &* [s.uDec ’11]

Solution: Auxiliary Equation m*>—1=0



7.

Solution: Particular Integral

8.

Complimentary Function = Ae* + Be™

Particular Integral = z;eX
(D" -1)
1
= ——¢"(Replace D by 1)
1°-1
=&
0
= X¢ (.- Dr is Zero)
2D
_ Xe* _ xe
2x1 2

X

Complete Solution: y = Ae* +Be™ + Xe

Find the particular integral of (D? + D — 6) y= e

l 2x
e S e
D°+D-6

I
I
(9%}

XeZX

2D +1

Xe2x

2x2+1

Xe

Solve (D>~ 3D +2) y = e* where D = :—X

Solution: AuxiliaryEquation m?>-3m+2=0

(m-1)(m-2)=0

[s.u. Dec ‘12]

[s.u Dec’09]



m=1,2

Complimentary Function = Ae* + Be*

Particular Integral = Z;e4X
(D -3D+2)
l 4x

T 2o Ao e
(42 —3x4+2)

(replacing D by 4)

ol

4%

Complete Solution: y = Ae* + Be? +%

9. Solve (4D?>-4D +1)y =4

Solution: Auxiliary Equation 4m?*—4m+1=0
4m?-2m-2m+1=0
2m(2m-1)-1(2m-1)=0

(2m-132=0

1
m==,=
2

N |~

1
Complimentary Function = (Ax + B)e?

— 1 4%
4D? - 4D +1

Particular Integral

S _1 4%
4x0°-4x0+1

4e%
1

=4

Complete Solution: y = (Ax+ B)e2 +4

10.  Solve (D®*-3D?+4D-2)y=¢*



Solution: Auxiliary Equation is m® — 3m? + 4m -2 =0.
m = 1 satisfies the equation
-.m — 1 is a factor of this equation
To find the other roots, divide the given equation by m—1

Jl -3 4 -2
1 -2 2
1 -2 2 Lo

m = 2+J4-8 2++-4
2 2
++/4i? +
_ 2_24| =2_22'_1+|

.. The roots of the equationare m=1,1+1i, 1 1.
Complimentary Function=Ae* +e*(A cos x + B sin X)

1 < 1 X
3_amM2 _ e = 3 _ 2 _ €
(D°-3D“+4D-2) 1°-3x1°+4x1-2

Particular Integral:
=&
0

X

- Xe
(3D - 6D +4)

(Since the denominator is 0)

X

_ 2 xe e
(3x1°—-6x1+4)

X

Complete Solution: y = Ae* + e* (A cos X + B sin x) + xe*
11.  (D?-3D +2)y = e*(sin hx)
Solution: Auxiliary Equation =>m?-3m+2=0
(m-1)(m-2)=0
m=1,2

Complimentary Function = Ae* + Be*



Particular Integral =

-1 S
2_(D2—3D+2) (D’ —3D+2)
= E_;e&( _;
2_(52—3x5+2) (32—3><3+2)
- l_eSX B e3x
2(12 2
_ &7 —6e”
24
5% 3x
Complete Solution: y = Ae* + Be® +%
1 n
Problems based on P.I. = X
f(D)

Following formulae are important
L+x)r=1-x+x2-x3+ ...
L-X)t=1+x+x2+x3+ ...
(L+x)2=1-2x+3x>—4x3+ ...
(1-X)2=1+2x+3x2+4x3+ ...

12. Find the particular integral of (D? — 9D + 20) y = 20x

> 1 20x
(D°-9D + 20)

Solution: Particular Integral =

[s.u Dec ‘10]



20
X
D®-9D
20

D2_9D )"
1+ X
20

SRS

9 2
x+5 D(x) — D“(x)...

20[1+

13.  Solve (D?-1)y=x

Solution: Auxiliary Equation =>m? -1=0

Complimentary Function = Ae* + Be™

Particular Integral = _t X

—-(1-D*)*x

—(1+D? +(D%)2..)x

— (x+ D?(x) + D*(x)...)
= —X

Complete Solution: y= Ae* +Be™ —x



2
d Z— %+6y=x2+3
dx dx

14. Solve

Solution: Auxiliary Equation =>m? —5m + 6 =0
(m-3)(m-2)=0
m=3,?2

Complimentary Function = Ae®+ Be*

Particular Integral

_1 e 1
—g|:(x +3)—6

L
D?-5D +6

1
2
{17 %)
6

(x*+3)

(x* +3)

i 2 2 2
11 [DZ=5D), D7 =5D) (x* +3)
6 6 6
2 4 2 3
1 1—D—+@+D—+25D _10D . |(X* +3)
6| 6 6 36 36 36

25

Dz(xz+3)+2D(x2+3)+0+%D2(x2+3)—0..}

1],., 1 5 25
g|:(x +3) —6(2) +g(2X) +£(2):|

L fgx? +30x + 73
108

Complete solution: y = Ae® + Be* + ﬁ[wx2 +30x + 73]

15.

Solve (D*-2D3+ D?) y =x3
Solution: Auxiliary Equation =>m*—2m3+m?=0

m?>(m?>-2m+1)=0



m?(m-1)?=0
m=0,0,1,1
Complimentary Function = (Ax + B) e + (Cx + D) &*

1 3
D*-2D° + D?

Particular Integral =

_ 1 3
- 272 X
D (D —2D+1)

§[1+ D? - 2D]*x°

é[l_ (D? —2D) + (D? — 2D)? — (D? — 2D)°...]x°

§[1+ 2D +3D° +4D°%]x®

(omitting D*and higher powers]

L 0e +2D060) +30°() +4D°(:)

é[x3 +6%% +18x + 24]

D

—+6—+
3

1| x* x®  18x?
4

+ 24x}

x°  6x* 18x% 24x?
+ + +
4x5 3x4 2x3 2

X5 4

=X 1 X 3¢ 11ox
20

5 4
Complete Solution: y = (A+ Bx) + (C + Dx)e* +;(—0 +X? +3x° +12x2

16. Solve (D*+8)=x*+2x+1
Solution: Auxiliary Equation = m®+8=0

m = -2 satisfies the equation



2‘1008
-20 -2 4 -8
1 -2 4l0

(m+2) (m>—2m +4)=0

_ _2++4-16
m=-2orm=—"—"_ "~
2
m=-20rm= 2412
2
m=_2m= 2i|22\/§

m=-2m=1+iJ/3

Complimentary Function = Ae™ + ex[B €05 +/3X +sin \/§XJ

Particular Integral = 3;(x4 +2x+1)
(D° +8)

I
3
8(1+ D ]
8
3

-1
=1 1+D—j (x* +2x+1)
8 8

(x* +2x+1)

3

1—%+...J (x* +2x+1)

|

-1
8

x* +2x+1—% D® (x* +2x+1)}
= %[x“ +2x+1—3x]

= %[X4—x+1]

Complete Solution: y = Ae 2" +e* (B cos+/3x +sin +/3x) + % (x* —x+1)



Exercises

Solve:

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

2
d_2y+6ﬂ
dx dx

+5y=¢"

(D? +6D +9)y =5e*

(D? +6)y = 6e*

(D? +2D +2)y =sin hx

(D?* -4D +4)y =e*
(D*-3D+4D—2)y =¢*
(D*+3D*+3D+1)y=¢*

(D -4)y =x°

(D? +5D +4)y =X +7x+9
(D* +D-6)y =X

(D2 -3D+2)y=2x*+1

(D’ -1)y=x

(D 13D +12)y = X
(D®-2D+D)y = x* + X

(D* —3D%-6D +8)y = X

(D* —2D° + D?)y = x* + ¢

(D® +8)y = x* + 2x +1+cos h2x
(D* —4)y = xsin h2x

Find the particular integral of (D — 1)3y = 2 cos hx

Find the particular integral of (D? + a%) y = b cos ax + ¢ sin ax



Answer

I 1

1. Ans:y=Ce™ +C,e™ +—e*
I y=4{, 2 21 }
i . —3X 583)(

2. Ans:y=(C, +C,x)e™ +
| 36
B . e3x

3. Ans:y=C,cos3x+C,sin 3X+ 3

4 _AnS'y—e‘x(C cosx +C,sin x)jti—eiX

I ' ? 10 2

_ 2

5. Ans:y=(C,_+C,x)e” + ?ezx}

6. [Ans: y =C,e* +e*(c, cosx+c,sin x)+xex]
_ .

7. Ans:y=(C, +C,x+C,x*)e” +Ee‘x}
- 2x -2X 1 2

8. Ans:y=Ce™+C,e —gx(2x +3)}

9 Ans:y=Cle‘X+C2e““+1 N
I 4 2" 8
i -3X 2x 1

10. Ans:y=Ce " +C,e —%(6x+1)}

11, [Ans:y=Ce"+C,e? +x* +3x+4

12. Ans:y=C, +C,e* +C3eX%x2}

13. Ans:y=Ce*+C,e ™ +Ce¥ ﬁ (12x +13)}

14. Ans:y=C, +(C,=C,x)e”” +?—7+4x

_ X3 3x? }



15.

16.

17.

18.

19.

20.

Ans:y=Ce*+C,e ™ +Ce™ + l(x + Ej
8 4
B 4 3 2
Ans:y=(Cx+C,)+(Cx+C,)e" +X—+Zi+3x2 MY

12 3 2

Ans:y=Ae > + ex(B cos+/3x + Csin \/§x)+%(x4 - X Jrl):;—(_:;(Se2X + 4xe2x)}
2x —2X X . 2

Ans:y=Ce”* +C,e —§S|n hx+§cos hx}

B 3
Ans: y:%eX —%e‘x}

Ans:y =2i(bsin ax—ccosax)}
a

Solve (D? —4D +3)y =sin 3x
Auxiliary Equation is m? —4m =0
(m-1) (m-3)=0
m=1,3
Complementary function (C.F) = Ae* + Be¥*

P.l. :Z;Sin 3x
D°-4D+3

D?—-a=-9

1 .
= ————sin 3x
-9-4D+3

sin 3x

—6-4D

1 —6+4D
—6-4D —6+4D

sin 3x

(-6+4D) Si

n 3x
36-16D?

D? »-a2=-9



—65sin 3x + 4D(sin 3x
36+ 44[ ( )

= 1 [ 6sin 3x+12c0s3x]
180

= i[2 €0s 3x —sin 3x]
180

Pl = i[2cos3x—sin 3x]
30
CS =CF+Pl
y = Ae* + Be¥ +%[2 c0s 3x —sin 3x]

2. Solve (D*—2D +1)y =cos2x + X°
Solution: Auxiliary Equation is m? + 2m +1 = 0
(m+1)°=0
m = -1 (twice)

C.F=(Ax+B)e*

P.I. :2;(0052x+x2)
D°-2D+1

1
= —————C0S2X+ 2

2 P E—
D“+2D+1 D“+2D+1

P.l. =P.l1+P.l.2

P.l.. = Z;COSZX
D“+2D+1

D? —-a?=-4

1
= ——————C0S2X
-4+2D+1



= _—1[3c032x+2D(cos 2x)]
25
-1 .
P.l.. = —[3cos2x —4sin 2x]
25
-1 .
P.l.. = —[3cos2x —4sin 2x]
25

P.l.

1 2
2—X
1+ D°+2D

= [1+(D* +2D)] *x*
= [1-(D? +2D) + (D* + 2D)? +...]x?
= [x* = D? +2D)x* + (D? + 2D)*x* +....] [neglecting D3& higher powers]
= [x* = D*(x*) —2D(x*) + 4D?(x?)]
= [x* =2 -4x+4(2)]
P.li = Xx*—4x+6

CS. =C.F. +P.I1+P.l;

y = (AX+ B)e‘x—%[3c052x—4sin 2X]+ x> —4x+6



3. Solve (D?-8D+9)y =8sin5x
Solution: Auxiliary Egnis m? -8m+9=0

_ 8++/64-36
2

8i§J7:4iJ7

C.F = Ae“Nx | ge-Nx

P.1 :82;3"15X D* »>-a*=-25
D°-8D+1

n 5x

——— i
-25-8D+9

= S;Sin 5x
-16-8D
1 2-D

X sin 5x
2+D 2-D

-_8
8

_(2-D)

1D sin 5x D? > -a?=-25

(2—D)sin 5x
4 —(-25)

1 . .
= —[2sin 5x — D(sin 5x
29[ ( )]

1 .
P.I = —[2sin 5x —5(cos5x
29[ ( )]
CS =C.F+P.l
y = Al Tk 4 gela-Tk —2—19[2$in 5x —5c0s5x]

4, Solve (D®+2D? + D)y =e** +sin 2x
Solution: Auxiliary Eqnism®+2m?+m=0

m(m*+2m+1)=0



m=0m?+2m+1=0
(m+1)2=0

m =0, m=-1 (twice)
C.F. = Ae™ + (Bx + C) e~
C.F.=A+ (Bx +C) e~

1 ) ]
PI = ———  [e”™ +sin 2x
D3+2D2+D[ ]

—_ 1 2X l .
Pl = 3 5 e” +— 5 sin 2x
D°+2D°+D D°+2D°+D

P.l. =P.l1+P.l2

1 )
Pl = —— g
' T D12D°+D

D—a=2

1 e2x
8+2(4)+2
1 2x

Pli ="—e
ST

P.l.2 sin 2x D? 5> -a’=-4

D®+2D?+D

1 )
= sin 2x
-4D+2(-4)+D

= ! sin 2x
-8-3D

1 -8+3D

X sin 2x
-8-3D -8+3D

= —_8+3Dzsin 2x D? »-a’=-4
64 -9D



1 . .
= —[-8sin 2x +3D(sin 2x
100[ ( )

= i[—83in 2X +6c0s 2X]
100

i[3cos 2X —4sin 2x]
100

P.l2 = i[3c052x—4sin 2X]
50
CS =CF+Pli1+P.l>
S~ 1, .
= A+(Bx+Cle ¥+ —e“* + —[3c0os2x —4sin 2x
y (Bx+Cle" + e + ]

5. Solve (D? —4D +3)y = cos3x
Solution: Auxiliary Eqn is m? —4m + 3 =0
(m-1)(m-3)=0
m =13

C.F =Ae*+Be¥*

P.1 :%cosw D* »>a’=-9
D°-4D+3

= ;cos 3X

-9-4D+3

= #cos 3X
-6-4D

1 —6+4D
—6-4D —6+4D

= Lémzcowx D’ —»-a’=-9
36-16D



L

—6c0s3x + 4D (cos 3x
180 [ ( )l

= 1 [ 6cos3x+12sin 3x]
180

= _—6[cos 3x + 2sin 3x]
180

P.l = _—1[cos 3x + 2sin 3x]
30
C.S =CF+Pl
y = Ae* +Be¥ —%[cos 3x + 2sin 3x]

Solve (D*+3D +2)y = 2sin*x
Auxiliary equation ism? +3m+2=0
(m+1)(m+2)=0

m =-1-2

C.F =Ae*+Be®

P.1 :%Zsinzx

D“+3D+2

_ 1 2[1—c052x}
D?+3D+2 2

1

=~ (1-c0s2x
D2+3D+2( )

= 1 ! COS 2X

D?+3D+2 D?+3D+2



7.

_ 1 0x 1
= — e —— COS 2X
D +3D+2 D°+3D+2

D—a=0D?—>-a=-4

- 1 0x 1
= —eX———— c0s2X
2 —-4+3D+2

1 -2-3D

X C0S 2X
-2+3D -2-3D

1
2

1

+
4-9D?

(2+3D) cos 2x D’ »-a*=-4

1
N| -

+

:% [2cos 2x + 3D cos 2x]

+36

1+£[2cos 2X —65sin 2x]
2 40

= 1+i[cos 2x —3sin 2x]

2 20
PI = 1+i[c032x—3sin 2x]

2 20
CS =CF.+Pl

-X -2X 1 1 i
y = Ae’ +Be ™ +=+—[cos2x—3sin 2x]
2 20

Solve (D? + 6D + 8) y = cos?x

Solo A. Eqnism? +6m+8=0

(M+2)(m+4)=0
m =-2,-4

C.F =Ae?+Be™

Pl = Z;COSZX
D°+6D+8

_ 1 1+ cos2x
D*+6D+8 2




1 1 1 1
() +>—————C0s2X
2D?+6D+8 2D°+6D+8
11 1 1
T~ c0Ss2X
28 2(-4+6D+8)
1 14- 6D 1

COS 2X
16 24-6D 4+6D
1 1 4-6D
— +-————C0S2X
16 216-36D
el lﬂcoszx
16 216-36(-4)
l+l ! (4-6D)cos 2x
16 216+144
1 1—[4c052x 6D(cos 2x)]
16 2160
1

16

—+i[4cos 2X+12sin 2x]

320

i + i[cos 2Xx + 3sin 2x]

16 320
Pl = i+i[c052x+3sin 2X]

16 80
C.S =C.F. +Pl

-2X —4x 1 1 .
y = Ae” +Be ™ +-—+—[cos2x+ 3sin 2x]
16 80

Solve (D? + 16)y = e + cos 4x

Auxiliary Eqn is m?+16=0

m? = -16

m = =+ 4i

a=0 p=4

C.F. = Acos 4x + B sin 4x



P.l. = —e

== Cos4x
D”+16

D? > -a?=-16

1
= ——c0s4x
-16+16

= xicos4x
2D

ﬁsin 4x
2 4

Xsin 4x
8

P.l.

CS =CF. +P.l1+Pl:2

y = Acos4x+ Bsin 4x+2i5e‘3X + xsig 4x
9. Solve (D?+ 9) y = sin 3x
Solution:Auxiliary Eqnis m?> + 9 =10

m? =-9

m ==3i

C.F =Acos 3x +Bsin 3x

Pl =—1 sin3x D’ > -a*=-9

D?+9



10.

11.

sin 3x

-9+9
= xisin 3x
2D
Pl =_ X C0S 3X
6
CS =C.F+P.l
y = Acos3x+ Bsin 3x—XCOS3X

Solve (D?+ 1) y = cos X
Auxiliary Eqnism*>+1=0
m =i

C.F =Acosx+Bsinx

Pl = D21 1cosx D? »>-a’=-1
+
= COS X
-1+1
1
= X——CO0S X
2D
P _ _Xxsinx
2
CS =C.F+P..
y = Acosx+ Bsin x — XN X

Solve (D?— 4D + 3) y = sin 3x cos 2X
Auxiliary Eqnism? —4m +3=0
(m-1)(m-3)=0

m =13



C.F = Ae*+ Be¥*
1 .
P.l. = —5————Sin 3XC0s 2X
D°-4D+3
=1 L Gingax+ 20 + sin(3x - 2x))
D?-4D+3|2
P.1 =12;sin5x+12;sinx
2D°-4D+3 2D°-4D+3
Pl =P.li+P.l>
P.l.1 -1 5 L sin 5x D? »-a?=-25
2D“-4D+3
S S
2-25-4D+3
= 1—sin 5X
2-22-4D

-1 1 11-2D .
— X sin 5x
4 11+2D 11-2D

_—1(11_—2D)23in 5x D? > -a*=-25
4 (121-4D?)

-1 (@11-2D) .
= ——————* gin5x
4 (121-49 - 25)

—11-2D) 4. 5,
4 121+100

-11
4 221

(11sin 5x — 2D sin 5x)

-1 (11sin 5x —10cos 5x)
884
1 .
P.l.. = —[10cos5x —11sin 5x]
884

Plz = 1Z;Sin X D? »-a’=-1
2D°-4D+3



12.

(2+4D)sin x D’ »>-a’=-1

-1 _(2+4D)_ sin x
2 (4-16(-1))

= li(Zsin X+ 4Dsin x)
220

li2(sin X+ 2C0S X)
220

P.l.

i[sin X+ 2cos X]
20

C.S

CF+P.li1+P.l>
. 1 . 1.
y = Ae” + Be” + —[10cos5x —11sin 5x]+—[sin X+ 2cos x]
884 20

Solve (D?+ 4) y = 2 cos X cos 3X
The auxiliary Eqnism? + 4=0
m?> =-4
m ==£2i

C.F = A cos 2x+ B sin 2x

P.1 [2 cos x cos3x]

- D?+4

1
D*+4

[2%[005(3x + X) 4+ cos(3x — x)]}



[cos4x + cos 2x]

D®+4
1
= ———C084X + ———C0S 2X
D +4 D +4
D? - -a>=-16 D? - -a2=-4
= COS4X + COS 2X
-16+4 -4+4

icos 4X + x.icos 2X
12 2D

Pl = — L cosaxq XS 2X
12
C.S =C.F+Pl
y = Acos2x + Bsin 2x—écos4x+ Xsi 2x
Exercise

1. Solve (D®—4D +4)y =cos 2x

2. Solve (D? +3D +2)y =sin 3x

3. Solve (D? +1)y = cos(2x —1)

4. Solve (D®-3D+2)y =7c0s X

5. Solve (D?* —-7D +12)y = e +cos 2x
6. Solve (D? —4D +3)y =sin 2x

7. Solve (D? —4D —5)y =3cos4x +e*
8. Solve (D? —4D +4)y =cos X + e

9. Solve (D®+2D?* + D)y =e ™ +sin 2x

10.  Solve (D®+4D)y =sin 2x



11.  Solve (D? +4)y =cos2x
12.  Solve (D*+6D+5)y =sin®x
13.  Solve (D* +4)y =3cos” x + x*
14.  Solve (D*+9)y =sin®x
15.  Solve (D*+6D +5)y = cos® x
16.  Solve (D*-1)y= cosgsin §+ 2¢e*
17.  Solve (D*+2D +1)y =sin 2xc0s X
18.  Solve (D? +1)y =sin 2xsin x
19.  Solve (D*+1)y = 2sin xcos 3x
20.  Solve (D*+D+1)y = 2c0s 2xC0S X
Answer
o 1 .
1. y =(Ax+ B)e —gsm 2X
2. y=Ae " +Be ?* + i[9 cos 3x = 7sin 3x]
130
3. y = Acos x + Bsin x—%cos(Zx—l)
X 2x 7 H
4. y =Ae* +Be +E[cosx—3sm X]
e™ 1
5. y = Ae® + Be® + ——+ —[4cos 2x — 7sin 2xX]
2 130
6. y = Ae* + Be* +%[8cos 2x —sin 2x]
—X 5x 1 2x 3 .
7. y=Ae " +Be”* —=e” ———[21cos4x +16sin 4x]
9 697



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

y = (Ax+B)e” +e* —%sin 2X

y=A+(Bx+C)e™* —%e‘zx +5—10[3<:os 2x —4sin 2x]

y = A+ Bcos2x+Csin 2x—§sin 2X

Xsin 2X

y = Acos2x + Bsin 2x +

y=Ae™ +Be™* +%—$[eos 2X+12sin 2x]

2 .
y = Acos 2X + Bsin oy X _ 1, 3xsin2x
4 4 8

3sin x N X COS 3X

y = Acos3x + Bsin 3x +
24

4+ Be™ +i+i[cos 2X+12sin 2x]

10 290

X J3 J3 2xe"
3

y = Ae* +Be ? Bcos7x+Csin - X[+

y = Ae

1 . COS X
=[Ax+ Ble™* ———[3c0s3x + 4sin 3x] -———
y=[Ax+Ble™ — = 1-=

Xxsinx 1

y = Acos X+ Bsin x + +ECOSSX

y = ACOoS X + Bcosx—isin 4x+lsin 2X
15 3

y=e 2| AcoS— x + Bsin — x —i[80053x+35in 3x] +sin x
2 2 145

1 .
+ Z[COS X —sin X]



Type (4): f(x) =e*sinbx (or) e* cosbx

Method of finding P.I.

Pl = L e* sin bx

®(D)

Replace D by D + a

P.I =¢e¥ 1t sin bx
®(D+a)

{ﬁ}sin bx is evaluated using type (2)

Note: If f(x)=xV where V = sin ax or cos ax, then

V. @'(D)V
‘@®(D) [®(D)J

1. Solve: (D* +5D +4)Y =e *sin 2x
Solution: Given, (D? +5D +4)y =e *sin 2x
(1) To find C.F.

(D*+5D+4)y=0

The auxiliary equation is

m?+5m+4 =0

(m+1)(m+4) =0

m+l=0,m+4 = 0

m=-1,m=-4

The roots are real and distinct

~CF = Ae™ +Be™

Ae * +Be ™



(i) To find

P.l =

P.1.

1

me_x Sin 2X
+5D +

Here,a=-land b =2

Replace DbyD+a=D-1

Pl =e

» 1 .
SI
(D-1)° +5(D-1) + 4

n 2x

X 1

5 sin 2x
D°-2D+1+5D-5+4

e

—X

sin 2x

D? +5D

Replace D? by —b? = 4

Pl =e

—X

-4+3D

sin 2x

L (3D+4)
(3D+4)(3D-4)

sin 2x

o (6cos2x +4sin 2X)
9D%-16

Replace D? by —b? = 4

Pl =e

The solution is

<
1]

_x (6cos2x +4sin 2x)
9(-4)-16

_« 3C0S 2X + 28in 2X
(-52)

—X

e

(3cos2x + 2sin 2x)

CF+P.

Ae™* +Be ™ +(_2e—6)(3cos 2X + 2sin 2x)



= Ae* +Be™ —(632—6)(3003 2X + 2sin 2X)

2. Solve: (D*—2D +4)y =e*sin x
Solution:Given, (D?* —2D +4)y =e*sin x
()  Tofind C.F.

(D*-2D+4)y=0

The auxiliary equation is

m?—-2m+4=0

Here,a=1,b=-2andc=4

_ —bx+b®—4ac

2a

2++4-16
2

2++/-12
2

2+i2./3
2

m =1+iJ/3

The roots are imaginary Here a =1 and 3 = V3

C.F = e®(Acos Bx + Bsin Bx)
= ex(Acos\/§x+ Bsin \/§x)
(i)  TofindP.I.
Pl = ;exsin X

D?-2D+4

Herea=1,andb=1



Replace DbyD+a=D+1

X 1

Pl =e 5 Si
(D+)°-2(D+1)+4

n X

= e — 1 sin X
D°+2D+1-2D-2+4

PI ==¢" 21 sin x
D°+3

Replace D? by — b? = -1

~D?+3 =1+3
=2
#0

Lopl =X

2

The solution is

y =C.F+P.l
j— X H l X a1
y =e (Acos\/§x+ Bsin \/§x)+§e sin X

3. Solve: (D*—2D +5)y =e** cos x

Solution: Given, (D? —2D +5)y =e* cos x
(i) To find C.F
(D?-2D +5)y =0
The auxiliary equation is
m?—-2m+5=0

Herea=1,b=-2andc=5

_ —b++b?-4ac

2a

S.m



2++4-20

2++/-16

2+ 4i
2

m 1+2i
The roots are imaginary. Here o= 1 and 3 =2

. CF

e¥(Acos Bx+ Bsin Rx)

C.F

e*(Acos2x + Bsin 2x)
(i) To find P.I

Pl = Z;e2X COS X
D°-2D+5

Here,a=2andb=1
Replace DByD+a=D +2

1
. c
(D+2)*-2(D+2)+5

Pl =e* 0S X

= e — 1 COS X
D°+4D+4-2D—-4+5

1
= e, ——— CosX

‘D?+2D+5

Replace D? By —b? = -1

Pl = ezx.;cosx
-1+2D+5

— A2X 1
=€ .2D+4COSX

X

=&
2 D+2

COS X



e (D-2)cosx
2 (D-2)(D+2)

_ e {—sin X —2C0S X
2 D*-4

Replace D? by —b% = -1

D*-4=-1-4=-5=20

2% H
by = ® {—sm X —2C0S X
2 -5

_ e2x

C10) (sin x+2cosx)

2X

10

(sin X +2cosXx)

The solution isy = C.F. + P.I

2x
i.e., y = e*(Acos2x + Bsin 2x) +i—0(sin X+ 2C0S X)

2
Solve: d_g/_ ﬂ+6y=ex COS X
X dx

2

Solution:Given, d’y —5ﬂ+ 6y =e*cosx
d dx

(i)

X2
2

d—2—51+6 y =e*cosx

dx dx

(D* —=5D +6)y =e* cos x
To find C.F
(D*-5D +6)y=0
The auxiliary equation is
m?—-5m+6=0

(mM-2)(m-3)=0



(if)

~m-2=0,m-3=0
m=2,m=3
The roots are real and distinct

. C.F = Ae™ + Be™*

Ae? + Be*

To find P.1

1 x
Pl = _————€e" cosx
D°-5D+6

Herea=1andb=1

Replace DbyD+a=D+1

P.l =¢* 5 ! COS X
(D+)°-5(D+1)+6
< 1
=e COS X

D?+2D+1-5D-5+6

= ex%cosx
D“-3D+2

Replace D? by —b?=-1

< 1
Pl =e"———cosx
-1-3D+2

COoS X
-3D+1

X

= —€ COS X

3D-1

e (3D +1)cos x
(3D+1)(3D-1)

o [-3sin x + cos ]
oD% -1

Replace D? by -b?=-1



_ —e”(-3sin x+cos Xx)
9(-1) -1

X

-10

[cos x —3sin X]

The solution is

C.F+P.l

<
1

Ae”* + Be¥ +i—o(cos X —3sin x)

5. Solve: (D?+ 4D + 3)y = e™sin x
Solution:Given, (D?+ 4D + 3)y = e™sin x
(i) To find C.F.
(D*+4D+3)y=0
The auxiliary equation is
m?2+4m+3=0
(m+3)(m+1)=0
m+3=0m+1=0
m=-3, m=-1
The roots are real and distinct

~C.F =Ae™ +Be™

= Ae¥ +Be™*
(i) To find P.1
Pl = Z;e‘xsin X
D°+4D +3

Herea=-1;b=1

Replace DbyD+a=D-1



1

Pl =¢™* 5 sin X
(D-)°+4(D-1)+3

X 1

5 sin x
D°-2D+1+4D-4+3

=€

= e‘x%sin X
D +2D

Replace D?by —b? = -1

Pl =¢* 1 sin X
-1+2D

—X

2D-1

=e sin X

(2D +1)sin x
(2D-1(2D+1)

— o [2cos x +sin x]
4D% -1

Replace D? by —-b? = -1
S AD?—1=4(-1)-1=-5%0

— o (2cos x +sin x)
-5

P.1

—X

—€

(2cos x +sin x)

The solution is
y =C.F+P.l

= Ae¥ +Be?-_C
5

(2cos x +sin x)

2

6. Solve: d 32/+4y=eX sin x
dx

d’y
Solution:Given, F+4y =e”sin x
X

(D? +4) y=e"sin x



(i)

(i)

To find C.F
(D?+4)y=0
The auxiliary equation is

m’>+4=0

The roots are imaginary
Here,a =0,8=2

~ CF

e® (Acos Bx+ Bsin Rx)

(Acos2x + Bsin 2x)

C.F Acos 2x + Bsin 2x

To find P.1

PI = 21 e*sin x
D +4

Herea=1,b=1

Replace DbyD+a=D+1

‘ 1 .
Pl =e"——5—sinx
(D+1)°+4

X

D?2+2D+1+4

= ex%sin X
D°+2D+5

Replace D? by —b?= -1



« 1 .
Pl =e"——sinx
-1+2D+5

=e sin X

2D +4

e* 1 .
== sin x
2 D+2

e’ (D-2)sinx
2 (D-2)(D+2)
(cos x —2sin x)
D? -4

e

2
Replace D? by —-b? = -1
D?-4=-1-4=-5=%0

(cos x—2sin x)

(-5)

Pl =%
2

X

= e—(cos X —2sin x)
10

The solution is

y =CF+Pl
y = Acos2x+bsin 2x+%(cosx—23in X)
2
7. Solve: 2 2’ +4g+4y = e sin 2x
X dx
2
Solution:Given, d’y +4ﬂ+4y = e sin 2x

dx*  dx
(D*+4D +4)y =e *sin 2x
Q) To find C.F
(D*+4D+4)y=0

The auxiliary equation is



m?+4m+4 =0
M+2)(m+2) =0
m+2=0m+2=0
m=-2, m=-2

-.m = =2 (twice)

The roots are real and equal

~.C.F =e™(Ax + B)

=2 (AX + B)
(i)  TofindP.l
Pl = Z;e‘3X sin 2x
D°+4D+4

Herea=-3andb =2
Replace DbyD+a=D -3

_2x 1

P = e, 3 Si
(D-3)*+4(D-3)+4
= e—3x 1
D?-6D+9+4D-12+4
P.I = e‘3x;sin 2X

D®°-2D+1

Replace D? by —b? = 4

Pl = e‘3x;sin 2X
“4-2D+1

sin 2x

o3 (2D —3)sin 2x
(2D -3)(2D +3)

o [2(2cos 2x) —3sin 2x]
4D* -9

n 2x

sin 2x



8.

Replace D? by —b? = 4

~AD? - 9=4(4)-9=16-9=25%0

- (4cos2x —3sin 2x
-25

~ P

-3x

25

(4 cos 2x —3sin 2X)

The solution is

y =CF+Pl

y =e?(Ax+B)+ e
25

(4cos 2x —3sin 2x)

Solve: (D*+2D)y =e * cos x

Solution:Given (D? +2D)y =e * cos X

(i)

(D?+2D)y =0

The auxiliary equation is

m? + 2m =0
m(m+2) =0
m=0,m+2 =0

m =0, m =-2

.. The roots are real and distinct

C.F = Ae™ +Be™"
= Ae®™ +Be ™
= A+Be ™

To find P.I



1
Pl = _————e"cosx
D +2D

Herea=-1,b=1

Replace DbyD+a=D-1

S X

PI =¢7 5 co
(D-1)2+2(D-1)

X 1

> COS X
D°-2D+1+2D-2

=€

~x 1
= e ———C0sX
D°-1

Replace D? by —-b? = -1
D?-1=-1-1=-2%0

_, COS X
-2

Pl =-¢e

COS X

The solution is

y =CF+Pl

X

L. e
= A+Be 2X—TCosx

9. Solve: (D? —4D +13)y = e* cos3x
Solution:Given, (D?* —4D +13)y =e** cos3x
()  Tofind C.F

(D*-4D+13)y =0

The auxiliary equation is

m?—4m+13=0

Herea=1,b=-4,¢=13



(i)

_ —b++/b*—4ac

m =
2a
_ 4+416-52
2
_4+-36
2
_ 4+i6
2
m = 2+i3

The roots are imaginary

Herea=2and R =3

C.F = e®™(Acos Bx + Bsin Bx)
= e”(Acos3x + Bsin 3x)

To find P.1

Pl =— 1 ePcosax

D?-4D +13
Here,a=2and b =3

P.1 =e* - : cos 3x
(D+2)"-4(D+2)+13

P1 =e”— 1 cos 3X
D°+4D+4-4D-8+13

= % D%g c0S 3X
+

Replacing D? by —b? = —9
D?+9=-9+9=0

c0s 3X
2D

P.I =e¥x



_ erX €0s 3X
2 D

%ezxj cos 3xdx

X sin 3x
_e2x -+
3

X )
Z e sin 3x
6

The solution is

y =CF+Pl
= e”(Acos 3x + Bsin 3x) +%e2" sin 3x

10.  Solve: (D®—-2D +5)y =e* cos 2x

Solution:Given, (D?* —2D +5)y = e* cos 2x
(1) To find C.F
(D*-2D+5)y=0
The auxiliary equation is
m?—-2m+5=0

Herea=1,b=-2andc=5

_ —bx+b*-4ac

2a

The roots are imaginary. Here a =1 and 8 = 2.



(if)

11.

C.F

e?*(Acos Rx + Bsin Rx)

e*(Acos2x + Bsin 2x)

To find P.1

P.1

_ 1 X
= me C0S2X

Herea=1,b=2

Replace DbyD+a=D+1

P.1

_ ax 1

e 5 C0S 2X
(D+)°-2(D+1)+5

= e — 1 COS 2X
D°+2D+1-2D-2+5

X

>——C0S 2X
D°+4

=€

Replace D? by —b? = 4

D?+4=-4+4=0

S PUI=eX x

COS 2X

_ xex[0032xj
2 D

= X—e(lsin 2xj
2\ 2

X o, .
= Ze*sin 2x

The solution is

y

=C.F+P.l

= e*(Acos 2x + Bsin 2x) +§eX sin 2x

Solve: (D +1)°y =e ™ cos x



Solution:Given, (D +1)> =e * cos x
()  Tofind C.F.
(D+1)%=0
The auxiliary equation is
(m+1Y2=0
(mM+1)(m+1)=0
(m+1)=0,(m+1)=0
m=-1,m=-1
m = -1 (twice)

The roots are real and equal

~.CF = e™(Ax+B)

e *(Ax+B)

(i) TofindP.I

P.I e~ cos X

" (0+)?

= Z;e’X COS X
D°+2D+1

Herea=-landb=1
Replace DbyD+a=D-1

x 1

SPl=e 5 COS X
(D-D)°+2(D-1)+1

X 1
Pl =e¢"— COS X
D°-2D+1+2D-2+1

_, COS X
e o



~x1(1
e =| =cosx
D(D j

1
- N d
e D(j cos x dx)

L1
e D(smx)

e “Jsin x dx

e (- cos x)

—e*cosx

The solution is
y =CF+Pl
= e *(Ax+B)—e " cosx

12.  Solve: (D*—2D +1)y = xe*sin x
Solution:

Given (D?—2D +1)y = xe*sin x
(i) To find C.F

(D*-2D+1)y=0

The auxiliary equation is

m?—-2m+1=0

(m-1)(m-1)=0

m=1m=1

-.m =1 (twice)

The roots are real and equal

CF =e™(Ax+B)

=e*(AXx + B)



(i)

To find P.1

Pl ==

Herea =1,

-2D+1

Xe*sin x

b=1

Replace DbyD+a=D+1

1

Pl =¢"

—_ X

e 5 X
(D+)°-2(D+1)+1

sin X

1 .
Xsin X

Pl =¢*

>

<

Replace D?

P.1

€
D?+2D+1-2D-2+1

dl

— xe*sin x —2e* cos x

Xsin X
D2
1 . | , 2D .
X—sin X |-e* —sin X
D 1 (DY)
xisin X__ex_2cosx
DZ | (D2)2
by — b%=-1

sin Xj . 2C0S X

X
(-1) (-0)°

—e*(xsin x —2cos X)

The solution is

y =CF

+P.

= e"(Ax+ B) —e*(xsin x —2cos x)

Exercises

Solve the following differential equations

1.

(D? —4D +13)y = e** cos 3x



2. (D*+4D +3)y =¢€*sin x

3. (D*-2D +5)y =e*sin x

4, (D+1)°y=e*cosx

5. (D?* —=5D +6)y = €e* cos 2x
6. (D* —4D +3)y = 3e* cos 2x
7. (D?* —6D +13)y =8e*sin 4x

8. (D? —4D +13)y = e* cos 3x

2
9. d ¥+4Q+4y=e’xsin2x
dx dx
2
10. OI—)2(—2ﬂ+yzexcosx
dx dx
Answer
1. y =e*[Acos3x + Bsin 3x]+%xe2X sin 3x

X

2. y=Ae ™ +Be™ %(6cosx—7sin X)

2X

3. y =e*(Acos 2x + Bsin 2x)—e

(2cos x —4sin x)

20
4, y=(Ax+B)e ™ —e ™ cos x
5. y = Ae® + Be® = %(cost +3sin 2x)
6. y = Ae* + Be* —gex[sin 2X + €0S 2X]
7. y =e*(Acos 2x + Bsin 2x) — xe** cos 4x

2X

8. y =e”[Acos3x + Bsin 3x] + € gin 3x




9 y=e 2 (AX+ B)—%e‘x(40052x+35in 2X)

10. Y =(Ax + B) " —e*(xsin X+ 2c0s x)
Problem based on f(x) = x"e®
1. Solve (D*-D-6)y = xe™**
Solution: Given (D> —D—6)y = xe™*
The Auxiliary Equation is
m>-m-6=0
m=3,-2
CF= Ae ™ +Be¥

P.1 :—Ti——fﬂ
D*-D-6

— a—2X 1 X
(D-2)°—(D-2)-6

_2x 1

=e 5 X
D°-4D+4-D+2-6

_2x 1

= e ———X
D°-5D



“D(X)=1
D*(x)=0

D"(x)=0
vYn>R

e x* 1
= Z 42X
-512 5

xe2*[5x + 2
5| 10

5 [5x+2]

y =CF+Pl

—2X
= Ae ¥ 4+ Be¥ —&(5X +2)
50

2. Solve (D% —4D +4)y = x’e**
Solution: Given (D* —4D +4)y = x’e**
The Auxiliary Equation is

m>—4m+4=0

m=2,2



C.F =(A+Bx)e*
Pl =1 e
D?—4D+4
— Qa2x 1 X2
(D+2)*-4(D+2)+4
- 2x l X2
D?+4D+4-4D-8+4
— Aa2X 1 2
= 7 X
D°+4D-4D+8-8
= eZX%j x*dx
— e2x:£__§i
D| 3
2%
:%IXde
e2x X4
3|4
e2xx4
12
y =C.F+Pl

X4e2x

= (A+Bx)e* + ——
( ) o

3. Solve: (D® - D)y =e*x
Solution: Given (D®—D)y =e*x
The Auxiliary Equation is
mi-1=0
m(m?-1) =0

=m=0m=411



C.F= Ae”* +Be™* +Ce*

A+ Be ™ +Ce*

1

= —~——e'x
(D°-D)

= o 1 «
(D+1)°—-(D+1)

s x [-(@a+b)®=a°+3a+3ab? +b°
D°+3D“+3D+1-D-1

e — 12 X
D°+3D°+2D

X 1
T2
op| D74 30 4
2 2

X

X 1

:e __ X
D2 +3D }
+1

= 1+
2D 2

X 2 -1
e D +3D]
X

e* D2+3D) (D?+3DY
= 1- + + |X
2D 2 2

x [ 2
= 1—D——3—D+..}x

DT 2 2
_ ex B 2 3D
= ZD_X—7(X)—7(X)}
e[ 3 D=1
) 2D_X_(O)_§(1)} { Dz(x):O}




= ij (x—%dx
2 2

e x* 3
= | -Zx
212 2

xe*
= X—3
2 (x=3)

.y =CF+Pl

xe*
4

= A+Be ™ +Ce" + (x=3)

4, Solve: (D*-2D+1)y =e*(3x* -1)
Solution: Given (D*-2D +1)y =e*(3x* 1)
The Auxiliary Equation is

m?—-2m+1=0

m=1,1
Pl = (Dz_—;DJrl)ex(sz—l)
"¢ by —;(D ™Y
= ¢* ! (3x* -1)

D?*+2D+1-2D-2+1

e” §(3x2 -1

1 2
= e* =[ (3x° =1dx
DI( )

L 11]3x%°
ef = | == —x
Dl 3

eX%[xs—x]



e [ (x* — x)dx

.y =C.F+Pl
e*x*  e*x?

= (A+Bx)e* + 5

ALITER
Given (D*-2D+1)y =e*(3x* -1)
= 3e*x* —¢*
CF =(A+Bx)¢*

S
(D2 -2D +1)

= 3e” 5 L X
(D+)°-2(D+1)+1

1

2

= 3e*
« 1
= 3e F(xz)
= 3exij x2dx
D
3
3exl X_
D{ 3

xl 2 X 3
" —(x%)=e*[ x’dx
S () =e’

Pl =e

P.|2 =

X
D*+2D+1-2D-2+1

2



CF+P.

<
1

4

x‘e*  x°

X" x

= (A+Bx)e* + 5

5. Solve (D*+2D -1)y =(x+¢€*)2
= X% +2xe* + e

The Auxiliary Equation ism? + 2m—-1=0

(ie) m




1442

Ae(—l—ﬁ) +Be (-1+/2)x

= _1 X2
[1—(D? +2D)]

—[1-(D*+2D)]*x*

-[1+(D? +2D) + (D? + 2D)? +...]x?

—[L+D?*+2D+D*+4D* +4D% +...]x*

—[x* + D*(x?) + 2D(x*) + D*(x*) + 4D%(x?) + 4D*(x?)]

—[X* +2+2(2x) +0+0+4(2)]

—[Xx*+2+4x+8]

—[x* +4x+10]

|
N
x
@D

2e” 5 L
(D+D)°+2(D+1)-1

1

= 2e* — X
D°+2D+1+2D+2-1




<

1+

2 -1
D +4Dj
2 X

D?+4D) (D?+4DY
1- + —.. X
2 2

X 1—D—2—£+....Jx { D(x) =1

x

y ) D?(x)=0

x

2 2

‘X_ D*(x) 4D(x)}

= e"[x—(0)-2]
= e (x-2)

1
Pls = — = ¢*
* " D?2i2D-1

1 2x

4+4_1e [~ Replace D by 2]

= lezx
7

~Pl =Pli+P.l2+P.l3

—(x? +4x+10)+ex(x—2)+%e2X

CF+P.

<
]

AeTIVDX L Be@VDX _ (%2 4 Ax +10) +* (X — 2) + %ezx

6. Solve (D*—2D+2)y =e*x* +5+e

Solution:Given (D? —2D +2)y =e*x* +5+e™*



The Auxiliary Equation is
m?2-2m +2=0
m=1d#i

C.F

e*[Acos x + Bsin X]
Pl =

— X 1 2
e > X
(D+)°-2(D+)+2

_ex - 1 X2
D +2D+1-2D-2+2

X 1 2
> X
D +1

e

e*(1+ D?)x?

=" [l-D? +D* —..]x?

e*[x* = D*(x*) + D*(x*) -..]]

e*[x* - 2]

P.l, = Z;SeoX
D -2D+2

1 0x
=5———¢
(0)-2(0)+2

P.|3 =

1 —2X




Pl =P.i+P.l2+P.l3
= ex(x2—2)+§+ie‘2X
2 10

y =CF+Pl

= ¢*(Acos x + Bsin x) +&*(x* —2)+g+%e‘2X

7. Solve (D®-7D-6)y = (1+ x)e**
Solution: (D* = 7D —6)y = e** + xe**
The Auxiliary Equation ism® —7m -6 =0
]ll 0 -7 -6

0 -1 1 6
1 -1 -e6lo

(m+1) (M*-m-6)=0

m=-1,-2,3
C.F = Ae?*+Be™* +Ce*
1 2
Pl, = —— xe™*
> " D°-7D-6
—_ 2X 1

(D+2)3—7(D+2)—6X

2X 1
X
D®+6D%*+12D+8-7D-14-6

o 3 21 X
D°+6D°+5D-12

2X 1

3 2
12 D®*+6D“+5D 1
12

=€

X




P.l1

=P

2X 1
3 2
4|1 D’-6D*+5D
12

r 3 2 -1
L (D*+6D +5D{‘X

e

X

12 12

—e* 1_(D3+6D2+5D)+...X
12 12

—e”_x_(D3+6D2+5DXX)+
12 12 h

—e“_X_SDOQ}

12 |7 12
_eZX 5
X——
12 |7 12
1 2x
(D®*-7D-6)
1 e2><
8-14-6
_e2x
12
P.li+ P.l2

_e2x _e2x (X_Ej
12 12 12

_EZX B 5
& 4 x=2
12 | 12

—e™ 7

X+ —

12 12
C.F+P.

|



2X
= Ae” +Be*+Ce% - x+l
12 12

8. Solve: (D?-2D+1)y = xe”*sin x
Solution: Given (D*—2D +1)y = xe” sin x
The Auxiliary Equation is

m2—-2m+1=0

C.F (A+ Bx)e*

Pl = —1xexsin X

= e - 1 Xsin X
(D+D)"-2(D+1)+1

« 1
D*+2D+1-2D-2+1

}xsin X

« 1
D?+2D-2D-2+1

}xsin X

w1 .

=e Fxsm X

= exlj (xsin x) dx
D

« 1 .
= e* =[x cos x — (—sin x
~ ( )]

= e[~ xcosdx + [sin xdx]

= e*[-(xsin X+ cos X) — cos X] U=X :V=CO0SX
u'=1 :vi=sinx
u”=0 :vz2=-coSX

=e*[—xsin X —Cc0s X —Cos X]



<
1

—e*[xsin x +2cos X]

C.F+P.l

= (A+Bx)e* —e*(xsin x+2cos x)

9. Solve: (D* —4D +4y) =8x°e**sin 2x

Solution:Given (D? —4D + 4y) =8x%** sin 2x

The Auxiliary Equation is

m’—4m+4=0

(m-—2)2=0

m =2, 2 (twice)

C.F = (A+Bx)e*

= 8e2X%[j x* sin 2xdx {

= 8e2x{

_ 1
(D-2)°

2x

-1

2

|

(D+2-2)?

8x%e?* sin 2x

X2 sin 2x

By Berroulli formula

1 ",
juvdx=uv, —u'v, +u"v,

—x2c0s2x 2xsin 2x  2c0s2x
+ +
2 4 8

—x2Cc0s2X X . COS 2X
—+Esm 2X+

—%j x° costdx+%j X sin 2xdx+%j costdx}

+ =sin 2x
2 4 8 2 8

2 4

X2 sin 2x+2xc052x_25in 2X 1[—xc032x+sin ZX} 1 ﬂ



10. Solve:

d-y

dx?

= 8e?*[-2x®sin 2x —4xc0s 2X + 3sin 2x]

= 8e?*[(3—2x?)sin 2x —4xcos 2X]

2
—4y = xsin hx

Solution:The Auxiliary Equation is

m>—-4=0

=m=t2

C.F =Ae*+Be*

P.1

07 2 xsin hx

N~

N -

N |-
1
O
N
L
S
1)
x
>
|
W)
N
L
I
1)
*
>
L

e Ly 1
- (D+1)?-4 (D-1)°-4 }

1 x 1

e — X—e" — x}
| D°+2D+1-4 D°-2D+1-4

_ ZX_—xzsin 2X XCO0S2X sSin2X Xcos2x sin2x 1 .
= 8e - + — +=sin 2x
i 4 4 8 4 8 8
o =x?sin2x  2xcos2x  3sin 2x
= 8e - +
. 4 4 8
_ o =x?sin2x  xcos2x  3sin 2x
= 8e - +
3 4 8
o —2x%sin2x  4xcos2x  3sin 2x
= 8e — +
B 8 8

|



| =

1| ,]. b* 2D A/, D* 2D
= - l+—+—+... X—e"| 1+ ———+... X
6 3 3

D? 2D

NREREH)
e Xx+—=|-e7| x—=
. 3 3
= _1{x(ex —-e™) +§(eX +ex)}

2xsin hx +—= (2 oS hx}
4
2xsin hx +— 3 cos hx}

= —ﬁsin hx—gcos hx
3 9

.y =CF+Pl



= Ae® +Be —gsinh X —écosh X

11.  Solve: (D®*-3D? +3D -1y =¢ex*
Solution: Given (D®-3D*+3D-1)y=e*x°
The Auxiliary Equation is
m®—-3m?+3m-1=0
(m-1°=0
m=1, 1,1 (thrice)
C.F = (A+Bx+Cx%)e*

- 1 e—x3
(D-1)°
i 1 o
(D-1-1)°

—_ A X 1 3
=g ——=X
(D-2)

= e—x 1 X3

T -3
= 1—2} x®
—g| 2

—X 2 3
_ e 1+32+3(3+1)D_+3(3+l)(3+2)D_+m
-8 2 21 4 3 8

n(n:rl) W« 4 n(n+2)(n+2) i

[ @—x)"=1+nx+ 3



= x3+gD(x3)+

-3
S x3+gx2+9x+15}
—8|" 2
Pl =2 [2x°+9x? +18x +15]
~16
y =CF+Pl

2

4

_ e e 3 a2y, 35
= _8_X +E(3X )+§(6X)Z(6)}

8

g&o%ﬁ)+&«a5i

8

= (A+Bx+Cx%)e* —61—6[2x3 +9x* +18x +15]

12.  Solve: (D? —4)y = xsin h2x

Solution: Given (D? —4)y = xsin h2x

|
x
—=
D
N
x
N
D
Y
>
L 1

The Auxiliary Equation is

m>—4=0
->m?>=4
m=+2

C.F. = Ae™®™ +Be™

p.I. em—{x—949+5io¢m

(x3)+...}



P.l1

e 1 1

—_ X__
8 D 4
erIx_x
812 4

xe* [ 2x -1
8 4

1 X -2x
YT N
(D?-4) 2

e 1
2 (D-2)*—4

X

e 1
. X
2 D°+4D+4-4

2

D D
X+Z(X)+E(X)+""

|



_e—Zx 1 _e—2x X2 X
= [ [ Xx+= |dx= —+=
8D 4 8 2 4

_ Xe—ZX
= 2X+1
2 [ ]

P.l =P.li+P.l

XeZX XeZX
= 2x-1)— 2X+1
32 ( ) 32 ( )
= Ae? 4 Be? + %€ (2x-1- ¢ 2x41)
y 32 32

Exercise Problems

1. (D*-2D +2)y = x%e*

2. (D*+4D +4)y =e*x*

3. (D*—4D-5)y=e*(x+1)
4, (D? +8D +15)y =e¥*x

5. (D? +9)y = (x* +1)e*

6. (D* —=2D +1)y = x*3x

7. (D? —2D +1)y = x%¢*

e—x
X2

8. (D*+2D+1)y=

9. (D? —4)y = x*cos h2x

Answers
1 y =e*(Acos X+ Bsin X)+%e3x(25xz — 40X+ 22)

2 y = (Ax+B)e? +e*(x* —4x+6)



3x 7
_Ae ¥ +Be ™+ 8 x4l
4. y 48 { 24}

3x
5 y=Ac033x+Bsin3x+e— x2—§+9
' 18 3 9

3x

X € 2 3
=(A+Bx)e" + —| X" —2X+—
6. y=( ) 4[ 2}

x‘e

=(A+Bx)e" +
7. y=( ) 12

X

8 y=(A+Bx)e ™ —e *log x

9. y=Ae ™ +Be” + % (8x*sinh 2x — 6x cosh 2x + 3sinh 2x)

LINEAR DIFFERENTIAL EQUATIONS WITH VARIABLES CO-EFFICIENTS
| - Cauchy Euler Type

An equation of the form

d n y 1 n-1
+a, X
dx" %

y
dxnfl

. dy _
a X + e +an71x&+any—x ...(2)

Where ap, ai, ..., an are constants and X is a function of x is called Euler’s homogeneous
linear differential equation.
Equation (1) can be reduce to constant co-efficient by means of transformation

x = e*(or) z = log x

dy ~dydz

dx = dz dx
_ 1ﬂ['.'x=e2:>z:log X]
- xdz

dy

X& =D'y whereD’=d/dz (2)



Now

_ld(dy|dz dyf-1
T xdz\dx/dx dz{ x?

dx? dz? dz
=(D?-D")y where D' =d / dz
2 dzy ' i
X dx2 = D(D _1)y (3)
3 d3y ’ ’ ’
Similarly X"~ -3 = D'(D"=1)(D"-2)y (4

and so on. Substituting (2), (3), (4) and so on in (1), differential equation of variables co-
efficients reduced to constant co-efficients and can be solved by any one of the known
methods.

Il — Legendre’s Type

An equation of the form

n dny n-1 dnily _
a,(ax+Db) v +a,(ax+b) e + e +a,y=X e
where ag, ai1 , ..., an are constants and X is a function of x is called Legendre’s linear

differential equation.



Equation (1) can be reduced to linear differential equation with constant co-efficient by the
substitution.

ax+b=e*=z=log (az + b)

dy

(ax+ b)ﬂ =a
dx dz

(ax + b) D =aDb’, where D' =d / dz

Similarly (ax + b)?D? = a?D (D’-1) and so on.

Examples
d?y _ dy

1. Solve x*=2_x=Yiy=0 [S.U May’ 09, Dec’ 10, May’ 12]
dx dx

Solution: Given [x?D? - xD +1]y =0 ..()

Put x=e*=z=logx
x2D?=D'( D’ - 1)
xD =D’ where D' =d/dz
Equation (1) reduces to
(D'(D'-1)-D'+1)y=0
(D?-2D'+1)y=0
AEism>-2m+1=0
(m-12=0
m=1,1
CF=y=(Az+B) ¢
y=(Alog x +B) x

2. Solve Xy"+Y'+ % -0 [S.UMay’ 07, May’ 11]

Solution: Given [XDZ +D+ l}y =0
X



[Multiply by x]
[x?D*+ xD +1]y =0 (D)
Put x =e* = z = log X
x2D? = D'( D'~ 1)
xD = D', where D' =d/ dz
@ reducesto [D'(D'-1)+D'+1]y=0
[D2+1]y=0

AE: m*+1=0

CF=y=Acosz+Bsinz

y = A cos (log x) + B sin (log x)

3. Solve (x*D?>-3xD +4)y =0 [S.U Dec’ 07]
Solution: Given (x*D?—3xD + 4)y =0 ..(D)
x2D?=D'(D'- 1)
xD =D, Where D' =d/dz

@ reduces to [D'(D’-1) -3D' +4]y=0
(D'?—4D' +4)y=0
AE:m>-4m+4=0
m = 2, 2 (repeated roots)

C.F=y=(Az +B) e#

y = (A log x + B) 209

= (Alog x + B) x2

4. Solvexy” +y' =0 [S.U Dec “08]

Solution: Givenxy” +y =0



multiply by x =x%y" + xy’ =0 ..(1)
(x*D?>+xD)y=0

AE: (D(D'-1)+D)y=0[-x*D?=D'(D' - 1)xD = D']

D2y =0
AE: m?=0
m=0,0

y =C.F. = (Az + B)e”

y=Alogx+B
5. Convert the Euler equation (x?D?— 7xD + 12) y = x? into a differential equation
with constant co-efficients [S.U. Dec ’09]
Solution: Given (x*D?—7xD + 12) y = x? (D

Put x = e*=z = log x
x’D?=D'(D'-1)

xD = D', where D' = d_y
dz

Equation (1) reduces to
(D'(D'—1) -7 D' +12) y = (€%)?
(D'?>-8D' + 12) y = e% ...(2)

Equation (2) is a linear differential equation with constant co-efficients.

d? d : : . . . :
6. Transform x* KZ - xd—i + 2y = Xinto linear differential equation with constant co-
efficients [S.U. Dec ’11]
Solution: Given [x*D? —xD+ 2]y = x ...(2)

Put x=e®*=1z=log x

x’D? = D'(D’ -1)



xD=D'
Equation (1) reduces to
[D'(D'-1)—D’'+2]y =€’
[D'? —2D'+2]y =¢* ...(2)
Equation (2) is a linear differential equation with constant co-efficients.

2
7. solve 3V a4 W, B g [S.U.Dec’ 11]
dx dx X

2
Solution: Given {XDZ +4D + ;}y =0

Multiply by x
[x’D?+4xD+2]y=0
Put x=¢* = z =log x
[D'(D'-1)+4D'+2]y =0
[D'?+3D' +2]y=0

AE: m?+3m+2=0
(m+2)(m+1)=0
m=-1,-2

CF=y=Ae?+Be#

A B .
=—+— [.x=e
y=~*z [ ]
8. Solve (x°D? —2xD—4)y =32 (log X)* [S.U May’ 09, May’ 11]
Solution: Given (x’D? —2xD—4)y = 32 (log x)*

Put x=e* = z=log x

x’D’ =D'(D'-1)



-9
dz

xD=D',

[D'(D'—1) - 2D’ — 4]y = 3222

[D'? +3D' —4]y =32z°

2

Equation (2) is a linear differential equation with constant co-efficients.

AE: m?-3m-4=0

(m-4)(m+1)=0

D

2 & 2 3 1£52
7+ 1 (z )—ZD(Z )+

{- D'(z?) =2z,

., 2 3 9
_Z +Z—Z(22)+E(2):|

1]
|
s}

Pl =-

(o]

., 3 13}
P -=z7+—
© 278

.. General solutiony = C.F + P.1

9D!2

16

DIZ(ZZ) — 2’

D?-3D") (D?-3D'Y
1+ + +
4 4

()

2

=X =1+ x+x2+..]

D?(z%) = 0}



Ae** + Be* — 8| z? —2+E
2 8

<
1

Ax* + % —[8(log x)* —12(log x) +13]

9. Solve (x’D? + xD+1)y = log x sin (log x)
Solution: Given (x*’D? + xD+1)y = log x sin (log x)
Put x=¢e* = z=log x
x’D?=D'(D'-1)
xD=D'
(1) reducesto
(D'(D'-1)+D'+1)y=1zsinz
(D?+1)y=1zsin z
AE:m*+1=0
m = i

C.F =Acosz+Bsinz

Pl = %z sin z
D'*+1

1 .
= m |.P.ofe"%z

=|.P.ofe?———12
(D' +i)*+1

=I.P.ofe? ———7
D’ +2iD’

= |.P. of e"

[S.U.Dec 07]

()



— 1P, of e 2| 212 {-.-iz Int.w.rt.z}
212 2 D’

(-2 2z
I.P. of (cos z +sin z) +—
4 4

2

Z Z .
P.1 —C0SZ+—SIn z
4 4

y =CF+Pl

2
. . z Z .
General solution: y = Acosz+ B sin z 7 C0Sz +Zsm z

log x

cos (log x) +Tsin (log x)

2
y = Acos (log x) + B sin (log x) —w

d?y

10.  Solve (2x+3)*——
dx

2(2x+3)3—i—12y =6X [S.U. Dec ‘09]

Solution: The given eqn is a Legendre’s linear differential equation

Put 2x+3)=¢* = z=log (2x+3)

(2x+3)d—y=2%:2D'y
dx dz
d?y

2X+3)° —2 =
( ) v

4D'(D’'-1)y

Equation reduces to



e’ -3

[4DKDH4J—%2D§—1ﬂy=6{ } [-2x+3=¢’]

[4D"2 —8D' -12]y = e’ - 3]
12 ' 3 z
[0 -2D"-3]y =", (¢'-3) (1)

Equation (1) is a linear differential equation with constant co-efficients
AE: m>~-2m-3=0

(mM-3)(m+1)=0

m=3,-1

.-C.F = Ae% + Be?

3
PI =———  Z(e*-3
3279

(ez _ 3e02)

I
Blw

D'?-2D'-3

-1
= —{Tez +1} [subst. D' = 1in I®tand D’ = 0 in 11"]

y =CF+Pl

General Solution

, 3
+_
4

y - Ae"+Be -
16

3 4 3 3

y = A@2x+3)°+B(2x+3) _E(2X+3)+Z

11.  Solve (x’D? +4xD+2)y = x log x [S.U. Dec’ 06, May’ 11]
Solution: Given (x*D? +4xD+2)y = x log x ...(2)

Put x=e” =z =log x



x’D? =D'(D’'-1)

xD=D'

(1) = (D'(D'-1) +4D' + 2)y = ze*
(D'? +3D' +2)y = ze’

AE: m*+3m+2=0
(Mm+2)(m+1)=0

m =-1,-2

C.F =Ae?+Be?*

P.l. :2;292

D'“+3D'+2

. 1

€ i 2 i z
(D'+1)°+3(D'+1) +2

S "
D“+5D'+6

1

& 7
6( DQ+5DJ
1+44647

I D”+5Dil
= 1| 2

o |,

et (D?+5D') (D2+5D'
=% - + —lz
6 6 6

P.I :-—-z——} [ D'(z)=1 D?(z)=0]

y =CF+Pl

General Solution



<
|

é+E+5(Iogx—§J
Cx x* 6 6

12.  Solve (x*D?* —xD+4)y = x*sin(log x) [S.U May’ 10]
Solution: Given
(x*D* —xD+4)y = x*sin(log x) ...(2)
Put x=e*,z=log x
x’D? = D'(D’ -1)
x’D2 = D'(D’ 1)
Equation (1) reduces to
(D'(D-1)-D'+4)y=e*sin z
(D?-2D'+4)y=e**sin z

AE: m?-2m+4=0

2++4-16
m =
2
2423
2
m  =1+iy3
C.F = e?(Acos+/3z + Bsin +/32)
P1 = %ezzsin z
D?-2D'+4
1 .
= I.P. of e’’e”

D?-2D'+4



=|.P. of Z;G(ZH)Z
D?_2D'+4

1 .
= |.P. of e®D?  Replace D' =2 +i
241 -2(2+i)+4 P

= I.P. of L_ezzeiZ
3+2i

= I.P. of (31_—32')e22(cosz+i sin z)

2z
P.1 :e—(35in Z—2C0S2)
13

y =CF+Pl
2z
= e?(Acos~/3z + Bsin +/3z) + i—s (3sin z—2cos2)
General solution

y= x(Acos(\@ log x)+ Bsin (\/5 log x))+ % (3sin(log x) —2cos(log x))

2
Y 3 5y~ xcos(iog x) [S.U May’ 08]

13.  Solve x> —=
dx? dx

Solution: Put e* = x = z =log x
x’D? =D'(D'-1)

xD=D’, D’:i
dz

Then the given equation becomes
[D'(D'-1)+3D’'+5]y =e* cos z

xD =D/, D'=i
dz

AE: m*+2m+5=0



—-2++44-20
2

—2t4i
2

m =-1+2i

C.F =e*(Acos2z+Bsin 22)

1 z
Pl = ————;——€ cosz
D +2D" +5

1 .
—e
D'?+2D'? +5

= RP e’

— RP 1 e(l+i)z

D'?+2D'+5

R.P 1 (1+i)z
@A+i)* +2(1+i)+5

1 Z,4i
-e'e
7+4i

R.P

R.Pﬂez(cos Z+1isin 2)
65

z

e—(7 cosz +4sin z)
65

ALITER

1 ;
Pl = _——F————e€ecosz
D'“+2D"+5

e —— 1, C0oSZ
(D'+)°+(D"'+1)+5

1
= e" —————c0sz Replace D'’>=-1
D“+4D'+8
_ e (4D'-7)

(4D'+7)(4D"-7)



14.

Solution: Given (x*D* —xD+2)y = xlog x

Put

<
1

o [4(—sin z) -7 cos z]

(4D!)2 _72

z

L (4sin z+7cos z)
65

y =CF+Pl

Solve (x*D* —xD+2)y = xlog x

x=e’ =z =log x

x?D? =D'(D’ -1)

xD=D'

Equation (1) reduces to
(D'(D'-1)-D'+2)y = ze*
(D?-2D'+2)y = ze*
AE: m>~2m+2=0

2++4-8
2

2+2i
2

m =1+i
C.F. =e*(Acosz+Bsinz)

1 2

Pl = ,Z—IZQ
D" -2D"+2

z

e *(Acos2z+ Bsin 22)+%(7cosz+4sin 2)

%(Acos(Z(log X)) + Bsin( 2(log x)) + 6—X5[4 sin(log x) + 7 cos(log x)]

[S.U. Dec 11]

()



P.I = ze’[=D'(z)=1D"(z)=0]
y =CF+Pl
= e*(Acos+ Bsin z) + ze*
y = X(Acos(log x) + Bsin(log x) + x log x

z

z

1

€ ' 2 i z
(D'+1)°-2(D'+1)+2

1

e ——12
D'“+1
e’(1+ D) "'z

e’(1- D" +(D'?)? -..)z

15.  Solve x*y" +xy’+y =cos(2log x)

Solution: Given (x’D? + xD+1)y = cos(2 log x)

Put x=e* = z=log x

x’D?>=D'(D'-1)

xD=D',

ol
dz

(D'(D'-1)+ D'+1)y =cos2z

(D"? +1)y =cos 2z

AE. m?+1=0

C.F

P.I. =

Acosz+Bsinz

c0s 2z

D'? +1

Replace D'?=-4

[S.U Dec 08]



= —C0S22
3
y=C.F+P.

= Acosz+ Bsin z—%cosZz

. 1
y = Acos(log x) +Bsin(log x)—gcos(ZIog X)
Exercise
1. Convert the equation xy”—3y’+x'y =x?as a linear equation with constant co-
efficients.

2. Solve: x*y" +3x°y' +xy'+y =0

? dy 1
. ve: x2S 4 ax Y Loy w2y =
3 Solve v i y N

2
4. Solve: (x°D° —xD+1)y:(|0%j

5. Solve: (x*D? + xD+1)y =sin( 2log x)sin(log x)

, d%y dy
6. Solve: (x+1) W+(x+1)&+y=4coslog(x+l)

. d%y dy 2

7. Solve: (3x+2)° —5 +3(3x+2)—=—36y =3x" +4x+1
dx dx

8. Solve: (x*D?* +xD—9)y =sin*(log x)

9. Solve: (x*D* —3xD—-5)y =sin(log x)

2
10.  Solve: xz—y+2xﬂ+4y: x2 +2 log X

dx? dx

2
11.  Solve: x2%+2x%—20y:(x2+1)2



,d?y o dy

12.  Solve: x*—2+9x—= + 25y = (log x)*
dx’ X
2
13.  Solve: x u—xﬂ—?,y x? log x
dx’ dx
14.  Solve: (D2—2+i2j>’=2|0?x
X X X
15.  Find Particular integral for (x’D? +3x*D? + xD+1)y =sin(log x)
2
16.  Solve: xzd—zl—?,xﬂ+4y=2x2
dx dx
17.  Solve: XZM—ZX dy+2y=x2+sin(5log X)
dx’ dx
212 1
18.  Solve: (x°D +4xD+2)y=x:;
19.  Solve: x*y" +2x*y" —xy'+y =log x
d’y _dy 5
20.  Solve: X’ — +x-=-9y=—
OVEX e ax VTR
Answer
1. (D'? —4D' +1)y =e*
2. y:é+\/§ Bos ﬁlogx +Csin ﬁlogx
X 2 2
A B x* logx
3. =44 -
X R
1 4 2
4, = (Alog x+ B)x+ —| (log x)* + = (log X) + =
Y= (Alog x+ B+ (09 X7+ 5 (09 )+
. 1 . 1
5. y = Acos(log x) + Bsin(log x) —Esm(Blog X) 2 log x cos(log x)



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

y = Acos(log( x +1)) + Bsin(log( x +1)) + 2log( x +1)sin log( x +1)

B 1 x4 2)log(3x+2) +1]

= A(3x +2)* +
y=A ) (3x+2)> 108

B 3 . . 1 .
= Ax® + — — — (sin(lo —sin(3lo
y X+X3 40(|(9X))+72|( g Xx)

y = AX5+E+ZCOS(|Og X) —3sin(log x)
X 26

_ L Acos EIogx + Bsin @Iogx +X—2+£(Iog x—lj
GNP 2 2 10 2 4

4 2
y=Ax4+E5+X logx_x 1

9 7 20

1 . 1 16 78

= —[Acos(3log x) + Bsin(3log x)] + —| (log X)* — = log X + —
y= S [Acoslog )+ Bsi(3log ]+ | (b9 0" ~ o0 ba x+ %

A s X 2
=—+Bx"——| log x+—=
y X3 2( g 3)

2 2
= x(Al B+ —|I -
y =Xx(Alog x + )+9X2(ogx+3j

P.l = %(sin(log X) + cos(log x))

y = x*(log x + B) + x*(log x)?

15cos(5log x) — 23sin(51log x)

= Ax+ Bx? + x%log x +
y g 754

X log x
+—+—g
6 X

A B
y=—+—=
X

X
A

y=—+(Blogx+C)+log x+1
X

B 1
y:AX3+F_?



Simultaneous linear Differential Equations with constant co-efficients
Simultaneous linear Differential Equations:

The system of differential equations which consist of one independent and two or
more dependent variables.

To solve such system completely, we must have as many simultaneous equations
as the number of dependent variables.

Here we consider only the 1st order simultaneous linear differential equations.

Let X, y be the two dependent variables and‘t’ be the independent variable, then
consider the system like

f,(D)x+g,(D)y = (1) (D)
f,(D)x+9,(D)y = ®(t) (2)
p-d

dt

Where fy, f2, 91, g2 are polynominals in D.
Methods to solve the simultaneous equations

Solving simultaneous differential equation is based on the process of elimination of
the variables which is applied in solving the simple algebraic equations.

Method 1

The method of solution is to eliminate the dependent variables x or y between the
two given equations. First getting an equation in the dependent variable and then solve the
equations by the methods as used already.

After getting the solution either for x ory, substitute the solution either in (1) or in
(2) to get the solution for the other dependent variable.

Note (1)
The number of arbitrary constants in the solution of the system
fi(D)x+0,(D)y = (1)

f(D)x+9,(D)y = ¢,(t)



fi(D) 9,(D)
f,(D) 9,(D)
arbitrary constants in the solution of the system is equal to the number of dependent
variables appeared in the system.

is equal to the degree of D in the determinant (i.e.) The number of

Example:

Consider the system %+y:sin t;3—¥+x:cost. Here the number of

arbitraryconstants is equal to the number of dependent variables in the system
d .
LetD = a0 then the above system is

Dx+y=sint ...(2)

Dx + x = cost ...(2)

‘ = D?, Here the degree is 2

(D) ()| o ©
“|1,(D) gz(D)“o D

.. We have two arbitrary constants in the solution of the system.

Method 2

Elimination of x in the equations (1) and (2) gives the solution of y, in which we
have two arbitrary constants.

Likewise elimination of y in the equations (1) and (2) gives the solution.

But according to the rule (in Note), we must have only two arbitrary constants.
Therefore we can write the relation between the arbitrary constants. (i.e) one constant can
be expressed interms of other.

Note (2)
Also, we can eliminate first y and then using y we may find out the solution of x.

Problems

1. Solve: % +y-1=sin t;z—)t/+ X = cost (S.U 2006)



Solution:Given %+ y—1=sin t;3—¥+ X = cost

d . :
Let D = e then the above equations are Dx + y —1=sin t

(ie) Dx+y=sint+1 ...(2)
And Dy + x = cost ...(2)
First we can eliminate x from (1) and (2)

(2) x D = D?y + Dx = D(cost) = —sin t ...(3)
(i.e) Dx+ D%y =—sint

Px+y=sint+1
(1)-(3) Px+D’y=-sint
(-D?+Dy=2sint+1

(i.e) —(D*-1y=2sint+1

(i.e) (D*-1)y=-2sint—1 which is 2" order differential equation in y with

constant coefficients.

.. The solution of y(t) = C.F. + P.I.

Now the Auxiliary equation is
m?-1=0
(i.e)m?=1

=>m=zt1

. C.F.= Ae' + Be'

1 )
P.l. = -2sint-1
D2—1( )

1 ) 1
-2sint) - e
D2—1( ) D?-1




_ sint—ieOt
-1-1 0-1

“2gint+Len

-2 1
=sint+1

sy = Ae'+Be T +sint+1

To find the solution of x, first we can find Dy.

Dy

D[Ae' +Be™" +sint+1]

Ae' —Be™ +cost

Consider the equation (2)
Dy + x=cost

= X=cost—Dy

X = cost — (Ae' —Be' + cost)
= ¢St — Ae'+ Be' - cos't

X = Be'- Aet

.. The solutions are
x = Be- Ae'
y=Ae'+Be' +sint +1
where A and B are arbitrary constants.

d ...
2. Solve d_)t( + Yy =sin t;d_¥ + X =cost where x(0) =2 and y(0) =5 (S.U 2007)

. . d . ..d
Solution:Given X +Yy=sin t;—y + X =cost
dt dt

(ie)
Dx+y=sint; ...(1)



Dy + x = cos t ...(2)
First we can eliminate x from (1) and (2)
(2)x D= Dx+ D’y =Dcost =—sin t ...(3)

Dx Ay =sin t
Dx%4 D%y = —sint
1 -B)= (-D*-1)y=2sint

(i.e) (D?-1)y=2sint, this is a 2" order differential equation in y with constant
coefficients.

y=C.F. +P..

Now the auxiliary equation is

m2—-1=0
=m?=1
—m?=+1

= C.F. = Ae! + Be'

1 ) ]
Pl = ——(-2sint)= sin t (Replace D?by — 1
5z 1 ) (S t(Rep y-1)

:Esintzsint
2

-y = Ae'+Be™ +sint ...(4)
To find the solution of x, first let us find Dy and substitute the value in (2)

Dy = D[Ae'+Be'sint]=Ae'—Be ™" +cost

Now (2) = Dy + x =cost

=X =cost-Dy

=cos t— (Ae' — Be' + cos t)

:;,o/st—Ae‘+Be“—/<265t

X  =Beb Ae ~(5)



3.

To find the value of A and B, We can use the given conditions

Givenx(0) =2,y(0)=0
(4) =y(0) = Ae® + Be? +sin (0) Since t = 0

0=A+B

.. The solutions are
_ e +e
x=e"'+e' =2cosht *»cos ht =

y=e"'—e"+sint

=—(e'—e ") +sint “ssin ht =

y =-2sinh t+sin t

Solve Dx + y =cost ;x+ Dy = 2sin t.

Solution:Given

Dx + y = cost;

X+ Dy =2sint
d

where D =—
dt

First we can eliminate y from (1) & (2)

(1) x D = D*x+ Dy = D(cost) = —sin t

()
(2



(i.e)

D’x+ Dy =-sint ............. (3)
X+ DYy =2sin t
(3)-(2) = (D* -1)x=-3siNt..cooco...... (1

which is a 2" order differential equation in x with constant coefficients the solution of

x(t) = C.F. + P.I.

Now Auxiliary equation is

m2—-1=0
=m?=1
=>m=41
~.C.F. = Ae! + Be'
1 )
P.I. = -3sint
71 )
= — 1sint Replace D? by — 1
= §sint
2

sx(t)= Ae' +Be™ + gsin t

Now to find y we can find Dx and then substitute Dx in (1).

Dx

D{Aet +Be™ +§sin t}

Ae' —Be™ +§cost

(1) =>Dx+y=cost

.y =cost—Dx

(4



cost —{Aet —Be™ +gcost}

cost— Ae' —Be™ —%cost

<

|
w
CD|

|

|
>

Aliter

To find y we can eliminate x from (1) & (2)

(2)x D = Dx+ D’y = D(2sin t) = 2cost

(6)— (1) =Dx+D*y=2C0St ......evviineiaiininn. (6)
Dx4 y = cost
(D? =)y =COSt ...ovvivniiiiiiiiiieinn (1)

- y=CF+PI

Auxiliary equation is

m>—-1=0

C.F. = Ce' + Det

[Since already A, B are introduced in x]

Pl = 21 cost
D°-1

1
1Cost Replace D? by — 1

_—lcost
2



s y(t)=Ce' +De™ —%cost ..(7)

Here the solutions of x and y contains four constants. But the solutions for x and y

should contain as the order of equations (I) and (11).

below.

Hence the values of C and D should be expressed interms of A and B as explained

Inserting the values of x and y in (1)

(i.e) Dx+y=cost {Here Dx :%(x)}
t -t 3 : t —t 1
D[Ae + Be +§sm t}+Ce + De —Ecost:cost
.. d N 4 3. ‘ < 1
(i.e) —| Ae +Be” +—=sint |+Ce + De™ ——cost = cost
dt 2 2
Ae‘—Be“+gcost+Cet+De“—%cost—cost=0

3 3
= Ae' +Be ' +>cost+Ce' + De ' —Zcost =0
3¢ Ty

= Ae'—Be'+Ce'+De"' =0
(i.e) (A+C)e'+(D-B)e™" =0.
A+C=0,D-B=0

(i.e) —-A=+C;D=8B (..¢!, et will not be zero)

. The solutions are x = Ae' +Be ™ + gsin t

In(7),But C=-AD=B y=Ae +Be”" —%cost

Where A and B are arbitrary constants.

Solve % _y=t; 3—¥ —t? - x (S.U 2008, 2012)



Solution: Given Dx —y =t; Dy =t>—x where %= D

(ie) .CF=g? Acos—=t+ Bsin -t

‘St[ V15 V15 J

First we eliminate x from (1) and (2)
Dx + D%y = 24— (3)

QB - =Dx“y=t— ()

(D* +1)y =t
is a differential equation in y with constant coefficients.
- y=CF+PI
Now the auxiliary equation is
m?>+1=0
(ieym?= -1
m=di
~C.F.=Acost+Bsint

— 1 _ 271
P = o (O =[+ DT

[1-D?*+D*-..](t)
=t-D*(t)+ D*(t) ...
=t [.D?(t) =0, D*t)=0...
Neglecting D? and higher powers of D]
sy =Acost+Bsint+t  [L+x)T=1-x+x>-x3+..,[x<1]

To find x, find Dy and substitute in equation (2)

Dy:%(y):—Asint+Bcost+l



(2) = x+ Dy =t?
= x=t*-Dy
=t? —[-Asin t + Bcost +1]
=t*+ Asint—Bcost -1
x(t) = Asint —Bcost +t* -1
.. The solutions are
X(t) = Asint —Bcost +t* -1
y(t) = Acost—Bsint +t
Where A and B are arbitrary constants.
5. Solve (D+2)x—3y=t;(D+2)y—3x=¢* (S.U 2009)
Solution: Given
(D+2)x-3y=t — (1)
(D+2)y—3x=e" —(2)
First we can eliminate x from (1) & (2)
Dx3=3(D+2)x—33y)=3t
(D+2)x-9y =3t > (3)
(2)x(D+2)= -3(D+2)x+(D+2)*y=(D+2)e*
= -3(D+2)x+(D+2)*y=(D+2)e*
= 2e* + 2™
= -3(D+2)x+(D+2)°y=4e*" - (4)
3)+(4) 3PTF2Yx— 9y =3t
~3(D+2x+(D+2)%y = 4e*

D*+4D+4-9)y=4e” +3t



(ie) (D? + 4D - 5) y = 4 + 3t is differential equation in y with arbitrary constants.
~y=CF. +P.lL
Now the auxiliary equation is
m?+4m-5=0

(ie) (m+5) (m—1) =0

m = -5, m=1
-, C.F. = Ae' + Be™
_ 1 2t
P.l. -2—(4e + 3t)
D“+4D -5
4 3

- et 4 t
D?+4D-5 D2+4D—5()

A ey 3 (t)
22 +4(2)-5 _S%A_D +4D}

2 -1
__ 4 o 3[j_D+an]
448-5 5 5

_ , , 2
- ﬁe2t_§ 1+ D_+£ + D—+£ +.... (t)
7 5 5 5 5 5

[, 4D
= —e" —=|1+ ?}(t) [neglecting D?and higher power of D, since D?(t) = 0]

:—e——}+%D®}

= don —1(3t+2j
7 5



y=Ae' +Be™ + 4 e 1(3t 12)
7 5 5

Now consider (D+2)y—3x=¢*

(ie) Dy+2y-3x=¢e”

(ie) d Ae' +Be‘5t+4e 1(3t+gj
dt 7 5

+2 Aet+Be‘5t+ﬂeZt—l(3t+Ej g% =3x
75 |
(ie) 3x=Ae' +5Be™ +;e2t —%(3)

£ 2A8 +2Be " 4 S o2 ——(3t)—zg—e2t
5 56

3x:3Aet—38e‘5t+§e2t—e2t 3_24 2(3t)
=3A¢" 3Be‘5t+9e2‘—§t—39

:%[SAe —3Be™ + L e Et—g}

x = Ae' —Be™ +§e2t 2B
5 25

4 1 12
. The Solutions are y = Ae' +Be™ + [Bt : j

3 2.1 )
X=Ae' —Be™ +Ze? —Zt— T where A and B are arbitrary constants.

6. Solve:%—7x+y:0; d—y—2x—5y:0 (S.U 2010)
dy dt

Solution:Given Dx-7x+y=0; Dy-2x-5y=0 where D:diy



(ie) (D-7x+y=0->(@)
-2x+(D-5y=0->(2)

First we can eliminate xfrom (1) and (2)

(1) x2 = Mx+ 2y =0.0eennnnn (3)
(2) x(D-T7)=-2(D - 7M— 55(D-7)y =0.ciene. 4)
(3) x4= (D> -5D-7D +35+2) y=0

(ie) (D? — 12D + 37)y = 0 is a differential equation is y with constant coefficients.

- CF.

Now

.. y=CF. +P.l.

Now the Auxiliary equation is m? — 12m + 37 =0

_12+144-148 12++-4 12+2i
2 S22

m =64
=e®(Acost+Bsint)
Pl =0
=e®(Acost+Bsint)
(2= (D-5y-2x=0
2x=(D-5)y

=Dy -5y

= %[eGt (Acost + Bsin t)] - 5[e* (Acost + Bsin t)]

=e* %[(Acost +Bsint)] +%(e6‘)[(Acost + Bsin t)] - 5e™ (Acost + Bsin t)

=e®[(—Asin t + Bcost)] + 6e*[(Acost + Bsin t)] —5e® [(Acost + Bsin t)]
=e*[Bcost — Asin t]+e® (Acost + Bsin t)

2x =e%[cost(B + A) +sin t(B— A)]



6t

X =e7[cost(B+ A) +sin t(B — A)]

6t

The solutions are X = e7[cost(B + A) +sint(B— A)]

y =e® (Acott + Bsin t) where A and B are arbitrary constants

dx dy
7. Solve: —+y=0; —=+x=2cost
Ve a Y dt
. . dx dy
Solution:Given — +y=0; —+ X =2cost
a YT

(ie) Dx+y=0—>() Dy + x=2cost — (2)
First eliminate x from (1) and (2)
(2)xD=>D?y+ Dx =D(2 cos t)

(ie) Dx+D?y=-2sint—(3)

Q= Dx + 2y =0
(3= Dx+ D% =-2sint
(1) (3=  -D¥+y =2sint

—(D?-1)y=2sint
(ie) (D? - 1) y = 2 sin t is a differential equation in y with constant co-efficient.
~y=CF. +P.l
Now the auxiliary equation is m>~1 =0
(ieym?=1
>m==x1
. C.F. = Ae' +Be'

1 .
P.I. = -2sint
D2—1( )




= sint  Replace D? by — 1
1-1 p Y

=sint

-y =Ae'+Bet+sint

. i . d . :
To find the solution of x, first find a(y) and put this value in (2)

Dy

i(y) = D[Ae' + Be™ +sin t]
dy

Ae' —Be™ +cost

(2) = Dy + x =2cost

(ie) x=2cost— Dy

= 2cost —(Ae' —Be ™" +cost)

= 2cost— Ae' + Be ™ —cost

x=Be™" — Ae' +cost

. The solutions are x = Be™ — Ae' +cost
y=Ae +Be "' +sint

Here A and B are arbitrary constants.

dx dy
8. Solve; ——-y=t; —+x=1
OV G T YTh Gt
. . dx dy
Solution:G ——y=t Z+x=1
olution:Given o y ot

(ie) Dx—y=t—>(1); Dy +x=1—(2)
First eliminate x from (1) and (2)

(2)xD =D? + Dx =D(1)= 0




~(D)+@)= [O*+1)y =-t

is a 2" order differential equation in y with constant coefficients
~y=CF. +P.l

Now the auxiliary equation is m*+ 1 =0

=>m?=-1

=m=4i

- C.F.=Acost+Bsint

_ 1
Pl = oY

=(1+ D1 (-t)
=[1-D?+ (D% — .. [(1+)t=1-x+x>—..]
=—t+D*(?)+ ...
= —t [Neglecting D? and higher powers of D+ D*(t) = 0]
.y =Acost+Bsint-t
To find x, find Dy and substitute this in (2)

dy d .
Dy = —=—JAcost+Bsint—t
U ]

=-Asint+Bcost—1
(2) reducesDy=1+Asint—Bcost+1
x=2+Asint—Bcost
The solutionsare x =2+ Asint—B cos t

y=Acost—Bsint—twhere A B are arbitrary constants,
dx . d
9. Solve: pm + Yy =sin 2t; d_)t/ — X =C0S 2t; (S.U 2011)

Solution:Given Dx+ Yy =sin 2t —> (1); Dy —x=co0s Zt[-: D= %} —(2)



First we can eliminate x between (1) & (2)
Dx(2) =D?y — Dx = D (cos 2t) = -2 sin 2t
—DXx+D¥=-2s8in2t.....ccciiiiiiin (3)

(ie) DXx+y=sin2t.....cccooivviiiiiiinin.. (1)

()+(B)= (D?>+1)y =-sin2t

is a 2" order differential equation in y with constant coefficients
~y=CF. +P.lL

The auxiliary equation is m?+ 1 =10

(ie) m? = -1

(i) m =i

.. C.F.=Acost+Bsint

1 . 1 .
P.I. = —SIn 2t) = —————sin 2t
D2+1( ) -2°+1
1 sin 2t _ L sin 2t :Esin 2t
-4+1 -3 3

-y = Acost+Bsin t+%sin 2t
Now let to find Dy, get X, we can use Dy in (2)

Dy

i(y) = i Acost+Bsin't +lsin 2t
dt dt 3

Asin t + Bcost +§cos 2t

(2) = Dy —x =cos 2t

X = Dy —cos 2t

= —Asint+ Bcost+§cosZt—cosZt



X = —Asint+ Bcost—%cosZt
] . 1
.. The solutions are X =—Asint + Bcost —gcos 2t

. 1. .
y = Acost + Bsin t+§sm 2t where A and B are arbitrary constants.

10.  Solve: (D+4)x+3y=t; 2x+(D+5)y=e”

Solution:
Given (D+4)x+3y=t > (1); 2x+(D+5)y=¢€" - (2)
First we can eliminate x from (1) and (2)
(1) x2=2 2(D +4) x + 6y =2t

() x(D+4)=2(D+4)x+(D+5)(D+4)y=(D+4)e*....... (4)

3) - (4= 6y - (D +5) (D + 4) y = 2t — D(e?) — 4>
(ie) 6y — (D? + 5D + 4D + 20) y = 2t — 26 — 42
[<(D? + 9D + 20) + 6] y = 2t — 6e

_[D?+ 9D + 20 — 6] y = 2t — 66

(D? + 9D + 14) y = —(2t — 6€?)

(D? + 9D + 14) y = 6 2t, is a 2" order differential equations in y with constant
co-efficients.

~y=CF. +P.l

The auxiliary equation is m?+9m + 14 =0
(mM+7)(m+2)=0

m=-7,m=-2

o CF.= A%+ Be™

Now P.I :%(GeZ‘—Zt)
D +9D+14



1 6e? _ 2

= t
D?+9D +14 D?+9D +14
6 ot 2
T P io@)+14. Do)
14(1+ " j

2 -1
Lem _3 1+ D__|_9_D (t)
4+18+14 14 14 14

2 2 2
O n 1), [D°,9D) (D" 9D} _ (t)
36 7 14 14 14 14

= %eZt —%[t —% D(t)} [Neglecting D? and higher powers of
D --DXt) =0]
= EeZt _l(t_gj
6 7 14
= leZt _l_l_i
6 7 98
2t
sy = pe?iBen &L, 9
6 7 98

To find x, First find %(y) and substitute %(y)in (2)

Dy

2t
D Ae‘2t+Be‘7‘+e——£+i
6 7 98

2t
_2Ae % _7Be ™ +2%—3

—~2Ae* -7Be™" +e—;t—1

Now (2) = 2x+(D+5)y =e*

(ie) 2x =e* —(D+5)y =e* — Dy -5y



2x=e® —| —2Ae* —7Be ™" +1e2t 1
3 7

2t
—S(Ae‘2t +Be S t + 9 J

6 7 98
= e +2Ae ™ +7Be™" —%em o1
2t
_5Ae? 45Re Tt Ot 4O
6 7 98
et Lo Der _gpgropen A 41
3 6 7 98 7
= (6_2_5Je2t —3Ae? +2Be ™" +§+(—_45+14)
6 7 98
ox=—Len _gpeioge 4 X 3t
6 7 98
_ Lo Speu,penyt 3L
12 2 14 196
. Tt 3. 1 5 31
~.The solutionsare x=Be " —=Ae™® - —e” + — - — |
2 12 14 136
e t 9
y=Ae? =Be"" +-———+_— where A and B are arbitrary constants.
6 7 98
dx dy
11.  Solve —+2x-2y=¢"; —=+2Xx+y=0
dt =8 e
Solution: Given Dx +2x—2y =¢'
(i.e) (D+2)x—2y =¢' ..(1)
Dy+2x+y=0
(ie) (D+)y+2x=0 ...(2)

First eliminate x from (1) and (2)

(1) x 2 2(D+2) x - 22y =2eh....l (3)



(2) x(D +2)=2(D +2) x+(D + 1)(D +2) y = (D +2)(0)....... 4)

) (4= -4y - (D? + D + 2D+ 2) y = 2¢*

(ie)  —[D?+ 3D +2 +4]y = 2¢!

(D? + 3D + 6)y = 2¢'is an differential equation with constant co-efficients in y.
~y=CF. +P.l

Now the auxiliary equation is

m?+3m+6=0

-3
.. CF.= e ACOSEI+ Bsin Et
2 2
Pl = o (2e)=— 2 g
D°+3D+6 1+3Q2)+6
o241,
10 5
3
sy = g2 ACOSEI+BSI Et —let
2 2 5
=3
Dy = D{eZt(AcosgtJrBsin%t}—%ei]

Substitute Dy in (2)
(2= (D+1)y+2x=0

Dy+y+2x=0=2x=-Dy-y.

2 D| Acos——t+Bsin——t |+D(e? )| Acos——t+Bsin —t
2 2 2 2

e pem o o pem Breon |

+1 D(et){ B (Acos£+ Bsin £tJ }
5 2 5



-3
+§e2t Acos@HBsin @t +=¢'
2 2 2
=3
e?2 ACOS—t+BSI Et +let
2 2 5
_e2t§[8cos@t—Asm—tJ (A s@t Bsin@t}réet

e2| cos Y2 Y10, t R S
2 2 5)

2

1 ‘jt[ (\/15 J(m BJlSJ . [\/15 ](B—A\MSH 1,
Ze?|cos t +sin t +-e
2 2 2 2 2 5

.. The solution are

1, Sr[ (\/15t j[m B\/lsJ . [JlStJ(B—A\/lSIl 1,
X = COS +SIn +—€
2 2 2 2 2 5

>
I

<
]

eft{ V5, gV

1 .
AcosTt+Bsm Tt}—ge‘, where A and B are arbitrary

constants.
12. Solve D’ +y =sint; D% +x=cost
Solution: Given D> +y =sin t — (1)
X + D?% =cost— (2)
First we can be eliminate x from (1) and (2)

(2) xD*= D2 * D% = D?(cost) =D (-sint) = - cos t




B)-(1)= (D*~1)y= cost-sint

is a differential equation in y with constant co-efficients.
~y=CF. +P.l

Now the auxiliary equation is

m*-1=0

(i.e) (M +1)(m>-1)=0

>m?=-1,m?=1

=>m=4i, m==+1.

o CF.=Ce'+Coet+ Cscost+ Cysint

1 .
P.lI. = —cost—sint
D“—l( )

-1 cost — 1
D*-1 D% -1

(sint)

= t cost — 1
4D°® 4D°®

(sint)
%j i costdt)dt}dt—%j (7 sintdt)dt it
_t i Yo
=4 [ {[ sintdt}dt 7 [ {] —costdtjdt
:_1[ —costdt—lj —sin tdt

4 4
= +£sint—£cost :l(sint—cost)

4 4 4

.y =Cge' +Ce ' +C,cost+C,sint+ % (sin t —cost)

First we can find Dy = %(y)



. . 1 .
Dy =Cg'-C,e'+C,sint-C,cost +%(—cost —sin t) +Z(sm t—cost)
-.D¥ =Ce'+C,e" —C,cost-C,sin t+%(—sin t—cost)

1 . 1 .
+=(—cost —sin t) +=(—cost —sin t)
4 4
Now (2) =x = cos t — D?y
X = cost —[Clet +C,e" —C,cost—C,sin t+%(cost —sin t) —%(cost +5sin t)}

- . t . 1 1.
= cost-Ce'-C,e* +C,cost+C,sin t—z(cost—sm t)+5cost+§smt

= 3cost+Lsint —~C.e' —C,e" +C,cost +C, sin t—l(cost —sin t)
2 2 4

.. The solutions are

>
1

3 cost+Lsin t—Ce' —C,e" +C,cost+C,sin t—l(cost —sin t)
2 2 4

= Ce'+C,e" —C,cost—C,sint+ % (sin t —cost)

<
|

Where Cy, C,, Czand Cyare arbitrary constants.

Exercise

1. Solve %+2dy=—sin t; %—2x=cost

dt

2. Solve Dx—(D—2)y = cost;(D —2)x+ Dy =sin 2t
3. Solve 2D +D)x+(BD+1)y=¢";(D+5)x+(D+7)y = 2¢'

dy

L 12y =2e*
at Y

4. Solve %+2x+3y=0; 3X+

5. Solve %+2x+3y=2e2‘; ﬂ+3x+2y=0
dt dt



dx dy

6. Solve —+y=-sint; —=+x=cost
dt dt
1. Solve %+2x—3y=5t; OI—y—3x+2y=2e2t
dt dt
8. Solve %+2y=sin 2t; ﬂ—2x=c052t
dt dt
9. Solve %+2y=—5e‘; ﬂ—2x=5e‘
dt dt
10. Solve Dx+3y =cost; 2x+5Dy =sint
11. Solve %+5x—2y=t; g—¥+2x+y=0 givenx=y=0 when t=0
12. Solve %+2y=5e‘; z—¥—2x=5et, givenx=y=0 when t=0
13. Solve (D+4)x+3y=0; 2x+(D+5)y=0
14.  Solve %+2x—3y =t; ﬂ—3x+2y
dt dx
15.  Solve %+5x+y=e‘; ﬂ+3y—x=e2‘
dt dt
16. Solve %—2x+ Dy =sin 2t; Dx — (D -2)y = cos 2t
Answers
1. X = Acos 2t + Bsin 2t —cost; y = Asin 2t —Bcos2t —sin t
2. x=et(Asint—Bcost)—%sin 2t
) 1.
y =e (Asint—Bcost) —Esm 2t
3. Xx=Ae? 4B T 42— ok _Lon
14 19 2
9 1 x



10.

11.

12.

13.

x = Ae' + Be™ +$e2‘; y=Be™

x = Ae™™ + Be' +§e2‘; y=Ae™ -—Be'-—e

X=Ae +Be';+y=Be " - Ae' +sint

x=Ae' —Be™ +§e2t —2t—E
7 5
y = Ae' —Be™ (8o g 12
7 5

X = —Asin 2t + Bcos 2t —%cosZt

y = Acos 2t + Bsin 2t
X = Bcos2t — Asin 2t —¢'
y = Acos 2t — Bsin 2t — 3¢

Zsint—5 AX"e5
2 5

/6 6,
x:[1 ( Ve t—B@e5t

6, 5,
y=Ae® +Be’ +-—cost
11

1 a1
X=——>0+6t)e" +—1+3t
27( ) 27( )

2 g 2
=S (2+3t)e + = (2-3t
y=-— 230 + = (2-3)

X = —3¢0s 2t —sin 2t + 3¢'

y = c0s 2t +3sin 2t —¢'

—2t —7t

X=Ae " +Be

— Aé' +§e2t
7

6 2

—isint
11

)



14.

15.

16.

17.

18.

19.

y = %[3Be‘” —2Ae?

x=Ae™ +Be' +1—£[5t—4]+1te‘
5 25 6

y L 3aett43Bel + 1te! —i(St—4)—t
3 2 25

2t
x:(At+B)e"“+iet—e—
25 36
t
y=—At™" —e*(At+B) 48 L en
25 36
x=e‘(Acost+Bsint)—%c052t
y=e’(Asint— Bcost)—%sin 2t
X=—S A yBe T~ Le
2 12
-2t —7t 1 2t
y=Ae " +Be +ge
R
X =(A+Bt)e' +Ce 2 -
3t
y = (-2A+ 6B — 2Bt)e' —%ez —%

x = (At+ B)cost + (ct+ D)sin t+%et (4sin t—3cost)
y = —(At+ B)sint+(ct + D) cost —%e‘ (3sint —4cost)

x = Ae* + Be " +ccos2t + Dsin 2t —isin t+it
15 16

y =§e2t +%e‘2t 13¢C08 2t + 3D sin 2t — Zsin t + -t



METHOD OF VARIATION OF PARAMETERS

This method is very useful in finding the general solution of the second order equation.

2
%+ q% +a,y = X where aj,az are constants and ‘X’ is a functionof X .
X

The complementary function is
C.F =Af; +Bf;

Where A, B are constants and fiand f.are functions of x . Thenparticular Integral,

P.I. =Pfi +0Qf
Where P = —| %dx, Q=] %dx
f,f, -f f, f,f, —f,f
The complete solution is
y = AfL+Bfa+ Pl
2
1. Solve %4‘ y = cosec x by using method of variation of parameters.
X
d’y

Solution:Given

5 Ty =cosecx

(i.e) (D*+1)y =cosec x

The Auxiliary Equation is
m?+1=0

m? = -1 =m = +i [imaginary roots]
-. C.F.=Acos x + B sinx

Here fi=cos x; f2=sinx;

fi'=-sin x; f2’=cosx

fafy’ - f1'f= cos®x + sin’x =1

P.1. = Pfy + Qf;

where



P =- < ———dx
fif,-ff
= wdx [ x = cosecx]

—[ sin x._idx
sin X

—[ dx
= —X

_ILdX

flf2 - f1 fz

COS X.cos ecxds
1

COS X
=1 2%k
SIN X

= [ cotxdx

= log(sin x)
Pl =Pf1+Qf2

= - x cos X + sin X log (sin X)
.y  =C.F+Pl

= A cos X + B sin X — x cos x + sin x log (sin x)

2

2. Solve Z 32/ + y = tan x by the method of variation of parameters.
X

Solution:Given (D? +1)y = tan x
The Auxiliary egn is
m?+1=0=m?=-1
m==i

C.F=Acosx+Bsinx



f1 = cosx; f2 =sin x;

fi’ = -sin x; f2' =cos x;
fify —fi'fo=1
P.l. = Pf1 + Qf7
p = | 'fzx X = sin x.tanxdX
fl f2 - fl fz 1
=g sin x.sin de
COS X

_ 2
_ _ (@—cos X)dx
COS X

1 cos’ X
—] ——dx+]
COS X COS X

dx

[—secx+][ cosxdx
= —log(sec x+ tan x) +sin x

Q =] #dx
flfz _fl fz

cos x tan x
=] —————dx

= —COS X
Pl =Pfi+ sz

= [-log(sec x + tan x) + sin x] cos X + (—cos X) sin X

= —cos xlog(sec x + tan x) + sin X €0S X —Sin X €OS X

. P.I =—cos x log (sec x + tan x)



~y  =CF+Pl
= A cos x + B sin x — cos x log (sec x + tan x)

3. Solve (D? + 4) y = tan 2x using the method of variation of parameters.
Solution:Given (D? + 4) y = tan 2x

The Auxiliary Equation ism? + 4 =0

m=+ 2i

C.F = Acos 2x + B sin 2x

f1 = cosx; fo =sinx;

fi' =-2sinx; f)’ = 2cos Xx;

fify’ —f1'f = 2 c0s? 2x + 2 sin? 2x = 2

P.I. = Pf; + Qf2

f,X

P = ( — 2"
Do,

dx

g sin 2x.2tan 2X dx

sin 2x
COS 2X

%j sin 2x x dx

1. sin?2x
dx
2 C0S2Xx

2
1. (1—cos”2x) dx
2 COS 2X

1 1 1. cos®2xdx
dx+=] ———dx
2" C0S2x 2 COS 2X

1 1Iog(sec 2X + tan 2x) +l.lsin 2X
212 2 2

—%Iog(sec 2x+tan 2x)+%sin 2X



f,X

S LA
f,f'— ff,

Q =]

c0s 2X tan 2xdx

]

= lj cos 2x 21 2X dx
2 C0S 2X

= lj sin 2xdx
2

_1 _ C0S2X
2 2

= —ECOSZX
4

Pl =Pfi+Qf

= —%cos 2xlog(sec 2x +tan 2x)+%cos 2xsin 2x
1.

=sin 2Xcos2x

4

= —%cos 2xlog(sec 2x + tan 2x)

y =C.F. +P.l

= Acos2x+ Bsin 2X—%COS 2xlog(sec 2x + tan 2x)

2
4, Solve 3 Z + 4y = 4tan 2x using method of variation of parameters.
X
. d%y
Solution:Given e +4y =4tan 2x
X

i.e (D?+4)y=4tan2x
m?+4=0

m =+ 2i =0 + 2i [imaginary root o = 0, 8 = 2]



C.F =¢e% (A cos 2x + B sin 2x)
Now C.F = A cos 2x + B sin 2x
Here f1 = cos 2x; f, = sin 2x;
fr = -2sin 2x; f' = 2cos 2x;
fif2" — f'f2 = 2 cos2xcos2x+ 2 sin 2x sin 2x
=2 (cos? 2x + sin? 2x) = 2
P.I. = Pf; + Qf

f,X

P = — 2"
I f1f2'_f1'f2

dx

L Sin 2x4tan 2x dx

|
|
N

|

[
N
—

2
9| 1 dx— | COS 2de
COS 2X COS 2X

=—2[| sec2xdx—] cos2xdx]

sin 2x

- ZE log(sec 2x + tan ZX} +2

— log(sec 2x + tan 2x) + sin 2x

sin 2x — log(sec 2x + tan 2x)

f,X

———dx
f1 f '2_ 1:1,f2

Q =1

= cost;tan 2X dx

s X =4tan 2x



sin 2X

= 2| cos2x 08 2 dx
= 2[ sin 2xdx
_ 2( —Cos 2xj
2
= —C0S2X
P.I =Pfi+Qf,
= cos 2x[sin 2x —log(sec 2x + tan 2x)]
= —C0s 2xSin 2X
= —cos 2x log(sec 2x + tan 2x)]
ny =CF+Pl
= (Acos2x+ Bsin 2x) —cos 2x log(sec 2x + tan 2x)
5. Solve (D?+2D +5)y =e " tan x, by method of variation of parameters.

Solution:Given (D? + 2D +5)y =e *tan x,
The Auxiliary Equation is

m?>+2m+5=0

~2+4-20
2
_ —2+4i
2
= —1+2i

C.F =¢e™ (A cos 2x + B sin 2x)
Here fi  =e™cos 2x
f'1. =—-2e™sin 2x— e™* cos 2x

fo =e™ sin 2X



f'2  =2e™cos 2x—e™ sin 2x
cfifo—foft = 262 cos? 2x— e sin 2x cos 2x
+ 22 sin? 2x+ e2* sin 2x cos 2x
= 2% (cosx+ sin 2x)
- ze-ZX
P.l. = Pfy + Qf2

f,X

——dx
fl f ’2_ fllfz

P =]

*sin 2x
= -] ezs—fzxefx tan xdx [ x=e"tan z]
e

_ 1 . sin X
= —=] 2sin Xxcos X ——
2 COS X

= —[ sin?®xdx

=g 1-cos2x dx
2

1[ 1sin ZX}
= — — X—
2 2

1 sin 2x
2 4

f,X

—1 dx
fl fz, - f1’f2

Q =1

e*cos2x _
=] g © *tan xdx
e

= %j C0s 2x tan xdx

sin x ) 1+ cos2x
——dx -
COS X 2

%j (2cos® x —1)

zlj Zcoszxm—lj SN X g 2c0s® x —1=cos 2x
2 COSX 2° COSX



sin X

= —j 2sin xcosxdx——j —dx
COS X
= —j sin 2xdx——j mdx
COS X
_1{-cos2x| 1
== + = log cos x
2 2 2
= _os2x + 1 log(cos x)
4 2
P.I =Pfi1+Qf
_ X sin2x cos2x 1
=——+ — + —log(cos x)
2 4 3 2
y =C.F+Pl
= Ae ™ c0S 2X + Be sin 2x — > 4+ 21 2X _ Cos 2x +1 log(cos x)
2 4 4 2
6. Solve y" -2y’ +2y=e"tanx, using method of variation of parameters.

Solution:Given (D? —2D +2)y =e *tan x,

The AEis m®-2m+2=0

o _ 2++/4-8
2
The A.E is - 2tv-4
2
24420
2
=1+i

C.F =¢“(Acosx+Bsinx)
= Ae* cos X + Be* sin x
f1 =e™ cos X — e* sin x

f',  =e*sin x+e™ cos x



fif>—fif.  =e® cos xsin x+ €2cos®x
—e2*cos xsin x+ e sin’x
= % (cos?x+ sin 2x)

- e2x

P.l. = Pf1 + Qf2

f,X

—2—dx
fl f '2_ f1'f2

P =-]

e*sin x

—— € tan xdx
e

1
|
—

. sinx
sin X ——dx
COS X

1
|
—

sin? x
COS X

dx

1
|
—

_ 2
(1—cos” x) dx
COS X

1
|
—

1 cos® X
S ——dx+
COS X COS X

dx

-log(secx +tanx) +sinx

7. Solve (D*—4D +4)y =e®*, by the method of variation of
Solution:Given (D? —4D +4)y =e*
The AE.ism?>—4m+4=0
(mM-22=0
m = 2, 2 (Equal roots)
C.F. = (Ax + B)e*
= Axe* + Be*

= Af, + Bf;



Here

fi= xe2X

f1=2xe* + ¥

fif 5— f1 o= 2xe™ — 2xe™ — ¥

:_e4x
P.I. =Pfi1+Qf
P =-] __fX dx
flle_f1,f2
e2x'e2x
- —dx
—[ dx
X
f,X
—1—dx
R A 3
2X A2X
| Xe 4ex dx
e
—[ xdx
XZ
2
2
P.l x(xe?*) + —e*
2
X2xe2X_X_eZX
X_2e2x
2
y =C.F+P.l

2

= (Ax+B)e* +X?e2X

flz = 2€2X



8. Solve (D? +4)y =sec2x by using method of variation of parameters.
Solution:
Given (D? +4)y =sec 2x
The Auxiliary Equation is m? + 4 =0
m= £2i
C.F. =e®™ (A cos 2x + B sin 2x)
= Acos 2x + B sin 2x
Here
f1 = cos 2x f2 = sin 2x
f1 =2 sin 2x f2 =2 cos 2x
fif 5 f1fo=2
P.I. =Pf;+Qf

f,X

P = _I 27
flle_ f1'f2

dx

g sin 2x25ec2x dx

g sin 2x25e02x dx

1. sin 2x
=

2~ c0sS2X

Put t = cos 2x

dt

—2 sin 2xdx

g
|
|
|
—
|

I
|
I
—
S
«
—+



e
1

1
— —log(cos 2x
, og(cos 2x)

1
—log(cos 2x
, og(cos 2x)

f,X

———dx
fl f2' - f1’f2

Q =7

= | COSZXZSGCZX dx

1
—[ dx
2!

P.I. =Pf+Qf,

%cos 2xlog(cos 2x) +%xsin 2X
~y =CF+Pl

= Acos2x + Bsin 2x +%cos 2x log(cos 2x) +%xsin 2X

9. Solve (D* +1)y =sec x by the method of variation of parameters.

Solution:Given y"+y =secx
(ie) (D* +1)y =secx
The Auxiliary Equationism? + 1 =0
m= i
C.F. =Acos x + B sinx
= Af; + Bf,

Here f1= cosx fo=sin x

f1= - sin x fo= cos x



f,X

P = -] —2——dx
f1 fz'_ f1'f2
_ sin xsecxdx
1
_ sin X dx
COS X
= log (cos x)
put t=cos x
P=logt
P.I =Pfi+Qf;
dt
P=— ==
/ t
=logt
= log (cos x)
f, X
= — 1 dx
R T
= | cosxiec2x dx

~.P.I =cos x log (cos x) + x sin X
y =CF+Pl
= Acosx+ Bsin x +cos x log(cos x) + xsin x
10.  Solve (D? +a?)y =tanax by the method of variation of parameters.
Solution:Given (D? +a?)y = tan ax
The Auxiliary Equation ism? + a2=0
—-m= tai
C.F. =e® (A cos ax + B sin ax)

f1 = cos ax fo = cos ax



f1=-asinax f, = a cosax

fif 5— f1fo= a cosax = asinax = a

P.l = Pf1 + Qf2
P = _I fz—xdx
f1 le - fl’f2
- _J. Sin ax tan ax dx
a
= —EJ sin ax x S ax dx
a Cos ax

_ 2
1. (A-cos”ax) dx
a cos ax

2
—EI{ 1 cos ax}dx

a cosax  cosax

- é | [secax —cosax]dx

—EJ secaxdx><lj cos axdx
a a

1(1 1| sin ax
—=| =log(sec ax + tan ax) |+—
ala al a

1 1 .
— — log(sec ax + tan ax) + —:sin ax
a a

f,X

—L—dx
fl le - f1’f2

Q =]

_ . Ccosaxtanax
=] ————dx
a

lj sin ax dx
a

1 _{cos ax

1
= = ——-C0S ax
a a



1 1. 1.
—-cosaxlog (sec ax + tan ax) + —;sin ax cos ax — — Sin ax cos ax
a a a

P. = Pf;+Qf

_ 1 |

= ?[cosax og (sec ax + tan ax)]
y =C.F+P.

. 1
= Acosax+ Bsin ax ——cosax log(sec ax + tan ax)
a

11.

d?y

Solution:Given ;
X

+y =Xsin X

(ie) (D*+1)y = xsin x

The Auxiliary Equation is m?

C.F.=Acosx+Bsinx
f1 = cos x
fa=-sinx

fif 5—fifo= 1

b= ff’fz—xf’f o
1=l

L sin x(xsin x) dx
= —] xsin?®x dx
wu=x  d,=cos2x
du = dx stin 2X

2

Solve by the method of variation of parameters

d?y

dx?

+y =Xsin X

+1=0

m = =i

fo = sinx

f% = cosx



= —[ xsin®x dx

X C0S 2X
2

dx

-f gdxf

4 2 I

NG 1{ sin 2x sin 2x }
X - dx
2 2

x?  xsin 2x €0S2x
+ +

4 4 8

f,X

———dx
fl f2' - fl’f2

Q =]

= CoS x(>1<sm X) dx

sin 2X dx

:J‘X

SuU=X dv = sin 2x

B C0oS 2X
2

du =dx V=

+
2 j 2

1 [—cost costdx}
2

_ —Xxcos2x 1 .
= ——————+=sIn 2X
4 8

P.1

Pf1 + Qf2

—x? xsin2x cos2x —XC0S2Xx 1 . )
+ + COS X +| —————— 4+ =8In 2x |SIn X
4 4 8 4 8

—x? X COS X COS 2X

COS X + —Sin 2XC0S X +
4 4

— XC€O0S 2Xsin X

1. .
+=sin 2xsin X
4 8
X2 X
cosx+z[sin 2XC0S X — €0S 2xsin X]




+ %[cos 2XCOS X +sin 2xsin Xx]

2

COS X + %sin( 2X—X) + %cos(Zx -X)

2

4

X . 1
COS X+ —sin x+§cosx

C.F+P.l

<
1

) NG X . 1
= Acos X+ Bsin x—jcosx+zsm x+§cosx

1 ) X2 X .
A+ = |CcOS X+ BsSin X——c0os X+ —sin X
8 4 4

2
. X X .
C,COSX+C,SIn X—ZCOSX-I-ZSIH X

wherec, = A+%C2 =B

2

12.  Solve (; 3/ +y = cosec x cot x using the method of variation of parameters.
X

Solution:Given (D? +1)y = cosec x cot X
The Auxiliary Equationism? + 1 =0
m = i
C.F=Acos x + B sinx
f1 = cos x f2 =sinx
f1f 5 — f1fo= cos?x + sin’x = 1
P.1 =Pf+Qf;

f,X

—2—dx
f1 le - fl’f2

P =

sin X cos ecx cot X
- 1 dx




. 1 cosx
—[ sin x————dXx
sin x sin X

log(sin x)

f,X

—1—dx
fl f2’ - f1’f2

Q =7

= [ cos xcosecxcot xdx

_ 1 cosx
=[] cosx————dx
sin X sin x

1—sin?x
=] —5_—dx
sin % x

1

sin % x

dx—| dx

= | cosec’xdx— x

—cotXx—X
P.1 =Pf; +Qf
= —cos X log (sin x) — sin x cot X — X sin X
= —cos X log (sin x) — [cot x + X] sin X
y =C.F+P.l
= A cos x + B sin x — cos x log (sin x) — [cot X + X] sin X
Exercie Problems
1. Using method of variation of parameters solve. (D? + 9)y = sec 3x
2. Solve (D? + 1)y = cot x
3. Solve (D? + 25)y = tan 5x
4, Solve (D? + 16)y = cosec 4 x
5. Solve (D? + 25)y = sec 5x

6. Solve (D? + 9)y = cot 3x



3x

7. Solve (D2—6D+9)y:e—
X

8. Solve (D? +36)y = cosec6x

9. Solve (D* -1y = ! .
l+e
’ 2
10.  Solve (D -1y= -
l+e

11.  Solve y"+y=x
12.  Solve y" -3y’ +2y=x?

13.  Solve (2D*-D-3)y =25¢*

Answers
. 1 1 .
1. y = Acos3x + Bsin 3x + §c053x log(cos 3x) + 3 Xsin 3x
2. y = Acos X + Bsin x —sin x log(cos ecx + cot x)
3. y = Acos5x + Bsin 5x — %[Iog(sec 5X + tan 5x]) —sin 5x]cos5x — COS X sin 5x
. 1 1 . .
4. y = Acos4x + Bsin 4x -3 X COS4X + E[Iog(sm 4x)]sin 4x
. 1 1 .
5. y = Acos5x + Bsin 5x — £c055x log(sec 5x) + £ Xsin 5x
6. y = ACOS3X + Bsin 3x — sin 3x cos 3x N cos3xsin 3x
3 3
7. y = (Ax+ B)e* + log x(xe*) — xe**
. 1 1 . .
8. y = Acos6Xx + Bsin 6x — N X COS6X + %sm 6x.log(sin 6x)

9. y=Ae"+Be™ +%[—eX +log(1+€e*) —x] —%ex log(1+€e*)

10. y=Ae"+Be ™ —1+e"log(1l+e*)—e " log(1+€")



11. y = Acos X+ Bsin x+ X

12. y=AeX+Be‘X+lx2—§x+Z
2 2 4

3
13. y=~Ae? +Be ™ —-2e " —5xe™*
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UNIT — 11
VECTOR CALCULUS

Scalars

The quantities which have only magnitude and are not related to any direction in
space are called scalars. Examples of scalars are (i) mass of a particle (ii) pressure in the
atmosphere (iii) Temperature of a heated body (iv) speed of a Train.

Vectors
The quantities which have both magnitude and direction are called Vectors.

Examples of vectors are (i) The gravitational force on a particle in space (ii) The
velocity at any point in a moving fluid.

Representation and notation of a Vector

A vector is often denoted by two letters with an arrow over them ie., AB, A'is
called the origin (initial point) and B is the terminus (end point). Its magnitude is given by
the length AB and direction is from A to B as indicated by the arrow. We write vector
quantities also in single letter like a, b, ¢, and the corresponding letters a, b, ¢ denote their
magnitudes.

The magnitude al of a vector ais called its modulus or module.

Collinear or Parallel VVectors

Two or more vectors are said to be collinear or parallel when they act along the
same line or along parallel lines.

Coplanar Vectors

Three or more vectors are said to be coplanar when they are parallel to the same
plane or lie in the same plane whatever their magnitude may be.

Unit Vectors

A vector whose magnitude is of unit length is called a unit vector. If ais a vector
whose magnitude is ‘a’ then the unit vector in the direction of &is denoted by fAand is

| oo

obtained by dividing the vector @by its magnitude ‘a’ i.e. A=

o



Position Vector

If O be a fixed origin and P any point, then the vector OP is called the position
vector of the point P(x,y,z) with respect to the origin O(0,0,0).

Addition of Vectors

Let dand b be any two vectors. Choose any point O as origin and draw the vectors
dand b so that the terminals of & coincides with the origin of bie., OA = 4 and AB = b.

Then the vector given by OB is defined as the sum of vectors dand b .

The above law is called triangle law of addition.

The Unit Vectors 1, ], k (Orthonormal system of unit vectors)

Let OX, OY and OZ be three mutually perpendicular straight lines in the right
handed orientation. These three mutually perpendicular lines can uniquely determine the
position of a point. Hence these lines can be taken as the co-ordinate axes with O as origin.
The planes XOY, YOZ and ZOX are called co-ordinate planes.

—

Let (ﬁrepresents a vector r. With OP as diagonal construct a rectangular
paralleloiped whose three coterminous edges OA, OB, OC lie along OX, OY and OZ

respectively. Let OA =x, OB =y, OC =z. Then OA = xi , OB = yj and OC = zk . Now,
we have

C|Z
F =op=ON + NP =0A+ AN + NP -7
P B
— —— = - - — ""i? 0 > *y
=0A+0B+0OC =xi +yj +zk T
A N

Thus F=xi + yj7+zlz. Here X, y, z are called the co-ordinate of the point P

referred to the axes OX, OY and OZ. Also xi,yj and zK are called resolved parts of the



vector Fin the direction of 7, jand K respectively. The modulus of Fis given by
[F|=r=yx*+y*+2°
Scalar Product or dot Product

Let a dand b be two vectors. The scalar product or dot product of aand b is

defined to bedb =3 ‘5‘ x cos @, where 0 is the angle between the two vectors when drawn

from a common origin.

Note:
()  a.b=[ap|coso
(i) axb=|a] p[sin o1
(i)  a.b=0 if and b are perpendicular vectors.
(v) alp+c)=ab+ac
(v) ii=jj=kk=1
(i) Ti.j=jk=ki=o.
since 1, ],k are mutually perpendicular vectors.
(viiy If d=aji+a,)+akand b=bi+h,j+bk
then ab =ab +ab, +ab,
Vector product or Cross product

Let dand b be two non-zero vectors. Then the vector product or cross product
of dand bis a vector perpendicular to both aand b with magnitude ab sin 6. Here
0 < @< is the angle between dand b . The direction is along a unit vector fisuch that

a,b and fiform right handed system. Thus axb =|d| ‘5‘ sin 61,



Note
Q) ‘é X 5‘ = area of the parallelogram with sides a and b

(i) axb=—(pxa)

(iiiy axb=0if  and b are parallel.

(iv)  ax(p+c)=(axb)+(@xc)

(v) ixi=jxj=kxk=0 (.-.Parallel Vector)
(i) Txj=k jxk=0kxi=]j
(vii)  Jxi=—kkxj=-iixk=-]

(viiy d=ai+a,j+ak and b=Dbi +b,] +bk,

—

Definition

—

The scalar triple product or box product of three vectors &, b and ¢ is defined to

be the scalar é.(B X 6). It is usually denoted by [é,B,CJ.

It can be easily verified that

e oa
abxc= b, b,
Cl CZ C3
d=aji+a,j+ak,b=bi+bj+hbk and c=ci +c,j +ck
Note

() é.(ﬁxé) represents the volume of the parallelepiped formed by the co-terminus

edges a,band €.



(iv)  The vector a,b and ¢ are coplanar if and only if [3,5,6] =0.

Results
()  ax(bxc)=(ac)b-(ab)c

(i)  (@xb)xc=(ac)b—(bc)a

(i)  (axb).(Exd)=

In this chapter, we introduce a vector differential operator which is used to obtain
gradient of a scalar valued function, divergence and curl of a vector valued function and
discuss briefly the properties arising out of these concepts. We see the general rules for

differentation of a vector functions.

Rules
If 4,b are vector functions of a scalar ‘t
(i) %(a’ﬂ):%ﬂi—f
(i) %(aﬁ)zad—fﬂ—fﬁ
(iii) %(éxﬁ)zéxz—f+%x6
) =P

Scalar Point function

> and ‘¢’ is a scalar function of ‘t’, then

If to each point P (x,y,z) of a region R in space there corresponds a unique scalar
f(P) then f is called a scalar point function.



Example

The temperature distribution in a heated body, density of a body and potential due
to a gravity.

Vector point function

If to each point P (x,y,z) of a region R in space there corresponds a unique vector

f (P), then f is called a vector point function.
Example

The velocity of a moving fluid, Gravitational force.
Vector differential operator (V)

The vector differential operator Del, denoted by Vis defined as

V=i—+]

o ~ O
+k—
X fo4

|,

Level Surface

Let the surface ¢(x,y,z) = c passes through a point P. If the value of the function at
each point on the surface is the same as at P, then such a surface is called a level surface
through P.

Example

¢ (X,y,2) represents potential at the point P, then equipotential surface ¢(x,y,z) =c is
a level surface.

Gradient of a scalar point function

Let #(x,y,z) be a scalar point function defined in a region R of space. Then the
vector point function given by

-0 <0 -0
V¢—[I &+Jg+k§j¢

= T@ + ] o¢ + IZ@ is defined as the gradient of gand denoted as grad ¢.
X oy oL



Directional Derivative : (D.D)

The directional derivative of a scalar point function gat point (x,y,z) in the
direction of a vector ais given by

DD=Vg 2
4
Definition
. . Vo .
The unit vector normal to the surface ¢ (x,y,z) = c is given by W A
Definition

The Directional derivative at a point is maximum in the direction of the normal to
the level surface at P and its magnitude is [V 4| (ie) maximum of D.D =|V4|

Definition

V4V,
Val[ve,

Angle between the normal to surface is given by cosé =

Example: 1
If ¢ (x,y,2) = X%y — 2y?z3find V gat the point (1, -1, 2)
Solution:

V¢:T%+T%+E%
oy oz

o¢

o _ 2Xy1% —x2 _4y23’a_ = —6y?7?
Z

OX
SV =2xyi + (X3 —4yz®) ] -6y22%K
Vi 12 =20DT +1-4(-D(2)° ] -6-(-1D*(2)°k

=21 +33] — 24k



Example: 2

If ¢ (x,y,2) = x?yz%find V gat the point (1, 1, 1)

Solution:

V¢:T%+ T%HZ%
OX oy oz

9 _ 2xy23,% = xzzs,% = 3x%yz?
OoX 0z

SV =2xy2 +x22°] - 3x2yz%k
Vi =20 +]+3K

Example: 3

Find the unit vector normal to the surface x2y + 2xz?= 8at (1,0,2).

Solution:
Vo= 7o, ]%+ K¢
OX oy 0z
%zzxy+222, %:xz, %9 _ 4y
OX oy oz

Vé=(2xy+22)7 + x*] + 4xyk
Vuor =81 +]+8K

V4 =8 +1° +8 =129
V¢

Since unit vector normal to the surface is = W

8T+].+%

2

A =




Example: 4
Find the unit vector normal to the surface z = x? +y2at the point (-1,-2,-5).

Solution:

V¢:T%+ T%HZ%
OX oy oz

Given z=xX*+y*=¢(X,y,2)=x"+y* —1

%:ZX, %zzy, %:—1

OX oy /4
Vé=2xi +2yj -1k
v¢(—1,—2,—5) = 2(_1)7 +2(-2) I - E

=2i -4 -k

Ve = (-2)? + (—4)* + (-)? =21

—2i -4] -k
Va1

.. Unit vector normal to the surface is A =

Example: 5

Find the angle between the surface x? +y? + z2 = 9 and z = x?+y?— 3 at the point (2,-
1,2).

Solution:

Given the surface ¢i(x,y,2) = x> +y?+ 72 -9

V¢1:7%+ f%+lz%
OX

oy oz
%:Zx’ %:Zy’ %:22
OX oy oz

Vi =2Xi +2yj +2zk
Vo 12 =21 +2(-1)] +2(2)k

=47 - 2] +4k



V| =42 +(-2)* + 42 = /36 =6
Given the surface go(x,y,z) = x> +y>—72-9

:2y’ %:_1

OX oy oz

0, _py O

Vg, =2xi +2yj -k

Voo 12 = 202 +2(-1)j -k =4i —2] -k

V| =42 +(-2)* +(-1)? =9 =3
Since the angle between the surfaces

co:=,6?=—v¢1'v¢2

V| [Vé,|

(47 —2] +4K).(41 2] —K)
- 6x3

_16+4-4 16
18 18

0= cos‘1(§)
9

Example 6

Find the angle between the normal to the surface xy — z> = 0 at the points (1,4,-2)
and (-3,-3,3).

Solution:

Given the surface ¢(x,y,z) = xy — 22

O, 104 0

Vé x oy oz
%: %:x %:—22
ox oy e

Vé=yi+X —2zk



Vg =V, =4 +]-2(-2)k
Vg =4 +]+4k

V| =4 +1° + 47 =33

Ve, =V_s 50 =-31 —3] —2(3)k

Vg, -3 3] -6k

V| = (3% +(-3)* +(-6)? = /54

Since the angle between the normal is

cosé?z—v¢1'v¢2
A
(4 + ] +4K).(-37 —3] - 6K)
V3354
~12-3-24 -39
c0Sf=————— =C050=——
922 9422
:>cos<9—_—13
3v22

-13
6 =cos?| —=
(3\/ 22)

—=0=c0s" = [ij
322

Example 7

Find the directional derivative of ¢(x,y,z) = x?yz + 4xz? at the point (1,-2,-1) in the

directional of the vector 2i — j — 2k .
Solution:

Given the surface ¢(x,y,z) = x?yz + 4xz?



V¢:T%+ T%HZ%
OX oy oz

o 0p _ 2, OF

= =2xyz+417°, L =x2, —=x"y+8x
OX y oy oz y y

V= (2xyz+ 4220 + x%Zj + (X2y +8xy)k
Ve o1y = A2)(-D) + 41T +1° (-1 ] +[1*(-2) + 8@)(-D]K
=8i — j—10k
To find the Directional Derivative of ¢ in the direction of the vector 2i — j —2k
Find the unit vector along the direction

d=2i — ] -2k =[d|=2° +(-1)* +2* =3

Directional Derivative along the direction & at the point (1,-2,-1) = V¢.%
= (87— j—10K) & =1 =2K)
3
_16+1+20
3
= 37 units.
3

Example 8

Find the directional derivative of ¢ (x,y, z) = xy*+yz%at (1,-1,2) towards the point

(2,1,-1).

Solution:

Given the surface ¢ (x,y, z) = xy?+yz®

V¢:T%+T%+E%
oy oz



%—yz, %:2xy+23, ?:3yz
/i

ox oy

2

Vé=y4 +(2xy+2°)] +3yz%k
v¢(1,—1,2) = (_1)2T +[20)(-D) + 23]T + 3(_1)22|Z

Vé=1+6]-12k

To find the Directional derivative along the point P (1,-1,2) towards the point

Q(2,1,-1)

Find the Vector PQ =0Q —OP
=@ +]-Kk)— (@ -] +2k)
PQ=i+2]-3k
PO= I+ 2+ (-8 = id

PQ
PQ

Directional Derivative = V ¢.

= (T+6]—12R).—(T+31_4_3E)

_ 1+12+36

N

= 4—9Units.

ia

Example 9

Find the directional derivative of the scalar function ¢ = xyz in the direction of the
outer normal to the surface z = xy at the point (3,1,3).

Solution:

Given the surface ¢ = (x,y,z) = xyz



V¢:T%+T%+E%

oy oz
%:yz, %:xz, %:xy
OX oy oz

V= yzi + X7 + xyk
Vs =31 +97 +3K
Given the surface ¢ (x,y,z) = xy—z2

oh_, 0h _, 0k _ 4
OX

oy oz

The normal to the surface is
Vi =yi +x -k
Viais =1 +3] -k

Ve =12 +3 +(-1)% =11

Directional derivative of ¢#(x,y,z) along the direction of outward to the surface
Ay, 2) at (3,1,3) is

Directional Derivative = Vg.= Vé
Véil
o g e (T+3T—E)
=@Bi +9]+3k).————=
( ] +3K) Al
3+27-3
V11
27

= ——Units.

J11



Example 10

Find the maximum value of the directional derivative of ¢ = X%z at the point
(1,4,2).

Solution:

Given the surface ¢i(x, v, 2) = X°yz

V¢:T%+ T%HZ%
OX oy oz

o =3x%yz o _ X’z o _ Xy
OX oy oz

Vé=3x2yzi + X%z + X°yk

Véan =30°@OT +©)° Q)] +@®)° @)k

Véyan =30°@OT +O)° Q)] +@®)° @)k

V=120 + ] +4k

Since the maximum of the Directional derivative V4|

..Maximum Directional Derivative at (1,4,1) = V122 112 147
= +/161

Example 11

In what direction from the point (1, 1, -2) is the directional derivative of
¢=x2 —2y>+4z°maximum? Also find the value of the maximum directional derivative.

Solution:

Given the surface ¢(x, y, z) = x? — 2y? + 47°

V¢:T%+ T%HZ%
OX oy oz

%:Zx %:—4y %:82

OX oy 0z



Vi =2xi —4yj +8zk
Vi o =21 —4] —16k

Maximum of the directional derivative at the point (1,1,-2) = [V ¢

= /22 + (-4)* + (-16)°

=/4+16+ 256

=+/276
Example 12

Find the Directional Derivative of ¢= xy + yz + zx at the point (1,2,3) along the
X-axis.

Solution:

Given the surface ¢ (X, y, z) = Xy +yz + zx

V¢:T%+T%+E%

oy oz
%:y+z, %:x+z, %:x+y
OX oy oz

Vo=(y+2)i +(x+2)]+(x+y)k
Vs =Q+3) +(1+3) ]+ 1+ 2)k
=5i +4] +3k

Directional Derivative of galong the direction of x-axis at the point (1,2,3)

= (51 +4] +3k).i

=5



Example 13
If Vg =2xyzi +x%z] +x2yK, , find the scalar potential ¢.

Vo=1—-— ¢ a¢+k o
ax ay oz

Equating like coefficients we get

o _

09 _ .2 .2
x%z (2)

op _ .

) =Xy ...(3)

Partially integrating (1), (2) and (3) with respect to x, y and z respectively, we get

¢=xyz+f(y,2) (@)
¢=xzy+f(x2) .. (5)
¢=x2yz+ f(x,y) ... (6)

From (4), (5) and (6) we get
¢ = x’yz +C (union of all the three results)

Example: 14

Find the equations of the tangent plane and normal line to the surface
X2 +y? —z =0 at the point (2,-1,5).

Solution:

Given the surface ¢ (X, Y, z) = x> +y? — 2

Vo=1—-— ¢ a¢+k of
ax 8y oz

6¢ = 2X, 6¢ =2Y, % =-1
OX oy 0z



Vg =2xi +2yj -k
Vo 15 =4 —2] —k which is normal to the surface.

.~.Direction ratio of the normal to the surface at the point (2,-1,5) are (4,-2,-1)
..Equation of the tangent plane is

4(x-2)-2(y+1)-(z-5=0

4x-8-2y-2-2+5=0

4x-2y—-z-5=0

4x — 2y —z = 5 which is a tangent plane.

Equation of normal line passing through point (2,-1,5) and having Direction ratio

(4,-2,-1) is

Xx-2 y+1 z-5

4 -2

Exercise

1. If ¢(x, y, Z) =x?y +y?x +z?find Vgat the point (1,1,1).

2. If ¢(x, y, z) = 3xz%y — y372, find grad gat the point (1,-2,-1).

3. Find the unit vector normal to the surface x3+y3+3xyz = 3 at the point (1,2,-1).

4. Find the unit vector normal to the surface x?y +2xz = 4 at the point (2,-2,3)

5. Find the angle between the surfaces xy?z =3x +z%and 3x*> —y>+2z = 1 at the point
(1,-2,1)

6. Find the angle between the normals to the surface xy®z2=4 at the point (-1,-1,2) and
(4,1,-1)

7. Find the angle between the surfaces x?—y?>-z?= 11 and Xy + yz — zx = 18 at the point
(6,4,3)

8. Find the directional derivative of g=x3+y3+z3%at the point (1,-1,2) in the direction of

the vector i +2 +k



9. Find the directional derivative of ¢ =(x, y, z) = x* — 2y? +4z%at the point (1,1,-1) in
the direction 2i — j—k

10.  Find the directional derivative of the function g=x?-y? +2z%at the point P(1,2,3) in
the direction of the line PQ where Q (5,0,4)

11.  Find the directional derivative of ¢g=x%yz +4xz2at the point P (1,-2,-1) along the
direction of PQ where Q(3,-3,-2).

12.  Find the directional derivative of g=xy>+yz2at the point (2,-1,1) in the direction of
the normal to the surface x log z —y?+4=0at the point (-1,2,1).

13.  Find the directional derivative of ¢(x, y, z) = xy?+yz%at the point (1,-1,2) in the
direction of the normal to the surface x?+y?+ z2=9 at the point (1,2,2).

14.  Find the maximum value of the directional derivative of the function
¢=2x? +3y? +57%at the point (1,1,-4).

15.  Find the maximum directional derivative of g=x3y?z at the point (1,1,1).

16.  In what direction is the directional derivative of the function ¢=x?>— 2y? +4z*from
the point (1,1,-1) is maximum and what is its value?

17. Find the direction along which the directional derivative of the function
¢=xy +2yz +3xz is greatest at the point (1,1,1). Also find the greatest directional
derivative.

18.  Find the function if grad ¢= (y2 — 2xyz3)i + (3 + 2xy - X2 | + (62% -3x¥yz2) k

19.  If Vg=2xy®i +x228] + 32k, find <j)(x, v, 2) if &1, -2,2) = 4

20. Find the equation of the tangent plane and normal line to the surface x?+y?+z2 =
25 at the point (4,0,3)

Answer

d - > 27

1. 31 +3]+2k 11. —

. 7
2. —(L67 +9] +4K) 12. 2



i+j+k

3. 13. -7

V14
4. %(nzﬁzﬁ) 14. /1652
5. cos™ ij 15. V14

7-/6

4 45 - L

6. cos j 16. 2i —4] -4k, 2421
2299
7 cos™ _—24j 17. 47 +3] +5K, 521
' J5246 ' ’
8. % 18. ¢(x,y,z) = xy* — x*yz® +3y+gz4 +C
9. 8 19. ¢(x,y,2) = xyz* + 20
J6

10. 4—? 20. 4x+3z=25

x—-4 z-3
—_— =, :O
4 3 y

Divergence of a vector point function

The divergence of a differentiable vector point function F is denoted by div F

div F=V.F =i +J7£+IZE F If F=Fi+F,j+Fk
6y 1 2 3

oF, oF, OF,
=—4+—4+—
ox oy oz



Curl of a vector point function

The curl of a differentiable vector point function F is denoted by curl F and is

defined bycurl

EovxE=|[T 2479 k2 |«E
oy oz

OX

if F =Fi+F,]+Fk,then

I
arl =2 2 9
ox oy oz
I:1 FZ F3
Definition

A vector point function F is said to be solenoidal if div F = 0 and it is said to be
irrotational if curl F = 0.
Example

F=xi+yj+2zK

v e 9+ 2+ -
div r—ax(x)+ay(y)+az(z) 3

e, Vr=3
i J Kk
0 0 0| - - —

curl r=— — —|=1(0-0)-j(0-0)+k(0-0

X oy o (0-0)-j(0-0)+k(0-0)
X y z

Hence Vxr =0.

1. Find the divergence and curl of the vector V = xyzi +3xy?] + (xz2 — y?z)K at the

point (2,-1,1)
Solution:

Given V = xyzi +3xy?] + (xz% - y?2)k



I — 0 0 0
divV =VV = —(xyz) + — (3xy?) + — (xz* — y°z
8x(y)+6y( y)+az( y“z)

= yZ+6XYy+2XZ—Y?

At (2,-1,1), VV = (=1).1+6(2)(=1) + 2(2)(1) — (~1)?
= 1+12(-1)+4-1
= 1+12+4-1

= (-10)

i
arlv=vxv=2 2
ox oy oz

xyz 3xy* xz*-y’z

| =

- T{%(xzz ~y2) _gmyﬂ - J{% G —a—i(xyz)} +K {% (3:2) —%(xy)}
=i[-2yz] - j[2* - xy] + k[3y* - xy]
At (2,-1,1), VxV =i[-2(-D)@)]- JI1- 2(-D]+ K[3(-1)3? - 2(1)]
=2 -3]+k
2. If F=(x2—y2+2xy)i +(xz=xy+ yz)] + (2% + x?)k, find

V.E,V(V.F), VxF,V.(VxF) and Vx(VxF)at the point (1,1,1).

Solution:

F=(x2—y2+2xy)i +(xz—=Xy+ yz)] + (2% + x})k

_0
OX

V.F (x> —y? +2xy)+£(xz—xy+ yz)+g(z2 +x%)
oy 0z
=(2X+22)+(-x+2)+2z=Xx+52

V(V.If):%(x+52)f+%(x+52)i+a—az(x+52)lz

=7 +0j+5k



I
» =
RS

VxF = —
OX
X2 —y?4+2XZ XZ—Xy+yz Z°+X°

\%’|Q)~—-1

1
]

0 (72 exty— 2 (xa-
5(2 +X%) aZ(xz xy+yz)}

|
—

0, 2 2_2 22
5(2 + X%) 6Z(X y+2xz)}

+
=~
1

0 0, 5 2
—(Xz—Xx Z)—— (X — 2Xz
ay( y+Yyz) az( y+ )}

=i[0—(x+y)] - j[2x—2x] + k[z - y +2V]

=—(x+y) +(y+2)k

V.(V x ﬁ)z%(—(x+ y)]+%(0)+§[y+z]

=1+0+1=0
i i Kk
vx(xE)=| & 2 2
OX oy oz
-(x+y) 0 y+z

=T{§(y+z)—0} i[%(w )~ (x+ y»}ﬁ{mg(m y)}
=i +k

(V.F) iy =6

[V(V.F)quy =1 +5K

(VX F)quy =2 +2Kk

[V.(VXF)g =0

[V x(Vx IE)(LM) =i +k



3. Show that F =(y?—z%+3yz—2X)i +(3xz+2xy)]+(3xy—2xz+2z)k is both
solenoidal and irrotational.

Solution:
= a 2 2 a a
V.F =—(y° —2° +3yz — 2xX) + — (3Xz+ 2xy) + — (3xy — 2Xy + 22)
OX oy oz

=—2+2X—2X+2

= 0 for all points (x,y,z)

. F is solenoidal vector.

Q» =

i
V)('E: g .
OX 0z

(y? -2 +3yz—2x) (3xy+2xy) (3Xxy—2xz+21)

\%)|Q)*—-l

- O 0
=1| —(3Xy—2xy+2z) —— (3xz+ 2X
L}y( y—2Xy+22) az( + y)}

%(3xy— 2XZ+ 27) —%(y2 —7%+3yz— 2X):|

|
—

+
=1

[ 0,2 .2
—(3XZ+2Xxy) — — —27°+3yz —2X
_6x( y) 6y(y y )}

=T[3x—3x] - j[3y -2z + 22 —3y] +k[3z + 2y — 2y —37]
= 0 for all points (X, Y, 2)
~. Fis an irrotational vectors.

4. Find the constants a, b, ¢ so that
F =(x+2y+az)i +(bx—3y—2)]+(4x+Cy+22)k is irrotational.
Solution:

Given VxF =0



Q» =

i

9 9

OX 0z
(x+2y+az) (bx—3y-z) (4x+Cy+22)

\%’|Q)~—-1

_il & ~ 9 bx—3y_
_{ay(4x+Cy+22) az(bx 3y z)}

j g(4x+Cy+22)—£(x+2y+az)}
| OX oz

|
—

+
-~

'l d
&(bx—Sy— z)—g(x+2y+az)}

(C+Di-(4—-a)j(b-2)k

=0

ie C+1=0, C=-1
4-a=0, a=4
b-2=0, b=4

~a=4, b=2 C=-L
5. Determine the constant m so that the vector

F = (x+ y)i +(3x+my)]j+(x—5z)K is such that its divergence is zero.
Solution:

div F =0

ie, V.F=0

- 0 0 0
VF=— —(3 —(x-5
aX(x+y)+ (x+my)+az(x 2)

=1+m-5=0
=>m-4=0

=m =4



Laplacian operator V2

The operator VZis called the laplacian operator. If ¢ is a scalar function of x, y, z
then

o’p o’ &
Vig== qf + (f + f
o oy o

6. Prove that V.V¢ = V24

Solution:

+RQJ.(7%+ ]%HZ%J
OX oy oz

7. Prove that curl (grad ¢) =0

Solution:

Curl (grad ¢) = Vx (V)

|& NAESE

j
9
oy
o

YIRS

oy oz

-7 2[%}2 9\|_5 E(%j_i(%j LKkl 2[99 _2(%j
oy\oz) oz\oy ox\ oz ) oL\ ox ox\ oy ) oy\ ox
8. Prove that F =(y2cosx+z%)i +(2ysin x—4)j + (3xz?) +k is irrotational and fine
its scalar potential.



Solution:

F =(y?cosx+2°)i +(2ysin x—4) ]+ (3xz?) +k

i j k
OX oy 0z
y’cosx+z® 2ysinx—4 3xz°
0

1
]

» O .
_5(3xz )—E(Zysm x—4)}

0 0
—(3xz2%) ——(y?cosx + 2°
_ax( ) 6z(y )}

|
—

+k i(2ysin X —4) —E(yzcosx+ z°)
| OX oy

=7[0]- j[3z2 —32z%]+k[2zcos x — 2y cos X]
=0i —0] +0k

=0.

Hence F is irrotational

F=V¢

i.e., (y2cosx+ %) +(2ysin x—4)] + (3xz>)k

:T%+T%+IZ%
OX oy oz

Equating the coefficients =1, j,k, we get

%=y2cosx+z3 (D)
%:Zysin X—4 - (2)
% _ 3522 -3

0z



Integrating (1) with respect to ‘X’ treating ‘y’ and ‘z’ as constants we get.
¢=y?sinx+2°x+ f(y,2) ... (4

Integrating (2) with respect to ‘y’ treating ‘X’ and ‘Z’ as constants we get.
y2
¢=2[?Jsin Xx—4y+ f(x,2) ... (%9

Integrating (3) with respect to ‘z’ treating ‘X’ and ‘y’ as constants we get.

3z

¢ = 3 + f(x,y) ... (6)

from equations (4), (5) and (6) we get
¢=y?sin x+xz°—4y+C

9. If r=|r, where ris the position vector of the point (x, y, z), prove that

VA(r") =(n+1).r"?
Solution:

VA(r")=v.(vr")

2rg:2x
OX
o _x
oX r
Similarly %z%% :%



=nr"2[xi + yj + zK]

n-2=

=nr"r

VAV T2+TQ+IZE .(nr”‘2x7+ yT+2IZ)
OX oy oz
a n-2 6 n-2)
=—(nr"?x)+—(nr
ax( )+—(

ot s {3 oo

=3nr"? +n(n-=2)r"*(x* + y* + z%)

y) +g(nr"’z)z)
0z

=3nr"? +n(n-2)r"*.r?

=3nr"? +n(n—2)r"?

=nr"?[83+n-2]=n(n—2)r"?
10. Find f® if the vector f(r) r is both solenoidal and irrotational.
Solution:

f(r) r issolenoidal. V.f(r)r =0

i.e., V.f(r).F+f(rV.Fi=0

since V.f(r)= f r(r) r we get

ie,

ff”rf+3fu)=o

since F.r =r? we get

ie. rf'(r)=3f(r)=0

f'(r)
f(r)

ie. +§ =0 (on division by 3r)

Integrating both sides with respect to r



logf(r) +3logr=1log C

log r3f(r) = log C

f(r)= % .. (D
f(r) 1 is also irrotational

~Vx(f(r)F)=0

e, V(N xr+ f(x)Vxr=0

ie., fr(r) (Fxr)+0=0 since (Vxr =0)
since rxr =0

f'r(r)(0)+0:o e

This is true for all values of f(r)

From (1) & (2) f(r)= %We get f(r)r is both solenoidal and irrotational.

Exercise

1. If F = xi + yj+ zk find div Fand curlF .

2. If r = x°yi +y?zj +z°xk, find curl F.

3. If =X+ y?+ z%prove that curl (grad ¢) = 0.

4, For what value of ‘@’ the vector F = (x+3y)i +(y—22) ]+ (x+az)k is solenoidal.

5. Prove that div (curl F)=0
6. If Aand B are irrotatioanl, prove that A x B is solenoidal.

7. Find the value of ‘c’ so that the vector F = (cxy—z°)i —(c—2)x*j + (L—c)xz?k is
irrotational.



Find the values of the constants a, b, c SO that
F = (axy+bz®)i + (3x? —cz) j + (3xz? — y)k may be irrotational for these values of

a, b, ¢. Also find the scalar potential of F.

9. Find div F and curl F ,where F = grad (x3+ y3 + z° - 3xyz).

10.  Prove that f =(2x+y2)i +(4y+2x)j—(6z2—xy)k is solenoidal as well as
irrotational. Also find the scalar potential.

11.  Fissolenoidal, prove that curl curl curl F = V*F.

12.  If F =3x% +5xy?j+xyz’k,find V.F,V(V.F),VxF,V.(VxF)and Vx(VxF)at
the point (1, 2, 3).

13.  Show that F =(z? +2x+3y)i + (3x+2y+2)]j+(y+2zx)k is irrotational, but not
solenoidal. Find also its scalar potential.

14. Prove that f(r) f is irrotational.

15.  Prove that V2f(r) = f"(r) +% £(r).

Answers

1. 3,0

2. —yii—7%j-x%k

3. -2

7. 4

8. a=6b=1c=1

9. 6(x+y+2),0

10. @=x>+2y*+ 322+ xyz + K

12.  80,80i +37]+36k, 27i =54+ 20k, 0,74i +27]

13, xX2+y?+3xy+yz+2%x+C

LINE INTEGRALS

Any integral which is to be evaluated along a curve is called a line integral.



Let F (x, y, z) be a vector point function defined at all points in some region of

space and let C be a curve in thatregion. The integral | F.dr is defined as the line integral
C
of F along the curve C.

Note

1) Physically [ F.dr denotes the total work done by the force F in displacing a

C

particle from A to B along the curve C.

B __
(@) | F.dr depends not only on the curve C but also on the terminal points A and B.
A

3 If the path of integration C is a closed curve, the line integral is denoted as { F.dF.
C

B _
()] If the value of | F.drdoes not depend on the curve C, but only on the terminal
A

points A and B, than F is called a conservative vector or conservative force.

5) If F is irrotational (conservative) and C is a closed curve then [ F.dFr =0.
C
(6) If | F.dris independent of the path C then curl F =0.
C

@ If F =3xyi —y?], evaluate i F.dr, where C is the arc of the parabola y =2x?*from
(0, 0) to (1, 2).
Solution:
Given F =3xyi —y?]
dF = dxi +dyj + dzk

F.dr =3xydx— y?dy

Given vy =2x?
dy = 4xdx

- F.dF =3x(2x?)dx — (2x*)? (4xdx)



= (6x° —16x°)dx

(6x% —16x°)dx

4 1 6 1
4 0 6 .0

O —
ALl
o
=l
1

o—r

(2) If F=(3x?+6Yy)i —14yzj + 20xz?k. Evaluate | F.dF from (0, 0, 0) to (1, 1, 1)
C

along the curve x =t, y =t% z = t%.
Solution:
Given F =(3x%+6Y)i —14yzj + 20xz%k
dF = dxi +dyj + dzk
F.dr = (3x? + 6y)dx —14yzdy + 20xz%dz
=t

Given x =t y = t?

dx = dt dy = 2tdt dz = 3t%dt

| lf.dr:} (3t* + 6t%)dt —14(t)(2tdt) + 20t (t*)? (3t>dt)
C 0
= ] (9> — 28t° + 60t°)dlt
0

= [t —at” + 61

=3-4+6

=5 Units.

moving a particle

3 Find the work done in

in the force field

F =3x% +(2xy—Yy)] —zk fromt = 0 to t = 1 along the curve x = 2t2, y-=t, z = 4%,

Solution:



Work done = | F.dr
C
Given F =3x4 +(2xy—Yy)j—zk
dF = 2xi +2yj + dzk

F.dr =3x%d + (2xz— y)dy — zdz

Given X = 2t2 y=t 7=48

dx = 4tdt dy = dt dz = 12t%dt
[ Edr = | [48t° + (16t° —t) — 48t°]dlt
C 0

= } (16t° —t)dt
0

B Units
6

()] Find the work done by the force F = (x?+ y?)i —2xyj along the curve C where C
is the rectangle in the xy-plane bounded by x=0,x=4a,y =0,y =h.

Solution:
Given F =(x®+y2)i —2xyj
dF = dxi +dyj + dzk
F.dF =dxi +dyj +dzk

The curve C is the rectangle OABC and C consists of four different paths OA, AB,
BC, CO.



Along OA,

C (0,b) B(a,b)
y=0 dy=0 5
Along AB,
— X=a
X=a dx=0 x=0
Along BC, =0
y= b dy =0 0(0,0) A (3,0)
Along CO,
x=0 dx=0
o] Fdr= [ x?dx+ [ —2aydy+ [ (x*+b*)dx+0.
C OA AB BC
a b b
= | x’dx—2a[ ydy+[ (x*+Db*)dx
0 0 0
32 2\P 3 0
(5] =35
3 0 2 0 3 a
3 3
=2 a2 2 gy
3 3
= -2ab?
5. If F=3x% +(2xz—Y)]+zK. Evaluate [F.dr where C is the straight line from A
C

(0,0,0) to B(2,1,3).
Solution:
Given F =3x%4 +(2xz—y)j +zk
dF = dxi +dyj + dzk
F.dF = 3x%dx + (2xz — y)dy + zdz

Equation of the straight line AB is given by

X=X _ Y-y, _2-1
X, =X Y=V Z,— 4



where (X1, y1, z21) = (0,0, 0) and (x2, Y2, 22) = (2, 1, 3)

. x-0_y-0 z-0
0-2 0-1 0-3
X y z
—===—=t(sa
5 =1 "3 L)
SX=2t y=t z=3t
dx = 2dt dy = dt dz = 3dt
[ Edr=] 3(2t)%(2dt) + (12t2 —t)dt + Otdlt
C 0
1
= [ 24t%dt+ (12t* +8t)dt
0
1
=[ (36t*+8t)dt
0
3 2\
T L
3 2)
36 8
= — 4 —
3 2
=12+4
= 16.
6. Find the work done by the force F =zi +Xj + yk, when it moves a particle along

the arc of the curve F =cost2i +sin tj +tk from t=0to t = 2x.

Solution:
Given F =zi +xj +yk
dF = dxi +dyj + dzk
F.dr = zdx + xdy + ydz

work doneby F=| F.dr
C

= [ zdx+rdy + ydz
C



From the vector equation of the curve C,
X =cost y=sint z=t
dx =-sintdt dy =costdt dz=dt

[ Edr=T [t(=sint)+cos’t +sin t]dt
0

Cc

. 2r
=|tcost —sin t—l(wsIn 2tJ—cost
2 2

=2r+7r-1)—-(-1)
=3r

(7) Find the work done by the force
F =y@x2—y—2z2)i +x(2x?y—z2)] —2xyzyk when it moves a particle around a
closed curve C.

Solution:

To evaluate the work done by a force, the equation of the path C and the terminal
points must be given.

Since C is a closed curve and the particle moves around this curve completely, any
point (Xo, Yo, Zo) can be taken as the initial as well as the final point.

But the equation of C is not given. Hence we verify when the given force F is
conservative, ie., irrotational.

Q» =

VxF =

%’|Q)~—-1

i
9 a
OX 0z

’x?—yz* 2x°y—17°x —2xyz

3y
= (=2X2+2X2)i —(=2yz +2yz) ] + (6x2y —6X°y + 2° — 22)K

=0

Since VxF =0

= F is irrotatonal



=9 F
C
(8)
Solution:
[ F.dr
C
VxF =
=i(0-
=0.
9)

o
=l
Il
ol

If F =(4xy—3x°z%)i +2x*] —2x°zk check whether the integral | F.dris

C

independent of the path C.

F = (4xy—3x*2%)i +2x°] -2x°zK

is independent of the path of integration, if VxF =0.

J

§)|Q)7~_¢

. .
0 0
OX oy
4xy—-3x°z° 2x* —2x°z

0) — ] (=6X% +6x%2) + K (4x — 4X)

Hence the line integral is independent of the path C.

If F=xj—vyi,find | F.dralong the arc of the circle x>+ y>= 1 from (1,0) to (0,1).
C

Given

Given

F=x-vi

dF = dxi’ +dyj +dzk

F.dF = —ydx + xdy

X +y?=1 (D)
2xdx+2ydy =0

2xdx = -2ydy

xdx = —ydy ... (2)

F.dr = —ydx + xdy(_—x dx} (from 2))
y



(from (1))

(10) Evaluate | F.dr where C is the boundary of the region given by x = 0, y = 0,
C

x+y=1and F =(3x*-8y?)i +(4y-6xy)]

Solution:
Given F =(3x* —8y*)i +(4y —6xy)]
dr = dxi +dyj + dxk
F.dr = (3x* —8y?)dx + (4y — 6xy)dy

Here C consists of the lines x =0, x +y = 1.

Along AB,

Y 4

B(0,1)

x+y=1

0(0,0)

y=0 A(10)



X+y=1
=>y=1-X
dy = —dx
Along BO,
x=0, dx=0

[ FdF = [ Fdr+ [ Fdr+ [ F.dr
C 0A BO

AB

[ 3x2dx+[ [3%C —8(L—X)2dx + (4(L— X) - 6x(L— X))(=d)] + ] 4ydy

2\0

3\
=3 | 4] (“11¢% + 26x—12)dx + 4| L
3 0 2

0 1

x3 NG °
:1+{—11.?+ 26.?—12x} +2(0-1)

1

=1+1—;—13+12—2

Exercise

1)

)

®3)

(4)

(5)
(6)

Evaluate | F.dr where F =x?y% +Yj and C is y= 4x in the xy-plane from (0, 0)
C
to (4, 4).
If F=(Qy+3)i +x4 +(yz—x)k,find [ F.dralong C, where C is the straight line
C

joining the points (0, 0, 0) to (1, 1, 1).

Find the work done by the force F = (2xy+ z%)i + x?] when it moves a particle
from (1, -2, 1) to (3, 1, 4) along any path.

Find the total work done in moving a particle in a force field given by
F=(2x-y+2)i +(x+y—-2)]+(3x—2y—52)k along a circle C in the xy-plane
X2 +y?=9,z=0.

Show that F = x% + y?j + z%K is a conservative vector field.

Given the vector field F =xzi + yzj + 2%k, evaluate the work done in moving a
particle from the point (0, 0, 0) to (1, 1, 1) along the curve C, x =t, y =t? , z =t3,



(7)  If F=x%+xyj,evaluate [ F.dr from (0, 0) to (1, 1) along the line y = x.
C
(8) If F=3x(x+2y)i +(3x*—y*)j,showthat | F.dris independent of the path C.
C

(9)  Find the work done by the force F =y% +2(xy+2)]+2yk, when it moves a
particle around a closed curve C.

(10)  Find the work done by F =xyi +(y—2)] +2xk, when the particle moves along
the curve x=t,y =t?, z=t3, fromt=1to t = 2.

SURFACE INTEGRAL

Introduction

A surface integral is a definite integral taken over a surface. It can be thought of as
the double integral analogue of the line integral. Given the surface, one may integrate over
its scalar field (ie, functions which return scalars as value) and vector field ((ie) functions
which return vectors as value). Surface integrals have applications in physics, particularly
with the classical theory of electromagnetism. Various useful results for surface integrals
can be derived using differential geometry and vector calculus, such as the divergence
theorem and its generalization Stokes theorem.

Consider any surface (planar, curved, closed or open) and let F = F(x,y,z)be a
vector point function, defined and continuous on a region S of the surface. Then

[ F.dswhere ds denotes an element of the surface S is called the surface integral of
S
F over S.

We define it as the limit of a sum as follows.

ASi

V] TP
[ ] ] ]

Fig.1

S



Subdivide S, in any manner into n elements of areas ASi,| = 1, 2, .....n. Let F be the

value of F at some point, P; inside or on the boundary of the sub-region AS;.

From the vector sum In= ¥ F.AS,.If the limits of the above sum exists, as n —oin
i=1

such a way that each AS; collapses ((ie) shrinks) to a point, and is independent of the mode

of the sub-division of S, then this limit is called the surface integral of F over S and is
denoted by || F.ds.
S

Normal surface Integral of F over the parts of a given surface

Consider the above Fig. 1 let Pibe any point of S and let fi,a unit normal vector at
Pi, pointing outwardly (called the outward unit normal at P;) to the surface ASi. Then
F.A is the scalar complement of F,, in the direction of A..

The limiting value of the sum > F.n; as n — oo where n is the number of
i=1

subregions ASi, such that each ASishrinks to a point, if it exists and is independent of the

manner of division of S into sub-regions, is called the normal surface integral of F over S
and is denoted by J[ F.A ds.
S

Evaluation of double integral

N
d=

|/-_ a 4

\-'\\_ !' _,-/J'

L :. . y

5

The surface S is projected onto a region R of the xy-plane, so that an element of

surface area ds at point P projects onto the area element. We see that dF = cos« | ds,

where o is the angle between the unit vector K in the z-direction and the unit normal Ato

the surface at P. So at any given point of S, we have simply ds = dF = dFA
|cosa| |Ak]|



Now if the surface S is given by the equation f(x,y,z) = 0 then the unit normal at

—

any point of the surface is simply given by n :‘z—:?‘evaluated at that point. The scalar
dF |Vf|dF _|Vf|df
ik vk df

dz

element of the surface area then becomes ds =

Where |Vf | and Z—f and are evaluated on the surface S. we can therefore express
z
any surface integral over S as a double integral over the region R in the xy-plane.
Note

The projection of the elementary surface ds on the xy palne is dxdy. Also the

projection of the vector fids of magnitude ds on the XOY plane to which Kis the unit
normal vector.

Thus dy = fi.dsK [=| Ak | dS giving ds = ldxiﬁ Hence |j F.AdS =] F.A
n. S '

where S is the projection of S on the XQOY plane. Similarly | F.AdS =[] F.A where
S S’

>
b

dxciy where s'is the

s'is the projection of S on the YOZ plane and [ F.AdS = [[,F.A— |
A j

S S’

projection S on the XOZ plane.

Flux

In physical applications the integral [ F.AdS is called the flux of F through S.
S

Cylindrical and Spherical polar co-ordinates

In evaluating surface and volume integrals, in certain cases, it will be advantage to
change the variable x, y, z into cylindrical or spherical polar co-ordinates. So it is better to
recall the relations between these coordinates and the respective Jacobian of
transformation.

Polar Co-ordinates



We know that in two dimensions, the relation between x, y and the polar co-
ordinates r, dare X =r cos &,y = r sin fand 0 < r< o, 0 < < 2z. And the jacobian of the
transformation is r so that dxdy = rdrdé.

Cylindrical Co-ordinates

If P is (x, y, z) (refer Fig.3) and if PL is the perpendicular from P to the XQOY plane
then OL angle XOL, LP are the cylindrical polar co-ordinates which are denoted by r, 6, z

where 0 <r< oo, 0 < <27, -0 <2< 0.

The relations between x, y, zand r, 6, z and that between

X =rcosé
dxdydz & drdédz are y=rcosd; dxdydz=rdrdé&dz
X=12

L
Fig.4
x Cylindrical co-ordinates ¥ Spherical co-ordinates

Spherical Co-ordinates

If P is (X, y, z) (refer Fig.4) and if PL is perpendicular from P to the XOY plane,
then OP, angle ZOP, angle XOL are the spherical polar co-ordinates which are denoted by
r, 6, gwhere 0 < r<owo, 0 < €<z, 0 < ¢ < 2z. The relations between x, y, zand r, 6, ¢.

are  X=rsin @cos ¢
y =rsin #cos ¢
Z=rcos d

The relation between dxdydz and drdédgis dxdydz = r? sin édrdédg. For a

hemisphere the limits of &will be from 0 to %and the limits for gwill be 0 to 2.

Note



(i)
(ii)

(iif)

(iv)

If S is a closed surface, the outer surface is usually chosen as the positive side

[ gdsand [ F xds, where gis a scalar point function, are also surface integrals.

S S

To evaluate a surface integral in the scalar form, we convert it into a double
integral and then evaluate. Hence the surface integral | F.dSis also denoted as

| F.ds.

S

The area of the region S is [[ ds.
S

Solved Problems

1. Obtain | F.Ads, where F = (x?+ y?)i —2xj +2yzk over the surface of the plane
S
2x +y + 2z =5 in first octant.
Solution

Let the given surface be p=2x+y +22-6

Vo 2i+]+2k

A = _
Vo] 3

Let s’ be the projection is S in the XOY plane

[ EAds=j F.n2XD
Ak

S S

Now F.A=((x?+ y2)i —2x] + 2yz|2).M

C2(x2+y?)—2x+4yz
3

=3(x2+y2—x+2y(wn since z:izx_y

3 2

=§(x2 +y?—X+6y—2xy— y2)

= %(x2 —2XY* — X+ 6y)



Since the equation of the line AB is 2x+y=6 (or) y=6-2x. In the region s‘as x varies
from O to 3, y varies from 0 to 6-2x.

dxdy
2

3

o FAdS =] %(x2—2xy—x+6y)
S

S

O —w

ﬁx (x> = 2xy — X + 6Yy)dxdy
0

(X?y — Xy* — Xy + 3y2)§jg’“dx

I
O —w

(108 —114x + 44x* —6x°)dx

O —w

2. Given that F =xi +yj—2zk find £ F.ds,S being the surface of the sphere
Xy +2=a 220
Solution:
Let ¢= x2+y?+72
Vé=2xi +2y] + 22K

Vg 2xi+2yj+22K

A= _
IVl Jax? +4y? + 472

) 2 n
X1 + Y]+ zK :
Xn+n+= since x> +y’ +2*=a’

=[[ FA—2Z where s' is the projection of the spherical surface above the

XY-plane on the XOY plane.

FA =+yj+ ZzIZ).l(xiA + Y]+ 2K)
a



:l(x2+y2—222)
a

=£(x2+y2—2a2—x2—y2) since X’ +y°+z°=a*> ~z°=a’—x" -y’
a

= §(3x2 +3y? - 2a’)

Ak =(xi + Y] +22zK).k

Since s'is the circle x2 +y? =a%on the XOY plane. x varies from -a to +a and y
varies from

vaZ—x?to++a? + x?

Hence | F.dsS=]f
S

S

Q|

(3x% +3y? 2a2).%dxdy

2 2

_ T aj—x 3(x* +y*)—2a’
X=—a y=_\/a?—x? \/az - X2

dxdy

Taking x =r cos 6, y =r sin 6, we get x? +y? +r?and dxdy =rdrdé. For the circle s’ r
varies from Oto a and &varies from O to 2x.

— 27 a 2 2 27 a — 2 _y2 2
[Eds=T [ 2222 rgrde=7 ] 3@ -+ 40
s 00 Ja?-r? 00 Va? —r?
27 a 27 a rdrd @
=3[ [ rdJa’-r?drdd+a’=
I N e
=1,+1, (say) .. (1)

Consider |, —BZJET va® —r?drd@
00

Let a?-r°=t°
2rdr = —2tdt

rdr = —tdt



? r\/az—rzdrzzf1 JE2 (~t)dt

0

Consider l,=a%]
0

Let a—r2=t Ifr=0t=a
2rdr = —2tdt r=0t=a
rdr = —tdt

a rdr

o 1
= —td
Ao B

—dt

D — O

Il

P — O
o
~—+



=a’(0)y
=a’(0);”
=a’2x
)= (JJ F.ds=-a*2r+a’2x
=0
3. Obtain | F.AdS over the surface of the cylinder x? +y? = 16 in the first octant
between z = 0 &z =5 where F = zi + xj —3y%zk
Solution:
Let J=x"+y°—16
Ve =2xi +2y]

GV _ 20 +2y] _xi+y]
Ve Jax? +4y? 4

since x* +y* =16
= A d = 2 l g -
Now F.n=(zi +xj —3y Zk).Z(XI +v)
1
==(Xxz+Xx
2 (X2 x)

1
_Zx(z+y)



The surface S of the cylinder in the first octant can be projected onto YOZ (or
ZOX) plane into a surface s’
dydz

Hence | F.Ads= | 1x(y+z)—p
S s 4 Al

dydz
X

4

a
A=

=>

since

=SJI %x(y+z)

5 4
= [ [ (y+2z)dydz, S'is a rectangle of sides 4 & 5 units.

z=0 y=0

5 y2 4
= | [—+2yJ dx

z=0 2 y=0

(8+4z)dz

0

| =—u1

z

= (82 + 4—;2J5
0
=40+50
=90
4. If F =2xyi +yz2]j+ xzk and S is the rectangle parellelopiped bounded x = 0, y = 0,

z=0, calculate || F.AdS
S

Solution:

y=1




There are six faces of the parellelepiped and we calculate the integral over each of

these faces. We denote the values of F on these faces by F,,F,........... F,
Face A Equation ds E
ABEF ] x=1 dydz F =2yi +yz2j+ 7k
COGD -1 x=0 dydz F, = yz?]
BCDE j y=2 Dzdx F, = 4xi +22%] + xzk
GOAE -j y=1 dzdx F, = xzk
EDGE K z=3 dxdy R = 2xyi +9yj +3xk
AOCB _K 2=0 Dxdy F, =2xyl
~[Fds= || F.ads+ [ F,Ads+ || F,.Ads
ABEF c0eD BCDE
+ | F.Ads+ || F.Ads+ [ F,.Ads
GOAE EDGE AOCE
=L+L+ L+, +1,+1 (Say) .. (1)

Consider, I, = [| F.Ads

ABEF
m A= (2yi + yz2? ]+ ZK).d

on the surface ABEF, z varies from 0 to 3 and y varies from 0 to 2

2 3
S l= [ [ 2ydydz

y=0 z=0
2 3
=2£ ydy(2);

=2><3f ydy
0



=12

Consider ..1,= ][ F,.Ads

COGD

F,.A=yz?].(-1)
=0

on the surface COGD, z varies from 0 to 3 and y varies from O to 2.

2 3
~l,=1] [ Odydz

y=0 z=0
=0

Consider .. I,= [[ F,Ads

BCDE
F.A=(4xi +222] + xK). ]
=27°

on the surface BCDE, z varies from 0 to 3 and x varies from 0 to 1

1 1
=] [ 2z%dxdz

x=0 z=0

Consider l,= ]| F,nAds

GOAE



on the surface GOAE, z varies from 0 to 3, x varies from 0 to 1.

1 3
s, =11 [ 0dxdz

x=0 z=0
=0

Consider I, = [J F.Ads

EDGF
A = (2xyi +9yj +3xK).k

=3X

on the surface EDGE, y varies from 0 to 2, x varies from 0 to 1.

1 2
Sy =] [ 3xdxdz

x=0 y=0

~3] (y)xdx
0

=3x 2} xadx
0

2 1
=6(X_]

2 0
=3

Consider I, = [| F.,.Ads

AOCD
F.A = (2xyi.(—K)
=0

on the surface AOCB, y varies from 0 to 2, x varies from 0 to 1.

1 2
~lg =] [ Odxdz

x=0 y=0

=0



(=] F.d5=12+0+18+0+3+0
S

=13

5. Evaluate the integral [[ AAds if A=4yi+18zj—xk and S is the surface of the
S
portion of the plane 3x + 2y + 6z = 6 contained in the first octant.

Solution:

Let OABC be the given surface S. Then the projection R of S on the xoy plane is
OAB.

$p=3X+2y+62-6
Vp=31+2]+6k
Vg|=9+4+36
=7

A=4yi +187] — xk

3 +2]+6Kk
7

A =

>

>

Il
~N| o

Af = %(12y +362 —6X)

[ Adds=( AndXdY
Y

n—




- 112y +36z - 6x
R 7 6

7

dxdy

I (2y +6z —x)dxdy

R

=[[ (2y+(-3x—2y + 6 — x)dxdy Since 3x+2y+6z=6

R

5.62=6-3x-2y

I (2y —3x—2y + 6 — x)dxdy

R

[ (6—4xdxdy
R

Let AA’parellel to the y axis. Then R lies between the y-axis &AA', where A is
(2,0,0). Thus 0 < x <2 with this restriction on the x-co-ordinate of a point of R, the y-co-

ordinate varies fromy =0 to@. Since R is bounded by OA and AB,

3(2-x)

Thus =] Afds=[ [ (6—4x)dydx
y=0

S 0

3(2-x)

(6-4x)(y), * dx

I (6- 4x)(@jdx

O =N

(12— 6x —8x + 4x*)dx

N w

-]

_3[ (2X% —7x+6)dx
0



B 3(32—84+ 72)
6

1
=>(20)

=10

6. Evaluate =[] F.dS and S is the surface of the cylinder x? +y? =9 contained in the
S
first octant between the planes z=0 &z=2.

Solution:

Let ¢=x"+y*-9

= (xyz+2y®)ds

dxdz
A

S 1f (wz+2y")

where R is the rectangular region OABC in the xoz-plane, got by projecting the cylindrical
surface S on the xoy plane and z varies from 0 to 2, x varies from 0 to 3.



1 dxdz
=00 (xyz+2y®)——
3RI(y y)l

3

. J] F.Ads =
S

=[] (xy+2y?)dxdz

= f f (xz+2(9 — x*)dxdz , ,
y=0 x=0 =y =9-X

2 (x? 2%\’
=[ | —z+18x—— | dt
o\ 2 3 ),
2(9
=] (§Z+18x3—2x9jd2
0
2 2

= gE—+36z

2 2 o
=9+72
=81

Volume Integral

In multivariable calculus, a volume integral refers to an integral over a
3-dimensional domain. Let V denote the volume enclosed by some closed surfaces and F ,

a vector function defined throughout V. Then, []j F.dV,where dV denotes an element of
the volume V, is called the volume integral F over V.

We define it as the limit of a sum as follows.

Sub-divide V into n regions of elementary volumes AVi,i=1, 2,....n. Let IfI be the

value of F at some point Piinside (or) on the boundary of the region, enclosing the volume
AVi.
Form the vector sum |, = y F.AV,. If the limit of Inexists as n — oo, in such a way
i=1
that each AV; shrinks into a point, and is independent of the manner of division of V into
these elementary volumes, then the limit is called the volume integral of F over V and is
denoted by [[] F.dV.



Remark

A volume integral is a triple integral of the constant function 1 which gives the
volume of the region D (ie) the integral Vol(D) = [[| dxdydz

A triple integral within a region D in R%of a function f (x, y, z) is usually written as
[l f(x,y,z)dxdydz.

Note
A volume integral in cylindrical co-ordinates is [[[ f(r,&,z)rdrd@dx and a volume
D

integral in spherical co-ordinates has the form [[f f(r,8,#)r?sin gdrd&d¢
D

Remarks

Integrating the function f (x, y, z) =1 over a unit cube yields the following result

111
| [ | 1xdxdydz=1s0, the volume of the unit cube is 1 as expected. That is, rather trivial
0 00

however a volume integral is far more powerful. For instance if we have a scalar function
f : R® — R describing the density of the cube at a given point (x,y,z) by f = x+y+z then
performing the volume integral will give the total mass of the cube

1 11 3
[ 17 (x+y+z)dxdydz=5.

000

Solved Problems

1. If F—2zi —x]+yk,evaluate J[[ F.dV where V is the region bounded by the
D
surfacesx=0,y=0,x=2,y=4,z2=x%,2=2

Solution:

[[f E.dV =Jff (2zi -]+ yk)dxdydz

:f i f (2zi — X] + yK)dzdydx

x=0 y=0 7=x2

:f T (2% — xzj + yzk)?dydx
00



4F = 2x] + 2yk — X1 + X3 ] — x2yk)dydx
(40 — 2% + 2yK — X7 + X3} — x2yK)dyd

I
O —N
O — b

2 R R R . . Xzyz RY
=] (4y| —2xy] + Yk = x*yi + X3y — ) k) dx
0 0

2 ~ A ~ A A
= (16?—8xj +16k —4x'1 +4x3] —8x2k)dx
0

5 3 \?
[ 16xi 42 160k - P54 xR
5 3 )

:32?—16]+32I2—%f+16j—6?4lz

2. Evaluate [[] (V.F)if F=x%+y2 +z%)and if V is the volume of the region
enclosed by the cube 6<x,y,z<1

Solution:
(I (V.B)dV =2 (x+y+z)dV

:2} } }(x+y+z)dzdydx

x=0 y=0 z=0

11 7?2 '
2[ [ | xz+yz+— | dydx
00 2

0

11 1
=2[ | (x+y+—jdydx
0 2



1 1 1
=2l —+=+—

(2 2 2)
=3

3. Evaluate [J V.AAV if A=2xyi +yz2j+xzkand S is the surface of the
parellelopiped formed by the planesx=0,x=2,y=0,y=1,2=0,z=3.

Solution:

(I (V.AAV =[] (2y+ 2%+ x)dV

(2y + z° + x)dzdydx

Il
O N

o
o—w

1 Z3 3
| (Zyz +—+ xzj dydx
0 3

0

|

(3y*9y +3x); dx

I
O —N

(6y + 9+ 3x)dydx

I
O —N

(3+9+3x)dx

O —N

3x?
=| 12X+ —
2 j

4. Find [ (V.A)dV where A=2x%yi —y?j+4xz%k,V being the region in the first
octant bounded by y? + 22 =9 &x = 2.

Solution:



V.A=4xy—2y+8xz

To cover the volume of the region shown in the figure, we take x=0tox=2,y=0
toy=3andz=0toz=9-y°

22:/9-y?
| (4xy—2y+8xz)dzdydx
0

©

[ V.AQV =

| —N
| —w

x=0 y=0

(4xyz—2yz + 4x22)0JW dxdy

Il
O —N
O t—w

((4x —~2)y/9—-y* +4x(9— yz))dxdy

|

O t—w

Il
O t—w

2
4x? 4x?
(y\/g_ YZ(T—ZX]JF 9- yz)Tj dy

0

Y9 -y (2x* = 2X)+(9— y2)2x2)zdy

O —w

3 3
= 4(!) yy9 - ydy +8({ y(9-y?)dy
Let 9-y>=+?
-2 ydy = 2tdt

ydy = —tdt

[ (VA =4] VE (-tdt)+8(9y—y§J



_ 4] tdt+8(27-9)
0

2y 27
-4 +144=4(?j+144:36+144:180

0

5. Find F =4xi —2y?j + z%kand V is the volume enclosed by x? + y> = a2 z = h and
prove that [ (V.F)dV = a?(4h+h?)

Solution:
Given F =4xi -2y?j+2°%k

VF=4-4y+37°

Also, on the circle x2 + y2 = a2, as y varies from —+/a?—x? to va? —x?,x varies
from-atoa

- a va’-x%h
[ V.FdV = [ (4 — 4y + 3z%)dzdydx

aZ-

? fx (4z —4zy + 7°)! dydx
0

—a _\[a2_y2

2

a +Ja?-x?
| | (4h — 4yh + h*)dydx

2

2 _Ja?-x

_ ; (4hy—2y?h+h%y) "7, dx
a 2.2
_ 3 2
= Ja (4y+h°)y—2y°h) ——dx

= T [4h+h®)Wa® — x* —2(a® — x*)h— (4h + h*)(—/a* — x*) + 2(a® — x*)h]dx

= T [4h + h3)(2\/a2 —x? )— 2h(a® —x* —a’® + x*)]dx

—2] (4h+h*)a? - x2dx



—2(4h+h?) |

= 2(4h+h?)

= 2(4h+h?)

= 2(4h+h?)

va? = x2dx

X 2

var-x® + 2 gin
2 2

D | x

— a2 (4h +h?)

6.

STif A=x3 +y3j+2%, (] (V.A)dV = %ﬂsthere V is the volume enclosed by

the sphere of radius R with origin as centre.

Solution:

(Il (V.A)AV =[] (3x%+3y?+3z%)dV

=3l]

To evaluate the integral, we consider the transformation x = r sin &cos ¢, y=r sin 8
sin gand z =r cos 6. Then using the Jacobian, we obtain dV =r? sinédrdédg, where r

changes from 0 to R, 6from

I V(AV) = 32

o—2

o—2

6r

=6

(X* +y* +z%)dV

0 to w and ¢from O to 27.

N

T

[ r’r?sin Gdgd adr
0

o3

r*sin O(¢)2" dedr

O —

r*sin 8(2z —0)dadr

Oy

r*sin @ dedr

oO—20
O —N

T r*(-cos@);dr
0



R
=67 r*(cosz—cos0) dr
0
R
=—67x-2] r'dr
0

5 R
_ 1272{r—J
5 0

127R°
5

Exercise

1. Show that || F.AdS =g,where F=4xzi —y?]+yzkand S is the surface of the
S
cube bounded by the x=0, x=1, y=0, y=1, z=0, and z=1.
2. Evaluate || F.AdSwhere, F =yzi +2xj+xykand S is the surface of the sphere
S

x2 + y2 +7% =1in the first octant.

3. Evaluate [[ (zi +X]— yzzIQ)d S where S is the surface of the cylinder x? +y? =1 in
S
the first octant between the planes z=0 &z=2.

4. Find the area of the surface of the portion of the plane 3x+2y+6z=6 contained in
the first octant.

5. Evaluate |[[ Ands if A= (x +y2)f—2xi+2sz2 and S is the surface of the plane
S

2x+y+2z=6 in the first octant.
6. Evaluate []] (V.F)dV where F =(2x?—3z)i —2xyj—4xkand V is the region
\Y
bounded by x=0, y=0, z=0 & 2x+2y+z = 4.

7. Evaluate [[] F.dV where F =2xzi —xj+y2kand V is the volume of the region
\Y

enclosed by the cylinder x2 + y? = a? between the planes z=0, z=c.

8. Evaluate [[J V.AdV if A=2x2Yi—y?]+4xz’k where V is the region bounded by
\Y

the cylinder y? + z2 = 9& the plane x = 2.



0. Evaluate [[] V.FdV where F =(x?—yz)i +(y?-2x)]+ (22 —xy)k taken over the
\Y
rectangular parallelepiped bounded by x=0, x=a, y=0, y=b, z=0, z=c.

10. Evaluate [[[ 45x°ydV where V is the surface bounded by the plane x=0, y=0, z=0,
\%

4x+2y+7=8.
Answers
1. 264
) B
6
3. 202
4, 18w
6. 0
105
7 2
3
9. 0
0. 227
20
12. 3
8
13. 3
14, !
2
15. 81
16. 8
3
4
17, 27y
4

18. 180



19. abc (a+b+c)
20. 128
Theorem

Gauss Divergence Theorem

If F be a vector point function having continuous partial derivation in the region
bounded by a closed surface S, then where [[j (V.F)dV =[] F.Ads where Ais the unit
\ S

outward normal at any point of the surface.

Proof
Let F=Fi+F,j+Fk

j{j (V.F)dv m (u—+§+k—J(F| +F,] +Fk)dv

oy

JJJ (OF oF,  OF,

ay a jdxdydz .. (D)

Assume that a closed surface S is such that any line parallel to the coordinate axis
intersects S at the most at two points. Divide the surface S into two parts S: the lower and
S2, the upper part.

Let Z:=F1 (X, y) and Z2=F2(X, y) be the equation and i, and N, be the normals to the
surface Siand Sorespectively. Let R be the projection of the surface S on xy-plane.

m dxdydz—jj { j (%F jdzdxdy}

R | filxy)

=1 [R(x y, 2)]{ dxdy

” [F3(X, Y, fz) - F3(X: Y, fl)]dXdy

R

:g [F3(X, Y, fz)dXdy_g [F3(X’ Y, fl)dXdy - (2)

dxdy = projection of ds on xy-plane = Ak ds

For Surface Sz: Z =Fa(x, y) dxdy =ik ds,



For Surface Si: Z =Fi(x, y) dxdy =k ds

Substituting in eqgn (2)

oF. A L
= [ a—;dxdydz :g F3(n2.k)dsz—£f F,.(—h k)ds,

- y F,(A,.k)ds, + y F, (A, k)ds,

= [ F,(Ak)ds

e

Projecting the surface S on yz and zx plane, we get

oF, _
jgj dedydz _jsj F (A1)ds

.4

i %dxdydz - Fy(Ai)ds
Sub (3), (4) & (5) in (1)

[l (VEF)YAV =] F(AD)ds+]] F,(A.])ds, +]f F3(ﬁ.IZ)ds

Il
n=
~
~n
-
+
N
|
+
ol
-
~—
>
o
w

Il
n
T
>
o
[

5]

M
" i y)
==

=f(x, y)

Problems

1.

Verify divergence theorem for F =(x —yz)i +(y? —zx)] + (z20xy)k taken over
the rectangular parallopiped 0 <x <a,0 <y <b,0<z<c.

. (5)



Solution:

For wverification of divergence theorem, we shall evaluate the volume and
surfaceseparately and show that they are equal.

Given F = (x? = y2)i +(y?—2x)] + (z20xy)k z
C (0,0,€) N
V.E=divF = i3+j3+kﬁﬁ L
ox "oy oz P
0 | > Y
B(o, b, 0)
= 2X +2y +2z
(@a,0,0) M
=2(x+y+2)

dV = dxdydz or dV = dzdydx
x varies from 0 to a
y varies from0Oto b

z varies fromQto c

SO AB)V =] [ T 2+ y+ 2)dzdydx

a b ZZ
=2[ [ | X2+ yz+— |dydx
00 2

2 a
= 2bc X—+%+% =abc[a+b+c]
2 2 2|

To evaluate the surface integral, divide the closed surface S of the rectangular
parallopiped into 6 parts.

S1 = face OAMB S, = face CLPN S3 = face OBNC



S4 = face AMPL S5 = face OALC Se = face BNPM
~.J] FAds =[] F.Ads+ J[ F.Ads+ [] F.Ads[j F.Ads+ |[ F.Ads][ F.Ads
c S, S, S, S, S5 S6

Face S,:z=0;ds=dxdy;n=-k
F=x4+y2] —xyk

F.A =Xy

a 22 P
-] EAds] | xydxdy:{x—} {X—}
s, 00 2 2

0 0

Face S,:z=c;A=Kk;ds=dxdy
F=02-cy)i +(y2—cx)] + (2 = xy)k

F.A=(c®—xy)

— a b
o] FAds=] | (c®—xy)dydx
S, 00

- b
- czy—x—y2 dx
0 2
L -0
a [ 2
=] ¢ — X0 |y
o | 2 |




Face S,:A=-i;ds=dydz;x=0

F=—yzi +y?j+2°%k

FA=yz
b ¢
|| FAds=[ [ yzdydz
S, 00
L]
2 0 2 0
=lb2c2
4

Face S,:x=0;A=-i;ds=dydz
F=—(a%yz2)i +(y?—az)j + (22 —ay)k
FA=a’—yz

I Edds={ [ (a®—yz)dydz
5, 00

Il
O —0
1
Q
N
<
|
|~<
N
N
| |
o
o
N

c | 2
= azb——z}dz
0 2

2 C
={azbz—b—zz}
4 0
:bc{a2 —lbc}
4
Face S.:y=0;h=-i,;ds=dzdx
F =x% —zxj + 2%k

F.A=2x



Face

[ FAds=] | dxdzdx=[ xdx] zdz
0 0

0

F = (x? —hz)i + (b® — 2x) ] + (2> =bx)k

F.A =b?—2x
I EAds=] | (b%—z2x)dzdx
Se 00
a 2 ¢
= b2z — L x| dx
0 2

=? b?c——x |dx
0

= ac(b2 1 acj
4

([ F.Ads = abc? +ab’c +a’bc
S
=abc(a+b+c)

[ FAds=[[j dV

Hence Gauss divergence theorem is verified.

Verify divergence theorem for F =4xi —2y?j+z%k taken over the region
bounded by the cylinder x> +y?> + 4,z=0,z=3

Solution:

Given F =4xi —2y?j + 2%k

>
+



Gauss divergence theorem is
[[ F.Ads =[] divFdV
S \%
divF =V.F
0 0 0
= (4x)+=—(=2y*)+—(z°
o 0+ 2y + (@)
=4-4y+2z

Also given  x°+y’=4

And when y=0 =0=+4-x°
(ie) x =+2

i VE f U gy + 22)dadydx
v -2 Ja_y22=0

:

P j {(4 4y)+2—2} dydx

|
N
ﬂ
>
N

[(4 4y)3+9]dydx

2 [ 12y?
2| y 2

dx

—V4-x?

] :21(\/4—x2 +4-X? )— 6((4—x* —(4—X2))]dx

2 2
= [ 42+/4—x*dx =84 +4— x*dx [ \'4 - x?is even function
-2 0

2
= 84{2\/4— X2 +gsin * ﬂ

0



=84[0+ 2sin "11—0]
:84><2><£
2

=84r.

We shall now compute the surface integral [[ F.Ads. S consists of the bottom surface Si,
S

top surface Spand the curved surface Ssof the cylinder.

On S:z=0;n=-k
FA=-2=0
[ F.Ads=0
Sy

On S,:z=3;n=Kk

FA=22=9
ds — dxdy _d dxdy _ dxd
‘ﬁ.IZ‘ K *\

[| F.Ads = [[ 9dxdy=9][ dxdy
S2 S2 S2

=9 x area of circle Sy
=9 (m.2%) (radius of circle = 2)

=36m

On  S,:x*+y* =4

Let g=x>+y>’—4

V¢:T@+I%+E% ﬁ:V¢:2(Xr+yI)
ox oy o oX Vgl 2/x+y?




=2(xi +Yj) =%(X7+VT)('-° X +y =4 X" +y*=2) }
= . = 2= 21, 1 T N
F.A=(4xi —2y°]+z k)'E(XI /)

:2X2 _y3

Since Ssis the surface of cylinder x2 +y? +4, we use cylindrical polar co-ordinates to

evaluate || F.Ads
S3

X=2c0s 6,y=2sin6,z=z (-.x=rcos g
ds = 2dédz y =r sin éwhere r=2
ds = rd&dz)

Ovaries from 0 to 2=

z varies from 0 to 3.

N
N

<0l EAds=[ [ (2x4cos>0—8sin? 0)daiz
S3

0 0

16

O —w

2 B
[ (cos® @ —sin*@)d&z
0

16] T [1199520 L (36 0 —sin 30) deuz
> 4
0 0

— A 2
3

—16] l(ms'”2‘9]—%(—3cose+coz3eﬂ dz
0

0

3 r -
16 1(27” sin 4z —Oj—%(—300527r+ 0026” —3cosO+%ﬂdz
0

3
=167 dz =16x[z]}
0

=167zx3



o[l FAds = F.Ads+ || F.Ads+[| F.Ads
S S S, Sy

=0+367+487

=84

Thus from (1) & (2) .. [] F.Ads=[]] (V.F)dV

Hence Gauss divergence theorem is verified.

. (2)

Ex 3: Verify Gauss divergence theorem for F =a(x+y)i +a(y—x)]j+z%k over the

region bounded by the upper hemisphere x2 +y? +z2 =aand the plane z=0.

Solution:

Gauss divergence theorem is [[ F.Ads =[]] (V.F)dV
S \%

Given F =a(x+ y)i +a(y—x)j+z%k
=_0 9 alv—sxn + 2 (22
V.F= x (a(x+y)) + & (aly —x)) + P (z%)

=a+a+2z+2(a+z)
I (V.B)AV =[] 2(a+z)dV
=2a(f[ dv+2[f] zdv

2_2_\2
a2_x? Ja’—x2—

=2aV + 2? | f zdzdydx
0

—a _Ja2 2

a
—a _Ja?x

a Va2V
=2aVv+2[ | (?j dydx
2 0

a Ja’-x?
=2aV+ | | (a®—x"—y?)dydx

—a 2



2 2

_ eNE 2 2 2 . 2 22y
=2aV+2[ | (a°—=x"—y%)dydx (since (a°—x*—y?)iseven)
-a 0

a 3 a—x
=2aVv +2] (a?’—xz)y—y?J dx
Ca .

3
a 2_ 2 E
=2aVv +2] (az—xz)\/az—xz—% dx

3
(@°—x*)?

=2<';1V+2}1 (@*-x*) - dx
a 2 E
=2aVvV +2] g(az—xz)zdx
=2aV +%Ef (a® — x*)*¥?dx (..(a% - x?) is even).
=2aV +§I
3
a 3
where | = [ (a®—x?)2dx
Limitsof x: x=0to x = a.
Let x=asinéd dx = acos 4@ o S2

when x=0,sin8=0=6=0

. ST
X=a,sinf0=1=0=

NN

3

1= (a®-a’sin?#)?acosld

o— NN

T



On

On

4-14-3 7
=at———=
4 4-22
=a4.§.1.£
422
I_Sna“
16
4
il V.EV = 2av + 853
v 3 16
_4m’ m’
3 2
A1
6

Now we shall compute the double integral

([ F.Ads
S

S consists of Sy and S» ((ie) flat bottom surface & curved surface)

~.J] EAds=|] F.Ads+[[ F.Ads
S S S,

w
=
N

=0,A=—kK
EA=(a(x+ y)i +aly—x)] +z2k).(=k)
=-2"=0 (.-z=0)

~.J[ FAds=0
S

Sz : Surface in x? + y? + 72 = a2
Let @#=x>+y?+22—a?

Vo= 2(xi +Yj +zK)

(Volume of hemisphere = %ﬂa“)

(1)



V$ _2(xi +yj+7K) _ Xi +yj+2zk
Vel 2 /X% +y?2+ 72 a

A=
= =[atce )T +a)(y -7 +22E]{%j+zq

3
=(x+y)x+<y—x)y+%

where R is the projection of Sz on the xy plane

) =i 2, 2 2_3 dxdy
S FA=] (x + Yy + aj—(z/a)

=i (—a(ngyz) +22dedy

= (—a(xzj y) +(@ -x* - sz dxdy

Change to polar co-ordinates

X=rcos® y=rsin@ r’=x*+y?> dxdy=rdrdé

a /4 2
0l Edds=] ] { i +(a2—r2)}rdrd0
a —r

a 27| 2,2 3
_j | Ao+ +(a2—r2)}rdrd6
0 0

Va2 —r?

=+ (a* - rz)}rdrde




= [0]3”.? [— arva®-r’ +a’(a

2_r)%r+(a’- rz).r}jr

a 33 a
—om] 2@ —ryandr—2 [ @2 —r?)%(2r)dr + | (&% —r?)rdr
0 2 20 0
2 %\ 43 2 2vB\? 2002 42
o (2@ -r)t ) af@-r)t) fatxrt rt
27 3/2 21 1/2 2 4
0 0 0
M a4 4
=2 +a4+a—}
I 4
11a* | 1l
:272’ =
12 6
4
- I E.Ads=172
5, 6

From (1) & (2) || F.Ads = ]| V.FdV

. (2)

Hence Gauss divergence theorem is verified.

4. Using divergence theorem evaluate || F

S
the surface x* + y? + 72 = &?

Solution:

Gauss divergence theorem is

]

S

F.Ads =[] V.FdV
\%

—

F=xT+y*]+2%k
= 0,30 ,3 0,3
VF=—(X)— —(z
8x( )@(Y)Jray( )
=3(x*+y*+2°)

-] FAds =[] 3(x* + y? +z2)dxdydz
S \Y

Adswhere F =xT +y*j+z%kand S is




We shall evaluate this triple integral by using spherical polar co-ordinates..

X = r sin 6cos¢ y=rsin0sin¢ z=rcoso
then dxdydz = ‘% drd&dg
= r? sin adrd & ¢

X2 +y2+ 72 =2
rvaries from 0to a
Gvaries from Oton
¢ varies from 0 to 2n
] F.Ads = 2j” [ T 3r*sin adrdedg

s 000

_3T dg] sinado] ridr
0 0 0

=3(¢)§”.(—cose)g.(%j

0
5

a
=3x27(2).—
(2 c

127’
5

Note

Here div F =3(x? +y? + 7). Since the equation of the surface x* + y? +z° = a?, we
cannot replace x? + y? + z2 = a?in div F, since x? +y? +z2 = aZis true only for points on S but
F is defined inside and on S.

5. If F =axi +byj+czk a,b,c are constant. Show that || F.Ads = 4?” (a+b+c) where
S
S is the surface of the unit sphere.

Solution:

By Gauss divergence theorem we have



[ F.Ads =[] (V.F)dVv

9
oy

=[] (a+b+c)dVv

(2 o
—IJI (6x (ax) + (by)+az (cz)JdV

= (a+b+c)x Volume of unit sphere.

= (a+b+c)4—7r><13
3
= 4—”((a +b+c).
3
6. Using divergence theorem evaluate |[ Vr®.Ads where S in a closed surface.
S
Let F=vr? where r=xi +yj +zk

&r=|f|=/x*+y* +2°
By Gauses divergence theorem

([ F.Ads =f[ (V.F)dv

=[] V.(V.r*)dv

2

I V2rPaV = [za—zj(xz Ly +22)dV

v v OX
=l (2+2+2)dV

\
=6/[] dV

\

= 6 x volume of closed surfaces.

Stoke’s Theorem

If S be an open surface bounded by a closed curve C and F be a continuous and

differentiable vector function then | F.dF =] CurlF.Adswhere fis the unit outward
C S

normal at any point of the surfaces.



—

differentiating partially with respect to y.

Proof

Let F=FRi+F]j+FEk, F=xi+yj+zk

[[ (VxF).Ads =[] Vx(Fi +F,] +Fk).Ads
S S

= [ (VxFi).Ads+]] (VxF,])Ads+[] (VxFk).Ads

=Xi +Vj+ f(xy)k

x D
C1
a—r.ﬁzj.mﬂﬁ.ﬁ . (3)
oy oy
— is tangential and i is normal to the surface S, —r.ﬁ =0 substituting in equation (3)
=JA +Iia
oy
—of

(1)

. (2)



Substituting in equation (2):
. oF (—0z -~ oF, -

VxEi)hAds=|[ | = —k.A|-—Lk.A(ds

g g[@z(@y j }
oF oz aF
— k.Ads ... (4

(555} .
Equation of the surface is z = f(x,y)
Fi(xy,2) = Fi(xy.f(x.y)) = G(x.y) say
differentiating partially with respect to y,

oG _oR,  oF &
N oy ay

Substituting in equation (4).

=[] (VxFi)os = < Kds

Let R is the protection of S on xy plane and dxdy is the protection of ds on xy plane
then k.A = dxdy

:jsj (VxFi).Ad s_—ﬂ dedy
= [[ Gdx

Since the value of G at each point (x,y) of 1 C is some as the value of Fiat the each point
(x,y,2) of C and dx is same for both the C;and C we get [[ (VxFi).Ads=] Fdx ... (5)
S C

Similarly, by projecting surface Son to yz and zx planes.

jsj (Vij).ﬁds=i F,dy ... (6)

jsj (Vx F,K).Ads = i F,dz o ()

Substituting equations (5), (6) and (7) in equation (1)



jsj V x E.Ads = i F.dx + F,dy + F,dz
=] Fadr
C

Problems

1)

Solution:

By Stoke’s theorem [[ Curl F.Ads=] F.dr
S C

Tofind | F.dr
C

Now
F.dr = [(x? = y2)i + 2xyj ].[dxi’ + dyj + dzk ]
= (x* — y*)dx + 2xydz

Along AB:

y=0,dy=0

Along BC:

Xx=a,dx=0

-~ — b y2 b
[ Fdr=] 2aydy:2a[7j =ab’

BC 0 0
Along CD:

y=b,dy=0

Verify Stoke’s theorem for the vector field F = (x* — y)i +2xyj in the rectangular
region in the xy plane bounded by the lines x=0, x=a, y=0, y=b

y=b

> X

=0



Along DA:

x=0,dx=0

= 2ab?

Tofind [J Curl F.Ads
S

i
Now, Curl F = 9
OX
x> —y* 2

X Q|v—
o Qo =

y

=1(0)-7(0) +k(2y +2y)

=4k

Surface S is the rectangle ABCD in xy plane

A=k and ds=dqu:M=dxdy

A.K \E.E\

([ curlF.Ads ={| 4yk.Kk dxdy
S S

(1)



= 2b%(%);

= 2ab’ . (2
From equation (1) and (2).
gcm1ﬁﬁds=g F.dr
Hence Stoke’s theorem is verified.

Verify Stoke’s theorem for F = (xyi —2yzj — xzk ) where S is the open surface of

the rectangular parallelopiped formed by the planes x=0, x=1, y=0, y=2 and z=3
above the xoy plane.
Solution:
Stoke’s Theorem is, (j: F.dr= jsj curlF Ads
Tofind | F.dr
F.dr = (xyi —2yzj — xzK).(dxi —dyj —dzk)
= Xydx — 2yzdy — xzdz
The boundary C lies on the plane z=0, F.dr = xydx
Along OA
y=0, dy=0
J Fdr=0
OA

Along AC!



Along BO
x=0, dx=0
[ Edr=0
BO
[ Fdr=[ Fdr+ [ Fdr+ | Fdr+ | Fdr
c OA AC! c's BO
=0+0-1+0=1 .. (D)

To find [ curl F.Ads
S

[ k
Now culE=l2 <& 2
ox oy 0z
Xy —-2yz —Xz
= 2yi +27j —xk

([ curl FAds = [f curl F.ads+ [f curl F.Ads+ [f curl F.Ads
S x=0 x=1 y=0
. =i =
+ [[ curl F.Ads+ [ curl F.Ads
y=2 z=0

fi=] =k

w
[

3 2 2 1 3 1 3 2
=[ [ 2ydydz+[ | 2ydydz—[ | zdzdx+[ | zdzdx—| [ xdxdy
0 0 00 00 0

0

o
o



:_%(2)2_1 Q)

—

From equations (1) and (2), | F.dr =] curlF.Ads
S

C

Hence Stoke’s theorem is verified.

3. Verify Stoke’s theorem for F =—yi +2yzj + y?k) where S is the upper half of the
spherex? + y2+z2 = a2and C is the circular boundary on the xoy plane.

Solution:

Stoke’s Theorem is | F.dr= [ curlF.Ads
C S

Tofind [ E.dr
C
Here C is the circle in the xoy plane whose equation is x? +y> = a%and whose

parametric equations are x = a cos 6, y =a sin 6, z =0, dz =0.

S ] FdF =] (=yi +2yz] + yK).(dxi + dyj + dzk)
C

C
= [ (—ydx+2yzdy + y*dz)
C
=] —ydx
C

= [ —ydx
2 +y?=a’

=T (asin 6)(~asin 6)d6



Here

and

= 7a .. (D

i J k
Curl F = o 9 9
ox oy oz
-y 2yz y?

=i[2y —2y]- j[0—0]+K[0— (-1)]
curl F =k

Ve

Now, A=—— where g=x>+y*+2°-a’=0

Vel
_-*5 2 2 2 2 =0 , 2 2 2 2 ~0 , 5 2 2 2
V=1 —(X"+y +z°-a)+ ] —(X"+y " +z°-a%)+k—(xX"+y“ +z°-a")
OX oy OX

=72x+ j2y+2zK

=2Xi +2yj + 22k

V= J@X +(2y)? +(22)? =40 +y? + 22 = 2Ja? =2a

Vo _2xT+2yT+22IZ+xT+yT+zE

S A= =
\Z% 2a a

[ curF.Adt = [ (W].E ds
S S



-~ where R is the projection of S on the xoy plane.

= [ dxdy where R is the region enclosed by x> + y? = a2
R

= 782 ..

From (1) and (2); Stoke’s theorem is verified.

4. Evaluate by Stoke’s theorem | (e*dx+2ydy—dz) where C is the curve
C
X2+y?+4,7=2.

Solution:

By Stoke’s Theorem || Fdr= (| F.Ads
C S

=7(0-0)-j(0-0)+k(0-0)
=0

-] Edr=]] curlF.Ads
C

S

| (e"dx+2ydy—dz)=0

C

5. Evaluate | (sin zdx — cosxdy + sinydz)by using Stoke’s theorem where C is the
C

boundary of the rectangle defined by 0 <x <z, 0 <y <1,z=3

Solution:



By Stoke’s Theorem | F.dr= [ curlF.Ads
C S

Here F =sin zi —cosxj +sin yk

i j

| =

Noweurl E=| 2 2
OX oy 0z
sinz —cosx siny
=i[cosy—0]— j[0—cosz]+Kk[sin x— 0]
=cos Yi +¢0szj +sin xk
Since S is the rectangle in the z = 3 plane, .i=k
curl F.A =(cos yi +coszj +sin xk).k

=sin X

| (sin zdx —cos xdy +sin ydz)

O

=[[ sin x dxdy
S

]I sin x dxdy

0

o

= (~cosX)Z ()G
=(—cosz —(—co0s0))(1-0)
=@1+D@)

=2.

Green’s Theorem in the Plane

If C is a regular closed curve in the xy-plane and R be the region bounded by C,
then



Where Fi(X, y) and F2(x, y) are continuously differentiable functions inside and on C.

Proof

Let

Also,

oF, oF,

(j: F.dx + F,dy =ij ( x oy dedy

From Stoke’s theorem, we have

[ E.dr=][ CurlF.Ads
R

Cc

F=Fi+F,j, then
curl F =

_ (O—EJ—T(O aFj E(GFZ aFj
0z 0z OX 0z
7( GFJ [aﬁj ~(a|: aFj
=i =t |+k
oz oz OoX 0z

USRS
T | e
o§)|® =i

Also as C is a closed curve in the xy-plane, we have.

A=k
curl FA= oF, ok
ox oy

Also on xy-plane, we have

ds = dx—‘iy = dxdy
n.k
oF, R
curl F.Ads = dxd
] I [ o j y

Where R is the projection of S on xy-plane.

J Fdr=] (Ri +F,]).(dxi +dyj)

(1)

(1)



= [ Fdx+F,dy - (3)

Substituting (2) and (3) in (1), we get

oF, OF
Fdx+Fdy = | ———* |dxd
LA 2 g(&x 6yJ d

Corollary: If %—% the value of the integral | (Fdx+ F,dy)is independent f
Cc

the path of integration.

ILLUSTRATIVE EXAMPLES

1. Verify Green’s theorem in the plane for | (3x* —8y?)dx + (4y—6xy)dy where C

C

is the boundary of theregion defined by (a) y =+/x y =x? (b) x=0, y =0, x +y =1

Solution:

The Green’s theorem is

| Fdx+F,dy=]f oF, K dxdy J Ty
c R \OX 0y y=x
L A1)
Here F1 = 3x2— 9y?. F, =4y —6x
X
(@ Cisy=vx, y=x 00°

(ie) y*=x y=x

o] Fdx+F,dy=[ (3x*-8y?)dx+ (4y —6xy)dy
C C

= [ (3x* —8y*)dx + (4y —6xy)dy + | (3x* —8y?)dx + (4y —6xy)dy
OA AO

(1)

=1, +1,
| = [ (3x* —8y*)dx + (4y —6xy)dy
OA
Along OA, y=x?

dy = 2xdx

x varies from0to 1



[ (3x2 —8x*)dx+ (4x% —6x°)(2xdX)

0

ol
1

=] (3x*+8x* —20x")dx
0

= (X" +2x* - 4x%);

=1+2-4

I, =] (3x* —8y?)dx+ (4y —6xy)dy
AO

Along AO, x=y?
dx = 2ydy

y varies from 1 to 0

0
A ={ (3y* —8y?)(2ydy) + (4y —6y°)dy

(6y° —22y°® + 4y)dy

{5245

0
:(yﬁ _%y4+2y2)
1

B e—o0

:—1+1—1—2
2

.. from (1),

| Rdx+Fdy=1,+1,

C



Q)
Now, F, =3x°-8y* F,=4y-6xy
oF oF,

Tio1-16y, S2=-6
% Y, Z="0y

W
il [P gkdy= | Y (—6y+16y)dxdy
R OX oy y=0 x=y?

1y
= [ | 10ydxdy

y=0 x=y?
1
=10 | y(x);”.dy
y=0
1
=10 vy - v? by
y=|

1 3
=10 | ( 2 —y?’de
y=0

r 1

—10 LY

=10 3_3}

_10( 3.3
_10 j_z .0

From (2) and (3), we see that

oF, _ %jdxdy

i Fdx+ dey:ij (a Y



(i.e) Green’s theorem is verified.
(b) Cisx=0,y=0,x+y=1

[ Fdx+F,dy =] [(3x*—8y®)dx+ (4y —6xy)dy
C C

= | [3x* -8y?)dx+ (4y —6xy)dy o0 ¥ .
OA

+ [ [(3x* —=8y?)dx+ (4y —6xy)dy + | [(3x* —8y?)dx+ (4y —6xy)dy
AB BO

=1, +1,+1, (say) .. (D)

I, =] (3x*—8y*)dx + (4y — 6xy)dy
OA

Along OA, y=0
dy=0

x varies from0to 1

1 3\
=] 3x2dx:3[X—J -1
3 0

0
I,=[ (3x*-8y?)dx+ (4y —6xy)dy
AB

Along AB, x+y=1
y=1-X
dy = -dx

X varies from1to 0

R P ? [3x* —8(1—x)*]dx +[4(1— X) — 6x(1— X)](—dx)

1
0
=[ (-11x* +26x —12)dx
1

0

[l



=0—{‘Tﬂ+13—12}

8
3

= [ (3x*—8y?)dx + (4y —6xy)dy
BO

IS

Along BO, x =0
dx=0

y varies from1to O

From (1),
[ (Rdx+Fdy)=1+1,+1,
C

:1+§—2
3

>
3

Now, F, =3x*-8y°, F,=4y-6xy

%:—16)’1 %:_6y

ox oy

R y=0 x=0

1 1y
= [ [ 10ydxdy

y=0 x=0

=10 ] y(x):%dy
y=0

i [@_ﬁ}my: i (cey+16y)dxdy

Q)



1
=10 IO y(d-y)dy
y=

=10} y—y’dy
y=0

M2 3}
~10 y__y_}
_2 3 y-0
-10 l_l}
273
1 5
=10 = |==2 ...(3
[6j > ()

From (2) and (3), we see that

_i R _oR
(J: (Rdx+ dey)_jRj (ax ayjdxdy

(ie) Green’s theorem is verified.
2) Verify Green’s theorem in a plane with respect to § (2x* — y?)dx + (x* + y?)dy,
C

where C is the boundary of the region in the xoy-plane enclosed by the x-axis and
the upper half of the circle x?+y? + 1.

Solution:
¥
The Green’s theorem is, oM o
[ (Fax+Faay) = (@—@dedy
¢ RALOX 0y A(-1,0) B(1,0)"

Here F1 = 2x° —y?, F2 = X% + y?

i (Fdx + F,dy) =£ (2x? — y?)dx + (x* + y?)dy
= [ (2x* —y?)dx+(X* + y)dy + [ (2x* —yH)dx + (x* + y?)dy
AB ct

=1, +1, (say) .. (1)
Along AB, y=0

dy=0



X varies from-1to 1

A= [ @x)dx
x=-1

3 1
=2[X_J
3),
2 4
=—(1+D)=—
3(+) 3

I, =] (2x* —y?)dx+(x* + y?)dy

Cl

Along the upper half of the circle C! : x? + y?=1,
The parametric equations are,

X = c0s 6,y =sind

dx = -sin &d 4, dy =cosadd

Ovaries from 0 to =

<1, =] (2c0s? 6 —sin?@)(~sin A1O) + (cos? @ +sin? &) cos a9

0

[ (~2cos? @sin @ +sin® 6+ cosH)do
0

(—2(1—sin* )(sin ) +sin* &+ cos 9)dH

I
o3

(=2sin @ +sin® @ +cosH)do

I
o3

f (~2sino +%(3sin 0 —sin 30) + cos 0)do
0

1sin 49—§sin 30+ cos@}d@
| 4 4

I
O3

T

:]z _1(—c056’) —§(L530)j+sin 6’}
0|4 4 3

L 0



From (1),

| Rdx+Fdy=1,+1,

C

4
: . (Q2)

1y
I (@—ﬁ}dxdy: |71 T2x-(-2y)lxcy

y=0 _ J1-y?

2 2

o |2y 1—y2}—{1_y —y 1—y2}dy
y=0 | 2 2

2

2
=2} 1—y—+y 1—y2—%+y +y 1—y2}dy

0|2 2 2
1
=2 ] 2y /1-y*dy
y=0
Put 1-y>=t when y=0, t=1

-2ydy = dt y=1l, t=0



2ydy = -dt

n (GF a@';jdxdy 21 Jt(=dt)

44

2 4
—2&}[0—1] =3 )

From (2) and (3), we see that

ok,

j(FdX+de) Jj (ai &

dedy

(ie) Green’s theorem is verified.
3. Verify Green’s theorem in a plane to evaluate | x*(1+ y)dx + (x* + y®)dy, where C
C
is the square formed by x=+landy=+1

Solution

The Green’s theorem is y )/ (1,1
I (Rax+Fdy) =] (aF % jd d = “}% 7/% .

+ xdy
o ),

Here F=x’(l+y),F,=x+Yy°

[ (Fdx+F,dy)=[ x*@+ y)dx+ (x> +y*)dy
C C
= [ X*@+y)dx+ (X +y)dy+ [ x*(L+ y)dx+ (x> + y*)dy
AB BC
+ [ XA+ y)dx+ (3 +y)dy + [ x*@+ y)dx+ (x° + y*)dy
CD DA

=L+, +1;+1, (say) ... (D)

I, = [ XL+ y)dx+ (x> +y*)dy
AB



Along AB, y=-1
dy=0

X varies from-1to 1
I, :}l [X2(L—1)dx+ 0]
=0
I, = BJC X2 (L+ y)dx+ (x* + y*)dy

AlongBC, x=1
dx=0

y varies from-1to 1

1
ol :Jl 1+ y*)dy

I, = | x*@+y)dx+(x*+y*)dy
CD

AlongCD, y=1

X varies from 1 to -1

l,= | [X2(L+D)dx+0]

= 2]1 xdx
1



2 —4
=L (-1-1=—"
3=

I, = [ x*@+y)dx+(x*+y®)dy
DA
Along DA, x=-1
dx=0

y varies from 1 to -1

1, =f [0(-1+ y*)dy]

- -1
A
_ y+4}

1

S

=1+1+1—1:2
4 4

From (1).

| Rdx+Fdy=1L+01L1,+1,

C

=0+2—i+2
3

8
-3 )

Now F =x*1+y), F,=x+y’

%:X2 £=3X2

oy OX

oF, OF 11 2 2
— 21 |dxdv=14 3x° —x“)dxd
H ( (3)( 8y J y y£0 x£0 ( ) y



~4] |

y=0 x=0

2x°dxdy

3\!
5]
3 x=0

8

y=0

8 1
=—|d
3 y£0 y
8
=3 (Y)o
8
=—(@-0
3 1-0)
8
From (2) and (3), we se that
oF, OF . , . .
| (Fdx+F,dy) =[] | ——— |dxdy (ie) Green’s theorem is verified.
c R LOX oy

formed by y=0,x=%,y

Solution:

Evaluate using Green theorem | [(y—sin x)dx +cos xdy], where C is the triangle

C

2X

Here F1 =y -sinx, F2 = cos x

oF

oy

oF,

1,
OX

=—sin X
Using Green’s theorem,
(j: (FRdx+ F,dy) :JRI (

(ie)

oF, ok
OX

[ (y—sin x)dx +cos xdy =
C

Ejdxdy

1 7xl2
[ [ (-=sin x—1)dxdy

y=0 x=ny/2

1 /2
=—[ [ (sin x+1)dxdy

y=0 x=ny/2



1
:—i (—cosx+x);'2 ,dy

y=0

= y}o (O + %j - (— cos(%}dy + %]dy

=— } (Z + cos(ﬂj - ﬂ]dy
y=o\ 2 2 2

oy
Sin —
_|_n 2 7y’
2 T 2 2
2 y=0
T 2
= —4+ ———
(2 /4 4)
)
= — —+—
4
5. By the use of Green’s theorem, show that area bounded by a simple closed curve C

is given by %j (xdy— ydx). Hence find the area of an ellipse.
C

Solution:

By Green’s theorem is planes,

oF, ok
ox oy
Put Fi=-yand F,=xX

| (Rdx+F,dy)=]f ( dedy

%:_1and %:1
oy OX

Hence from (1),
| —ydx+xdy=[f (1+1)dxdy
C R

=2 dxdy
R

=2A

Where A is the required area.



S A= lj (xdy — ydx)
2¢

Any point (x,y) on the ellipse is given by
x=acosd y=bsind  where disthe parameter.

dx =-asin &dé dy =b cos A

.Area of the ellipse = %j (xdy— ydx)
C
12 . .
=5 | acos@(bcosadd) —bsin 6(—asin 8)do
0
1271' ’ .,
=3 | (abcos® @+ absin“0)dé
0

1 2z ) .
=§(ab)J (cos“ @ +sin“6)do
0

Problems for practice

1.

Verify Gauss divergence theorem for the function F =(x%—yz)i —2x2yj + 2k
over the cube bounded by x=0,y=0,x=a,y=a,z=0,z=a.

Verify Gauss divergence theorem for F = yi +xj +z2%k for the cylindrical region S
given by x? +y?=a?, z =0, z =h.

Verify Gauss divergence theorem for F =x2 + y?j + 2%k taken over the cube
bounded by planersx=0,x=1,y=0,y=1,z=0,z=1.

Verify Gauss divergence theorem for F =x°T +y®j+z°%k and S is the sphere

X% +y? +72= a2

Using divergence theorem, evaluate [[ = Ads and S is the closed surface enclosing
S

avolume Vand F = xi +2yj +3zk.



10.

11.

12.

13.

14.

15.

16.

17.

18.

Find || F.Ads where F = (2x+32)i —(xz+Y)] +(y?+2z)k and S is the surface of
S

the sphere having centre at (3,-1,2) and radius 3.

Verify Stoke’s theorem for F =(xy+ y?)i —x?]the region in the xoy plane
bounded by y = x and y = x2.

Verify Stoke’s theorem for the function F =(x*+ y?)i —2xyj taken around the
rectangle bounded by x =+a,y =0,y =h.

Verify Stoke’s theorem for the function F = x? + xyj integrated around the square
in the plane z = 0 whose sides are along the linesx =0, x=a,y=0,y=a.

Verify Stoke’s theorem for F =(y—z+2)i +(yz+4)] —xzk where S is the open
surface of the cube formed by x =0,x=2,y=0,y=2and z = 2.

Verify Stoke’s theorem for F =(2x—y)i —yz2j —y?zk where S is the upper half of
the sphare x? + y? + 22 = 1 and C is the circular boundary in the xoy plane.

Evaluate [ F.dr by Stoke’s theorem, where F =y +x?] —(x+2)k and C is the
C

boundary of the triangle with vertices (0,0,0), (1,0,0) and (1,1,0).

If C is a simple closed curve and F = xi + yj +zK prove that | F.dr=0 by using
C

Stoke’s theorem.

Use Stoke’s theorem to find | F.dr when F =(xy—x%)i +x?] and C is the
C

boundary of the triangle in the xoy plane formed by x =1,y =0and y = x.

Verify Green’s theorem is a plane to find the finite area enclosed by parabola
y2 = 4ax and x* = 4ay.

Verify Green’s theorem in a plane for | ((xy+ y?)dx + x*dy) where C is the closed
C

curve of the region bounded by y = x and y = x2.

Verify Green’s theorem in a plane for [ [(x* +2xy)dx+ (y*+ x’y)dy]where C is a
C

square with vertices A(0,0), B(1,0), D(1,1) and E(0,1).

Verify Green’s theorem for the integral [ [(x*—2xy)dx+ (x*y +3)dy]along the
C

boundary of the region defined be y? = 8x and x = 2.



19.

20.

21.

22.

23.

24,

25.

Verify Green’s theorem for | [e *sin ydx+e™* cos ydy]where C is the rectangle
C

with vertices (0,0), (r7,0), (7[%) [o, %)

w1)

Show that the integral | [(x*+ y?)dx+2xydy] is independent of the path of
(0.0)

integration.

Evaluate by Green theorem in the plate
[ [(cos xsin y —xy)dx +sin x cos ydy] which C is the circle x* + y? = 1.
C

Using Green’s theorem, evaluate i [x?ydx + x*dy]where C is the boundary of the
triangle with vertices (0,0), (1,0), (1,1)

Evaluate by Green’s theorem i [(x* —cosh y)dx + (y +sin x)dy] which C is the
rectangle with vertices (0,0), (m,0), (n,1), (0,1).

A vector field Fis given F =sinyi +x(l+cosy)] Evaluate the integral | F.dr
C

where C is the circular path given by x? + y? = &2,

Find the area of the loop of folium of Descartes x° + y* = 3axy, a> 0.

[Hint: Area =%J xdy — ydx
C

:lj xzd(ljzlj xzdt;x:sita,y:tx Limits of t are 0 to 1.]
2c 1+t
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UNIT — 11l
LAPLACE TRANSFORMS

1. Introduction

A transformation is mathematical operations, which transforms a mathematical
expressions into another equivalent simple form. For example, the transformation
logarithms converts multiplication division, powers into simple addition, subtraction and
multiplication respectively.

The Laplace transform is one which enables us to solve differential equation by use
of algebraic methods. Laplace transform is a mathematical tool which can be used to solve
many problems in Science and Engineering. This transform was first introduced by
Laplace, a French mathematician, in the year 1790, in his work on probability theory. This
technique became very popular when Heavisidefunctions was applied to the solution of
ordinary differential equation in electrical Engineering problems.

Many kinds of transformation exist, but Laplace transform and fourier transform
are the most well known. The Laplace transform is related to fourier transform, but
whereas the fourier transform expresses a function or signal as a series of mode of
vibrations, the Laplace transform resolves a function into its moments.

Like the Fourier transform, the Laplace transform is used for solving differential
and integral equations. In Physics and Engineering it is used for analysis of linear time
invariant systems such as electrical circuits, harmonic oscillators, optical devices and
mechanical systems. In such analysis, the Laplace transform is often interpreted as a
transformation form the time domain in which inputs and outputs are functions of time, to
the frequency domain, where the same inputs and outputs are functions of complex
angular frequency in radius per unit time. Given a simple mathematical or functional
discription of an input or output to a system, the Laplace transform provides an alternative
functional discription that often simplifies the process of analyzing the behaviour of the
system or in synthesizing a new system based on a set of specification. The Laplace
transform belongs to the family of integral transforms. The solutions of mechanical or
electrical problems involving discontinuous force function are obtained easily by Laplace
transforms.

1.1  Definition of Laplace Transforms



Let f (t) be a functions of the variable t which is defined for all positive values of t.

Lets be the real constant. If the integral Of e f (t)dt exist and is equal to F(s), then F(s) is
0

called the Laplace transform of f (t) and is denoted by the symbol L[f(t)].
ie. L[F()]=] e f(t)dt=F[s]
0

The Laplace Transform of f (t) is said to exist if the integral converges for some
values of s, otherwise it does not exist.

Here the operator L is called the Laplace transform operator which transforms the
functions f (t) into F(s).

Remark: Is_im F(s)=0.

1.2 Piecewise continuous function

A function f(t) is said to be piecewise continuous in any interval [a,b] if it is
defined on that interval, and the interval can be divided into a finite number of sub
intervals in each of which f (t) is continuous.

In otherwords piecewise continuous means f(t) can have only finite number of

finite discontinuities.
L\

Figure 1.1

An example of a function which is periodically or sectional continuous is shown
graphically in Fig 1.1 above. This function has discontinuities at t;, t.and ts.

1.3  Definition of Exponential order

A function f (t) is said to be of exponential order if Lime™ f(t) =0.

t—o

1.4  Sufficient conditions for the existence of the Laplace Transforms



Let f(t) be defined and continuous for all positive values of t. The Laplace
Transform of f (t) exists if the following conditions are satisfied.

(1)  f(t) is piecewise continuous (or) sectionally continuous.
(i)  f(t) should be of exponential order.

1.5 Seven Indeterminates

1. 0 4, woxw® 7. 0°.
0
2. 2 5. 1%
o0
3. Oxow 6.
Example

Check whether the following functions are exponential or not (a) f (t) = t2 (b) f (t) = e’
Solution:

(@ f()=t

By the definition of exponential order

Lim e f(t)=0

= Lime™.t?

t—oo

2
= Lim t—st = (f) which is indeterminate form
t—o0 e o0

Apply L — Hospital Rule

0

t—o0 est X

Lime 2 :>( ) which is indeterminate form

o0

Again apply L — Hospital Rule.

= Lim —2_ = Lim 2 & =0 (finite)
S

t—o0 S ZGSt t—o0

. Lime™. t? =0 (finite numbers)

t—



Hence f(t) = t? is exponential order.

(b)f (1) =€

Solution:

Proof:

By the definition of exponential order.

= Lime™f(t)=0

t—

. _ 2 .
= Lime™.e" = Lime

t— t—0

—st+t? _ oo

~f(t) = e is not of exponential order.

Laplace Transform of Standard functions

Prove that L[e™] =1 wheres+a>0ors>-a
S+

By definition L[f(t)]

L[e™]

Hence L[e®]

2.

Proof:

Prove that L[e*]

a

= | etf(t)dt
0

et e gt

o—8

T e—t(s+a) dt

S+a

1
—— wheres>a
s—a



By the defn of L[f(t)] = [ e f(D)dt
0

L[e*?] = [ e*.etdt

o—38

e—(s—a)t dt

~ |:_ e—(s—a)t :|
S—a 0

I
o—3

Hence L[e*] =

3. L(cos at) = e cos at dt

o—38

o0

2 2

—st
= { € (—scos at + a sin at)}
s‘+a

0

1

= 0_
s?+a?

(=9)

s
s?+a’

ax

[ e®sin bxdx = ﬁ [asin bx —bcosbx]
+

ax

| e cosbxdx =

b [a cosbx —bsin bx]
—+

S

s?+a’

Hence L(cos at)

4, L(sin at) = e™ sin at dt

o—38



o0

e :
>— (—ssin at + a cos at)
s*+a o

1

) 0—52+a2(0—a)
. a
L(sin at =
( ) s’ +a’
—_ 1 at —at
5. L(cos hat) = EL(e +e )
_ 1( 1 1 j 1( s+a+s—-a
2\s—a s+a) 2((s+a)(s—a)
_ s
2 -a?
L(cos h = _°
(cos hat) .
1 —_ 1 at —at
6. L(sin hat) = EL(e —e )
_ 1( 1 1 J
= f— —+—
2\s—a s+a
_ 1f(s+a)-(s—3a)
2\ (s—a)(s+a)
_ a
s -a’
. a
L(sin hat) = -
7. LQ = Je.1.dt
0
=l
_S 0
= (0_ij:1
-s) s
S



8. L

8. L

L(t")

L (tn-l)

L(t%)

L(t?)

L(t")

L(t")

In particular n=1,2,3....

[ et dt
0

{(t” )e_; T —7 nt“(%}dt

0-0)+ 27 eit"dt
S
0

T et"dt
0

) pst © . o et
0] ] Ja

0-0)+ 2] et at
S
0

L)

Eln;n; §g 1_|_(1).
s s S SSS
I
M=l
s
n! n+1)
Sn+l or Sn+l



we get L(t)

L(t?)

L(t%)

2.1  Linear property of Laplace Transform

1 L(f(t) £9(t)) =
2. L(Kf(t) #g(t) =

Proof (1): By the defn of L.T

LLf()] =

L(F(®) #9(0)]

Hence L[f(t) #g(f)] =

(2)  LIKf()] =
By the defn of L.T
L[Kf(1)] =

Hence L[K(1)] =

2.2 Recall

L(F(®) £L(a(V)

KL(F(t)

[ e (0)dt
0

e[ f (1) £ g(t)] dt

o—3

[ e f)dt+] eg(t)dt
0 0

L[f @]+ Lg®)]

LLf(O] #LI9(®)]
KLIf(t)]

[ eKF (t)dt
0

K[ e f(t)dt
0

KLIf(t)]

KLIf(t)]

1. 2 sin A cos B=sin(A+B) + sin(A-B)



2. 2 cos A sin B=sin(A+B) - sin(A-B)
3. 2 cos A cos B= cos(A+B) + cos(A-B)

4. 2 sin A sin B= cos(A-B) - cos(A+B)

5. sinfA= 120824
2
6. COS?A = %

7. sin 3A = 3sin A — 4 sin® A

8. cos 3A = 4¢cos®A — 3 cosA

9. sin (A+B) =sin A cos B + cos A sin B
10. sin(A-B)=sinAcosB-cosAsinB
11. cos (A-B) =cos AcosB +sinAsinB

12. cos (A+B) =cosAcosB-sinAsinB

3.1 Problems
1. Find Laplace Transform of sint
Solution:

L (sin%t) - L[—l_ = th

= % L(1—cos 2t)

_ 1(1_ s j
2\s s?+4

2. Find L(cos®t)
Solution:

We know that cos®A = 4 cos®A — 3 cos A

hence cos?A = % Cos A+ % Cos3A



L (cos?t) % L(3cost + cos 3t)

1[35 sj
- Sl Tt
4\s“+1 s°+9

3. Find L(sin 3t cos t)

Solution:

We know that sin A cos B %(sin( A+ B)+sin( A-B))

hence sin 3tcost = %(sin 4t +sin 2t)

L(sin 3t cos t)

% L(sin 4t +sin 2t)

1(4 2}
- Sl T2
2\s°+16 s +4

2 1
2 + 2
s +16 s“+4

4. Find L(sin t sin 2t sin 3t)

Solution:

We know that sin t sin 2t sin 3t = sin t%(cos t — cos 5t)
= 1sin tcost —l(sin t cos 5t)
2 2
1. 1 . .
= Zsm 2t cos 2t —Z(sm 6t —sin 4t)

L(sin t sin 2t sin 3t)

%L(sin 2t +sin 4t — sin 6t)

l{ 2 4 6}
- Sl T2 T2
4/s°+4 s°+16 s°36



5. Find L(1 + ¢3! — 5e*)
Solution:
L[1+e3t — 5] = L[1] L[e®] + 5L (e*]

1 1 5

s s+3 s-4

6. Find L(3 + €% + sin2t — 5 cos 3t)
Solution:
L(3 +e® +sin2t—5cos 3t) =3L(1) + L(e®) + L(sin 2t) — 5L(cos 3t)

1 2 5s
+ p—
s—6 s?’+4 s*+9

= 3.l+
S

7. Find L(sin (2t + 3))
Solution:

L(sin(2t + 3))

L(sin 2t cos 3 + sin 3 cos 2t)

cos 3L (sin 2t) + sin 3L(cos 2t)

cos 3

—— +5sin 3—
s°+4 s°+4

8. Find L(sin 4t + 3 sin h2t — 4 cos h5t + e
Solution:

L(sin 4t + 3 sin h2t — 4 cos h5t + e

L(sin 4t) + 3L (sin h2t) — 4L (cos h5t) + L(e™)

4 2 S 1
> +3. > —4.— +
s° +16 s° -4 s°-25 s+5

4 6 4s 1
2 = T2 +
s°+16 s°—-4 s°-25 s+5

9. Find L((1 +1)?

Solution:

L((1 +1t)?) L(1+2t+1t?)

L(1) + 2L(t) + L(t?)



1 1 2

= S+25+—
s s° s
i sint O<t<nz
10. Find the Laplace Transform f(t) =
0 t>nx
Solution:
By definition,
L) = [ e f(t)dt
0

= [ e f@)dt+] e f(b)dt
0 T

= [esintdt+] e(0)dt
0 T

= ljr e *'sint dt
0

—st 7 ax
= (—Szﬁ (=ssin— cost)} [ e®sinbx dx = h (sin bx —bcosbx)
0
= e (-=ssin 7 —cos z) — e’ (0-2
s +1 s?+1
e 1
= 1)+
s? +1( ) s’ +1
1
= e +1
s? +1( )
e' O<t<l
11. Find the Laplace Transform f(t) = <t
0 t>1
Solution:
By definition,  L(f(t) = | ef(0)dt
0

= et fMmdt+] e f(t)dt
0 1



3.2 Note

o —r

e 'e'dt +T e 0 dt
1

e(—st+l)t dt

1
{e(l—s)ti|
1-s |,

1 (s
E(el —1)

(ST

1. T(n+l)= ] x"e™*dx (By definition)
0

I'(n+l) =n,n=1,23,...

I'(n+1) =nl*(n), n>0

12.  Find L(i +13/2

Jt

Solution:

L(%H""ZJ

L(t-1/2) + L(t3/2)

4. First Shifting Theorem (First translation)

1. If L(f(t)) = F(s). then L(e® f(t)) = F (s+a)



Proof

By definition, L[f(t)]

L[e(1)]

Hence L[e™ f(t)]

T et f (t)dt
0

e e ™ f (t)dt

o—38

T et f ()t
0

F(st+a)

F(s+a)

4.1  Corollary: L(e*f(t)) = F(s-a)

4.2 Note

1 LEe™(D)

2. L(™(D)

4.3 Problems
1. Find L(te?)
Solution:

L(te?)

2. Find L(t°¢)
Solution:

L(t%eY

LIF(D)]i—s+a
[F(S)]s—s+a
F (s+a)
LIf(0)]i—s-a
[F($)]s—s-a
F (s-a)

[L(O]s—s2

1
(s-2)°

[L(ts)]SHs-H



&
SG S—>s+1

_ 5l
© (s+1)°

3. Find L(e™ sin 3t)

Solution:

L(e sin 3t) L(sin 3t)]s—s+2

11

VR
w

N

+ | W
(o]
o
{
w
@
N

4. Find L(e™ cos h4t)
Solution:

L(e cos h4t)

L(cos h4t)]s—s+1

3
SZ +16 S—>s+1

_ s+1
(s+1)%-16

5. Find L(e® sin? 4t)
Solution:

L(e* sin? 4t)

L(Sin2 4t)s;>s—3

L(l —cos8t j
2 s—s-3

= %(L(l) — L(cos8t))

$—5-3

- 1(1_ s J
2\s s*+64) .,




1( 1 s-3

5(5—3_(5—3)2+64]

6. Find L(e sin 4t cos 6t)

Solution:

L(e™® sin 4t cos 6t) L(sin 4t cos 6t)s—s+2

= %(L(Zsin 4t cos 6t))

S—5+2
S—s+2

. %(L(sin( 4t + 6t) + (sin 4t — 1))

S—>5+2

= %(L(sin 10t —sin 2t))

_ 1/ 10 2 j
2(s*+100 s*+4) .,

_ 1 0 2

2\ (s+2) +100 (s+2) +4
7. Find L(e* (sin® 3t + cosh® 3t)
Solution:

L(e* (sin® 3t + cosh® 3t) = L (sin® 3t + cosh® 3t)s—s4

_ L[Bsin 3t —sin ot N 3cosh 3t + cosh 9tj
4 4 S—>s—4

3sin @ —sin 30

4

(3 . 1. . 3 1
= | = L(sin 3t) — = L(sin 9t) + — L(cosh 3t) + = (cosh 9t
_4( ) ) ( ) 4( ) 4( )}

S—>s—4

3 3 1 9 3 s 1 s J
T4 2 T2 T t @
4 s°+9 4s°+81 4s°-9 4s°-81) .,
3 1 9 3 s-4 1 s-4
2 A 2 T 2 7 2
(s—4)°+9 4(s—-4)°+81 4 (s-4)°"-9 4(s-4)-81

3
.



8. Fine L(cos ht cos 2t)

Solution:

L(cos ht cos 2t)

(£

= % L(e' cos2t +e™" cos2t)

S—s+1

- illet) )
T o5l <2 =
2 ST+ 4 s—>s-1 ST+ 4 S—s+l

= % L(cos2t), . , + L(cos 2t)

| =

s—-1 s+1
+
2\ (s-1)°+4 (s+1)2+4j

5. Theorem
If L(f(t)) = F(s), then L(tf(t)) = %(F(s))

Proof:
Given F(s) = L(f)(1))

[P

differentiate both sides, w.r. to ‘s

d d
= F6) E(L(f)(t)))

= %(Z e f (t)dtj

0 &
—e > f (t)dt
s ®

I
o8

(-t)e ' f (t)dt

1]
o—38

= ]ttt
0



LEE) = L)
S
—d

or L(tf (1)) F1s) where F(s) = L(f(t))

similarly we can show that,

2 _ e d?
L(t* f (1)) = (D F)
_ e @
L(t3f (1)) = (-1 i F(s)
In general, L(t”f(t)) = (-D" c(ljsn" F(s)

51 Problems
1. Fine L(teSt)

Solution:
We know that L(tff ()= % L(f(t))

Here f(t)=e"

L (te*) = % L(e*)

_ i(Lj
ds {s—3

_ ([ -30)-0
(s-3)

o
(s-3)°

2. Find L(tsin3t)

Solution:



L(tf (1))

L(tf (1))

3. Find L(t cos? 3t)

Solution:

L(tcos? 3t)

4. Find L(te? sin 3t)

Solution:

~d
i)

-d, /.
—— L(sin 3t
oS (sin 3t)

i( 3 j
ds (s?+9

(— (s2+9)0)+ 3(25)J

(32 +9)2

(32 + 9)2

% L(cos? 3t)

—d L(1+ costh

ds 2

-1d
ds

-1d (1 s j
— ==+
2 ds\s s?+16

-1, (s2 +16).1— 5(2s)
2| s? (s2+16)

(L(1) + L(cos6t))

N 16 - s*
2| s* (s?+16f

. s° 16
2 s* (s?+16)f




L(e™ (tsin 3t)

5. Find L(te‘2t sin 2tsin 3t)

Solution:

L(te ™ sin 2tsin 3t)

L(tsin 3t)

S—>5+2

{i L(sin 3t)}
dS S—5+2

i( 8 j
dS Sz+9 S—>5+2

{(52 +9)o—3(2s)}

(32 +9)2

6(s+2)
((s +2)% + 9)2

L(tsin 2tsin 3t)

S—5+2

%x L(t.2sin 2tsin 3t)}

S—5+2

% x L(t(cos(2t — 3t) — cos(2t + 3t)))}

S—5+2

S—S+2

% x L(tcost —tcosb5t)

—d L(cost) + a L(cos5t)
| ds ds

_—d( s j d( s
—_— +_
| ds (s*+1) ds\s®+25

N

ds—>5+2

j|S~)S+2

N

1__{(52 +1).1—s(23)]+i[(52 + 25).1—5(23)J

2 (s? +1f ds (s? +25f s
1__( 1-5° ]{ 255 J

2| (52 +1)2 (s2 + 25)2 s



6.  Find L(t% ‘ cosh2t)

Solution:

L(e*(t? cos h2t))

N |-

5?1 L 25
_(Sz+1)2 (Sz+25)2 S—>5+2

N |-

(s+2F -1 25-(s+2f }

_((s +2) +1)Z ((s+22)+25f

S—s+1

L(t? cos h2t)

2 d°
((—1) 7 L(cos h2t)j

S—s+l

d((s2-4).1-5(2) J
ds( (52 - 4)2 J sos+L
sl

ds (52 _4)2 sos+l

-d 4+52]
dS (32_4)2 s—s+l

((32 —af(25)-(4+5%)2(s* - 4). (2s)J
(s -4 -

~asfs - 4)[52 _éz_ - ES+ SZ)BMA

—25(s? —4—8—252)J
s—s+l

Gy



(2515-’- +12 }]

(Sz - 4)3 S5+l

2(s +1)(s + 1) +12)
(s+17-4f

6. Theorem

IfL(f(t)=F(s) and if tI;tO @ exist then L(@j =°§ e f(t)ds
Proof:

By definition, F(s) = L(f(t)) = Z e~ f (t)dt

Integrate both sides w.r.t. ‘S’ from S — o

[ F@s)dt=] [ e™f(t)dtds

ﬁ eS‘f(t)ds}dt (Changing the order of integration since ‘s’ and ‘t’ are

1]
o—3

independent variable)

1]
o—3

f(t)@ e“ds)dt

pst @
f (t)dt( — ]

= ] ()t (‘Tl(O—e-st)j

1
o8

L(f t)J =T L(f)ds

f ()
t2

Similarly we can provide that L( j = T T L(f(t))ds ds



In general L[EJ =T T ------ F L(f(t)) dsds...ds
tn < > ntimes
n times

Recall

1. log( AB) =log A+ log B

2. log(%4)=log A—log B

3. log A°® =B log A
4. logl=0

5. log 0 = -0

6. log o =0

7. | 1dx:logx
X

dx 1, X
8. =—tan" —
/ a’+x* a a

9. tan () =~
(0) >

10. cot*l(%)= % —1tan 71(%1)

Problems
_ 2t
1. Find L(l € j
t
Solutions:
a2t
Lim1 ¢ =9(Interminateform)
t—0 t 0

Apply L — Hospital Rule

92t
Lim 2e =2

t—0 1




..the given function exists in the limit t — 0

2t
I_(1—e j
t

[ La—e*)ds
= T (L@ - L(e* s

(E_Ljds
s §-2

= (logs—log(s—2));

1
w38

- [os5)]

2. Find L(—l_ c0s atj
Solution:
Lim kiﬂ - % (Indeterminte form)

Apply L — Hospital Rule.

. in
Lim a sin at

t—0

=0 (finite)

.~.the given function exists in the limit t — 0



L(l_ ctos atj

-at —bt
3. Find L(%j

Solution:

L(1—-cosat)ds

»w—8

(L@ - L(cosat))ds

1 S
J [E_serazjds

»—8

8

n

o0

Iogs——log s’ +a )j

S

Iogs—log s’+a )%j

log

[
(
ot
|

.1+ azz




—at bt
Lim % = % (Indeterminte form)

t—0
Apply L — Hospital Rule.

—bt
Lim+be—b—a

t—0

..the given function exists in the limit t — 0

L(L_e_btj = T L(e’at_e’bt}js
S

= J' (L _Ljds
s \S+a S+b

= [log(s+a)—log(s +b)]’

8

a I (s+a)

) Ig((Ser)H

_ _Iog(h—a/s)Ho
| \1+b/s /],

- log1l-log l+als
1+b/s

= logl- Iog[s+2j
_l’_

= |09[s J
s+b
Ig(s+aj
s+b
Ig(s+a}
s+b

4 Find L(cosat—cosbtj

Solution:



. cosat —cosht
Lim——M

t—0 t

% (Interminate form)

Apply L — Hospital Rule

—asin at + bsin bt

Lim

t—0

=0 (finite)

.. the given function exists in the limitt — 0

L( cosat — cos bt)
1

at
5, Fmdt{i—ifgﬂﬁ]

Solution:

L(cos at — cosbt)ds

w8

w S S
- ds
£ (32+a2 sz+b2j

%Iog (52 + az)— % log (52 + bZ)I

1_ §6+§?2)w
E_Iog s +biz .
1 @+§?2)w
E_bg +921 |




Since Lim

{

6. Fin

Solution:

. . Sin
Since Lim
t—0 t

t—0

e® —cos btj

t

|

A 2

sin?t
t

exists

e —cosht

exists

L(e* - cosbt ds

o 1 1
=2 s
{ (s—a sz+b2J

log(s —a) —%Iog(s2 + bz)}

»w— 8

S

:Iog(s —a)—log v's? +b2]:

ool 2|

_ o0




T L(l_ c;)s Zt)ds

- %T (LQ) - L(cos 2t))ds

S

o0

1l 1
= |l —=1 244
2_ogs 2og(s + )}

S

- 1 log s —log V's? +4t

N

-— | S :
" 3| J—J

= o
2
. Find L(sm 3t cos 2tj
Solution:
Lim(sm 3t cos ZtJ excsts
t—0 1



T L(sin 3t cos 2t)ds

I_(sin 3ttcos ZtJ

= T L(2sin 3t cos 2t)ds

= %T L(sin 5t + sin t)ds

= = > + ! ds
25 \s?+25 s?+1

- %[5.%tan‘155+tan_l%}
_ %(tan o0) + tan 7 oe) —tan (3 ) tan (31 )
= S5+ T (5¢)-an(3{)

- ploghar

o0

S

8. Find L(Sm atj' Hence find the value of T SI?—tdt
0
Solution:
Since It_lrp Sin at exists
L(smtatj = Of L(sin at) ds
% a
= ds
s s?+a?

I
7N\
o
® |-
—
<Y}
5
IR
| »
N
o 8



I
7\
&
5
N
D | w»
N—
2 8

tan oo — tan ‘1(3)
a

_ I_(sm atj :z—tan‘l(iJ
t 2 a

Deduction:
By definition
T gt Sinat _ z—tan‘l(i)
0 t a
Puts=0,a=1
© gint T
~—dt = Z—tan (0
[ ;O
-
2
. cos at
9. Find L[ j
Solution:
Lt cos at _ 1 —
t-0 t
oLt cosat does not exist.

t—0

cos at .
Hence L(Tj does not exist.

at
10.  Find L(eTj

Solution:



at

&1
t—0 t 0

= 00

eat
L(TJ does not exist.

7. Unit Step function (or) heavisides unit step function

0

The unit step function about the point t = a is defined as U(t-a) = {1

It can also be denoted by H(t-a)

Au(t-a)

t>a

t<a

t=a

Bt

7.1  Find the Laplace transform of unit step function.
Solution:

The Laplace transform of unit step function is

LU (t-a)) [ e™U(t—a)dt

1
o

e'0.dt+ | e (L)t

e'dt

1]
® 38

fort<a
fort>1



LUt -a)) Loen)=®

S LU(t-a))

8. Dirac delta function (or) Unit Impulse function

8.1  Dirac delta function or unit impulse function about the point t = a is defined as

1
S(t—a) = hI;toﬁ a<t<a+h
0 otherwise

Find the Laplace transform of Dirac delta function.

5

Solution: T 1 » 00
o a ath

L[5(t - a)] = [ e s(t-a)dt

o—38

a+h ©
eStOdt+thO% [ e~dt+ | e™0dt

a+h

1
o8

1 ath
= Lt= ] e™dt
h»Oh a

— Lt % ___1 (e—(a+h)s _ e—as ):|

h—0 S

= Lt =
h—0 h S S

1 _e—as e—(a+h)s :|

e—as (1_ e—hr )

Lt L
h sh

= — (Indeterminate form)
h—0 0

Applying L’ Hospital Rule.

—as

_ Lt e—as (e—hss)
h—0 S

=€

L(5(t - a))

e ® when a=0,L(5(t) =1

8.2 Note



The dirac delta function is the derivative of unit step function.

9. Second shifting Theorem (Second Translation)
f(t—a), t>a
If L(f(t))=F(s)and G(t) = ,
0 t>a
Then L(G)(1)) =e *F(s)
Proof:
L(G)(1)) = [ e™G(t)dt
0
= [ e"GM)dt+ ] e G(t)dt
0 a
= [ e0.dt+] e f(t—a)dt
0 a
= [ ef(t—a)dt
0
Put t-a=u When t=a, u=0
dt =du =0, u=ow
- LG®M) = | e f(u)du
0

= e’saT e f(u)du

0

In T e f (u)du, u is a dummy variable. Hence we can replace it by the variable t.
0

- L(G)(1) e e f(t)dt

e L(f (1)

e *F(S)
Another form of second shifting theorem
If L(f)(t)) = F(s) and a> 0 then

L(f(t-a)U(t-a) = e*F(s) where U(t-a) is the unit step function.



Proof:

We know that by the definition of unit step function.

1t
U(t_a)z{o tzz
;fa—mua—mz{fa;a)tzz (D)

Let f(t-a)U(t-a) = G(t)

f(t—a) t>a

(1) becomes, G(t) ={ 0 t<a

which is precisely the same as the first form of second shifting theorem, as discussed
above

= L(G)(1) = e®F(s)
9.1 Problems

1. Find the Laplace transform of G(t) , where

cos(t — 2—”) if t> 2%
G(t) = 3 3

0 it t<2”
3
Solution:
e f(t—a) t>a
We know that by second shifting if L(f(t)) = F(s) and G(t) 0 (<2
then L(G)(t)) = e F(s) ...(1)
2r
Here f(t-a) = cos (t = ?)
. 2r
(ie) f(t)=cost &a? ... (2)
~L(F() = L(cos ) = —> . 3)

s?+1



Submitting (2) & (3) in (1), we get

2z

ALGEH) =e® >

s?+1

2. Find the Laplace transform using second shifting theorem for

() = {(t—a)s; t>a

0 t<a

Solution:
Here a = 2, f(t-a) = t-2)°

f(t) =13

3l
L(f(D) = L) =) PO F(s)
~L(G)(1)) = e F(s)

— pn-as "

3. Using second shifting theorem, find the Laplace transform of

G = sint;77; t>%

t<%

Solution:

Here azg, f(t—a):sin(t—%)

~f(t) =sint
- L(f(Y) = L(sint)
— 1 _
o241 Fe)
- L(G(t)) = e®F(s)
_ o 1

s +1



L L

s +1

10.  Change of Scale Property

IFL(F(1)) = F(s), Then L(fat)) = = F(ij

a

Proof:

By definition, L(f(t) = | e~ f (t)dt
0

~.L(f)(at) =] et att
0
Put  at=y when t=0, y=0
adt = dy Ty
_ T asstyla) dy
L(f(at)) = ey~
_ 1% sy
= [ et f(y)dy
ao
_ é‘f e 'Y f (t)dt (Replacing the dummy variable y by t)
0
1
L(f(at)) = EF(%)
10.1 Corollary
g = e

10.2 Problems
1. Assuming L(sin t). Find L(sin 2t) and L(sin %)

Solution:

We know that L(sin t) = 21 .. (1)
s°+1



1

. 1
s L(sin 2t) = =,
2 ‘%) +1

Using (1) (Replace S by s/2)

. 1 4
L 2t - -
(sin 21 2[sz+4j
2
= @
s°+4 (2)
2 .
L\isin Using (2) (Replace s by 2s
Q /\) (23) R ing (2) (Replace s by 2)
2.1
2. Give that L(t cos t) = >
(32+1)

Find (i) L(t cos at) and (ii) L(t €08 éj

Solution:
. . _s°-1
Q) GivenL(tcost) = —
(32 +1)
Replacing t by at
1 (Y )Z 1 .
..L(at cos at) = = (/a)z (- Replacing s by s/a)
*(baf )
4re2
L(at cos at) a33 (32 )
a’(s®+a“)
2 2 a2
~.L(t cos at) SN C 5 )2 > ¢
a‘(s“+a’)” (s“+a’)
2
(i)  Given L(tcosljz > _12
a (32+1)

Replacing by A '—(/COS/ ( (Ef:;) +_11) J



2.2
L(t coslj =a’ le Replace s by as.
a (azs2 +1)
11. Laplace Transform of Derivations

Here, we explore how the Laplace transform interacts with the basic operators of
calculus differentation and integration. The greatest interest will be in the first identity that
we will derive. This relates the transform of a derivative of a function to the transform of
the original function, and will allow to convert many initial - value problems to easily
solved algebraic Equations. But there are useful relations involving the Laplace transform
and either differentiation (or) integration. So we’ll look at them too.

11.1. Theorem

If L(f(t)) = F(s) Then
()  LEm) = sL(f(t)) - f
(i) L)

s?L(f(1)) - sf(0) - 1(0)
and in genereal

L(f(t)) = SIL(f(t)) — s™(0) — s"210)...../"1(0)
Proof:

Q) By definition,

L (D) = [ ef(t)dt
= [eMd(f(@)

= (e“f(t)):—og fyd(e™)

c'e]

= (0-f(0)-[ f(t)e™(-s)dt

= _f(0)+s] et f(t)dt

= —f(0)+sL(f (1))



= L) = SL(f(t)) —(0) .... (1) which proves (i)
(i) Again by definition,
L) = [ e f(t)dt
= Jerd(ra)
= e tof -7 f'@e (st
= [o-f®]+ST e f ()t
= —f'(0)+sL(f'(t)
= sL(f'(t)) - £'(0)
= s(sL(f(t))- f(0))- f'(0) Using (1)
L(f1t) = S’Lf(t) — sf(0) - {0) ...(2)
Similarly proceeding like this, we can show that
L(f"(t)) = s"L(f(t)) — s"f(0) — s"*f10).../"*(0) ...(3)

The above results (1), (2) and (3) are very useful in solving linear differential
equations with constant coefficients.

11.2  Note
We have,  L(f(t)) = sL(f(t)) - f (0) e (D)
and
L(f 1Y) = $2L(f(t)) —sf (0) - f(0) (2)
When f(0)=0andf'(0) =0

(1) & (2) becomes
Lf'(t) = sLf(t) and Lf(t) = s2Lf(t)

This shows that under certain conditions, the process of Laplace transform replaces
differentiation bymultiplication by the factor s and s 2 respectively.

12. Laplace Transform of integrals



Analogous to the differentiation identities L[f1(t)] = sF(s) — f(0) and L[tf(t) = -
F1(s)are a pair of identities concerning transforms of integrals and integrals of transforms.
These identities will not be nearly as important to us as the differentiation identities, but
they do have their uses and are considered to be part of the standard set of identities for the
Laplace Transform.

Before we start, however, take another look at the above differentiation identities.
They show that, under the Laplace transform, the differentiation of one of the functions,
f(t) or F(S) corresponds to the multiplication of the other by the approprate variable.

This may lead to suspect that the analogous integrations identities. They show that,
under Laplace transform integration of one of the functions f(t) or F(S), corresponds to the
division of the other by the appropriate variables.

12.1  Theorem: If L[f(t)] = F(s)then L[} f”(t)dt} 1 L[ f ()]
0 S
Proof:

Let i f (t)dt = g(t) ()

Differentiate both sides with respect to ‘t’
=)= ¢(t) ...(2)

and  #0) = [ f®)dt=0

We know that L[#(t)] = sL[#(1)] - #(0)

L[#D] = sL[AD)] . 0)=0

S L[ (0] = SLEJ) f(t)dt} by (1) & (2)

LD) f (t)dt} - % L[ (1)]

Similarly we can prove that

L[} i f(t)dt} =Si2L[f 0]



Ingeneral L|[ [ f(t)dt =%L[f(t)]

nitems

12.2 Note

The above result expresses that the integral between the limits from ‘0’ to ‘t’ is
transformed into simple division by the factor ‘S’ using Laplace transform.

12.3 Problems
} t
1. Find L[et [ tcostdt)
0

Solution:

L(e‘ti tcos dt): LCJ) tcostdtﬂ
[sueesn)
(E —(L(cost))DHS+1

_ _—_1 s? +1—5(2s)

L S (SZ +1)2 S—s+1
|-

L S (52 +1)2 s—s+1

S(SZ +l)2 s—s+l

n |k

L(tcost)

'—\

_ (s+1)" -
(s+D(s+D*+D* ) .,

s* +2s
(s+1)(s* +2s+2)°




0

2. Find L(e‘t} S":—tdtj

Solution:

L[e‘t} sint dtj = {L(} sint dtﬂ
0 t 0 t S—s+l
- [
S t S—>s+1

] . Sin ]
Since %lrpsTtexmt

= | =Z] L(sin t)ds}

S—s+1

= ET 21 ds}
[Ss S +1 s—s+1

_ [y
) g(tan l S)S :|s—>s+1

= % (tan* oo — tan (s))}

S—s+1

a 1 T
) E(E a (S)j:|s»s+l

r -1
_ 1ot s} _cot™(s+1)
_S S—s+l S +1
; t
3. Find the Laplace Transform of | te™sintdt

0
Solution:

L(te sin tdt) = (L(t Sin t))s—s+



= — L(sm t))

S—s+1

_ i( 1 j
dS Sz+1 S—s+1

_ (s* +1p-25
(SZ +1)2 S—>s+1

)
(32 +1)2 S—s+l

2(s+1)
(s +1)? +1)*

2(s+1)
s°+2s5+2

—t
4. Find L[} € imtdtj
0

Solution:
t ~t o -t i
18 e S'ntdt _ lLe sint
0 t S t
—t .
. . n .
Since lee S| teX|st.

t—0

= _T L(e™" sin t)}ds

= T L(sin t)_ ds

Jds—s+l

T ( 21 } ds
s S +1 S—s+1

w |-
1

w |

I
w |l
n— 8
TN
~—~
)
+
Elr
N
+
[EEN
~
[E—
o
)



(s
s|s \(s+D)*+1

= % (tan (s + 1))20

cot™*(s+1)
S

Problems

1. Find L(} e”dtj
0

Solution:
L(} e”dtj = L)
0 S
-1 1
s s-2
_ 1
s(s—2)
2. Find L(} sin 3tdt)
0
Solution:
. 1 .
L(j sin 3tdt) = gL(sm 3t)
0
_ 1 3
s s?+9
B 3
s(s®*+9)

t

3. Find L(J e cos 3tdt)
0

Solution:

{

e cos 3tdt) . L(e™* cos3t)
S

[ J—



= % L(cos3t) (Using first shifting theorem)

S—>5+2

. 1( s j
S 52+9 S—>S+2
_ 1 S+2
sl (s+2)°+9

4, Find L(} e " sin h2tdt)
0

Solution:
t 7t - l 7t -
L(j e sin h2tdtj = gL(e sin h2t)
0
= 1 L(Sin h2t)s»s+1
S

_ 1( 2 j
S 32_4 s—s+l

2
~ sl(s+)?-4

5. Find LO sin 3t cos 2tdtj
0
Solution:

t
L( [ sin 3tcos 2tdtj = % L(sin 3t cos 2t)
0

- 1 L(2sin 3t cos 2t)
2s

-1 L(sin 5t +sin t)
2s

l( 5 1 j
= — +
2s(s2+25 s?+1




6. Find L(eg"} tsin® t)dt
0

Solution:
t A t A
L(e3t [ tsmztjdt = L(j tsmztdt)
0 0

S—5+3

S

1 L(tsin? t)}
S—5+3

-1d (.,
?E L(Sln t):|s_)s+3

_ _jiL(l_COSZt
L S dS 2 s—5+3

= _—11L(1—0052t)
_25 dS 1s—>s+3

_ —_11(1_ s j
s ds\s s*+4)] .

Solution:

|1 =1 (s?+4).1-5(25)
—28 SZ (82+4)2 s—s+3
_ |+ a-st
—28 SZ (52+4)2 S—s+3
_ 1 +1 4—(s+3)°
25 +3)\ (s+3)° ((s+3)* +4)?
_ 1 4—(s+3)’°
2(s+3)° | 2(s +3)(s* + 65 +13)°
7. Find L(e‘”(} Si”?’ttﬂdtn



L e‘“(} sin 3t cos 2t dtj _ EL(sin 3tc052tj
0 t S t s—s—4

_ 1 I_(sin 3t cos ZtJ
_S t S—s—4

= %T L(sin 3tcosZt)dt}

S—s—4

= iof L(sin 3tc052t)ds}
_25 s

s—s—4

= iojo L(sin 5t +sin t)ds}
_25 s

s—>s—4

[1 = 5 1
= —_[ 5 + 3 ds
1285 \s"+25 s"+1) | .,

- |1 5 ltan l—+tan‘1s}

_23 5 S—s—4
- | L tan™ = +tan sj

28 S ls»s-4

s—s—4

[
[
= |t mn - (an S an s |
[
[

- | L Z+£J—tan "2 tan's

_23 2 2 s—>s—4
- |1 r—tan?=—tan™ SH

_28 S—s—4

13. Periodic Functions

Laplace transform of periodic functions have a particular structure. In many
applications the nonhomogeneous term in a linear differential equation is a periodic



function. In this section, we desire a formulafor the Laplace transform of such periodic
functions.

13.1 Definition of Periodic functions

A function f(t) is said to have a period T or to be periodic with period T if for all t,
f(t+T)=f(t) where T is a positive constant. The least value of T>0 is called the period of

f(t).
Example 1

Consider f(t) =sin t

fit + 20 = sin(t + 2z)
= sint

(i)  f(t) = ft+2n
= sint

sin t t is a periodic function with period 2x.
Example 2

tan t is a periodic function with period n.
13.2 Laplace Transform of Periodic functions

Let f (t) be a periodic function with period a

f =ftt+a) =fit + 2a) =f{t + 3a)......

Now  L(f(t)) e~ f (t)dt

1
o8

I
o8

e (t)dt+ [ edt+[ e f )t
a 2a

T e fMydtr.....
3a

Put in the second integral t=T +a; dt=dT
in the Third integral t=T +2a;dt=dT

in the Fourth integral t =T + 3a; dt =dT



When t=a, T=0

t=2a, T=a
When t=2a, T=0
t=3a, T=a
When t=3a, T=0
t =4a, T=a
- L(F(D) = [esfM)dtre™ e f(T +a)dT
0 0
L e[ e (T 4+ 2a)dt + .o
0
= [ e f(O)dt+e ] e f(t+a)dtre™] e f(t+2a)dt
0 0 0
= (Lre®+(e™)+.)| e f(t)dt
0
= @-e®) 4] e fMdt  (@-x)t=1ex+xP+..)
0
L((t : +] e f ()t
(f) et et
13.3 Problems
1. Find the Laplace Transform of the square wave given by

E for 0<t<?
ft)= A
—E for %<t<a

and  f(t+a) = f(t)
Solution:
Given that f (t+a) = f ()

Hence f (t) is a periodic function with period p =a



1 a
L(f(t)) = 1—e*35£ e f (t)dt
1 _% —st a —st
= —| | eVEdt+ [ e (-E)dt
1-e _0 3
F o )
= 1 JEFesdt-Ef et
1-e 0 A

R T N

s(l1-e7®)
— E —sa sa —sa
= m (1— e 2 _ € 2 +e )
- E __p—2sal2 _ nsa
- S(].— e—aS) (1 e e )

—sa 2
= asE (1_ezj
s(l—e 2)(L+e™)

E(l—e_saj
-\ 2)

S(l— e—sa/Z)

E tan h(gj
S 4

2. Find the Laplace transform of the function f(t) =

t O<t<b
2b—-t b<t<2b

Solution:

The given function is a periodic function with period 2b

- L(fD) = H#stzf et f (1)t



Si
3. Find the Laplace transform of f(s)

Solution:

1 b 2b
——[ e f(t)dt+ [ e f(t)dt
1-e%o b

o [j etdt +
—e

0

—st
1 -s

T e (2b —t)dt}

H=-

1_ e—ZbS S

1_ e—ZbS SZ

(1_ e—bS)Z

s(l+e™)1-e™)

1—2e™ 42 J

nt in
0 in

O<t<rx

and f(t+2x) = f{1).

T<t<2r



Given that f (t + 2m) =f (1)

Hence f (t) is a periodic function with period P = 2x.

1 P
L(f(t = e f (t)dt
(f®) ol e
= ;_T e *'sin tdt+2jﬂ e Odt}
1_6_287[ LO V3 .
1 [ 1 [, . -
= e (ssint—1.cost
1_e %7 _Sz+l( ( ))0:|
1 1
= : e (0+1)-210-1
o € 0+D)-10-D)
= 21 1725 e +1)
s“+1(1-e")
1 1 (@+s™
241 (1—-e™ (1+e™)
1 1
s?4l'1-e"
4. Find the Laplace transform of the Half-wave rectifier function
sin wit, o<t<”
f(t) = iy
0, £<t<2—”
W w
Solution:
sinwt, O<t <
; — w
Given f(t) = - o
0, —<t<—
w w

This ia a periodic function with period ZWE in the interval (OZW”J :

2z

- L) N o

275

1_g W 0




N

¥/

e tf(t)dt+ | e f(t)dt

o—=s 3y

—278
l-e W

e™.0dt

= T e sin wtdt +
0

—278

l-e Vv

sln—s=|¥

1 [e™(=ssin wt—wcoswt |
2 s% +w?
l-e™ - 0

=
1 e (w)+w
2u 1 s?w?
l-e v

1 W(1+ e‘s”’W)

25w
l-eVv

w (L+e™™)
(1+ e—s;r/2)(1_ e—S/z’/W) ' SZ + WZ

(1_ esﬁ/\;/v)sz LW

5. Find the Laplace transform of the periodic function

t, for O0<t<l1

f(t) = d f(t+2)=f(t
O= 5 0 for 1<t 1EH2=10

Solution:

The given function is a periodic function with period 2.

1 2
- L(f(1)) = 1—e’23£ e f (t)dt
1 [1 " 2
= —-| ] etdt+] (2—t)e“dt}
1-e|o 1




1 e e

1-e>|—-s &°

1 . e—Zs N e—s
s®  s? s

1_e—25 SZ

(1—e™®)?

1 (1-2e°+e™® j

_1(@d-e7)
1-e®)1+e®)s? sl (@+e”)

zl2

e

efSt Jﬂ/Z
0

+ ((ﬂ' -1)

_ le’-e 1
- S_Z es/2 +e—s/ SZ
6. Find the Laplace transform of the function
t, 0<t<Z
f(t) = f(r+r)="1(t)
T—1, —<t<nrm
2
Solution:
1 712
- L(f(1) = —| [ te”tdt+
1-e™ | o
_ 1 te™
1-e* || -s s?

(1_ efszr/2)2

SZ (1_ e—s;z/2)(1+ e—s;r/Z)

1— efsiz/Z

Find the Laplace transform of the rectangular wave given by

e

[ (ﬁ—t)eStdt}

—st

S

-

+
—S

e

—st

2

.



f(t)={1’ O<t<b

-1 b<t<2b
Solution:
] 1 O<t<b
Given f(t) =
-1 b<t<2b

This function is periodic the interval (0, 2b) with period 2b.

- L(F(D) LT et @t

1_ e72bS

1 b 2b
= |l e fOdt+ | e“f(odq
1-e 0 b

1 [b 2
= T obs J. eiSt (1)dt + J. eiSt (—1)dt:|
l-e 0 b

b X 2b t‘
= ————|[edt+ [ edt
0 b

) 1 [est Jb (est JZb_
- —2bs -
l1-e -S 0 -S b

= —— +—+
1-e®™|-s S S S

1 e—sb 1 e—25b e—sb :|

o
[y

_ ze—sb + e—Zsb
1_ e—ZbS

»|

_ i (1_e—sb)2
S

L (1+e™)1-e™)

11-e®

S1+e®

1 (1_ efsb)efsb/Z
S (1+e*)(e™)

1 esb/2 _e—sb/2

g eh/2 | gsb/2



= 1tan h(ﬂ)
S 2

14. Initial value theorem
If L(f(t)) = F(s), then tLtO f(t) =tLt sF(s)
Proof:

We know that L[f(t)] = sL[f(t)] —f (0))

Take the limit as S — oo on both sides, we have

LEL(T' () = LL(sF(s)~ T(0))

Lt Ojo e*'dt = Lt (sF(s) - f(0)) (- By definition of Laplace Transform)

S—® o

00

[ Lte™f'(t)dt = Lt(sF(s)- f(0)) (-s is independent of t, we can take the
0 S S—0
limit in the L.H.S. before integration)
0= Lt(sF(s)— f(0))
o Lt sF(s)= f(0)

= Lt (t)

t—0
- Lt sF(s) :H) f(t)
15. Final value Theorem

If L(() = F(s), then Lt f ()= Lt SF(s)

Proof:
We know that L(f(t)) = sL[f(t)] —f (0)

L(f (1)) = sF(s) - f (0)
[ e ftt=sF(s)— f(0)

Take the limit as s — 0 on both sides,



Lt [ e f'(t)dt = Lt(sF(s) -  (0))

s—0 0

o—38

Ltoe’St f'(t)dt = Lto(sF (s)— f(0)) (-sis independent of t, we can take the limit

in the L.H.S. before integration)

f'(dt = Lt(sF(s) - F(0))

o—38

(F®); = LLSF(S) - F(0)
Lt f(1)—f(0) = Lt sF(s)- £ (0)

Since f (0) is n ot a function of ‘s’ (or) ‘t’ it can be cancelled both sides,

tLt f(t)= LtO sF(s)
15.1 Problems

1. IfLOE) =

find lim f(t)and lim f(t
5(5+a) t—w () t—0 ()

Solution:

lim f(t) lim sF(s)

t—0 S—00

= limsx
s §(S+a)

= Iim
so= (S+a)

=0

im £ () = lim sF(s)

= limsx
50 3(s+a)

lim
-0 (s+a)



1
a
2. If L(et cos?t) = F(s). Find Iirrg) (sF(s)) and lim (sF(s))
Solution:
L(e"cos?t) = F(s)
(ie)., f(t) = e cos?t
By final value theorem,
lim (sF(s)) = lim (e cos’t)=0
By initial value theorem,

slim sF(s) =lim (e'cos’t) =1

3. Verify the initial and final value theorem for the function f () = 1 —e™®
Solution:
Given that f(t) = 1 — ™ ..(D

L(f(1)) = L(1-e™)

1 1
s s+1

1 1
F(s)= ————
©) s s+1

_gf1__1
SF(s) —s(s j

S+a

1
s+a

=1- .. (2)

Ltl1—e™

t—0

From (1), tL'% f(t)

=0 e

Lt (1)

]
—
—
[EY

|
(¢>]

&



From (2),  LtsF(s) = Lt 1- > -1

500 s+a

Lt sF(s) = Lt 1———

S—0

s> S+a

S

From (3) & (6), we have

tLt0 f(t) = Lt sF(s)

and from (4) & (5)

tLt f(t)= Lt0 sF(s)

4. Verify initial and final value theorem for the function f (t) = e?'cos 3t

Solution:

Given f(t) = e? cos 3t

L(f(t)) = L(e’* cos 3t)

= L(coS 3t)s—s+2

S

H@z(z

S

j . s+2
+9 S—5+2 (S+2)2 +9

s(s+2)  s*+2s

SF(s) =

t—0

t—

Lt sF(s) =
s—0

Lt

s—>0 §

s24+4s+13 s?+4s+13

Lt f(t) =Lt e cos3t=1

Lt f(t)= Lt e cos3t=0

s?+2s

2 4s+13

(@)

. (5

.. (6)

(1)

Q)

e



Lt SF(s) = Lt s*(1+2/5s) _
s s>0 §°(1+4/5+13/s? )

From (1) and (4), tLt0 f(t) = Lt sF(s)

From (2) and (3), tLt0 f(t)= Lto sF(s)

5. Verify initial and final value theorem for f (t) = t?%¢™
Solution:
f(t) = te™

L(F(®) = [L{E)]o-st3

= (Ej __2
SS S—5+3 (S + 3)3

2

sk (s) = —(s 13

Lt f(s)=Ltt’e™ =0
s—0 t—0

Lt ()= Lt t’e™® =0

LtsF(s)= Lt — 2 _g
50 (s + 3)°
Lt sF(s)= Lt 2> =g 25
s s (S + 3) s—0 ( 3]
1+-—
S
2 o

From (1) & (4)
tLt0 f(t)= SL'EO sF(s)
From (2) & (3)

K10 = LLsF)

()

(1)

Q)

.3

(@)



Exercise - 1 (a)

Find the Laplace transform of the following

1.

10.

11.

12.

13.

5_3t—2¢t

6 sin 2t — 5 cos 2t

e3t-5

COS(wi+o0)

Ans:

Ans: ———

Ans:

Ans:

7e?'+9e 2 + 5 cost + 7t + 5 sin 3t +2

sin 2t cos 3t
cos h2t — cos h3t
sinat
(€ +1)2
a+bt + c

vt
sin2t

(sin t — cos t)?

cos xt + 4e%13

Ans:

Ans:

Ans:

Ans:

Ans:

Ans:

Ans:

Ans:

Ans:

SC0S oo — WSin oo

s% +w?

7

9

5s

2(s* -5)

(s® +1)(s* + 25)

—5s
(s—=4)(s—9)

2a®

s(s® +4a’)

24

48

(s® +4)(s® +36)

s°—2s+4
s(s® +4)

s
S+

2

12
3s?

42

+ +— +—
S—2 S+2 s°+1 s

15 2
s°+9s




Exercise - 1 (b)

Find the Laplace transform of the following functions.

1. t3e® Ans: L‘l
(s+3)
2. e?(cos 4t + 3 sin 4t) Ans: 25+—10
s*—4s+20
3. e'(t+2) Ans; 2 5+ 4 5+ 4
(s-1)° (s-1)° s-1
4. e ?t? Ans: LS
(s+a)
5. e'cos’t Ans: > s+1

+
2s+2 2s®+4s+10

6. e (1- 2t) Ans: Lz
(s+2)
7. ecos t Ans; ———— s+2
S +4s+5
8. elsintcost Ans: ;2
(s-D)°+4
9. et cos ht Ans: 23 +1
S°+2s
I
10.  e®y" Ans: Lm
(s—a)
11.  t?sinh2t Ans: ! 5+ ! 3
(s=2)° (s+2)
12. sin h2t sin 3t ANS: 1 5 3 - 3
215" —-4s5+13 s“+4s+13

13. cosh t cos 3t cos 4t

1{ s—2 S+2 s—2 S+2 }

Ans: —| — - +— -—
4|s“—-4s+53 s°+4s+53 s —-4s+5 s°+4s+53



14.  sin h2t sin’t Ans: = - - T3
S—2 S+2 S°—4s+8 s“+4s+18

1[ 1 1 S-2 S+2 }
4

15. sin h3t sin 3t sin 4t

1 S+3 S+3 s-3 s-3
Ans: —| — - +— -—

4)s“+65+10 S +6s+58 s“—-65+58 s°—-65+10
Exercise - 1 (c)

Find the Laplace transform of the following functions.

2 2
1 t cos at Ans: sz—a“
(s°+a%)
2 2
2. t3sin at Ans: M
(s°+a’)
)2
3. tsint Ans: M
(1-5%)
!
4. t3e-3t Ans: Lﬂ'
(s+3)
2 2
5. t3 cos hat Ans: M
(s"-a’)
1 3 6 6

6. (1+te)® Ans: =+ =+ =+ ;
s (s+1)° (s+2)° (s+3)

2a(s—a)

7. te® sin at Ans: —; 55
(s® —2as+2a°)

2 . 2

N it Ans. 11 : +(s+1) +4f 2(82+1)

2(s+2) ((s+1)° +4)

M <2 2
9. tcostcos 2t Ans:E Sz 92+ Sz 12

2[(s°+9)° (s°+1)

_ -
10, tcos? 2t Ans: 1| L, s -16

2| s (s°+16)




11.

12.

13.

14.

15.

r cos h2t sin 2t

r cos ht sin 3t

r’e'cos t

te'lcos ht

tsin 2t
e—2t

Exercise 1 - (d)

Ans:

Ans:

Ans:

Ans:

Ans:

2(s +1)(s* +2s-2)
(s +2s+2)°

s24+25+2
(s® +2s)°

4s -8
(s* —4s-8)?

Find the Laplace transform of the following functions

sin?t

sin tsin 2t
t

e' —cos 2t
t

sin 3t cost
t

Ans: cos's

Ans:

Ans: lo

Ans:

Ans:

Ans:

Ans: lo

Ans:

s—b
log——
s—a

11 4(s-2) 4(s+2)

2| (s*—4s+8)* (s’ +4s5+8)°
1[ s?-2s-8 s2+25-8
= +

2| (s*-2s+10)* (s®+25+10)°

|



10.

11.

12.

13.

14.

15.

cos4tsin 2t
t

cos 2t —cos 3t

Exercise 1 (e)

Ans:
Ans:
Ans:

2

Ans:

Ans:

Ans:

Ans:

log

log

1

Vs?+9

Vs?+4

logvs+1
logvs-1

S+2

1, s? +5?
2% (s—a)?

Find the Laplace transform of the following functions.

e' cos? tdt

O —_—

t
| tsin tsin 2tdt

o

sin ht
t

dt

O —_

e? sin 3tdt

O —_

e % sin®tdt

O —_—

sin?t
t

dt

O —_

Ans:

Ans:

Ans:

Ans:

Ans:

Ans:

s?—25+3

s(s—1)(s* - 2s+5)

1] s°-1 . s -9

2s| (s> +1)°* (s*+9)°
llog(s+1)

2 s—-1

i3

s(s?-4s+13

3 S+2 N 3(s+2)
2s| (s> +4s+5)° (s°+4s+13)°
llog s’ +4

2 S

|



t e 'sin tdt

7 g — Ans: cot?(s+1)
t gj (g
8 e' SN 4t Ans: cot(s=1)
' o t s—-1
t . 1 2 1
9 | te'sin tdt Ans: —.2(8—+)
' 0 S S°+25+2

_ s? +2s
ns:
(s+1)(s® +2s + 2)*

t
10. €[ tcostdt
0

Exercise - 1 (f)

Find the Laplace transform of the following

_ 45_ —4s
1. f(t) = tfor 0<t< 4, f(t + 4) = f(t) Ans; 1A% €
@1-e™)s
t O<t<l1 1
2. f(t)= and f(t+2)= f(t) Ans: —tan h{S
O-{,0, 1gepmd (2= 10 A Lann(3)
1 0<t<?@ -as _ n,-as/2
3. f(t)= Aand f(a+t)=f(a) Ans; - _[1r& " —2€
—t 32<t<a 1-e™ S
sint O<t<x 1 1
f(t)= and f(t+27)= f(t Ans; —— ——
4. ® { 0 nrx<t<2r (t+27m) =100 1-e7™s 5% +1
t O<t<l 1-e7(s+))
f(t)= and f(t+2)=f(t Ans; —————~7~
. ® {0 1<1<2 (t+2=10 s’ (l—e®)
0 0<t<vy
2 27 w
f(t) = flt+— |="f(t Ans:
6. ® —sin wt £<t<2—7z, ( Wj ® (W? +S?)(e™"" -1)
w w
7. f()=et0<t<2 f(t+2)=f(1) Ans; 2= +1)

(s+1)(l-e®)

1 O<t<l1
f(t)= i f(t+2a)=f(t
8. ) {_1 oot < g OVEN F(t+22)= )



in wt O<t<7?
9. f(t)= smow %itié‘%v given that f(t+2%v): f(t)

0. fO=snwo<1<Z/ t{t+7/ )=t ()

16.1. Definition

If the Laplace transform of a function f (t) is F(S) (ie) L( f (t)) = F(S) then f () is
called an inverse laplace transform of F (s) and is denoted by

f () = L' (F(s)
Here L1 is called the inverse Laplace transform operator.
17.  Standard results in inverse Laplace transforms

Laplace Transform  Inverse Laplace Transform

Ly=1 L-l[lj -1
S S
L(eat)zi L—l(ijzeat
S—a S—a
L(e—at) — 1 L—l( 1 j — e—at
S+a S+a
1 4 1
L(t) = 5_2 L l(s—zj :t
2! 2!
L(t?) = — L = | =t?
=2 Z)
3 3
L(t%) == LY = | =t3
)= [s J
n n! 4 n! n
L(t ): Sn+1 Ll(snﬂj =t

where n is a +ve integer

. a 4 a }
L(sin at) = L =sin at
( ) s’ +a’ (sz +a2j




18.

S
+a?

L(cosat) = 32

a

L(sin hat) = —
s“—a

2

s
s? —a?

L(cos hat) =

] 2as
L(tsin at) = ————
( ) (s* +a%)°
2

L(t cos at) = ﬁ

2

L(t sin hat) = 22

(s*—a’)’

2 2
L(t cos hat) = ﬁ

. b
L(e*sinbt)=—————
( ) (s—a)®+b”
s—a
L(e* cosht)=———
( ) (s—a)? +b?
. b
L(e* sin hbt) = —————
( ) (s—a)®+b’

L(e™ cos hbt) = ——>—2

1

Lte™) = (s+a)?

2!

L™ = (s+a)’

(s—a)? +b?

s
Lt = cos at
s®+a’
Lt Za > | =sin hat
s’—a
L — > > | =cos hat
s’—a
L_l (ZZAZ)Z :tSin at
s’+a
2 2
L % =t cosat
s’ +a
2 ]
L % =t sin hat
s’+a
2 2
L %}ztcos hat
s’—a
- % =e* sin bt
(s+a) +b
_1((Ssa;—2ab2j = eat CcOoS bt
—a)’ +
_l((sa)+b2 =eat Sin hbt
—a)’ +
Lt (S;—Zabz =e® cos hbt
s—a)’-
)
L—l 2! - :tze—at
(s+a)

Properties of Inverse Laplace Transforms




18.1 Linear Property
If F1(s) and F2(s) are Laplace transforms of fi(t) and f2(t) respectively, then

LY (ciFa(s) + c2F2(s)) = c1L}(Fa(s)) + coLY(F2(s)) where c1 &czare constants.

Proof:
We know that
L(cafi(t) + cofa(t)) = cal(fu(t)) + col(f2(t))

= C1F1(S) + c2F2(S)

[ L(f1(t)) + F1(s) and L(f2(t)) = F2(s)]
cif1(t)+ cofa(t) = L(ciFa(s)) + c2F(s))
= LY(ciFu(9)) + LH(cF(9))

= ciL? (Fi(s)) + coL2(Fa(s))

Problems
1. Find LY 2 15+ 25 J
s—3 s°—4
Solution:
L 2 +S+ 25 - L + L)+ LT ZS
s-3 s° -4 s-3 s°—4

= e+ 1+ cos h2t

= el+cosh2t+1

2. Find L‘li2+ !, 21 + ZS j
S s+4 s°+4 s°-9

Solution:

41 1 1 S
L =+ +— +—
S s+4 s°+4 s°-9

- |_-1i2+|_-1 B 21 R
S s+4 s°+4 s°—-9




at sin 2t

= t+e + cos h3t

3. Find L‘l(l+%— 3k 4 j
s s° s°+4 s°+16

Solution:
L_l(l+£— 3s + 4 )
s s s’+4 s?+16

()@ )
S S s°+4 s +16

1+ 2t—3cos 2t + sin 4t

—— 5+ +
SG SlO S2_9 SZ+25

4. Find L‘l[4 2 2 35)

Solution:

L—l i_i_i_ 2 i 35
SG Slo S2 _9 52 + 25

! ]
- SO
5 \s°) 9 (s 3 (s°-9 s°+25

= itf’— 1 t9+gsin h3t + 3cos 5t
36 181440 3
5. Find L™ %—%+ 22_ +— >, 23
s> s §°-3 s“+100 s“+10

Solution:

SR I R
$* s* §°-3 s°+100 s°+10

| |
REREERERENERNEE
a-\s°) 3 (s*) V3~ (s2-43) 10 \s*-100 2 +10

:ét“%t?’\@sin \/§+%sin h10t + cos /10t




6. FindL‘l(55 s s J
§-25 s°-16 s°+9 s°-25

Solution:

a 5 4s S S
L 5 + 2 + 2 + 2
§5-25 s§°-16 s“+9 s°-25

Lt 25 Al e S e 2
s —-25 s° -16 s -9 s —-25

sin h5t + 4 cos h4t + cos 3t — cos h5t

7. Find L-l( 1 j
2s+3

Solution:
s - alg
2s+3 2 s+ 3
2
2

19. First Shifting Property

() IfLYF(s)) = f(t) then LY(F(s-a)) = e*L"Y(F(s))

Proof:
We knowthat  L(f(s)) = f(t) then L"{(F(s-a)) = e*L"(F(s))
Hence e?f(t) = L'L(F(s-a))
e*LY(F(s)) = L*(F(s-a))
(i) IFLYF(s)) = f(t) Then LY(F(s+a)) = e*'L™*(F(s))
Proof:
Weknowthat  L(f(f)) = F(s) Then L(e®f(t)) = F(s+a)

Hence e (t) = LY(F(s+a))



e (F(s)) = L'(F(s+a))

19.1 Problems

1. Find L‘l[ 1 ZJ
(s+1)

Solution:

= et
2. Find L™ —12
(s+1)°+1
Solution:
L—l 1 = e—tL—l( 1 j
(s+1)%+1 s?+1
= et'sint
3. FindLY "3
(s-3)°+4
Solution:
L s-3 _ eStL—l[ S J
(s-3)°+4 s +4
= e*cos2t

4. Find L-l(%j
(s+2)

Solution:

L S - S+2-2
(s+2)? (s+2)?




I s+2 2
(s+2)* (s+2)°

o))
(s+2) (s+2)

et _ et t

et (1-2t)

5. Find LY S 4
(s-D°+3 (s+2)°-5

Solution:

cf s, 3 =Y > e —3
(s-1)*+3 (s+2)*-5 (s-1)°+3 (s+2)°-5
oo s—12+1 )+3L_1( s+22—2 j

(s-1)°+3 (s+2)°-5

SO j+ L‘l(—lz j

(s-1)°+3 (s—2)"+3
+3L-1(—5+22 j—GL‘l[—lz j

(s+2)°-5 (s+2)°-5

= el S el S eseny 2
s°+3 s°+3 s°-5

— 6e' L‘{ 1

s’ -5

t
= etL‘l[ > +‘9—L-1(—‘/§ 2]
s2+43°) V3 57443
- 3e—2t|_—1( S ZJ_'_ie—ZtL—l( \/g 2)
s> +4/5 V5 s?+4/5

t
= e'cosA/3t + %sin V3t +3e% cos h/5t




6 . .
= e %sin hv/5t
J5

6.  Find L*(zg’s—“‘j
s°—8s+65

Solution:

-1 3s-4 _ -1 3s-4
L <2 _ac.pt | L —
s°—8s+65 (s—4)° +49

ot

(s—4)* +49 (s—4)* +49

_448
_ g S 4+A
(s—4)* +49

s—4 1
= 3= 438/ =
(s—4) +49 A ((3—4)2+49J

= 'L 5—— > |igetLt - 1
s°+49 s°+49

= 3e"cosTt+ et L‘l(%)
7 s*+49

3e* cos 7t +ge“t sin 7t
20.  Change of Scale Property
_ 1 1 (t
If L(f(t) = F(s), then L*(F(as)) = gf " ,a>0

Proof:
F(s) =L(f(t)

= [ e f (t)dt
0



Flas) = | e™f(t)dt

Let at=1t; When t=0,t1=0

F(as)

1

o —

@

2

—
A/
o |
N
o |H%

_ 1= gt b b
= “fe f[ngtl ( [ f(odt=] f(tl)dtlj

ORI

20.1 Problems

2 2
L If L ‘12 _ tcost, then find L 25 —1_
(s* +1) (9s° +1)

Solution:

G sP-1
Ll(mj :tCOSt

writing as for S,

o ast-1 a’s® -1
(a 2 4+1)?



t t
= —cos| -
9 (3j

2. Find L‘l[ S j
(2s°-8)

Solution:

We know that L‘l( 2)} = cos h4t

s
(s*-4

Putting as for S,

L‘l[—zz > > ]zlcos h(ﬂj
(2s)2 —4%) ) 2 2

L 225 ~Leoshat
4s°-16) 2

(ie)

Lt 25 :lcosth
2s°—-18 2

S
3. Find LY ——
(sza2 + bZJ

Solution:
s _ 1 a
s’a? +b? a sla’+hb?
1 1
= —F(as) where F(as)=—5—
a s“+b
S 1 sa
RN [ [P S = -
(sza2 + sz a sfa’+b’

= LR
a

_ llf(lj
aa \a



where f(t)

—_
7\
Q| —~+
N—

I

21. Result

LY (F(s)) = L‘l[

(=)
Ccos| —
a

s® +b?

) = cos bt

We know that if L( f (t)) = F(S) , then L(tf (t)) = d_d F(s)

L(tF(t)) =
Hence L(F1s)) =

ALYF(S)

21.1 Problems

. S
1. Find LY ———
((s2 + az)z]
Solution:
Let F'(s) =

d _
EF(s) =

= F(s)

puts’+a? =

2sds =

-F1s)

t(t)

tLH(F(s))

L (F()

(s +a’)°

(s* +a%)?

du

— > _ds
(s? +a?)?

S



S

m ds =

L F(s)

We know that L(F 1s))
S
- L—l
((s2 +a’)?

Jz

2. Find L‘l( s+3

Solution:

Let (

dF(s)
ds

S+3

2 F(s)

Put s>+6s+13=u
(2s+ 6)ds =du
2(s+3)ds=du

(s* +6s+13)°

(s® +6s+13)°

du
2
e

1 -1
2u  2(s*+a’)

_ -1
2(s* +a’)

= UFEG)

=
.
1

t .
—sin at
2a

J
j= F'(s)

s+3
(s? + 65 +13)?

1
2(s* +a’)

|

(s* +a’)

|
)

a
s’ +a?

(s+3)ds
(s? +6s+13)?



du
(&) (o =] 2-=

-1
2(s® +6s+13)

We know that LY(F1(s)) = -tL™Y (F(s))
-1 S + 3 -1 - 1
L = Y
(s +6s+13) 2(s° +6s+13)

t -1
LY
2 (s“+6s+13)
l L™ 12 2

2 (s+3)°+2

| R 1
—e L

2 ((sz + ZZ)J

le—3t EL—l - 2 -
2" 2 (242

le’3t sin 2t
4

3. Find r{——EQiEL—}

(s® + 25+ 2)°

Solution:
F'(s) 22(s+1) :
(s +2s+2)
dF (s) _ 2(s +1)
ds (5P +25+2)?
F(s) = 2(s+1)

(s? + 25 + 2)?
Put s?+2s+2=u

(2s +2)ds =du



2(s+2)ds=du

du
——
u
_ -1
$°+25+2
L 26+D) _ _tL_l( 1
(s* +2s +2)* $% +25+2

1
—
ml
—
N
VR
5
NIl
H
~—

I
~—+
(D\
28
>

4, Find L_l ZS;ZZ
(s“+4s+5)

Solution:
Let F ’(S) = ZS;ZZ
(s“+4s+5)
Integrate both sides w.r.t. ‘S’
(s“+4s+5)
, (s+2)ds
F'(s = —
FFGE) J (s* +4s+5)°
F (s) . (s+2)ds

(s? +4s+5)°

Lety=s2+4s+5



F(s) =

F(s) =

We know that

RGIO) =

S+2

-1 —
((s2 +4s +5)?

a S+2
(s® +4s +5)*

5. Find L‘l(tan‘l(%))

Solution:

Let F(s) = tan’l(% )s

dy = (2s +4) ds

1. dy dy

=== 2)d
) (s+2)ds

-1
2y

-1
2(s* +4s+5)

AL (F(S)

o
2(s“ +4s+5)
levis
2 (s +4s+5)
e
2 ((s+2)?%+1

le_ZtL_l( 21 j
2 s°+1

le’Zt sin t
2




_dantx) 1 }

Fle)= —+ [Llj { -
1+i%)3 s dzx 1+ X2

)= szs+ 1(;_})

o
s +1
We know that Lt (F(s)) = -tLY(F(s))
or
-1 — -1 -1
L=(F(s)) = TL (F1s))
(1) becomes, L’l(tan ’1(% )): _Tl LF(s)

L
t

L_l[szl+lj
L‘l(tan ‘1(% )): %sin t
6. Find L (tan 1(A)+cot’l(%»

Solution:

Let  F(s)=tan ’1(%)5 + cot’l(%)

"= S( )H/U
[)b2+s()

T % 1a? bl+s?

We know that L (F(s)) = _Tl LL(F(s))

(D



L*l(tan ’1(%)+ COtfl(%» (32_+aa2 b2 E s j
_ 1 -1 a b
Tt (sz+a2_b2+52j

1 a b
= = L_:L L_l - L_l
t ( (sﬁazj (b2+32B

= %(sin at +sin bt)

7. Find L‘1(|09(1+azz»

Solution:
2
Let F(s) = '°9h+ aAZ)
2 2
- F(s) = |09(S +2a J
S
F(s) = log(s* +a’)-log s’
F(s) = log(s* +a’)-2log s*
23 2
-F = s
(s) s2+3% s

We know that L™(F(s))

o) .

_Tl L (F'(s))

= _TZ (cosat —1)

= %(1— cosat)



8. Find L‘l(log (s+a)J

(s+b)
Solution:
3 (s+a)
Let F(s) = log —(s+b)
= log(s+a) — log(s+b)
’ e _Zla
F ) = oo TUEE =)
4 (s+a) _ -1 1 1
L[Iog(sm)J Tt (E s+bj
= _Tl (e—ar _ e—bt)

2 2
9.  Find L‘l(log MJ

(s? +b?)

Solution:
s(s® +a%)
Let F(s) = log ———~
et FO= gt ey

F(s) = log(s(s® +a®) —log(s® +b?))
F(s) = log s + log(s(s® +a®) —log(s® +b?))

1 2s 2s
F/(S): —t 2N o2 2
s (s*+a’) (s°+9)

We know that L(E(s)) = _Tl L (E'(s)

2 2
L™ o S(Sz+a2) - __:LL_l(l+ 228 2 225 Zj
s(s® +b%) t s s“+a° s°+b

-1 1 2S 2S
e =] —L?
t ( (sj (sz+a2} (sz+b2D




= _Tl[1+2003at—2cosbt]

10.  Find L‘l(log 5(522+1)(32_4)2j
(s —9)(s"+4)

Solution:
2 2
Let F(s) = log 5(52 +1)(52_ 4)
(s°=9)(s” +4)
= log(s(s® +1)(s—4)* —log((s* —9)(s* +4))
F(s) = logs+log(s® +1)+log(s—4)* —log(s* —9) — log(s* + 4)
1 25 2(s—-4) 2s 23
F1 = = - -
© ] (s—-4) s°-9 s*+4
we know that, L"2(F(s) = _TlLl(F’(s))
2 2
- log s(s; +1)(Sz_4) _ _—1|_-1(1 L3, 2 2 s j
(s“=9)(s" +4) 1 s s°+1 s—-4 s°-9 s°+4

= _T1(1+ 2cost + 2e™ —2cos h3t — 2 cos 2t)

11, Find LY log——2
[ g (sz+a2)]

Solution:

Let F(s) = log

= log(s—a)—log(s® +a*)

1 2s
F (s = = -
©) s—a s’+a’

We know that L(F(s))= _Tl LY (F'(s))



L Iog S_az = __]-L_l( : N 22S 2)
(s“+a) t s—a s“+a

|

ﬁ|l
|_\
—
AN
/N
(7]

N

N
7))
D

N

|

(7]

| |~
D
N7

1
H|I
=
7 N\
i
AN
7\
wn
N
+ 15
%)
N
N
[
r
AN
7\
w
| |~
%)
N—
N—

%(2 cosat —e*)

22.  Theorem
If L(f (t)) = F(s) and o(t) is a function such that L(p(t)) = F(s) and ¢(0) = 0, then f

(t) = ¢'(), (ie) L(sf(s)) = % L*(F(s)).

Proof:

We know that

L(p11) = sl(e(1))) - ¢(0)
= sF(s) (0)=0
(ie) L(p 1) = L(f())
o) = f(t)
From this result, we get
L™(s(s)) = f(t)
= o)
. d
= a§0(t)
= SUFE)  (La) =F)

Provided L'}(F(s)) =0ast— 0

Problems



1. Find Ll(

Solution:

1

Aliter:

1

S

S

(s+2)°+4

S

(s+2)°+4

(s+2)*+4

|

|

|

Ll(s.;j
(s+2)*+4

d

a(mJ (using the above result)

L} (e‘Zt 1sin ZtJ
dt 2

% (Ze’2t oS 2t + sin 2te ™ (—2))

e (cos 2t —sin 2t)

L S+2-2
(s+2)°+4
1 s+2 S
(s+2)°+4 (s+2)°+4
L S+2 _oLt 1
(s+2)2+4 (s+2)°+4

1
e 2t S e
(sz N 22j s?+2°




2. Find L‘l[

Solution:

T
(s+2)?

Aliter:

T
(s+2)?

S

(s+2)?

|

|

|

e 2 cos2t — 2™ %sin 2t

e (cos 2t —sin 2t)

e +t(e(-2)

e (1-2t)

Lt ﬂ
(s +2)?

S+2

(22
(s+2) (s+2)

|



. S
3. Find L' ————
((52 +a2)2j

Solution:

1 (LA
(s* +a%)?

4. Find L—{ s 4J
(s-1)

Solution:

S =
(s-D*

(s“+a”)
& ()
dt | (s*+a?)?

d [ t . j

—| —sIn at

dt\ 2a

(By the Previous Section 21.1 Problem No.1)

1 .
—(atcosat +sin at)
2a

L‘l[s. > 4j

(s-1)

(&)

dat  ((s-1*

d Ll[s—1+1j

dt (s-1*

&) le)
dt (s-1* (s-1*
(o)
dt (s-1° (s-1*
i(etL‘l(ijJre‘L‘l(iD

dt s s*




5.

Find L‘l(

Solution:

23.

Proof:

4 s—3
s +4s5+13

Theorem
L—l( F (S))
S

We know that,

)

d( .t* .t
—le —+e —
dtl = 2 6

%(et 2t +t%e") +%(et3t2 +t%")

t3e!
te' +e't? + —

ot o)
s? +4s5+13 s’ +4s+13

k) )
dt s°+4s+13 s°+4s+13
LN —12 —3Lt —12 -
dt (s+2)°+9 (s+2)°+3

d 5 _1[ 1 j Lt _1( 1 j

—e L -3e“'L

dt s +3° s® +3°

i(e‘z‘ sin 3tj _3_2t(sin 3tj
dt 3 3

% (37 cos 3t — 2sin 3te ™) =37 sin 3t

e 2 cos3t — 2 e?'sin 3t

] LM (F(s))dt



L@ f(x)dx) . %L(f(t))
t 4 1
g f (x)dx = L [;L(f(t))j
(ie) L*(%F(s)} = i f (t)dt s[.. F(s) = L(f)(®)]

= | LMF(s)dt

L‘l(%F(s)j = | LY(F(s))dt
0
Note:
o 1 1 tot
Similarly L S_ZF(S) = [ [ L(F(s))dtdt
0 0
1 1 totot
LY 5 F(s)| =] | | L*(F(s))dtdtdt
S 000
(L rE)| =1 ] ] LA(F(s)dtdt.-dt
Sn 00 0 ntimes
ntimes
23.1 Problems
1. Find LY —2
s(s+1)
Solution:
T = } I (by the above theorem)
s(s+1) 0 (s+2)
t
= [ e'dt
0

I
|
rDl
|
H
N —



2. Find L !
s(s+2)°

Solution:

s(s +2)° (s+2)
e L‘{%Jdt
S
v e (2
T (s—sjdt

t
= lj e “'t?dt
20

N 1 5 e—Zt e—2t e—2t t
) 5{“ ’(TJ“”( 4 H—sﬂ

[ fudv =uv —u'v, +u'v,..]

o

1
S

o

1 M t2e—2t te—2t e—2t 1
= J— —_ —_ _|_ J—
2| 2 2 4 4}

[ a-2t
S ek e
2| 2 2)" 4

= %(1—(2t2 +2t+1p?)

3. Find L* 354
s°(s—3)

Solution:

L‘l( >4 j = 54 | ] L‘l( ! Jdtdtdt

s*(s—3) (s-3)



= 54f } } e’ dtdtdt

0 0O
t ot 33t t
= 54] | || dtdt
o0 \(3)),
t t
= 18] | (e™ —1)dtdt
0 0
3t t
= 18] [ —t] at
o {3
0
3t
= 18] | &t —(l—ojdt
o {3 3
3t
= 18 [ & ot Llat
o {3 3
3t 2
= 18 e__t__E_l
9 2 3 9
= 2" -9t*-6t-2

4, Find L_l %
s(s“+a°)

Solution:

L‘{%} = ] L-l( 21 2jdt
s(s“+a“) s*+a

1 . a
= [ = dt
J a (sz+a2)

1t .
= =[ sinatdt
ao

_ 1 —cosat )
a a J,

= ;—21 (cos at—1)

—_

o

-

o




= ;—21 (cos at)

5 Find L™ %
s(s“+a°)

Solution:

L_l(zlzzj = L_l 2822j
(s*+a“) s(s“+a“)

1
[ ——
|
N
7N
—~
(72]
N
+ w
QD
N
~
N
N—
—

1
o

_ it(—cosatj_l(—sinatJt
2a a a’ ),

1 [—tcos at sin atj
+

2a a a’

(By the previous section 21.1 Problem no.1)

6. Find L™ 2;
S(s*—2s+5)

Solution:

{oin
S(s*—2s+5)

FE——
s s2-25s+5
L‘l(Z;Jdt
§°—-25+5

L‘{%}dt
(s-D°+2

1]
o

1]
o



to 1
) (J) etLl(sz +22jOlt

. Sin 2t
2

t

t
= Ie
0
t
= lj e'sin 2t dt
20

t

_ 1 et
= Em(sm 2t — 2cos 2t)

0

- L [et sin 2t — 2e' cos Zt]:,
10
= %[et sin 2t — 2¢' cosZt—O+2]

= % [e‘ sin 2t — 2e’ cos 2t + 2]

7. Find Lﬁl 2;
s(s® —6s+13)

Solution:

1 I = L-l(l.—l )
s(s? —6s+13) s s +6s+13
PR
(s+3)° +4

e ™ L‘1(821+4jdt

= 1} e‘3tL‘1(—1 jdt

s°+4

I
ot—

1]
o

t
= %j e ¥sin 2t dt
0



] 1
8. Find LY —————
(s(s2 +a2)2J

Solution:

{ewrer)
s(s® +a%)?

t

1 e—3t
> {(3)2—22 (=3sin 2t —2cos 2t)}
-3)° +

0

;—; {e’3t (3sin 2t + 2cos 2t) — 2}

ey
s?(s® +a%)?

s
LY —
((s2 +a?)?

Jdtdt

t zLasin atdtdt (refer the above problem)

O —
O —

O
O —

1vt
— [ [ tsin atdtdt
2a0 o

i} ([t—cosatj_(l)(—sir; atht
2a0 a a

. t

t
ij smzat_tcosat] ot
2a0 \ a a ),

t -
— g (sin at —at cos at )dt

B t .
13 (—cosatj _a(t[sm atj_(l)(—cozsat
2a a J, a a
1 [-cosat ) _cosat |
— —tsin at —
2a°| a a |,
_1[2cosat .. .|
— +tsin at
2| a 0

)

t

0

|



-1 1| 2cosat . 2
= — +tsinat——
2a a a

= 2_—14(2—2003at—at sin at)
a

Inverse Laplace Transform using Second Shifting Theorem

If L( f (1) = F(s), then L( f (t — a)) =U(tc -a)) = e F(s) where ‘a’ is a positive
constant and U(t -a) isthe unit step function.

The above property can be written in terms of inverse Laplace operator as,
If L"Y(F(s)) = f (t) then L (e®F(s)) =f (t -a)U(t - a)
o LY(e®™F(s)) = LY(F(s))i—ra. U(t-a) where U is the unit step function.

Thus we want to find the Laplace inverse transform of the product of two factors
one of which is e, ignore e®, find the inverse transform of the other function and then
replace t by t - a in it and multiply by U(t - a)

Problems

1, FmdL{e]
S+2

Solution:

i T U(t-1).
S+2 S+2 )44

(e‘2t )HH U (t —1) where U is the unit step function.

e 2Dy (t -1).

-25s
2. FMdE{e j
s—1

Solution:



4 1
QeI

= (e"),,.,U(t—2) where U is the unit step function

L—l e—25
s-1

= e"U(t-2)
e—s
3. Find LY ——
[@+DAJ
Solution:
e’ 1
LY ——— = JLt - U(t-1) (D)
(s+D)” { {<s+1>4 ]}
1
Now, L'|—— = e'L? Using first shifting property.
(s+1)7 [s % }
R ( (i)‘i]
= e t L == t
ri%i s") T(n)
e A
= e t72
31
22"
4 .3
= —=3"t"7?
3/n t (2)
Substituting (2) in (1)
4 e ~ 4 %j
LY —— = | ——et U(t-1)
(S + 1)4 J (3\/; tot-1
4 €7 4 ) 3
LY ——— = e (t-1)72U(t-1)
(s+1)4} ( 3Jr j

4. Find L‘l( ] 2J,a>0
s —w

Solution:



a S
{L (SZ -w j}tat—au (t ) a)

= (coshwt),,, ,U(t-a)

r
I
7\
w
N w»
||
s | 2
N
N——
I

= coshwt(t—a)U(t—a)

-2s
5. Find LY -5
(s+1)°

Solution:
e = [t Ut-2)
(s+1)° s+0°)) .,
_ 1 Y |
Now, Ll[(s+1)3 - e Ll(?j
et (2
= —L 1 —
2! S
= itz

Substituting (2) in (1)

L_l e—ZS
(s+1)°

-t
[e—tzj Ut-2)
2 t—>t-2

e 2 (t—2)2U (t - 2)
2

6.  Find L—l((si““f]e-“j
S"+a

Solution:

4 s 3a—4s 3a—4s
Lle%ﬁ___j - o[t -

( 52 +a2 SZ +a2 IHI—SU( 5)

4 a S
3Lt -4t
{ (az +szj (az +8°

ﬂ u-5)

(D

Q)



-5
7. FmdLﬂ[ €

Solution:

et
(5—2)(S+5)

1

Now, ——
(s—2)(s+5)

1 = A(s+5) + B(s-2)

leae)
(s—2)(s+5)

L e”
" (s=2)(s+5)

Exercise - 1(g)

(s—2)(S +5)

(3sin at —4cosat), ,, U(t—-5)

3sin a(t—5)—4cosa(t—5).U(t-5)

{eaes)
(s=2)(S+5)), .

Find the inverse Laplace transform of the following functions.

—as

e

——,a>0
S2

A B
—+—
s—2 s+5
Put s=2
A=
1|_—1 L _EL-l L
7 s—2 7 s+5
Lo 1
7 7
2t 5t
£ & Ut-r)
7 7 t>t-z
e2(t—7z’) e—5(t—7r)
— U (t —
[ - — -n)
0 if t<
Ans: {t—a it
1

~N |-

a

a



’ e —e
' S
-3s
3, ¢
§—-2
se
4.
s2-9
l+e™
5. ;
s° -1
6 .
' (s+1)°
s +25+3
7. —
S
S
8. _—
(s-2)°
2s+3
9. °
s°+5
S+6
10. ———
s°-16

Exercise - 1 (h)

Ans:

[72]

Ans:

Ans

Ans:

Ans:

Ans:

Ans:

Ans:

Ans:

0 if t<2 N 0 if t<3
1 if t>2 1 if t>3
0 if t<3
e’ jf t>2

0 if t<1
cos3(t-1) if t>1

) 0 if t<rx
sSint+< . .
sin(t—z) if t>nx

2C0s 2t +6sin 2t

cos h4t + 24sin h4t

Find the inverse Laplace transform of the following functions.

T
s° —-6s+10
) 1
s° —8s+16
3 235—2
s°—4s+20
" 3s+7

s° —4s5+20

Ans:

Ans:

Ans:

Ans:

e¥sint

3e? cos 4t +e” sin 4t

4e* =e™



S+a

> (s+a) +a’ Ans: e (bcosbt — (d —ca)sin bt)
> bt
6 (s—a)+a’ Ans: e” cos at
! 23;1 Ans: e™ cos4t—lsin 4t
S°+6s+25 5
S T Ans: te
+8s +
—S =3t
S (s +3)? Ans: e (1-2t)
+
10. (s? : 1_)2 Ans: %sin t
+

Exercise - 1(i)

Find the inverse Laplace transform of the following functions.

4t4 3 _
1 ;5 ANs: M
(s=4) 24
2. % Ans: sin 3t — 3t cos 3t
(s°+9) 54
3. 25;22 Ans: le*2t sin t
(s“ +4s+5) 2
2
4. 25;252 Ans: te”' cost
(s°+25+2)
1 1 2 -2t
S. 3 Ans: = (1— (1+2t +2t%)e
s(s+2) S



10.

s’ —s+2

s(s=3)(s+2)

2s-1
s?(s—1)?

1

s?(s* +a%)?

s+1
s(s+2)

1

(s*s°+2s5+72)

Exercise - 1(j)

Ans:

Ans

Ans:

Ans

Ans

at —sin at
a3

1+e™
2

. % (L—sin t + cost)e'

Find the inverse Laplace Transform of the following functions.

s—-1
log——
S

1+s
SZ

-

s’ +a’

log

log

Ans:

Ans:

Ans:

Ans:

Ans:

Ans:

Ans:

Ans:

%(cos bt —cosat)
1 .

;(l+ e —2cost)
%(eat — cos bt)

% (e —cost)

%(1+ et® —e™)



9. cot *(as) Ans: %sin (%)

10. cot‘l(i] Ans: _—1(e’t sin 2t)
s+1 t
-1 1 ..
11. cot—(1+59) Ans: Ie sin t
12. tan‘{%) Ans: _Tlea‘t sin bt

24. Partial Fraction

The rational fraction P(x)/Q(x) is said to be resolved into partial fraction if it can
be expressed as the sum ofdifference of simple proper fractions.

Rules for resolving a Proper Fraction P(x) / Q(x) into partial fractions
Rule 1

Corresponding to every non repeated, linear factor (ax+b) of the denomiator Q(X),

there exists a partial fraction of the form where A is a constant, to be determined.

ax+b
For Example
. 2Xx—17 A B
0 =+
(x=2)(3x-5) x-2 3x-5
. 5x° +18x + 22 A A C
(i) = + +
(X=-D(x+2)(2x+3) x-1 x+2 2x+3
Rule 2

Corresponding to every repeated linear factor (ax b)*of the denominator Q(x), there
exist k partial fractions of the forms,

A A A A

ax+b’ (ax+b)? (ax+b)® ' (ax+b)*

where A1, Ao, ..... Ay are constants to be determined.

For example



4x -3 A B C

(1 ;= + + 5
(x+2)(2x-3)° x+2 2x-3 (2x-3)

(i) x+2 __ A B C D
(x-1@2x-1° x-1 (2x+1) (@2x-1)% (2x+1)°

Rule 3

Corresponding to every non-repeated irreducible quadratic factor ax?* bx + ¢ of the

denominator Q(x)there exists a partial fraction of the form where A and B are

ax® +bx+c

constants to be determined.

(ax? +bx + c) is said to be an irreducible quadratic factor, if it cannot be factorized
into two linear factors with real coefficients.

Example

x> +1 _Ax+B Cx+D
(X2 +4)(x*+9) x*+4 x*+9

(i)

8x% —5x? +2x +4 A B Cx+D
2 (o2 = + 7t 52
2x-D°(3x“+4) 2x-1 (2x-1)° 3x“+4

(i)

In the case of an improper fraction, by division, it can be expressed as the sum of
integral function and a proper fraction and then proper fraction is resolved into partial
fractions.

Inverse Laplace Transform using Partial Fractions

1. Find L‘l(;j
(s+1)(s+3)

Solution:
Let F(s) -
(s+1(s+3)
Let us split F(S) into partial fractions,
1 B A N B
(s+D(s+3) (s+1) (s+3)
1 = A(S+3) + B(S+1)



Putting S=-1 Putting S=-3

A:% B:-%
1 . h

(s+1)(s+73) (s+1) (s+3)

(;j EL(L)EL(LJ
(s+1(s+3) 2 s+1) 2 s+3

s?+5-2 J

2. Find Ll(—
s(s+3)(s—2)

Solution:

. s?+s-2 A B C
Consider, ———— = —— 4 — 4+~
s(s+3)(s—2) s s+3 s-2
s+s-2  A(s+3)(s—2)+Bs(s—2)+Cs(s+3)
s(s+3)(s—2) s(s+3)(s—2)

s +s—2=A(s+3)(s—2)+Bs(s—2)+Cs(s+3)

puts=-3 puts=2 puts=0
9-3-2-=B(-3)(5) 4+2-2-=C(2)(5) -2 = A(3)(-2)
1
4=15B 4=10C A:§
B= 2 c=2 c==
15 10
s +s-2 _11.4 1 21
s(s+3)(s—2) 3's 15s+3 5s-2



2
L_l ﬂ = 1 L_l(lj + i L_l(i) + g
s(s+3)(s—2)) 3 s) 15 s+3) 5

= 1(1) LI
3 15 5

3. Find L*(%J
S°+5s+6

.

Solution:

Consider, e 5 - (51 2)S(s+3) - (sz) ! (:3)
S=A(s+3)+B(s+2)

Put s=-3 Put s=-2
-3=A(0) + b(-1) -2 =A(1) +B(0)
-3=-B A=-2
B=3
S -2 3

(5+2)(5+3) (5+2)  (5+3)

..L—{_l }ZL—{ 1 }w( B J
(s+2)(s+3) (s+2) (s+3)

= 202 + 3¢
4. Find LY —
(s+1)
Solution:
Consider, > A B

2 = + 2
(s+D)° s+1 (s+12)

s  A(s+1)+B
(s+1)? (s+1)?

s=A(s+1)+B

1

§s-2

)



B=-1
S —
(s +1)2 -
e =
(s+1)?
5. Find L_l(—5s2—15s—11]
(s +1)(s—2)°

Solution:

55 —155-11 A

Put s=0
0=A+B
0=A-1
A=1

11
s+1 (s+1)?
P
s+1 (s+1)?
I (LI I
(s+1) (s+1)°

1
<2

e—t _ e—t L—l
S

J

el —e'(t)=e"(1-1)

B C D

5+1(5-2° s+1 (5-2) (5-2°  (s-2)

5s? —15s —11= A(s — 2)°

+B(s+1)(s—2)° +C(s+1)(s—2)+ D(s +1)

puts=-1 Puts=2 Equating the Equating the
-27TA =9 3D=-21 coefficient of s  constant coefficient
A:;—$ D=-7 A+B=0 -8A+4B-2C+D =-11
A:_—1 Bzl §+ﬂ—2C—7=—11

3 3 3 3

-2C=-8

C=4



-1 1
.5§—BS—H_4§4_§ LA T
T (5+D)(s-2)? s+1 s-2 (s-2)° (s-2)°

L1(532_15S —121} —_1L1( 1 j+ —_1L1( 1 j
(s+D(s-2) 3 s+1) 3 S+2
+4L‘1(—1 2]—7L‘1[ L 3]
(s-2) (s-2)
-1

=—e'+ 1 e? +4e” L‘{%j — 7% L‘l(%j
3 3 S S

= _—le’t + 1e2t +4e%t - Ze2tt2
3 3 2

2
6.  Find LY 2 F55+2 +5‘°’j2
(s-3)
Solution:
2
0 resolve —————— into partial fraction
T | 28(:53;5;2 ) ial fracti

we substitute s—-3 =y (or)s=y+3

28" +55+2 . 2(y+3)°+5(y+3)+2
(-9 y*

2(y* +6y+9)+5y+15+2

4

y

2y +17y+35
y4

2 17 35
INF LN LY

y 'y 'y

2s% +55+2 2 17 35

- -
(s-3)° (s-3)° (s-3° (s-93°



1
(s-3)°

| |
Ze3t L—l l + E e3t L—l % + § e3t L—l
S 2 S 6

4 2% +55+2 } 1 )
L. L (WJ = 2L1((S_3)2j+17L1(
= =
= 2e3t.t+£e3tt2+3—5t‘°’e‘°’t
2 6
7. Find L™
((s2 +a2)(s+b2)J
Solution:
s’ __A B
(s®* +a%)(s +b?%) (s> +a*) (s°+Db?)
s = A(s*+b*) +B(s* +a’)
Put  s*=-a?% —a’ = A(-a*+b?)
Y 2
A= 2 2 2 = 2a 2
b —-a a‘—b
Put  s®=-b? —b? =B(-b* +a?

S2

(s* +a%)(s® +b?)

-1

SZ

(s* +a%)(s® +b?)

jond

2

S

1
(s-3°

|



|

D

N

[
O

N
7N\
i
iR
7\
(7]

N

+ |9,
QD

N

N—
|

r
iR
(7]

N

+ S
O

N
N———

= 5 1b2 (asin at—bsin bt)
a —

1-s
8  Find L
! ((s 11)2(s + 4s +13)]

Solution:
1-s _ A N Bs+C
(s+1)(s* +4s+13) S+1 s®+4s+13
1-5s = A(s®+4s+13)+(Bs +C)(s+1)
Putting s=-1 Equating coefficient of s Equating constant coefficient
2=10A A+B=0 13A+C =1
A= l A= __1 C= 1_9
5 5 5
c=-82
5
1 1.8
(ie), = g
(s+1)(s” +4s+13) s+1 s“+4s+13
L 1-s _ EL‘{ 1 J_EL_{ s+8 j
(s+1)(s* +4s +13) 5 \s+1) 5 (s*+4s+13

1 . 1 .4 s+2+6
= e ——L|—0—
5) 5 (s+2)°+9

1 . 1.4 s+2 1, 6
P YT Ll B YY)
5 5 (s+2)°+3 5 (s+2)°+3

- 1 e - 1 e cosdt = 6 g2t 3Nt 3t
5 5 5 3



1 et — 1 e 2 cos3t = 2 e %' sin 3t
5 5 5

9. Find Ll(

Solution:

4s* —3s+5
(s+1)(s* —3s+2)

4s* -3s+5 =
Putting s=-1
6A =12
A=2
4s* —3s+5

C(s+1)(s2—35+2)

B 45°> —35+5 _
(s+1)(s*—3s+2)

4s®> —35+5
(s+1)(s* —3s+2)

A Bs+C
+ 2
s+1 s“°—-3s+2

A(s* =3s+2)+(Bs+C)(s+1)

Equating coefficient s Equating constant coefficients

4=A+B 5=2A+C
B=2 C=5-2A
C=1
2 2s+1
s+1 s?3s+2

L 2 L 2s+1
s+1 s> —35+2

1 2s+1
LY — |+ L?
[S+lj+ [(53/2)2%]

1
s-3,) -4

2t + 2L

pet 1 o S+ 2—2+2
s-%f-1,
3
2et 4ol 72 | g0 L
s-3]-%, s-3]-%,



3
2et + 2e(5j|:1

3
2

2 + 2e(

J cosh(%} +

Find the inverse Laplace transform of the following by

Exercise - 1 (c)

86s — 78
(s+3)(s—4)(5s-1)

Ans

W +4e

3
2

( )t sin h[%jz

Fein h(%)

Partial fraction method.

3
2

8e[

=3 42" 4 e(%)t

2. 2~ ES Ans: = [~ 28¢ % 1 2805 cos V1Tt — -2 sin I1r
(s—6)(s? +11) 45 V11

3. “L Ans: 1 (11— 20t 2 11e™* cost —2e ' sin tj
s°(s“+4s+5) 5 2

4, 21 Ans: e '(1—cost)
(s+1(s"+2s5s+2)

5. _ Ans: 1(et —e™)
(s-1)(s+3) 4

6. ;2 Ans: 1(sin t—cost+e™)
(s+1(s” +1) 2

7. 1 Ans: i(e2t — (4t + e ™)
(P+2)(P-2) 16

l 2

8. — Ans:1-et | Lt
s(s+1) 2

9. 3S—+3 Ans: 1 (7e* —7cost +sin t)
(s=2)(s" +1) 5

1 et .

10. Y Ans: — (te” —3sin 2t —4cos 2t)

(s+D)°(s” +4) 50



2_
11. 325 26S+5 Ans: let—e2‘+§e‘°’t
§°—6s°+11s—-6 2 2

12. 19s +37 Ans: 5% —3e "t — 2™
(s+1(s—2)(s+3)

1

13. —_— Ans: t—sint
s?(s® +1)
1 __ 1 : Ans: £_S|nt+i(sm3tj
ST(s“+1)(s“+9) 9 8 72 3
2
15. w Ans: 2+e' —e*
§°+8°-25

25. Convolution of two functions

If f (t) and g(t) are given functions, then the convolution of f (t) and g(t) is defined

as | f(u)gt—u)du. It is denoted by f (t) * g (t) .
0

251 Convolution Theorem
I (t) and g(t) are functions defined for # > 0, then L(f(t) *g(t)) = L(f ()L(g(t))
(ie) L(F(t) * (V) = F(s). G(s)

where F(s) = L(f(t)), G(s) = L(9(t))

Proof:

By definition of Laplace Transform,

We have L(f(t))*g(t) et *g(t)fdt

1]
o—38

1]
o—3

est{i f(u)(t—u)du}dt

—_

11 e f(u)g(t—u)dudt

00

on changing the order of integration,



= f(u){T e“g(t—u)du}dt
0 u
Put t—u=v When t=u,v=0
dt=dv When t=o, v=0o
L) o) = | f(u){“f e““*”g(v)dv}du
0 0

1
o—3

f(u)es“{z esvg(v)dv}du

1
o—38

e f (u)duT e*'g(v)dv
0

= [ e f@)dt] eg(t)dv
0 0

= L(F)(®)L(g(t))
S LOE®)*g(t) = F(s).G(s)
Corollary

Using the above theorem

We get,
L™ (F(s).G(s)) = f®>*g®)
= L (F(8)*L7(G(s)
Note
f®)*g(t) = g®*f(t)
1. Find the value of 1*e*
Solution:
Let  f(t) =1, g(t) = et
f(u) =1, g(t-u) = eV

= plpu



By definition, f(t) * g(t)

1*et

2. Evaluate 1*sin t
Solution:
Let f(t) =sint

f(t) =sinu

By definition, f(t) * g(t)

t*et

3. Evaluate e' * cos t
Solution:
Let f(t)=cost

f(t) =cosu

f()*g(®)

= | f(u)g)t-u)du
= fle’te“du
e,

- e'(e'-D

= 1_87t

g =1

g(t-u) =1
= | f(u)g)t-u)du

r

= [ sinul.du
0

- (cosu);
- (cost-1)

= l-—cost

g(t) =¢'
g(t-u) = e-u*!

=elet

= ] f(u)g)t-u)du



t
el * cos t [ cosue'e™du

0

t
el * cos t e'[ e cosdu
0

t

— t e .
= e [m (—cosu +sin u)]

0

ax

{ Je* cosbxdx = (acosbx +bsin bx)}

a’+b?
= ¢ e—_t(—costjtsint)—l(_1)
2 2
= 1(sint—cost)+let
2 2
1,. .
= E(smt—cost+e)

4. Use convolution theorem to find L‘l(;J

s+ a)s+b)
Solution:
“{5:5%:5] ) r{ﬁiaJ*r{@imj
L g
= :{ e e du

t
= j e*auefbt+budu

—~(a-byu It
— e—bt|: e }
~@-b),
g bt o
) —(a—b)(E( "D




—bt —bt

e e
= +
—(a-b) (a-b)
— l (efbtefat)
(a—h)
- - 71 1
5. Use convolution theorem to find L >
s(s“+1)
Solution:
S I O )
s(s? +1) s s?+1
= 1*sint
t -
= [ sin(t—u)du
0
_ | —cos(t—u) t
-1 0
= cos0O—cost
= 1-cost
6. Find L™ % using convolution theorem
(s°+a“)
Solution:

S S 1
[y [ = L .
((sz+a2)2] (sz+a2 sz+a2j

S S 1
= L= |xL? .
((52+a2)j (sz+a2 sz+a2j

1.
cosat*—sin at
a




t
= lj cosausin a(t—u)du
ao

_ 1} (sm a(t—u+u)+sin a(t—u—u)}du
ao 2

= 1} (sinat+sinat— duydu
2a0

r t
= Llusin at+(——cosa(t—2u)j
2a| —2a 0
17, . cosat cosat
= —|tsinat+ -
2al 2a 2a
_ tsin at
2a
7. Find L™ % using convolution theorem.
s(s* —a“)
Solution:

_ 1 4(1 1
L 2 _ .2 = L= 2 _ 2)
s(s®—a”) s s°—a
1 1
= L—l ks -1
sj (sz—azj

- ol
s) a s?—a’

= l*lsin hat
a

Let  f(t) =sin hat; giH=1

f(u) = sin hau; g(t-u)=1

1t
=[ sin hau.ldu

ao

l(cos haujt
_ a a ),

l*lsin hat
a




= i(cosh at-1)
a

2

" L_l(s(sz—l_az)] = a—lZ(COS hat —1)
SZ
8. Find L—l(( ) bz)J using convolution theorem.
s“+a’)(s"+

Solution:

L—l Sz - L_]_ S S
(s? +a?)(s* +b?) (s +a?) s’ +b’

- eta) e
(s* +a%) s? +b°

— cosat*cosbt

= } cosau.cosb(t —u)du

]
SR

(cos(au + bt —bu) + cos(au — bt + bu) jdu
2

= %} (cos((a —b)u + bt)) + cos((a + b)u — bt))du

_ 1} {sin(bt+(a—b)u+sin(a+b)u—bt}t
20 a-b a+b

0

1 sin( bt + at — bt) N sin(at +bt —bt) sin bt N sin bt
a-b a+b a-b a+b

N |
T

E_Zasin at — 2bsin bt}
2

a’—h?

asin at —bsin bt
a’—bh?

9. Using convolution theorem find L™ 5 21 TR
(s“+a”)(s”+b%)



Solution:

1

Let

1
(s* +a%)(s® +b?)

f(t) :isin at;
a

f(u) =lsin au;
a

1sin at*lsin bt
a b

L1 1
s?+a% s?+b?
1 1
= LY ——— |*Lt
(sz+a2j (sz+b2j

1 a 1 b
S * =Lt
a [sz+a2j b (sz+b2j

= lsin at*lsin bt
a b

1.
t) = —sin bt
a(t) .

g(t—u) =%sin b(t —u) =%sin(bt—bu)

j 1sin au %sin( bt —bu)du
0

= i} sin au sin( bt —bu)du
abo

i} 2sin ausin( bt —bu)du
2abo

= i} (cos(au — bt + bu) — cos(au + bt —bu))du
2abo

_ 1 [sin(au—bt+bu sin(au+bt—bt]
2ab a+b a-b

0

_ 1 sin(at—bt+bt)_sin(at+bt—bt)_[sin bt sin btj
2ab a+b a—b a+b a-b

1. 1 1 . 1 1
= —|sinatf ————— [+sinbt] — +——
2ab | (a+b a—bj (a+b a—bﬂ

1. -2b ) . 2a
= ——|sinat ——— [+sinbt| ——
2ab | a—b a“+b




asin bt —bsin at
ab(a® —b?)

1. -
——|sinat| ———
2ab{ (a +

2[asin bt —bsin at]
2aba(a’ —b?)

asin bt —bsin at
ab(a® —b?)

asin bt —bsin at

. L_l( 1
(s® +a%)(s* +b?)

10.  Find L-l[

Solution:

s?(s+1

Jz

ab(a® —b?)

] using convolution theorem

O —
c
CD\

T

<
o
c

t
[ ue™'e'du
0

t
e[ ueudu
0

e [ueu — (1)(e“)];
e !|(te' —et)— (0-1)]

e![te —e' +1]

2

2a2j+sin bt( 2
b a

2

)



= t-1+e"
Exercise - 1 (1)

Find the inverse Laplace transforms using convolution theorem.

% Ans: i(1—cos 2t —tsin 2t)
s(s“ +4) 16
2. 2; Ans: l(1—coth)
s(s®+9) 6
2
3. % Ans: 1 tc052t+£sin 2t
(s°+4) 2 2
1 1, . ot
4. —— Ans: =(sin 2t —cos2t +e )
(s“+4)(s+2) 8
1 1 .
5. m Ans: ¥(at —sin at)
2
6. % Ans: lsint
(s“+a’) 2
1 1 .
7. —— Ans: — (atcos hat —sin hat)
(s —a“) 2a
8. % Ans: 1(sin2t —tcos2t
(s“+4) s\ 2
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UNIT - IV
APPLICATIONS OF LAPLACE TRANSFORM
11 INTRODUCTION

The Laplace Transform is a powerful integral transform,introduced by Laplace a French
mathematician, astronomer, and physicist who applied the Newtonian theory of gravitation to the
solar system (an important problem of his day). He played a leading role in the development of
the metric system.

The Laplace Transform is widely used in solving linear Differential equations with initial
conditions such as those arising in the analysis of electronic circuits. It can be greatly used to
find the solution of problems of both ordinary and partial differential equations, system of
simultaneous differential equations, and it is applied to evaluate some definite integrals.

Ordinary and partial differential equations describe the way certain quantities vary with
time such as thecurrent in an electrical circuit, the oscillations of a vibrating membrane, or the
flow of heat through aninsulated conductor these equations are generally coupled with initial
conditions that describe the state ofthe system at time t = 0. A very powerful technique for
solving these problems is that of Laplace transformwhich transform the differential equation into
an algebraic equation from which we get the solution.

Solutions of Differential Equations using Laplace Transform

The following results will be used in solving differential and integral equations using
Laplace transforms.

Theorem

If f(t) is continuous in ¢ > 0, f{t) is piecewise continuous in every finite interval in the
range ¢ > Oandf (t) and f'(t) are of exponential order, then

L(f'(1)) = sL(f (1)) - (0)
Proof

The given conditions ensure the existence of the Laplace transforms of f(t) and f (t)



By definition L[f'(t)] = ] e f (t)dt
0

= I e d(f (1)

[e‘St f (t)]: —T (-s)e* f (t)dt ,on integration by parts
0

Lim[e™ f (©)] - f (0) +s.L( (1)

=0 — (f(0) + sL(f(t)) [-- f(t) is of exponential order]
= sL(f(t)) - (0)
Corollary 1
In the above theorem if we replace f(t) by f{t) we get,
L(f"(t)) = sL(f'(t)) - F'(0)
= s[sL(f(t)) - f(0)] - '(0)
= s?L(f(t)) — sf(0) — '(0)
Repeated application of the above theorem gives the following result:
L(f"(t)) = s"L(f(t)) — s"*(0) — s"*f1(0) — ... — f"1(0)
Solved Problems
1. Using Laplace transform, solve y’ —y =1t, y(0) = 0.
Solution:
Giveny' -y =t,y(0)=0
Taking Laplace transform on both sides,

L(y) - L) =L

sL(y) — y(0) — L(Y) = Si



1
s?(s—-1)

. _ a1
Ly _LLZ(S—D}

-} } Ll(ijdt dt

00 s—-1

L(y)

<
|

e'dt dt

<

11
o
o

[e'], dt

O —

j' [e' —1]dt

(e" 1),

el —t-1

2. Solve y"—4y'+8y=e*,y(0)=2 andy’(0)=-2
Solution:

Taking Laplace transform on both sides of the equation, we get

L(y") —4L(y") +8L(y) = L(e*)

[°L(y) - sy(0) - y* (0)] - 4IsL(y) - y(0)] +8L(y) = 5%2

i.e.,[s? —4s+8]L(y) = LZJF 2s-10
S_

1 2s-10

Ly) = (5—2)(82—4S+8)+52_4S+8

A Bs+C 2s-10
+ 2 + 2
S—2 S°—4s5+8 s°—4s+8




Solving we get A:%, B=—, c:%

1.1
-4 . 4 2+25—10

s—2 s°—-4s+8 s?’—4s+8

17 19
_ 4 4 2

s—2 s°—-4s+8

1 7

~ —(s-2)-6
_ 4 4( )

+
s—2 (5-2)2+4

1 1 zs—6
y = _Ll[ j+e2t 42
4 s—2 s°+4
= Lonon (ZCOSZI —3sin 2tj
4 4
= %eZt(1+ 7cos 2t —12sin 2t)
3. Use Laplace transform to solve y'—y=e'giveny(0) = 1
Solution:
y'-y=¢

Taking Laplace transform on both sides of the equation,

we get L(y') — L(y) = L(e"), y(0) = 1

SL(Y) - Y(0) - L(y) ==

L(y)[s—1]= $+1



_S
(s-1)°

— 4 S
vt {@—1)2}

~ L‘l_(s_1)+1}
- (s-D)?

L(y) =

=L? 1 }+Ll !
| s—1 (s—1)?

= e' +te'
=e'(1+1)

2

4, Solve C(ilt y +9y =18t given that y(0) =0 = y(%)

2

Solution:

d’y

t2

y"+9y =18t wherey” =
Taking Laplace transform on both sides of the equation, we get
L(y")+9L(y) =18L(t)

[s2L(y) - sy(0) - y'(©)]+ 9L(y) = i—8

_ 18 , P . .
L(Y)[s*+9) = 2 +y'(0) [ y'(0) is not given we can take it to be a constant a]

18
= s—2+a

as? +18




as? +18

L = @ +0
) s?(s* +9)
__a N 18
s?+9 s’(s*+9)
y = L‘l( 2 j+ I P
s +9 s?(s*+9)
a 2 2 . . ]
=Lt +LH == using partial fractions
(s2+9j s? (sz+9)J (using p )
_ asin 3t+2t_25|n 3t

Now, using the conditionst=0and t = %we have

a . (37[) 2 . (37:]
—SNn|{ — |+ 7 ——SIN| —
3 2 3 2

o
1

I
|
I
+
N
+
I

a
3 3
Hencea=3n+2

-y :(37r+§)sm3t+2t_23|n3t

7zSin 3t + 2t

5. Using Laplace transform, y”"+4y'+3y =sint, y(0) = y'(0) =0
Solution:
Given y"+4y'+3y =sint

Taking Laplace transform on both sides



Now,

L(y")+4L(y")+3L(y)=L(sint)

1
s?+1

[s*L(y) —sy(0) - y'(0)] + 4(sL(y) — y(0)] +3L(y) =

L(y)[s® +4s+3] =

s?+1

1

L= st D)

ezl
(s+D(s+3)(s” +1)

1 __A B C+D
(s+D(s+3)(s*+1) (s+1) (s+3) (s*+1)

1=A(s+3)(s* +1) +B(s+1)(s* +1) + (Cs+ D)(s + (s +3)
Put S=-3in(2)

— B(- _ -1
1=B(-2)(10) =B =

Put S=-1in(2)

1:MDQ%3A=%

Comparing the coefficient of s°,
0=A+B+C

C-_A-Bo_t,1__4__1
4720 20 s

LC=-2
5

Put S=0in(2)

1=3A+B+3D

(1)

.2



~.3D=1-3A-B

_. 3 1 3
4 20 10

1 1 -1 3
1 _ 4 20 5 10
(s+1)(s+3)(s*+1) s+1 s+3 (s*+1)

" L‘l( 1 j _1 L—l(ij 1 L-l(ij
(s+D(s+3)(s*+1)) 4 \s+1) 20 \s+3
_—1L‘1( > j+3r{ ! J
5 s?+1) 10 | (s*+1)
1 1

=gt —e* —lcost +isin t
4 20 5 10

6. Using Laplace transform solve y” —3y'+ 2y = 4given that y(0) = 2, y'(0) = -3.

Solution:
y'=3y'+2y=4
Taking Laplace transform on both sides

L(y") —3L(Y) +2L(y) = L(4)

[s*L(y) - sy(0) - y"(0)] - 3[sL(y) - y(O)] + 2L(y) = g

s?L(y)—2s+3—-3sL(y)+6+2L(y) =g

2_
I—(Y)[S2 —3S+2]=£+25_3=m
S S
R TC RS (D)
S(S—l)(S—Z) S s—1 s—2

2s® —3s+4=A(s-1)(s—2)+Bs(s—2)+Cs(s—1)



Put s=1in(1), 3=-B=B=-3

Put  s=2in(1), 6=2C=C=3
Put  s=0in(1), 4=-2A=A=2
2 p—
yoL| 2sossra ) 2L-1(1j—3|:1(ij 3L-1(LJ = 2-3¢" + 3¢
s(s—=D(s-2) S s—1 s—2
. . . d%y 2dy
7. Solve using Laplace transform the differented equation —— +—2 +5y =0where

dt?>  dt
y=2Y_ satt=0
dt
Solution:
y"+2y'+5y =0where y(0) =2, y'(0) =4
Taking Laplace transform on both sides
L(y")+2L(y)+5L(y)=0
[s*L(y) —sy(0) - y" (0)] + 2[sL(y) - y(0)] + 5L (y) =0

L(y)[s? +2s+5]-2s+4—-4=0

2s
L = _ ==
) s24+2s+5
(s+1)*+4

I A j—zr{—lz j
(s+D)°+4 (s+D)°+4

2e1L1( ~ j—etLl( 2 j
s°+4 s°+4

2e ' cos2t —e'sin 2t

e (2cos 2t —sin 2t)



L(y")+2L(y") +5L(y) =0
[s*L(y)—sy(0) - y*(0)]+2[sL(y) — y(0)] +5L(y) =0
L(y)[s®? +2s+5]-2s+4—-4=0

2s
s?+2s+5

y = 2|_-1( (s+1)—1J
(s+1)° +4

= 2|_-1(—(S+21) j—zl_-l(—lz j
(s+D° +4 (s+D)°+4

2e1L1( ~ j—e‘l_l( 2 )
s°+4 s°+4

2e ' cos2t —e'sin 2t

Ly) =

e (2cos 2t —sin 2t)

2
d y+2dy
dt>  dt

8. Using Laplace transform, solve +y=tetgiveny=(0)=1y'(0) =-2.

Solution:
Yy +2y' +y=te”
Taking Laplace transform on both sides
L(y") +2L(y") + L(y) = L(te™)

1

sL(y)—sy(0) — y*(0) + 2[sL(y) - y(O)] + L(Y) = ——=
(s+1)

) 1
L(y)[s +23+1]_—(s+1)2 +5s

1 S

L) = e e




y = L‘l( 1 j+|__1(s+1—1j
(s+1)° (s+1)?
= e-‘L-l(ij+ L S“Ll_lj
s’ (s+1)°

=e“L‘l(ij+L’l s+1 J—L‘l( 1 j
s* (s+1)? (s+1)°

_t I
= Z—I L{%j +et—et
I s

—t43
=£ 6t +et—et

_ |t
=e €+t+1

9. Solve using L.T y" -2y’ +y = (t+1)*given y(0)=4and y'(0)=-2.

Solution:
Given y" -2y’ +y=(t+1)°

L(y") —2L(y") + L(y) = L(t +1)°

[5°L(Y) - y(0) ~ y*(O)] - ZL(y) - YOI + L(y) = 5 + 5+

s2L(y)—4s+2—2sL(y) +8+ L(y)=%+%+%
S S

Ly)s-)2=2+2 414510
S S S
2 2 1 4s 10

L(y) =

+ + + —
$*(s—=1)?% s*(s-D* s(s-1)* (s-1)* (s—-1)°?

T T
s°(s-1) s°(s-1) s(s-1)




10.

4L‘l( > ZJ—loL‘l( L 2)
(s-1) (s-1)

2f T —1 ladtdt+2f § LU —1 Jdtdt+ ] L 2 ot
000 (3_1)2 00 (S_l)Z 0 (5_1)2
-+-4L_1 S_1+21 _1OetL—1(i2)
(s-1) s
=2 || et“(izjdtdtdtﬂ} j e Ll(izjdtduf etLl(izjdH
000 S o o s ) 5

4|_-1( 3_12J+4L-1[ L ZJ—loet.t
(s-1) (s-1)

= 2| j } e' tdtdtdt+ 2} } e't dtdt+} e't dt+4L‘1(ﬁj+4e‘tl(ij—loe‘t
00 0 S—

2
000 S

1

N
o~
[ g a——

t
(te' —e") dtdt+2] (e't—e") dt+(te' —e'); +4e' +4e't —10e't
0

—

= 2| } (te' —e' +1)dtdt+2i te' —e' +1)dt + (te' —e' +1)+4e' —6e't
0 0

0

t
= 2£ (te' —e' —e' +t),dt +2(te' —e' —e' +1)} +(te' —e' +1)+4e' —6e't

t
2] (te' —2e' +t+2)dt +2(te' —2e' +t+2) + (te' —e' +1) +4e' —6e't
0

) -
= 2l te! —e' — 26! +%+2t} _3e't—e' +2t45

0

2
= 2| te' —3e" +%+2t+3}—3e‘t—et +2t+5

—te' —7e' +t? +6t+11

2
Using Laplace Transform, solve % _4d_dty +8y=e” y(0)=2,y(0)=-2



Solution:
Given y"—4y’ +8y =¢”
Taking Laplace Transform on both sides,

L(y") —4L(y") +8L(y) = L(e¥)

[s*L(y) —sy(0) — y'(0)] - 4[sL(y) — y(0)] +8L(y) = é

-

[s? —4s+8]L(y)-2s+10=

N

S —

1 2s-10
(s—2)(s*—4s+8) s“—4s+8

L(y)[s® —4s +8] :s—i2+25_1o =

y= L‘{ ; }W[S—_f’} (1)
(s—2)(s° —4s+8) (s—2)°+4

1 A Bs+C
(s—2)(s"—4s+8) s—-2 s°—4s+8

1=A(s®* —4s+8)+(s—2)(Bs+C) ..(2)
PutS=2in(2)
1=4A - A=1/4
Compare the coefficient of s?,
0=A+B..B=-1/4
Compare the constant terms, we have

1=8A-2C

. 2C =8A—1:8(%j—1:1



-s 1

7+7
y =1 1(—1 j+Ll 42 | —3_22_3
4 s—2 s°—4s+8 (s—-2)°+4

Slen Ly 522 | o 52 ) g 1
4 4 (s—-2)°+4 (s—-2)°+4 (s—2)"+4

:1e2t_le2t|_1[ 25 j+262t|_1( 23 j—6€2t|_l( 21 )
4 4 s°+4 s +4 s°+4

2t
€ _ 1e2t cos 2t + 2e* cos 2t —3e? Ll(zij
4 4 s?+4

e 7
y = —+Ze2t cos 2t —3e? sin 2t

2t

eT(l+ 7c0s2t —12sin 2t)

<
1

1forO<t<1

2
d°Y _ ttywith y(0) =0 y'(0) =1and f(t)=
Ofort>1

dt?

11. Solve

Solution:
Given y"(t) = f(t)
Taking Laplace transform on both sides we get
L(y") = L(f (1)
s*L(y) —sy(0) - y'(0) = L(f (1)
s*L(y)-1=L(f (1))

Now

L(F@)=] e f(t)dt

o—r

edt+ | e f (t)dt
1



1 t>a

By second shifting theorem L™ (e *F(s) = f (t —a)U, (t) where U_(t) = {0 .
<a

4(e
()

f(t-u, ()

_ (t=2)? . _t?
R U, (t) ['f(t)_EJ

_t2 (t_1)2 Ul(t)

=—+
2! 2!

Y

12. Using Laplace transform, solve the following equation L%+ Ri = Ee™™;i(0) = 0,where
L, R, E and a are constants.
Solution:

Taking Laplace transform on both sides of the equation

L(L(i'(t) = RL(i(t)) = EL(e ™)

L(sL(i(t)) —i(0)) + RL(i(t)) = %



(Ls + R)L(i(t) =£
E

(s+a)(Ls+R)

L) =

A B
= —+
s+a Ls+R

.. (1)
E=A(Ls+R)+B(s+a)
Putt S=-a

E=A(-aL+R)

Comparing the coefficient of S on both sides

0O=AL+B
B = —EL
R—-alL

Substituting the values of A and B in (1)

E EL
o -

o E [ 1 L
L) = R—alL|s+alL(s+ R/L)}

. _E .4 1 S 1
0= R—aL_L (EJ_L (S+R/LH

Exercise

1. Solve y"—4y’'+8y =e*,y(0)=2and y'(0) =-2



2. Solve y"+4y =sinwt,y(0)=0and y'(0)=0

3. Solve y"+y'—2y =3cos3t —11sin 3t,y(0) =0and y'(0) =6
4. Solve (D? +4D+13)y=e'sint,y =0and Dy =0at t =Qwhere D = %

5. Solve (D? +6D+9)x =6t’¢*,x=0and Dx =0at t=0
6. Solve X" +3x"+2x =2(t* +t+1),x(0) =2,x'(0) =0

7. Solve y" -3y’ -4y =2e',y(0)=y'(0) =1
8. Solve x"+9x =18t, x(0) = 0, x(%) =0

9.  y"+4y'=cos2t,y(z)=0, y'(z)=0

10.  x"—2x+x=t%e¥, x(0)=2, x'(0)=3

Answers
1 5 .
1. yzze (1+ 7cos2t —12sin 2t)
1, .
2. y = g(sm 2t — 2t cos 2t)
3. y=sin3t—e™ +e'
1 ~t H —st 7 .
4. yzg[e {-2cost+9sint}]+e 2c053t=—§sm 3t
5. x=tpee
2
6. Xx=t>-2t+3-e™
7. y = 2%(1?@‘t —10te™ +12e™)

8. X =2t + sin 3t



9. yzi(t—fz)sin 2t

t4
10. X=|—+t+2[e
12

Solution of Integral equations using Laplace transform
Theorem

If f(t) is a piecewise continuous in everyfinite interval in the range # > 0 and is of the
exponential order, then

L[i f (t)dt} _ % L(f (1)
Proof

Let g@t) =] f(t)dt

O —_

s Q) =1(t)

- L(g'(®) =sL(g(®) —a(0)

ie L(f)(t)):sLG f(t)dtj—}) £ ()t

LD f (t)dt} _ % L(f (1)

Corollary:

-

L[f i f(t)dtdt}:izL(f(t))
0 S

0

In general

Problems



1. Solve y+i ydt =t + 2t
Solution:
Given y+i ydt =t + 2t
Taking Laplace Transform on both sides

L(y)+ LG) ydt)  L(t2) + L(21)

1 2 2
L) +=L(V) ==+
s s? s
L(y) 1+l =2 1+35
o s] s
[s+1] [s+1]
L(y) =2 —;
L S J LS |
s+1] s |
L(y)=2 —
) {53 s+1
2
T
y=L1(£2j=2t
s
dy

2. Solve E+2y+} ydt =2cost, y(0)=1
0
Solution:
Given y'+2y+} ydt = 2cost
0

Taking Laplace Transform on both sides



L(y")+2Ly+ L(} ydt) = 2L(cost)

1 2s
sL(y) - y(0) +2L(y) +=L(y) = -
S s +1
L(y) s+2+1}—1= 225
S s +1

L(y)

(s?24+2s+1|  2s
S S

s?+2s+1 s
L(y) =
) { s?+1 Msz+23+1}

s +1

(y)=L{ 25 1}:cost
s? +

t

3. Using Laplace Transform solve y +:j) y()dt=e"
Solution:

Given y+:j) y(t)dt =e™

Taking Laplace transform on both sides,

L(y) + L@ y(t)dtj )

Ly + L) =2
S s+1

L(y)[lﬁ}i
S s+1



S
L(y) = m

s Lt s+1-1
y= s+1)?) | (s+1)?

_ L_{ 1 J_e_tL_l[ij
(s+1) s?

y=e"'—-e't
y=e"(l-1)
- t -
4. Using Laplace transform, solve x+[ x(t)dt = cost +sin t
0
Solution:

X+ } x(t)dt = cost +sin t
0
Taking Laplace transform on both sides,
L(x)+-L(} xﬂ)dtj::L(cost4—ﬁnt)
0

L(x) 1+1 = s+l

L(X)| —|=




.‘.x:Ll( zs chost
s?+

Solve using Laplace transform y’+ 3y + 2} ydt=t, y0)=0
0

5.
Solution:
y'+3y+2} ydt=t
0
Taking Laplace Transform on both sides,
L(y') + L(3y) + 2LU y dt) —L(t)
0
1 1
sL(y) - y(0) +3L(y) + 25 L(y) = 3
L(y) s.+3+g}=i2
L s| s
[s?+3s+2]| 1
L(y) —} =5
i S S
1 S
L(y)=—.————
) s? % +3s+2
B 1
s(s+1)(s+2)
y — L‘l ;
s(s+1)(s+2)
1 A B C
Now, ———M—=—+—+——
s(s+1)(s+2) s s+1 s+2
1=A(s+1)(s+2)+Bs(s+2)+Cs(s+1)
Put  s=-1in(2)

(1)

.2



B=—

Put s=-2in(2)
c=1
2
Put  s=0in(2)
A=t
2
.. (1) becomes

yzzL-{zj_L-{L};
2 S s+1) 2

1 4,1 &
=—e'+>e
y 2 2

26y
S+2

Solving Integral Equations using convolution

Theorem

By the definition of convolution, we have f(t)*g(t):} f(u)g(t—u)duand by
0

convolution theorem L(f(t)*g(t)) = L(f)(t)L(g)(t))

Problems
1. Solve y =1+ 2:[ e ?y(t—u)du .. (D
Solution:

i e2y(t —u)du is of the form:j) f(U)g(t—u)duwhere f(t)=e? g(t) = y(t)

Taking Laplace Transform on both sides of (1),

Ly) = L(1)+2L[} e y(t—u)du}



+ 2L[e’2t * y(t)] (Definition of convolution)

w |

= %+ 2L(e’2t )L(y) (Convolution theorem)

S +2
1 2

L) =—-+—L()
S +2
2 1

Ly) = 1——}—
| sS+2] s
[ s 1

L = _|==

) _s+2} S
s+2 1 2

L(y) = 2 :_+_2
S S s

ool

S s
y =1+2t
2. Using Laplace transform solve y=1+} y(u)sin(t—u)du
0
Solution:

Given y = 1+} y(u)sin(t—u)du
0
Taking Laplace transform on both sides,

L(y) = L(D) + LE y(u)sin(t—u)du} ()

Now the integral }y(u)sin(t—u)duis of the form }f(u)g(t—u)duwhere
0 0

f(t)=y(), g(t) =sint



.. (1) becomes

uw:§

+ L(y(t)*sint)

1
s?+1

uw=§+Lw>

Ly 1= }=

L(y)| -2 }:é

s +1
L(y) = 33

1) 1 2
e I s
-l (E)
1
=1+=t?
y 2

3. Using Laplace transform solve f(t) = cost+:jJ e ' f(t—u)du

Solution:
Given f(t):cost+£ e f (t—u)du )
Taking Laplace transform on both sides of (1),

L(f)(t)) = L(cost) +[L} e f(t— u)du}

CrLE )

S2



S L) L)
s°+1

S 1
+——L(f(t
s?+1 s+1 ()

L(f (1) 1——}

L(f (1) —} =

| S+1

s+1
s +1

4 S 4 1
f=L (sz+1j+|_ (sz+1j

f(t) =cost+sint

L(T () =

4. Solve the integral equation y(t) =t? +:j) y(t)sin(t —u)du
Solution:

y(t) =t2 +:jJ y(®)sin(t —u)du

Taking Laplace transform obn both sides,

Ly(®) = L(t2)+LE y(t)sin(t—u)du}
2 .
Ly) = s_3+ L(y(t) *sin t)

= s% + L(y)L(sin t)

= %+L(y)( 1 ]
S

s +1



S
) (stj-lJ s
Ly =222
vy =L (5}%( 4 )
y) =t %w
5. Using Laplace transform solve the integral equation y+i y(u)du=e™

Solution:
y +} y(u)du=e™
0

Ly+yt)*l=e™
Applying Laplace transform on both sides we get
L(y) + LIyt)* = L(e™)

~L(Y)+L(Y)L@) =L(e™)

L(y){1+ 1} = i
S

s+1
s+1 1
o[- L
S s+1

S
L(y) _W
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s+1 (s+1)°

~ o 1
el—e tLl(s_Z]

I
r
L

I
ml
=
|
~+
N

Exercise

1. Solve x'+3x+2} xdt=t, x(0)=0
0
t
2. Solve y'+4y+5] ydt=e", y(0)=0
0
t
3. Solve x"+2x+| xdt=cost, x(0)=1
0
4, Solve y'+4y+l3} ydt=3e",sin3t y(0)=3
0
t -
5. Solve x(t) =4t —3] x(u)sin(t—u)du
0
6. Solve y(t)::e"—-zj y(u) cos(t —u)du
0

7. Solve } y(uy(t—-u)du=2y(t)+t-2



8. Solve y(t) :t+} sinu y(t—u)du
0
t
9. Solve y=1+] y(u)sin(t—u)du
0

10, Solve f(t)=cost+] e f(t—u)du
0

Answers

1. x:%(lJrez‘)—et

2. y:_?let +%et (cost + 3sin t)

3. X= %[(1—t)e‘t +cost]

4, y:ez{?,coth—gsin 3t+§tsin 3t+t0053t}

5. x:t+gsin 2t

6. y(t)=e ' (1-t)?

7. y(t) =1
t3
8 =t+—
y 6
tz
9 =1+—
y 2

10. f (t) =cost +sint

Simultaneous differential equations

1. Using Laplace transform solve



%er—sint
dt

ﬂ+ X = cost
dt

givenx(0) =2 and y(0) =0

Solution:
Applying Laplace transform to the given equations
We get, L(X")+ L(y) =L(sint)

L(y") + L(x) = L(cost)

= SL() — X(0) + L(y) =
s +1
sL(y) - y(0) + L(X) = —
s +1
1
sosL(X) + L(Y) = 5—+2
s°+1
25?2 +3
-5 (D
Also sL(y)+L(y) = — Q)
s°+1
Dxs= L) +sL(y) = B+ .03)
+1
@)= LX)+sL(y)=— (4
s°+1

25% +3s s
9o 2543)
+1 s°+1

(3)—(4)(s* ~D)L(

_28°+2s
s?+1




23

L(x) = 71 -(5)
Substituting (5) in (2), we get
sL(y) = 2s ~ 225 :s(szzl)—232(32+1)
s°+1 s°-1 (s +D(s° -2
. —5°-3s
(52 +1)(s% -1)
. —s(s*+3)
C—(s?+1)(-5?)
_ (s*+3)
L(y)——(sz+1)(1_sz) ...(6)
From (5), x:Ll( 225 j
s° -1
= 2cosht
y=L‘l( (522"':3) j
@-s)(s"+2)
Consider (s°+3) _ A B ,Ls+D ..(7)

-s?)(s2+D) 1-s1+s s2+l
s +3=A(1+s)(s* +1) + B(@1—s)(s* +1) + (Cs+ D)(L—s)(1+5)
Put  s=1, 4=AQ2)2)
=>4=4A=>A=1
Put  s=-1,4=B2)2)
=B=1
Put s=0, 3=A+B+D

3=1+1+D



=D=1
Comparing the coeffcient of S,
0=A-B+C
=C=0
Substituting the values of A, B, C, D in (7) we get

(s*+3) 1 1,1
(1-s®)(s?+1) 1-s71+s s?+1

Ly = L‘l(ij + L‘l(i) + L‘{%)
1-s 1+s s°+1

y=e'+e " +sint

Hence the solution is x=2coshtand y=e'+e™ +sint

2. Solve %+ ax=y
dt

giventhatx=0andy=1whent=0

Solution:

Applying Laplace transform we get

L(x") +aL(x) = L(y)

L(y") +aL(y) = L(x)

- SL(x) — x(0) +aL(x) = L(y)

sL(y)—y(0) +aL(y) = L(x)
Given that x(0)=0, y(0)=1

~osL(x) — x(0) + aL(x) = L(y)



sL(y) - y(0) +aL(y) = L(x)

- sL(x) +aL(x) = L(y)

sL(y) —1+aL(y) = L(x)

- (s+a)L(x) = L(y)

(s+a)L(x)—L(y)=0 (1)
—L(x) +(s+a)L(y) =1 2

M +(s+a)x(2) = L(y)[(s+a)*-1]=s+a

‘ _ s+a
- L) = (s+a)? -1
1
Also by (1) L(x) = +a)y 1

S
—e —at Lfl
[sz—lJ

=e *cos ht

3. Solve % +2x=sin 2t and



%—Zy:COSZt, x0)=1 y@0)=0

Solution:
Taking Laplace Transform on both sides
L(y") +2L(x) = L(sin 2t)

L(x")—2L(y) = L(cos 2t)

SL(Y) - Y(0) + 2L() = 2

s°+4
SL(x) = X(0) + 2L(y) = —

S°+4
sL(x)—2L(y):SZS+4+1 (1)
2L(x) +sL(y) = 522+4 .. (2)
(1) x (2) = 2sL(x) - 4L(y) = 522i4 42 . 3)
(2) x5 = 2sL(x) + $2L(y) = 322i4 . (4

(3) = (4) = —~(s* +4)L(y) =2

-2
s?+4

L(y) =

= y=-sin2t
sy '=-2cos 2t
Substituting y’ in y'+2x =sin 2t

2X =Sin 2t +2cos 2t



X = %[Sin 2t + 2co0s 2t]

4. Solve %+3x—2y:1, %—2x+3y:e‘, x(0) =0, y(0)=0

Solution:
Taking Laplace transform on both sides

L(x") +3L(x) — 2L(y) = L(1)

L(y") —2L(x) +3L(y) = L(e")

SL(X) — X(0) +3L(x) — 2L(y) = %

SL(y) - y(0) - 2L(x) +3L(y) =$

<s+3)L(x)—2L(y)=§ ()

S2L(x) + (s +3)L(y) = - O
s-1

(W)x2 = 2(s +3)L(X) ~ 4L(y) = §

(s+3x(2) = -2s+ILK + (+37L(y) =2

s+3 2

Adding [s+3)2-4]L(y) =S

s’ +55—2
s(s—1)

(s> +6s—-5)L(y) =

s +55—2
L) = (s? + 65 +5)(s(s —1)) e (3)




s +55—2 A B C D
Now, —+ + +
s—-1 s+1 s+5

s(5—1(s+1(s+5) s
s +55—2=A(s—1)(s+1)(s+5)+Bs(s+1)(s+5)

+C(s(s=1(s+5))+ D(s(s—-1)(s+1))

when, s=1, 4=12B= B=%

when, s=-1, —6:8C:>c:_73
1
when, s=-5, -2=-120D=D=—
60
when, s=0, —2=-5A= A==
~.From (3) y:ELl(ljJrl l[i)_ﬂ_l(i}ri“( 1 j
5 s) 3 s-1) 4 s+1) 60 s+5
~y(t) =g+1et —ge‘t LI . (d

5 3 4 60

1 3 1
Lyt)y==e' +Set - —e™
y) 3 4 12

Substituting (4) and (5) in
y' —2x+3y =e'we get,

2x=y’+3y-€'

2X
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=
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X(t)

Eet _ge—t _ie’m
3 4 60

|
g|lo
+

§+let _Eeft _ie*a
5 6 4 60

5. Using Laplace transform solve
Dx+ Dy =tandD°x—y=e"',x=3, Dx=-2andy=0att=0
Solution:
Taking Leplace transform on both sides, we get
L(x")+L(y) = L)
L(x")-L(y)=L(e™)
1
sL(x) —x(0) +sL(y) - y(0) = e
2 , 1
S°L(x) —sx(0) - x'(0) - L(y)=——
s+1
. 1
i.e.,  SL(X)+sL(y)= ) +30
1 3
= LX) +L(y)=—5+— .. (D)
s® s
, 1
and  s°L(x)-L(y)=——+3s-2 ... (2)
s+1
M+(2)= (2 +DLM) = = +°4 1 1352
s° s s+l
1 3 1 35-2
L(x) = + + + .. (3
) s?(s+1) s(s*+1) (s*+1(s+1) s*+1 ®)
Consider ! A Bs+C

= +
(s+1(s*+1) s+1 s?+1



1=A(s* =1)+(Bs +C)(s +1)

Put, s=-1, 1=2A= A=1/2

Put, s=0, 1=A+C=C=1/2

Comparing coefficients of S;
0=B+C=B=-1/2

(3) becomes

X() =[] sintdtdtdt+3] sintdt+1L1(ij+1|_1( ! S J
000 0 2 2

s+1 s2+1 s?+1
+3L1( > j—le( L j
s?+1 s?+1

t t
x(t) = | [ (—cost); dt dt+3(—cost)g+%e‘t+%sint—%cost+3cost—25int
00

t t
= | [ (~cost+1)dt dt+3(—cos+1)+le’t—Esint—§cost
00 2 2 2

(t —sin t); dt +3(—cos+1) +%et —gsin t +gcost

1
o

(t —sin t)dt + 3(1—cost) + %et —gsin t —gcost

1
o

2 t
- [ Y cost +3(1—cost)+le’t —Esint+§cost
2 . 2° 2 2

2
= t—+lcost+2+1e’t —§sint
2 2 2 2

X = ie‘t +§sint—£cost+l
2 2 2

Substituting x” iny = x"(t)- e*



yzl—le*+§dnt—lamt
2 2 2

6. Solve x'—2x+3y=0
y'—y+2x=0
given that x(0) =8 and y(0) = 3
Solution:

Applying Laplace transform to the given equations we get,
L(X") —2L(x) +3L(y) =0
L(y)—L(y)+2L(x) =0
sL(x) — x(0) — 2L(x) +3L(y) =0
sL(y)—y(0) - L(y)+2L(x)=0
The above equations reduce to
(s—2)L(x) +3L(y) =8
2L(X) +(s—1L(y) =3
(1) x 2= 2(s —2)L(x) + 6L(y) =16
(2)x(s-2) = 2(s-2)L(X) + (s —D(s - 2)L(y) =3(s - 2)
B -4 =[6-(s-D(s-2)]L(y) =16-3(s -2)
= —{s” ~3s - 4]L(y) = 35 - 22]

3522 3s-22
s°—3s—4 (s+1)(s—-4)

L(y)

A B
_+—
s+1 s-4

(D)
()
.. 3)
.. (4



3s—-22=A(s—4)+B(s +1)
Put  s=4in(b),

—-10=5B=B=-2

Put s=-1in(5),

—-25=-5A=A=5
5 2

SLy) = —+

» s+1 s-4
o))

s+1 s—4

y = 5e ' —2e"
=y =-5et_ ge

Substitutingyandy’ iny'-y + 2x =0
weget 2x =y-y

= (5e'- 2e*) — (-5et- 8e*)

= 10e" + 6e"
1 —t 4t —t 4t
X :E[loe +6e"]=5e" +3e
7. Solve X" +y=-5cos 2t
y" +Xx=5cos 2t

given that x(0) =0, x'(0) =0, y'(0) =0, y(0)=0
Solution:
Applying Laplace transform to the given equations

L(x")+ L(y) =-5L(cos 2t)

(5



L(y") + L(x) =—5L(cos 2t)

£ $LO -0 - X O+ L(Y) = i54
LY -0 - YO+ LK =

Giventhat  x(0) =x'(0) =y'(0) =y(0) =0

5s

s2L(X) + L(y) = —
= s°L(x) + L(y) 714

5s

L(x)+s’L(y) = 7.2

—5s
s’ +4

(D) x1= s’L(x)+ L(y) =

5s3

(2)xs? = s*L(X) +s*L(y) ==
s°+4

—5s  5¢°
s’+4 s*+4

@) -4 =@-s")L(y)=

_ —5s-5s°
s’ +4

5s(s? +1)
(s =1)(s* +4)

L(y) =

5s(s® +1)

T (5+1)(s—1)(sZ +1)(s2 +4)

L 5s
y= (s+1)(s—1)(s* +4)

5s A B Cs+D
+

Now 5 = +—
(s+D(s-D(s“+4) s+1 s-1 s°+4

(1)

. (Q2)

.. 3)

)



5s = A(s —1)(s* +4) + B(s +1)(s® +4) + (Cs + D)(s +1)(s —1)
Put s=1, 5=B(2)(5)

:>B=l

Put s=-1,-5=A(-2)5)
=A= %
Putt s=0, 0=-4A+4B-D
0= _4@ s 4@ D
=D=0
Comparing the coefficient of s°,
A+B+C=0
1 1

—+—-+C=0
2 2

=C=-1

R T R T T e T (R
2 s+1) 2 s—1 s°+4

= le’t +let —cos2t
2 2

cosht — cos 2t

y' =sin ht + 2 sin 2t
y” = cosht + 4cos 2t
From the given equation

X=5cos 2t—y"



=5 cos 2t — (cosht + 4 cos 2t)

X= cos 2t — cosht
Exercise
1. Solve the simultaneous equations

2x'-y' +3x = 2tand X'+2y’ — 2x-y = t?-t, x(0) = 1, y(0) = 1
2. Solve the simultaneous equations

D2x — Dy =costand Dx + D% = —sint;x=1,Dx=0,y=0,Dy=1att=0
3. Solve x' -y =etand y’ + x = sin t; x(0) = 1, y(0) = 0.
4. Solve X' —y=sint,y  —x=-cost;x=2andy=0att=0.

5. Solve D?x +y = -5 cos 2t,D?%+ x =5 cos 2t x = Dx=Dy=1and y =1 and t = 0.

Answer
3t
1. x:—1+ge’t+—e5
8 8
3t
y:—ge’t+4—9e5 —t*-3t-4
8 8
2. x=1+tsint, y=tcost
l t -
3. X==(e" +2sint+cost —tcost)

2
l t - -
X:E(—e —sint+cost —tsin t)

4, x=2cos ht, y=2sin ht—sint

5. Xx=sint+cos2t, y=sint—cos2t
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Joseph Fourier

UNIT -V
FOURIER TRANSFORM
Introduction

Jean-Baptiste Joseph Fourier (21% March 1768 — 16"
May1830)was a French mathematician and physicist born
in Auxerre and best known for initiating the investigation
of Fourier _series, which eventually developed into Fourier
analysis and harmonic analysis, and their applications to problems
of heat transfer and vibrations. The Fourier transform and Fourier's
law of conduction are also named in his honour. Joseph
Fourier introduced the transformin his study of heat transfer,
where Gaussian functions appear as solutions of the heat equation.

In the study of Fourier series, complicated but periodic

functions are written as the sum of simple waves mathematically represented by sine and cosine
functions. The Fourier transform is an extension of the Fourier series that results when the
period of the represented function is lengthened and allowed to approach infinity. Fourier
Transform maps a time series (eg. audio samples) into the series of frequencies (their amplitudes
and phases) that composed the time series. Inverse Fourier Transform maps the series of
frequencies (their amplitudes and phases) back into the corresponding time series. The two
functions are inverses of each other. Shortly, The Fourier Transform is a mathematical technique
that transforms a function of time, f (t), to a function of frequency, F(s).

Applications

©)

The Fourier transform has many applications, in fact any field of physical science that
uses sinusoidal signals, such as engineering, physics, applied mathematics, and
chemistry, will make use of Fourier series and Fourier transforms. Here are some
examples from physics, engineering, and signal processing.

. Communication
. Astronomy
. Geology

. Optics


https://en.wikipedia.org/wiki/French_people
https://en.wikipedia.org/wiki/Mathematician
https://en.wikipedia.org/wiki/Physicist
https://en.wikipedia.org/wiki/Auxerre
https://en.wikipedia.org/wiki/Fourier_series
https://en.wikipedia.org/wiki/Fourier_analysis
https://en.wikipedia.org/wiki/Fourier_analysis
https://en.wikipedia.org/wiki/Harmonic_analysis
https://en.wikipedia.org/wiki/Heat_transfer
https://en.wikipedia.org/wiki/Vibration
https://en.wikipedia.org/wiki/Fourier_transform
https://en.wikipedia.org/wiki/Thermal_conduction#Fourier.27s_law
https://en.wikipedia.org/wiki/Thermal_conduction#Fourier.27s_law

o Fourier Transforms helps to analyze spectrum of the signals, helps in find the response of
the LTI systems. (Continuous Time Fourier Transforms is for Analog signals and
Discrete time Fourier Transforms is for discrete signals)

¢ Discrete Fourier Transforms are helpful in Digital signal processing for making
convolution and many other signal manipulation.

Integral Transform

The integral of a function f(x) is defined by
ILFOOT =] f(0K(s, X)dx

Where Kk(s,x) is the kernel of the integral transform and s is the parameter. If k(s,x) = e, the
integral transform leads to Laplace transform of f(x).

L[f()]=] f(x)e™dx
When k(s,x) = €', then the Integral transform become complex form of Fourier transform.

[ (X)] = %‘}1 f (x)e™dx

If we replace k(s,x) by sine and cosine functions, we get Fourier Sine and Cosine
Transform.

Fourier Integral Theorem

A function f(x) which is piece-wise continuous in every finite interval in (-o0,00) and is
absolutely integrable in (-00,00) can be expressed as

f(x) = %I T; f (t) cos A(t — x)dtdA (1)

This integral is known as Fourier integral of the function f(x).
Definition of odd and even function
Odd Function

A function f(x) is said to odd if f(-x)= -f(x). Ex: f(xX)=x, sin x, tan x, x.



Even Function

A function f(x) is said to even if f(-x)=f(x). Ex: f(x)=x2x*cos X, sec X.

Even vs Odd Functions

Even: fix) = f-x) | Odd: fix) = -Ai-x) |

Fourier Sine and cosine Integrals

The Fourier integral of f(x) is

F00=17 T f(t)cosat—x)dtda @
T 0 -
1 o0 o0 1 o0 o0 . .
=—[ [ f()cosAtcosAxdtdA+— [ [ f(t)sin Atsin Axdtdi
T 0 —o T 0 —o

Case (i)

If f(t) is an odd function, then f(t) cos At is also an odd function and hence the first
integral in equation (2) becomes zero.

F)=27 T f(t)sin At sin Axdtda
T o 0
This is known as Fourier sine integral.

Case (ii)

If f(t) is an even function, then f(t)sinAt is odd function and hence the second integral in
equation (2) becomes zero.



f(x)=

SN

T T f (t) cos At cos AxdtdAd
0 0

This is known as Fourier cosine integral.

Let us look at the definition of Fourier transform and some basic properties of it without
getting into mathematical rigor.

Fourier Transforms
Complex Fourier Transform (Infinite)
Let f(x) be a function defined in (-0,0) f : R — C and be piece-wise continuous in each

finite partial interval then the complex Fourier transform of f(x) is defined by

F(s)=F{f(xX)}= j f (x)e"™dx

\/_

Inverse Fourier Transform

Inverse complex Fourier transform of F(s) is given by

f(x)=F'[F(s)]= \/_ j F(s)e "ds
Properties of Fourier Transforms
1. Linearity property
If F(s) and G(s) are the Fourier transforms of f(x) and g(x), then
Flaf(x) + bg(x)] = aF[f(x)] + bF[g(x)]
= aF(s) + bG(s), where a and b are constants.

Proof: Given F(s) = F[f(x)], G(s) = F[g(X)]

Flaf(x)+bg(x)] \/— [ [af (x)+bg(x)]e™dx

ISXdX I ISXdX

\/— [ f(xe \/_ [ g(xe

= aF[f(x)] + bF[g(x)] = aF(s) + bG(s)



2. Shifting property
If F[f(X)] = F(S) then F(f(X — a) = eias F[f(X)] — eias F(S)

Proof: Given F[f(x)] = F(s)

~F[f(x-a)] = *dx

\/_j f(x—a)e

Put u=x—a..du=dx. When X = -c0, U = -c0 and when X = o0, U = o

~F[f(x—a)] = \/_ j f (u).e*“*du
T]i (u).eisu.eisadu
—e LT fu)edu=e®—2 T f(x)e"dx
V2 V2

Changing the dummy variable from u to x
=F[f(x-a) = e F[f(X)] = e2F(s)

3. Changeof scale property

If F[f(x)] = F(s) then F[f(ax)] = L F(ij where a= 0
la] \a

. 1 = :
Proof: Given F[f(x)] = F(s) then F[f(ax)] = —— [ f (ax).e™*dx

[f(x)] = F(s) [f(ax)] \/ﬁ{o (ax)
Consider u=ax

.'.du:adx:>dx:d—u

Case (i) If >0, then when x = -0, U =-00 and X = o0, U =0

ﬂdu

F[f(ax)] = \/_ I fue: X



=2 27 tu)e (Sjudu=§F(§j (0

a2 a
Case (ii) If a<0, then when X = -0, U =00 and X = oo, U = -c0
Flf(ax)] = J f(u)e%d—u
\/_
S O ) D S i
— T e uH (i)

From (i) and (ii), we get
Fii@)] = — F(ij. if a0
o \a

Note: Put a = — 1, then F[f(-x) = F(-s)
It can be seen that, if f(x) is even, then F(s) is even and if f(x) is odd, then F(s) is odd.
4. Shifting in s

If F[f(x)] = F(s) then F(e ®f(x )) = F(s+a)

Proof: Given F[f(x)] = F(s)= \/_ j f (x).e™dx
Fle ™f(x)] = TT i £ (x)dx
TZ &' f (x)dx = F (s +a)

5. Modulation Property

If F(f(x)) = F(s) then F[cos axf (X)] = % [F(s+a)+F(s - a)]

Proof Given F[f(x)] =F(s) = *dx

\/_ 1 f(xe



. F[cos axf(x)] S [ cosaxf (x)edx

N2 -

iax —iax

e +¢€

— 1 T isx
= \/ﬂ_{o{ 5 f(x)e }dx

0 i . _’]_ 0 . .
—— [ f(x)e"e™dx+— [ f(x)e"e™"*dx
L L e

1{ rdl T f e dx + -~ \/_ Tt a>de}

F[cos axf(x)] = %{F(s +a)+F(s—a)}

6. Fourier transform of Derivative

If F[f(x)] = F(s) and derivative f '(x) is continuous, absolutely integrable on (-0, ), then
FIf'(X)] = - (is) F(s) iff(x) > 0asx —>

Proof Given F(f(x)] = F(s) = *dx

\/_ 1 f(xe

ISXdX

\/— [ f(xe
1 isx
:E{( 'Sxf(x)) gl T(is)e f(x)dx}

Applying integration by parts, taking u = %, dv =f"’ (x)dx

FIf(0] =

du = sx e dx, v = f(x)

isx

We have |e"|=|cossx +isin sx|=1

Since f(x) — 0 as X — + o, we have ef(x) — 0 as X — +

F[f (0] = %[o - isjj; f (x)e‘sxdx}



=(- |s)\/_j f (x)e'*dx = —isF [ f (x)] = —isF (s)

Note: Similarly, we can prove that
FE"()]  =-isF[f'(x)]
= —is(-is) F[f(x)] = (~is)*F[f(x)]
Generally, for any positive integer n, F[{P(x)] = (-is)" F(f(x))

if f(x), f'(x)....f"1(x) approaches 0 as x — + oo.

7. Derivative of transform

If F[f(x)] = F(s) , then F(x" f(x))= (.)nOI F(S)

Proof Given F[f(x)] = F(s) =F(s) = \/_ J f (x)e"dx

Differentiating w.r to s we get,

dF(S)_L isx __OO isxz
™ _\/Z{o (x) (e )dx \/_{of(x)e Ixdx
dF(s)_i 1

—i—= T xf(x)e™dx
s gz LT

We again differentiating (1) w.r. to s, we get

sz(S) .1 isx
o2 \/_ j xf(x)e

ixdx

_ T?;x f (x)e"dx = i2F[x* f (x)]

2 d’ I:(S)

FIX* £ (x)] = (-1)

2 d"F(s)
ds"

Continuing this way, F[x"f (x)]=(-i)

(1)



8. Fourier transform of an integral function

If f(x) is an integral function with F(f(x)) = F(s), then F[f f(x)dx} :gF(s)
Proof Given F[f(x)] = F(s) and f(x) is integrable.
Let JX‘ f (x)dx = g(x), then f(x) = g (x) by fundamental theorem of integral calculus.
FIF()] = Flg'()]
=-is F[g(x)] = -is F[f f (x)dx} [by property 6]
F ] £000x | = FLFO01= L FIF ()
a —is s

9. If F[f(X)] = F(s), then F[f(x)] = F(-s) where bar denotes complex conjugate.

Proof Given FIF0)] = F(s) =F(s) = %T  (x)e™dx
T —o
L F(-s)=——] f(x)e-iSde—TT f(e™™dx [vz=2]

T
1 7 —isx
.'.F(—s):E_jw f (x)e"dx

T}; f(x) edx = F[f (X)]

FLf ()] =F(-s)

Note: F[f(-x)]=F(s)
Definition: Convolution of two functions.

The convolution of two functions f(x) and g(x) is defined as

100*900 == I TOa0-tat

N

PROBLEMS



1 |x|<La

2 sin s
. Hence evaluate | ——ds.
0, |x|>a o S

Problem 1. Find the Fourier transform of f (x) = {

Solution: Fourier transform of f(x) is F(f(x)) = *dx

\/_ [ f(e

eisxdx

ﬁ._\
y
o —

a
j (cos sx +1 sin sx) dx

COS sx dx (..sinsx is anodd fn.)

ﬁ.\, ﬁ‘._\ S‘
N R
b

O —
Q
o
7}
(%)
x
o
>

g2
F(s) = % [sinsas}

By inverse Fourier transforms,

f(x)= \/_J F(s)e ™ds

T \/E sin as (cos sx —1i sin sx) ds

N27 S
= i T sih a cos sx ds [ Sin as sin sx is odd}
T —o
2= (sin as
f(x)=—]| [ jcos sx ds
T o

Puta=1,x=0



o) =27 38 g

T 0 S

Exl NS 4 (- F(0) =1—a<x<a)
S

e a<x<b;

Problem 2: Find the Fourier transform of f(x)=
0, x<aandx>b

Solution:

FIf(x)] = T f (x)e'™ dx

- - 8-

QD — T

b . .
_[ eIkXeISX dX
a

ei(k+s)x dX

s

1 el(k+s)x
\/_{ i(k + s)}

FLf(X )]_ )\/_ [el(k+s)b _ei(k+s)a]

Definition: If the fourier transform of f(x) is equal to f(s) then the function f(x) is called self-
reciprocal. i.e. F(f(x)) = f(s)

Problem3: Find the Fourier transform ofe®**. Hence prove that e 2 is self-reciprocal with
respect to Fourier Transforms.

Solution:

FLf ()] = %1 f (x)e™dx



o 2,2
J- e~ aiXdy
T e (a2x2)+isxdx

T o (@99 4y

= (1)
T —©
Consider a’x? = (ax)* 2(ax) (is) ( j ( s j
2a 2a
. 2 2
is S
=l AxX—— | +— (2
( ZaJ 4a* @)
Substitute (2) in (1), we get
1 °° {[ax_%j 45;}
F[f(x dx
[l = @
1 _5722 © —[ax—i—s)
=——e % [e' *dx
N2 —Joo
1 - Szz 42 dt is
=——_¢e 4 r= Let t =ax——,dt = adx
N2 _{o a 2a
Fle™]=— ¢ @z [ i e—tzdtzﬂ
av2r o
I:[e—azx2 ] 1 e4sei2 (3)
a2 h
Put a= iin 3)
V2

—s 2/2

is self-reciprocal with respect to Fourier Transform.



Problem 4: State and Prove convolution theorem on Fourier transform.
Solution:

Statement: If F(s) and G(s) are Fourier transform of f(x) and g(x) respectively, Then the Fourier
transform of the convolutions of f(x) and g(x) is the product of their Fourier transforms.

i.e. F[f (X)*g(x)]= F[ f ()IF[g(x)] = F(s)G(s)

Proof:

F(fg) =

T g(x—t) e™dxdt
(T g(x—t) e dxjdt

o0

= ——] f@Oe" F(g)dt [ f(g(x—t)=e"F(g(t))]

27 -

&‘

_ iw ist . —
= @,Lf(t)e dtG(s) [.. F(g(t)) =G(s)]

F(f*g)=F(s).G(s). [-. F(f () =F(s)]
Problem5: State and Prove Parseval’s Identity in Fourier Transform.

Solution:

Statement: If F(s) is the Fourier transform of f(x), then T | f(X)]* dx :T |F(s)|?

Proof by convolution theorem F [f (X)* g(x)] = F(s)G(s)



f (x)*g () = F* [F(s)G(s)]

% T f (t)g(x —t)dt :% T F (6)G(s)e™ds

Putx=0

%T f(t)g(—t)dt:%f F(s)G(s)e’ds ——— (1)

Let g(-t) = f(t), then it follows that G(s) = F(s) (by property 9)

..(1) becomes
I [f (t)f(t)]dt— I [F(S)F(s)]ds zz— z|

ie. [ [P dt=] |F(s)]ds

. . a’-x’, |x|<a
Problem 6: Find the Fourier transform of f(x)= 0 x| and hence evaluate
: X|>a
) = (sint— . = (sint—tcost
(0 I (smt tstCOStjdt iy ( i . j it
0 0

Solutions:

Fourier transform of f(x) is

F(f(x)) = %}; £ (x).edx
1
27
1

= _—_|0+] (az—xz)eisxdx+0}

= —_? (@% — x?)(cos sx +i sin x) dx}



NN NN
||| :“

T (a® — x?) cos sx dx [ (a® — x?)sin sx is an odd fn.]
0

(2% —x* )(sm sxj (2x )( cossx} (2)(S|n sxﬂ

2acosas 2sin as}

0_
s? s®

11
SRS
I 1

2[ —2ascosas + 2sin as}

7| s?

2| sin as —ascosas
Fe) = z\H ocosas) ()
T S
By inverse Fourier transforms,
F() = T F(s)e™dx
N2 =
=1 2 E(sin as—ascosas] (cos sx —i sin sx) ds
4/ 272' —00 T 33
f(x)= 2 OJO sin as - 25 COSS ossx dx (the second term is on odd function)
S
F(x) = i? sin as — asls cosas c0s sx dx
To S
Puta=1

w —x%,|x|<1
f(x )_ij sin s — scosscossxdx F(x) = 1-x°,| x|
s® 0 Ix|=1

Putx=20

f(O)——T sin s —scoss {f(0)=1—0}

s3 =1
1=i°f SIn S—SCOSS ds

To 33



© gint—tcost
| —dt:Z
0 4

e [ by changing s —t]

Using Parseval’s identify

[ IF©)Pds=] |f()]? dx

— 8

. 2
{2 g(sm as—ascosasﬂ ds= ] |a2—x2 [ dx

7 s?

. 2
© — 1
; E(Mj ds= | (1—x?)2dx(puta=1)
-0 T S -1
8= (sins—scoss)’ 1 22
2x—| | ———— | ds=2] (1-x°)%dx
To S 0

5 3|}
I(sms scossj ds = 2 X+X__2L
s 5 3 |,

. 2
i 5|ns—3scoss ds:zxzi _z
0 S 16 15/ 15

. 2
% (sint —tcost
Puts=t, | (—j dt ="~
0

t3

Problem 7: Find the Fourier transform of f(x) ={

0, |x|>1
® sm ’t » sin*t
()I dt. (i) [ ——dt
o t
Solution:
The Fourier transform of F(f(x))—\/_j f (x)e"*dx

= 1§ @1x) (cossx+isin sx)dx
T -1

1-| x|, |x]<1

and hence find the value of



1
2z
_ 2 sin sx cossx |’
e e G

(1| x|) cossx dx [.. (—| x|) sin sxis anodd fn.]

_ 2 {_coss+i}
/_27[ §2 s2

ﬂ
Poun)
L

Il

STl

1

1—

c205 s} 0
S

0 = —— T E(s)e™ds
27 =
=17 3[1_"355} (cos sx—i sin s)ds (by (1))
27Z' —o0 T S
_ 1= (1-coss .
== > cos sx ds (Second term is odd)
T - S

o

Putx=20

1-coss
SZ

j cossx ds

SZ

f0)= 1-|0]= 2] (l‘cossjds
To

[

0

SZ

|

S

22
2sin §3/2) g%

© (l—coss] ds=”
2

2

Putt=s/2 ds = 2dt

2sin 2t

£ (2t)?

T

2dt=—
2



(i)

Using Parseval’s identity.

TIF@Pds=] TP ox

T{ g(l cossﬂ s —I (1| x])?de
S A

21 (= COSSJ ds =] @-x)?ox
72. —0 _1

ERES

T(l Cossj ds=2] (1—x)?dx
0 0
2sin 2 -
=gy

-3

0
4
. (S

16 Sin [2) 5 is
— ] ds==:Lett=s/2,dt=—

3 2

SR
o—8

ie. [ |f@)dx=] |F(s)Pds



. ) a—|x|, |x|ka
Problem 8: Find the Fourier transform of f(x)= 0 X and hence prove
: X[>a
sint T
that J ( j dt==.
t 2
Solution:
F[f(X)]= f (x)e'™dx
[f()]= \/—I (x)
FLf(X)]= 0dx+ [ (a—|x[)e™dx+ de}
[ 001 = | 0 [ (am Dt |
= ifja (a—| x|) (cossx +i sin sx) dx
V27 -
1 a . .
= —— [ (a—]|x|) cossx dx+0 . Jla=| x[]sin sx dx =0 odd function
ool @lx) [ a1 x1 ]
:L[ZJ (a—x) cossx dx}
2z
2 smsx cossx )|
—|(a- 1
e
2[ . cosas 1
= [—|0- i
| s? 52}
_ g_l—cosas}
| s?
> 23inzazS
FLf(x)]= \ﬁ > (D
zr S
By inverse Fourier transform f(x) = % T F(s) e "™ds.
T —©



1 - [2 2sin? & _
= =1 £l 2 |e'ds, Putx =0
T —© T S
sin? &
2

- Sin (2)
Tzi S—st [f(O):a'O:a]

% = T >—ds [ ..s is a dummy variable, we can replace it by ‘t’]
0

|eJ (sth dt—2

Problem 9: Find the Fourier transform ofe®* a > 0 and hence deduce that

@ [ Fodi= e (b) Fixe ™= 'f =
0

+1? 2a (s?+a%)®

2

Using Parseval’s Theorem find the value of j X

L oevat > dx,a>0.

Solution: F(f (x)) = T f (x)e dx

ﬁ\

—a|x|e|sxdx

ik

1 = ..
= —— | e (cossx+i sin sx) dx

N2 —o

= LT e~ (cos sx dx) [ Te ™ sin sx dx = 0, odd function}
0

27

—00



= ‘/ET e ™ cos sx dx
To
2 a
Fie™)= |2 .
™) 72(8.24-82}

@ Using Fourier inverse transform,

|

f(x) = e _—T F(s)e™"ds
27

—LT \/Z{ a 2}(cossx—isin sx)ds
27Z' —00 T +S

_arz %dgﬂ) [ S;' SX _is an odd fn}
T s a’+s s?+a?
= Zaojo cos th dt (Replace ‘s’ by ‘t")
7o a’+t
OJO COSXt oo 7 ax
0 a +t2 2a
(b) To prove F[xe‘f"'x']—l\/E i
(s*+a%)’
Property:
i L d"F
FIx"f(X)]=(— &
dF(s
FIxt (01 = () £
) dF(e ™ )
Fle alx| i S
o= ()€

:_ii\ﬁ a
ds| V7 a?+s?



\/E[ 2s J \/? 2as
=ja,|—| —=_ |=i. |2 =2
7\ (a® +5%)° 7 (a% +s%)?

Parseval’s identity is T |f(X)|2dX:OjO |F(S)|2ds
Result: Fs(eaX)z\E{ S 2}
| s’ +a
o 2 £ 2 S 2
e ™| dx = \/: ds
_L[ ] _{o rst+a’
2 2
2[ (™) dx=2] (\ﬁ _~ ZJ ds
0 0 7 S +a

-2ax \” w 2
(92 j :EJ %ds
—2a), mo (s"+a’)

© 2
e, S—ds=£[o+lj:£.

"o (s°+a?)? 2\ 2a ) 4a
® x? r

L] —————dx="—.
i (x* +a%)’ *~

Problem 10: Derive the relation between Fourier transform and Laplace transform.

Solution:

e Mg(t), t=0

Consider f (t) = {0 <0 (1)

The Fourier transformer of f(x) is given by

Ff (1)] = %]; (e dt

=L T emgmedt
27 0



ﬁp ﬁp
5§
o—8

T e (t) dt
0

e P'g(t) dt where p=x —is

_L .. _T st
= mL(g(t)) [.L[f(t)] (j)e f(t)dt}

.. Fourier transform of f(t) = x Laplace transform of g(t) where g(t) is defined by

1
J2r
(1).

Fourier Sine and Cosine Transform

Fourier sine and cosine transform are related to Fourier sine and cosine integrals. The
Fourier transform applies to the problems concerning the real axis or the interval (-o0,00) whereas
sine and cosine transform apply to the problem concerning the interval (0,0).

The Fourier Sine Integral of f(x) in (0,0) is

f(x)=%

= ET [\/ZT f(t)sin stdt}sin sxds
To o

We denote F[f(x)]=F(s)= \/ZT f (x)sin sx dx
TO

o—38

[ f(t)sin stsin sxdtds [Replace A by s]
0

This is known as Infinite Fourier Sine Transform of f(x).

Inverse Fourier Sine Transform is

f(x)=F[F,(s)]= \/ZT F. (s)sin sx ds
TOo
The Fourier cosine Integral of f(x) in (0,) is

f(x)=

SHEN

Ojo Ojo f (t) cos st cossxdtds [Replace A by s]
00



ZET NZT f(t)cosstdt}cossxds
T o T o

We denote F.[f(x)] = F.(s) = \ET f (x) cos X dx
To

This is known as Infinite Fourier Cosine Transform of f(x).

The Inverse Fourier Cosine Transform is

f(x)=F'[F.(s)] = \/%T F. (s)cos sx ds

Properties of Fourier Sine and Cosine Transforms

1. Linearity Property
() Fefaf(x) +bg(x)] = aFc[f(x)] + bFc[g(x)]

(i) Fs [af(x) + bg(x)] = aFs[f(x)] + bFs[g(x)] where a and b are constants.

Proof: (i) By definition, F.[f(X)]= \/ZT f (x) cos sxdx = Fc(s)
TOo
Fe [af(x) + bg(X)]= \/ZT( af(x)+bg(x) )cos sxdx
TOo

= \/ZT( a f(x))cos sxdx + \/zof( bg(x))cos sxdx
T TOo

0

:a\/zof( f(x))cos sxdx + b\/zojo( g(x))cos sxdx
TO T

0

= aFc[f(x)] + bFc [g(X)]

(ii) By definition, F.[f(x)] = \ET f (x)sin sxdx = F.(s)
T o

Fs [af(x) + bg(x)]= \/gog( af(x)+bg(x) )sin sxdx



= \/zgf( a f(x))sin sxdx + \/ZT( bg(x))sin sxdx
T o T o

:a\/zof( f(x))sin sxdx + b\/zof( g(x))sin sxdx
TO T

0

= aFs[f(x)] + bFs [g(x)]
2. Modulation property

If Fe [f(x)]= Fe [s] and Fs [f(X)]= Fs[s], then

() Felf) cos & = 2[F.(s-+a) + F.(s-a)]

(i) Felf() cos ax]= —[F,(s+a)+F,(s-a)

(i) Fe[f(x) sinax] = %[Fs(s+a) — Fs(s-a)]

(iv)  Fs[f(x) sinax] = % [Fe(s—a) — Fe(s+a)]

() To Prove:Ff(x) cos ax] = %[FC (s+a)+F,(s—a)]
Proof: We have, Fo[f(X)] = %I f (x) cos sxdx

Fe[f(x) cosax] = \/Zof f (x) cosax cos sxdx
TO

= \/%%T f (x){cos(s + a)x + cos(s — a)x}dx

0

= %\/zof [ f(x)cos(s+a)x+ f(x)cos(s—a)x]dx

- —.{\ET [ f(x)cos(s + a)xdx + \ET f(x)cos(s—a)xdx}
2| \7o o



-

= —[F.(s+a)+F.(s—a)]

N

(i)  To prove:Fs[f(x) cos ax]= %[Fs (s+a)+F,(s—a)]
Proof: We have, Fs[f(x)] = ET f (x)sin sxdx
TOo
- Fs[f(x) cosax] = \/zof f (x) cosaxsin sxdx
TOo
_ \F 1% . .
= . |—=.=] f(xX){sin(s+a)x+sin(s—a)x}dx
T 20
1 (2= . :
= E\/;i [f(x)sin(s+a)x+ f(x)sin(s—a)x]dx

E{JZT f(x)sin(s+a)xdx+\/zof f(x)sin(s—a)xdx}
21 \7mo T 0

= —[F(s+a)+F,(s—a)]

N |-

(i) To prove:Fe[f(x) sin ax] = %[Fs (s+a)—F.(s—a)]
Proof We have, Feff(¥)] = | j f (x)cossxdx
- Fe[f(x) sin ax] \f T (x)sin axcos sxdx
= \/ZET f (x){sin( s + a)x —sin('s — a)x}dx

= E\Pj’ [ (x)sin(s+a)x— f (x)sin( s —a)x]dx
2\ 7o



g E{ET f(x)sin(s+a)xdx—\/zof f(x)sin(s—a)xdx}
21 \7mo TO

= YR (s+a) - F (s—a)]

N

(iv)  To prove: Fs[f(x) sin ax] = %[FC (s—a)—F.(s+a)]
Proof We have, Fs[f(x)] = .,/]— j f (x)sin sxdx

- Fs[f(x) sin ax] \/7j f (X)sin axsin sxdx

= 3 = j f (x){cos(s —a)x —cos(s + a)x}dx

= %\/:T [ f(x)cos(s —a)x — f(x)cos(s + a)x]dx
To

- E%JZT f(x)cos(s—a)xdx—\/zof f(x)cos(s+a)xdx}
2| \V7o 7o

= YF (s—a)—F. (s +a)]

N

3. Change of Scale Property

(1) Fc[f(aX)]=£FC(3j if a>0 (ii) Fs[f(ax)]les(ij if a>0
a a a a
| . _L1e(s);
Q) To prove: F.[f(ax)] = N Fc[aj ifa>0

Proof We have Fc[f(ax)]:\/zojo f (ax) cos sxdx
TOo

Putt = ax. c.dt = adx=dx = %



whenx =0, t=0and when X =0, t =00

Fc[f(ax)]:\ET f(t)cos[s—t}ﬁzl\ﬁf f(t)cos(ijtdtzla(ij [-a>0]
o a/a a\lrxwo a a a

(i)  Toprove: F[f(ax)] = é F(ij if a>0ifa>0

Proof We have F(f(ax)) = \/ZT f (ax) sin sxdx
TOo

Put t = ax c.dt = adx=dx = ﬂ
a

when x =0,t=0and when x =00, t =00

L Ff(ax)] = \ET f (t)sin (S—t)ﬁ — E\ET f (t)sin [E)tdt 3 [ij
T 0 a/a a\lrmwo a a a

4, Differentiation of sine and cosine transform

(i) Folxf (0] =di[Fs ©1="21F (F o)1
S ds
.. d d
(i) F[XF (0] =~ {Fe (9] =~ [F (F(O)
S ds

(1 To prove: F.[xf(x)] = %[FS (s)]
Proof: We know F(s) =F[f(X)]= \/ZT f (x)sin sxdx
TO
. I d 2% 0, .
Differentiating w.r to s, we get E[FS (9)]= \/;g f (x)g(sm sx)dx
9IF ()] = \ET £ (X).(x cossx)dx
ds o

:\/ZT xf (x) cossxdx = F. [xf ()]
T 0



FoIXf (0] = < [Fs ()

(i)  Toprove: F [xf(x)]:—%[l:C (s)]
Proof: We know F.(s) = F.[f(X)] = \/ZT f (x) cos sxdx
TOo
. " d \F » 0
Differentiating w.r to s, we get —[F.(s)]=,/—] f(x)—(cossx)dx
ds 7o os
9IF (9)]= \ET f (X).(=sin sx)x dx
ds To

= _\ET xf (x)sin sxdx = —F,[xf (X)]
TOo

F X (0] =~ [Fe (9]

5. Cosine and sine transforms of derivative

If f(x) is continuous and absolutely integrable in (-0, o) and if f(X) — 0 as X — oo, then

() R0 =sks[f (X)]—\/%f (0)
(i) Fs[f'()]=—-sk.[f(x)]
Proof (i) by definition of Fourier cosine transform
F[f ()] =\E}° f(x)cossxdx ... F.[f'(X)] = \ET f(x) cossxdx
7T o TO

Applying integration by parts, taking u = cos sx, dv = f'(x)dx
du=-sinsx.sdx. v=f(x)

We get,



S RLEP()] = \/%{[cos sx. T (X)]s —I f (X)(—ssin sx)dx}

= \/z{[O—cosO.f O3+ sT f(x)sin sxdx [ f(x) > 0,as x > o]
T 0

= _\/zf 0)+ s\/zof f (x)sin sxadx
T To

, 2
Felf (X)]=SFs[f(X)]—\gf(0)
. , 2% o, .
(i) F[f (x)]:\/:j f’(x)sin sxdx
T 0
Applying integration by parts, taking u = sin sx, dv = f'(x)dx, we get

FLf'(X)]= \/%{[sin sx. T (X)]7 —I f (X)scos sxdx}
= \/E{O sj f (x) cos sxdx} [as x — oo, f(x) — 0]

—s\/71 f (x) cos sxdx

F[F'(0)]=—sF: [ (X)]

Note:

1. FL 7001 = sF,['(x)] - \E f'(0) = s(=sF:[(X)]) - \E f'(0)

2. Fe[f ()] =-s"F[f (X)]—\/%f '(0)

3. F[F7(0)]=—sF.[f'(X)]



= —S{SFS[f (x)] - \/gf (O)} =—s’F[f(X)]+ S\/%f 0)

These formulae are useful in solving differential equations.
6. ldentities

If Fc(s) and Ge(s) are the Fourier cosine transforms and Fs(s) and Gs(s) are the Fourier sine
transforms of f(x) and g(x) respectively then

o0 o0

i) [ T(0g(dx=] F.(s)G,(s)ds

0 0

o0

f()9(x)dx = [ F,(s)G,(s)ds

0

=
o —3

i)

o—38

| () dx=°§ IF.(5) dsz‘j |F,(5) [ ds

Problem 1: Find the Fourier Sine Transform of e,

Solution:

F(F00) = =] f(x)sin sxdx
TOo
—3x 2% -3X i
F(e™)=,/=[ e sin sx dx
T O

-3x @
= \/z{ 2 (=3sin sx—scossx)}
mT|s°+9

0

2 S . ¥ )
= |= -+ Je®sin bx dx = ———[asin bx—bcosbx] |.
Vﬁ(82+9j [ / a2+b2[ ]}

cosx, O<x<a
0, X>a

Problem 2: Find the Fourier cosine transform of f (x) ={

Solution:



F.(f(x) :\/%Z f (X) cos sx dx:\/gz COS X COS sxdx

_ \/ET {cos(s+1)x+cos(s—1)x}dx
T 0 2

_ 1 [sin(s+1)x L sin(s ~Dx °

C V2r| s+l s-1 |,

1 [sin(s+1)a _ sin(s —-Da |

- N2l s+1 s-1

Problem 3: Find the Fourier cosine transform of e* +3e

, provided s# 1,s# — 1.

—X

Solution:

Let f(x)=e? +3e”
2 ©
F.(f(x)=,/=] f(x)cossxdx
T O
Fle™ +3e7™]= ,/E{T e > cossx dx+] 3¢~ cos sx dx}
7T {0 0

_\F[z 3}
=== +— .
7| s“+4 s +1

Problem 4: Find the Fourier cosine transform of f(x) defined as

X for O0<x<l1
f(x)=<2—-x for 1l<x<2
0 for x>2

Solution: By definition of Fourier Cosine Transform

F[f(X)]= %Z f (X) cos sx dx

= \/Z[} X COS SX dx+f (2 —x)cos sx dx}
7 Lo 1



2 Sin SX  COSSX sin SX COS SX
=X - 2 (2 - ) 2
T S S 0 S 1

_ g(swsls_cosss—zcosoj [0 (1)S|ns cosZsSz—cossﬂ

2| cos2s—2coss+1
Fe(s)= 1/—{ OSSO }
T S

Problem 5: Find the Fourier sine transform of 1.
X

Solution:

F(f(x) :\/%z f (x)sin sx dx

Fs(ljz\/zof lsin Sx dx
X o X
Letsx =0 , sdx = do; X 0 o
(j\/fj—lne? 0=sx| O 00
\/ET Smgd@[ i smedezz}
T o0 o @ 2

Problem 6: Find the Fourier cosine and sine transformation of f(x) = e, a> 0. Hence deduce

that | de:ze‘“. and | —C;)SXE dt = L g2
o 1+x 2 o a’+t 2a
Solution:

The Fourier cosine transform is F.[f (X)] = \/ZT f (x) cossxdx
TOo



= F.[e™]= \/ET e cossxdx
TO

2 B g @
=.|— (—acossx + ssin sx)

m|a®+s?

0

2[ 1 2 a
= [<|o- —a+0) |=.|<.
| a2+sz( )} \/;a2+s2

The Fourier sine transform is F,(f(x)) = \/zof f (x)sin sx dx
TOo

F.(e™)= \/%Z e ¥ sin sx dx

2] ™
=.|—| —5—— (~asin sx —scossx)
rla“+s

0

0

2[ 1 2 s
= |=]0- 0-s)|=.|<.
vl a2+32( )} \/;a2+s2

By inverse Sine transform, we get

f(x) = \EI F. (s)sin sx dx

:\/:Ojo \/z( 25 2jsinsxds
7o Vm\S +a

2 = sSin sx
f(X):—_[ ﬁds
7o S +a
f(x)=£°jo ssmsxds

7o S°+a’



—f(x)= d

s’ +a’
T © §Sin SX
—e¥ =] ——ds
2 0 S°+a

Replace ‘s’ by ‘X’ and ‘x’ by ‘s’

©  XSin SX T
—de:—e a.
o 1+x 2

Using Fourier inverse cosine transform,

f(x) = e :\/ZT F.(s) cos sxds
TO

=\/:T \/Z[ 2a 2}cossxds
7o Vm[a +S$

2a® COSSX
=—/| —— st
T o a +S

= QT CZLthdt (Replace ‘s’ by ‘t")
o a +t

@  COS Xt T —alx|
0 a+t 2a

—ax

Problem 7: Find Fourier cosine transform of (i) e sin ax (ii) e * cosax

Solution: (i) Fc(f(X))Z,/ET f (x) cos sx dx
T o
—aX o 2% —axX of
F,[e*sinax]=,|=] e *sin ax cos sx dx
T 0

:\/ZET e *[sin( s +a)x —sin( s —a)x] dx
7T 20



_ 1 svra 5-d { [ e sin bxdx = b }
V2r @’ +(s+a)® a’+(s-a) 0 a’ +b?

1 [(@°+(s—a)’)(s+a)—(s—a)@*+(s+a)’
N2 (@*+(s+a)?)(a*+(s—a)?

1 |2a’s+s®-2as’ +2a’+as? —2a’s—2s’ —s° —2as® +2a’ +s’a+2sa’
Vor 4a* +2a°s® —4a’s+2a’s® +s* —2as® +4a’s + 2as® —4a’s’

_ 1 J2a’-as’|_ [2(a(a’-s’
V2r | 4a* +s* x| 4a*+s*
.. 2=
(i) Fc(f(x)):,/—j f (x) cossx dx
T O
—ax 200 —ax
F.(e ):,/—je COS SX dx
TO

F°(S)=\/§(szja2j

By Modulation Theorem.

F.[f(x)cosax] = %[Fc (a+s)+F (a—s)]

Fc[eaxcosax]zl{\/z{ 5 a >+ a ZH

2| Vzr|a“+(a+s)” a“+(a-s)
—lx\/gxa a’+(a-s)?+a’+(a+s)?
2 \Vx T |[a%+(@+9)%](a%* +(a-59)]

1 [4a®+2s?
V| st +4a’

F.[e™ cos ax] =

2a [2a%+s?
Vor| st +4a

Problem 8: Find F,(xe ™) and F,(xe ™)

}



Solution:

F (e ™) = SR (0]

—ax d —ax
Fo(xe™) = Fle™]

\/ZT e sin sx dx}
S To

d
d

= i \/z S _\/Z aZ_SZ
ds| V7 s*+a’ | Vrz|(s’+a”)’
Ly 2| af-s?
FC(Xe )_\/;|:(32+a2)2:|
e 1= SR [ R0 = (1)
S dS C S dS C
i{ Te cossxdx}
d 7o
SRR
- s?+a’ (s? +a)
Rlxe™]= \/7{(3 +a’)? }

Problem. Find (i) Fs( X j and (ii) F[eX)

(i) To find Fs[e_ax}
X

F.(F () =\EI e

(1)



Diff. on both sides w. . to ‘s’ we get

d d [2= ™
E(FS(S)):E\/;i x

0 {e‘ax . }
— sin sx pdx
0S| X

2= xe ®cossx

sin sx dx [ | e cosbx dx = %}
0 b +a

Il
I
o8

=, |—] —dx
To X
27 ax
=.[—] e cos sx dx
T O

d 2 a
EFS(S):\/;(SZ +a2j

Integrating w. 1. to ‘s’ we get

Fs(s)z\/zj 2 _ds+c
T S"+a

= \/:a.ltan 1[§j +cC
7 a a

But Fs(s) =0 When s=0 ..c =0 from (1)
Fs[e j - \/ztan 4@)
X z a

(ii) To find F{e_aﬂ
X

F.(f (X)) = \EI € cossx dx

X

Diff. on both sides w. r. to ‘s’ we get

d d [2= e
E(FC(S))=£\/;£ X

e ¥ sin bx dx = L}

cossx dx |.. >
b*+a

o8

(D)



= ET g{e cossx}dx
0

X

2> —xe ¥sin sx
= [—] ————dx

T O X

:—\/ZT e *sin sx dx

TOo

d 2 S
— F(s)=-—.|—

ds (%) \/;(sz+a2j

Integrating w. r. to ‘s’ we get

2 S
Fc(5)=—\/;f 2. a ds
21
=—|=.Zlog (s*+a?
[2 e )

‘ e—ax __i ) )
..Fc( < J_ \/Zlog(s +a)

—ax _ n-bx —ax _ A-bx
Problem 10: Find (i) Fs{uJ and (ii) F(u]
X X

—ax _ n-bx —ax —bx
Solution: (i) Fs[u]: Fs(e J Fs{e j
X X X

_ |2 4 S oS ..
_\/;[tan ~ |-t (Bﬂ (i)




1 1
=————logls® +a’ )+ —=log(s® + b*
L gl a) gl 417
1 Iog s* +b’
J2r s?+a’
Problem11: Using Parseval’s Identity calculate
o 1 o x?
a ————dx b —
@) £ (a® +x?)? () o (xX*+a’)?

Solution: (a) By Parseval’s identity.

| T dx=] |F(s)[" ds

0

2
e 2dx = | [\/Z 2a 2} ds
0 T a +S$

o—38

o8

[Replace, s by x]

(b) By Parseval’s identity.

T 1TOOF de=] IR (OO ds
T —axy\2 _gw S ?
[ )dx_ﬂg(a%szj as

. s? 7| e 7 1
e —S——5ds=— =—X—

o (a®+s9) 2|-2a] 2 2a
0 X2

—dx=£ Replace, s by x
o (a%+x?)? 4a [Rep yx



Problem 12. Evaluate (a) |
0

00 X2

and sine transform.

L d
(X® +1)(x* +4) 0

x() ] (X% +a2)(xC +b?)

Solution: (a) Let f(x) = e*and g(x) = e

(b)

Let

F.(e7™)= \/%I e~ cos sx dx

2| e .
=.|— (—cosx+ssin sx)

00

) s®+1

WL
| s?+1
—2X 200 —-2X
F.(e ):\/:je COS SX dx
To

:\E[sfﬂj

0

ij f(X)g(X)dXZI F.(f(X)F.(g(x))ds

[ evedx=2] ( 1 2 jds(from ) & (2))
0 7o \S"+1 s°+4

fevax="7 % ds

0 7o (s“+1(s°+4)

8

o

T dx T
o (X*+D(x*+4) 12

To find dx.
<I> (x? +a%)(x* +b?)

f ds _mle™ m—”(lj
(s*+1)(s*+4) 4| -3 4\3

[Replace s to x]

dx, using Fourier cosine

(1)

Q)



f(x)=e,g(x)=e™

F.(f(x) = /ET e ¥ sin sx dX:‘/E(sziazj .. (D
To T

Fs(g(X))=,/£T e ™sin sxdx=‘/£( . S 2) (2
O z\s“+b

f (x)g(x)dx :T F.Lf(X)].F,[g9(x)]lds From (1) and (2)

o—38

e e ™dx —ET & ds
o (s°+a®)(s®+b?)

o—38

s? e
ds == [ e @®*dgx
(s* +a%)(s* +b?) 2 i

o—8

* X2 d e—(a+b)x ju
" X=— — R I t
Ieg (x* +a%)(x% +b?) 2{—(a+b)1 2(a+b) [Replace s to x]

Problem 13: Find the Fourier sine and cosine transform of x"™. Hence deduce that i is self-

Jx

reciprocal under sine and cosine transform. Also find F{LJ

=)

Solution: We know that gamma function is given by I'(n) =T eYy" My ...(1)
0

Put y = ax, we get T e *(ax)"tadx =T'(n)
0

T e—axxn—ldx — r(n)

0 a"

Puta=is

T e—isxxn—ldX — r(n)
0 (is)"



T (cos sx —i sin sx)x"*dx = l:]) i
0

_T(n) [ j
COS— +isin
s" 2 2

F(n){ nz nn}

[ (cossx—isin sx)x""dx = COS— —isin —
0 S 2 2

Equating real and imaginary parts, we get

T X" cossxdx_ﬁco — .. (2
0 2

T X" sin sxdx = L:])sin n7” ...03)
0

XY \/z on both sides of equation (2) and (3)

T
F.(x") :\/ZT X" cos sx dx :\/Zl?)cosniZ ...03)
o TS 2
FS(an):\/ZT x""sin sx dx:\/Zl?)sin nz .. 4
o TS 2

Put N = % in (3) and (4)



Hence

Jx

et

To find F{ !

FL 1 w |sx
FIRECEE
\/_(cossx+|3|n sx) dx

"

F{ﬁ} \/2_ \/_cossxdx

Putn=1/2 in (2), we get

o\/; \/§4
Jr 1 Az
"2 J2s

Substitute (6) in (5)

1| 24 1
i -3

1. . L .
——is self-reciprocal under Fourier sine and cosine transform.

...(5)[ . The second term odd]

..(6)



Problem 14: Find f(x) if its sine transform is e®, a> 0.

Solution:
F(f (X)) =F(s)

Giventhat F (f(x))=e™
2 .
f(x)=\/:j F (s) sin x ds
T o
\/zof e * sin sx ds
T O
\/Z pas
x| a®+s?

0

(—a sin sx — X cos sx)}
0

—as

Problem 15: Find f(x) if its Fourier sine Transform is €
S

Solution:

—as

e

Let F(f(x))= S

Then f(x):\/zof € sin sx ds
7o S

d—f:\/:ojog € sin sx | ds =
dx mooX S

\/zofe—as
o S
f(x)=\/%af

dx
a’+x?

/Zw_ /2
scossxds=|—Je ™ cossxds = |— —5——
To T a +X

(1)

a




=\/§tanl(5j+c .. (2
T a

At x =0, f(0) = 0 using (1)

(2)= f(O):\/%tanl(OHc -.c=0

Hence f(x)= \/Z tan 1(2)
Va

Problem 16. Find the Fourier Cosine Transform of e and hence Show that xe 2 is self-
reciprocal with respect to Fourier sine transform.

Solution:

The Fourier Cosine Transform of f(x) is

Flf(0]= \/ZT f (x) cos sxdx

:\E.l.zjwexz cos sxdx
T 2

_ _XzeiSXdX

1 J'Ooe
27 4

1 5% o xPisx
=———R.Pof e 4 | ———dx
N27 -[ =7

= a4

s? o s?
1 e xXPisxd—
=——R.Pof e * .[e 4 dx

J2z



Put x—gzy; dx=dy

2

1 S
=———R.Pof e 4 |e¥d
\N2r _-[c y

2

1 L
=——R.Pof e 42|e’d
N2 J; y

Result : F | xe 2 }:_ip{e 2 }
ds

- »
But F eZ}:ez

xe 2 is self reciprocal with respect to sine transform

Exercise 1.



10.

11.

12.

13.

14.

Find the Fourier sine and cosine transforms for f(x) = {

Find the Fourier cosine transform of 2e-* + 5%,

Find the Fourier sine and cosine transform of e~

©  XSin mx T ©  COSMX T
———dx=—e"and | —Ox=—e™
o l1+x 2 o 1+X 2

Find the Fourier cosine transform of f(x) = {

Find the Fourier cosine transform of e ™* .

Find the Fourier sine transform of

1+x%°

Find the Fourier cosine transform of —..

1+x
er 41
If K[f(X)]= , find f(x) and F {—}
S S
1, 0<s<1
If F[f(X)]=<2, 1<s<2, find f(X).
0, if s>2
—x?/2

Show that xe

—ax

Find the Fourier sine transform of € )
X

Find the Fourier sine and cosine transform of e cos ax, a> 0.

Find the Fourier sine transform of the function f(x) = {

sin X,

H

1 if 0<x<1
0, if x>1

and hence

cossx if O<x<a
0 if x>a

is self reciprocal with respect to Fourier sine transform.

o 1+X

0<x<a
X>a

. . ©  XSin mx
Find the Fourier sine transform of e, x > 0, and hence evaluate |

2

show that

dx.



15. Find the Fourier cosine transform of

x?+a?’
Answer
n F (s)= \/7(1 coss} F(s) 23|ns.
J2[ 10 10
2. —| = +—
7T |s°+25 s°+4
1 [sin(s+1)a sin(s—l)a}
4, + ,S==+1.
\/27r|: s+1 s—1
5 ie7
2
6 e
2
7. —e
8 Etan‘lz; z
T a
2
9. —[1+cos x —2cos 2x]
7X
11. —e™m
12. Qtan’li
Vs a

13 1 s+a s—a 1 a a
© Jor |@¥+(s+a)? a+(s—a) "J2r | a2+ (s+a)? a2+(s—a)2

# 1.

14 {sm(s 1a 5|n(s+1)a}
' 27 s+1 |



—as
15, \/Ee a>0
2 a

Exercise 2.
. . iy * dx Vs
1. Using the Fourier transform e™, prove that | ——— =—
o (x*+1)° 4
2. Evaluate T using transform methods.

o

o (X +D(x*+4)

[Hint: Consider f(x) = e*g(x) = 2]

cosXx, |X|< z .
If f(x) = 72[ using parseval’s Identity evaluate |
0, [ X |> > 0

2
. . . = (1-cosx
Using Parseval’s identity, evaluate | ( j dx.
0 X

0 if x>1

5 7IX
—cos* ==

(1-x)°

. 1, if 0<x<1 _. ) )
Hint: f(x) = . . Find F[f(x)] and use Parseval’s identity

—as

® " a>0find f(x) and Fs'lH
S S

If Fs[f(x)] =

Find the Fourier transform of f(x) given by f(x) = {
= Sin X = (sin XY

| ——dx and | (—j dx.

0 X 0 X

© 2
Using Parseval’s identity evaluate |

o (% +x%)
. e = sin ax V4
Using Parseval’s identities, prove that | —————dx=".
o x(a®+x%) 2

1 for|xlk2
0 for|x|>2

and hence evaluate



© 2
9. Prove that | X“dx ,a>0,b>0

> (+a’) (X’ +b?) 2(a+b)

o l-a, if0<a<l
10.  Solve the integral equation | f(e)cos(xédez{ “ “
0

0, if a>1
Answer
2
1 z 3. 4. = 5. \/ztan‘li,\/g
2 8 2 T a \2
= (sin x )’ I ® X2 7 © sin?t 7
6. I [—j dx== 7. I ﬁdx = — 10. I 7 dt =—
o\ X 2 o (a"+x%) 2 o t 2

Finite Fourier Transforms

If f(x) is a function defined in the interval (0,l)then the finite Fourier sine transform of
f(x) in 0 <x<I is defined as

|
FLFO)]=] f(X).sin ”T”de where ‘n’ is an integer.
0
The inverse finite Fourier sine transform of Fs[f(x)] f(x) and given by

f(x)=|g

S F[f(x)]sin ”T”X

n=1
The finite Fourier cosine transform of f(x) in 0 <x < | is defined as

FLf (0] =] f(x)cos”l—”xdx

where ‘n’is an integer.

The inverse finite Fourier cosine transform of F¢[f(x)] is f(x) and is given by
f()=1FR0)+ £ RITIoos ™%
n=1

Example 1. Find the finite Fourier sine and cosine transform of f(x) = x? in 0 <x< 1.

Solution:



The finite Fourier sine transform is
|

FLfOO1=] f(x).sin ”T”de
0

Here f(x)=x°

. Nax
Fo[x?] =] x°sin ——dx
0
|
7X . nzx
—C0S—— —sin — COS——
= | x? |- 2x —— |+ 2—; l
nz n°z n°rz
2 3
| I I 0
3 3 213
= —CosNz +——cosnz ——— , €os nn=(-1)", sin nn=0
nz n"z n"z
I 21°
= — ()" + S5
nz n"z
The finite Fourier cosine transform is
! nzx
F[f(X)] = | f(x)cosde
0
Here f(x) =x?
! nzx
Fe[x?] =] x° cosde
0
|
7X nzx nzx
sin T —cosT —sin ——
2
=X 2X +2
r n’z? n’z®

I° .
= ——cosnrx, cos nt=(-1)", sin nt=0
n“z

21° n
g

Example 2: Find the finite Fourier sine and cosine transform of f(x) = x in (0, x)



Solution:

The finite Fourier sine transform of f(x) in (0, z) is
FIF(0)]=] f(x).sin nx dx
0
Here f(x) =xin(0, )

Fs[x] = ]T xsin nx dx
0

—cosnx) . —sinnx|
n n

T T
-Zcosnz = (-)" =
n n

The finite Fourier cosine transform of f(x) in (0, x) is

Fe[f(X)] =] f(x).cosnx dx

~.FelX] = ]T (x) cosnx dx

disrall

= n—lz[cos nz—1]

= 1D -1
n

Example 3: Find the finite Fourier sine and cosine transforms of f(x) = e** in (0,1)

Solution:
|
We know that F,[f(x)] =] f(x)sin %dx
0

Here f(x) =e*

|
SFfe®] = e™sin ”I—”de
0



e . Nax nrx Nnzx
= asmT—T.cos—

Nz
__ e W cosnr |+ '
2 n27Z2 I 2 nzﬂ'z
a‘+ a‘+
|2 |2
nz |
- —[(_1)n+1ea +1]
a’l> +n’z?
! N 7zx
Fc[e®*] =] f(x)cosl—dx
0
! N 7zx
= | e cos——dx
0 |
|
ax Nz . Nzax
= >—5| &C0S—— + ——sin —
, N°r I |
a‘+ B
0
R al’
Cal? +nsl (acosnn)—a2l2+n2ﬂ2
al? "
= ————[*.(-)"-1]
al®> +n’z?

Example 4: Find the finite Fourier cosine transform of f(x) = sin ax in (0, 7).

Solution:

Vi
F.[sin ax] =I sin ax.cos nx dx
0

= %I [sin( &+ n)x +sin( a—n)x]Jdx



T

1{— cos(a+n)x cos(a— n)x}

2 a+n a-n |,
_ —1[ cos(a+n)z . cosa-n)z 1 1
2| a+n a-n a+n a-n

___1_(_1)a+n+(_1)a—n_ 1 ~ 1
2| a+n a-n a+n a-n

if both n and a are even

0, if bothnand a are even
Fo(sin ax) = 5[—2 2 } if nor ais odd
2la+n a-n_
0, if bothnand ais odd
Felsinax) = a22nn2 , if noraisodd
e e e - 27(—)"t : L
Example 5: Find f(x) if its finite sine transform is given by s— Where p is positive integer
2 <X<m.
Solution:

We know that the inverse Fourier since transform is given by
2 » .

f(x)=—2X F[f(x)]sin nx .. (1)
7T p-1

27(-1)"*
3

Here F[f(X)]= .. (2)

Substituting (2) in (1) we get

25 27(-1) Pt

f(x) = 5—Ssin px
7T p=l p
© (=1)P?
=4y %sin pX

=1 P
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Example 6: 1ff(p) = —> 7 find Fs [f(p)] if 0 <x< 1

(2p+1)?

Solution:

FOLHPI= fc(0>+|3 $ Rl (1cos "™

)
cos 3
Here f(p)=

0]

-1);

(2p +1)?
Let  Fc[f(x)] =f(p)
- Fc'[f(p) :1 fC(O)g f f(p).cosn—7ZX [ 1=1]
1 = |
cos(zgﬂj
—1+253 ————%.C0S N7
=1 (2p+1)
Exercise
1. Find finite Fourier sine and cosine transform of
1. f(x)=xin(,1) [Ans, 1=€0S N7
|4 . 6l 314
2. f(x)= xm(OI)[Ans—( )"+ 33(I), 22(1)
1inO<x<Z
3. f(x)= _ 2 1
-lin=<x<x
2
4. f(x)=x*0<x<4 [Ans._—64cosn7z+%(cosn
nz n°z

6l*

4

’22

v (GON

128
——-cosnrx]

-1]

Ans. 1[cos nz — 2cos % +1];Esin n—”]
n 2 n 2



2. ]

w2 %s >0
Find the finite cosine transform of (1— —j [Ans. {7
T

z,s:O
3



