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SUCCESSIVE DIFFERENTIATION 

  1.1 Introduction

 

 

1.2 Calculation of n
th

 derivative 
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                       .            .            . 

              
       

 

       

     

  
  Case 1: When     is a positive integer i.e., when          
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 Case 2: When     is a negative integer i.e.,when         

Put       where     is a positive integer in the above result. 
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Multiply and divide by            (     ) to the rhs of above equation 

Then   (    )    (  ) 
(     ) 

(   ) 
   (    )     

Change   to   we get 
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Summary of Results 

Function nth derivative 

              

  

(    )  
when              

 
  0                                                        when          
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The angle of intersection between two curves = The angle of intersection between the 

tangents to these curves. Therefore If    is the acute angle of intersection between two curves, 

then          |
     

      
| 
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 Now length of the tangent       |       |   | |√           
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     Length of the tangent =| |√  (
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Now length of the normal     |     |   | |√        | |√  (
  

  
)
 

   

   Length of the normal  | |√  (
  

  
)
 

 

 Now length of the sub tangent      |     |   | 
  

  
|   |

 

(
  

  
)
|  

     Length of the sub tangent = | 
  

  
|   |

 

(
  

  
)
| 

Now length of the sub normal      |     |   | 
  

  
| 

     Length of the sub normal = | 
  

  
| 

Formulae: 

Length of the tangent =| |√  (
  

  
)
 

  |
 

(
  

  
)
|√  (

  

  
)
 

 

Length of the normal  | |√  (
  

  
)
 

 

Length of the sub tangent = | 
  

  
|   |

 

(
  

  
)
| 

Length of the sub normal = | 
  

  
| 

Problems 
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2. Show that the length of sub-normal at any point on the curve         varies as 

the cube of the ordinate of the point. 

 Proof: Equation of the curve is             
  

 
  

Differentiating  w.r.t.   we get 
  

  
   

  

  
  

Length of the sub normal = | 
  

  
|  | ( 

  

  
 )|    

  

(
  

  
)
        

Thus the length of sub-normal at any point on the curve         varies as the cube of the ordinate 

 

       

  Length of the sub tangent = | 
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Length of the sub normal = | 
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Length of the sub tangent = | 
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Length of the sub normal = | 
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Length of the tangent =| |√  (
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Length of the normal  | |√  (
  

  
)
 

      
 

 
√       

 

 
      

 

 
    

 

 
 

            
 

 
  

Length of the sub normal = | 
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UNIT  2 

DIFFERENTIAL CALCULUS 

 

INTRODUCTION 

In the late seventeenth century the invention of Calculus by Newton and Leibnitz has turned 

the house of math into a metropolis. Differential geometry and curvature were natural applications 

for the calculus because they provided words to its music. More specifically, Calculus methods of 

infinitesimals and limits were the perfect tools for the problem of curvature because most curves 

have a different degree of bending at every point. The use of infinitesimals to study rates of change 

can be found in Indian Mathematics, Perhaps as early as 500 AD, when the astronomer and 

Mathematician Aryabhata (476 – 550) used infinitesimals to study the motion of the moon. The 

motivation of optics in Differential geometry yielded concept of involutes and evolutes (Huygens in 

1673) and later envelope, a representative of family of curves. 

Curvature 

Nature is too beautiful for words. Many curves in the plane and in space are simply beautiful. 

Mathematicians have developed several ways of describing them. One of the elegant method of 

describing a curve is to say that how much the curve “bends” at each point. This measure of bending 

is known by the technical word “Curvature”. In many practical problems, we are concerned with 

comparision of bending of two curves or bending of a curve at its different points, for example, is 

laying the rail tracks and calculating the maximum speed that a train can have when it turns or 

designing high ways or constructing curved focal planes of telescope. 

 

Fig 2.1 

For getting the idea of Curvature let us consider two curves APB and  ' 'A PB  as shown in the 

figure. The curve APB is bending more rapidly than ' 'A PB  in the neighborhood of P. 
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In otherwords it may be said that the curvature of APB is greater than that of  ' 'A PB . Here if 

we consider the curves of arcs of circles then it is very clear that radius of APB is lesser than that of 

' 'A PB . 

 

Fig 2.2 

The curvature of a given curve at a particular point is the curvature of the approximating circle at the 

point. The radius of curvature of the curve is defined as the radius of the approximating circle. This 

radius changes as we move along the curve. The approximating circle is said to be circle of curvature. 

The formal definitions of above terms can be given as follows. 

Definition of Curvature 

 

Fig 2.3 

Let P and Q be any two close points on a plane curve. Let the arcual distances of P and Q 

measured from a fixed point A on the given curve be s and s + Δs, so that PQ  (The arcual length of 

PQ) is Δs.  
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Let the tangent at P and Q to the curve make angles   and Ψ+ΔΨwith a fixed line in the 

plane of the curve, say the x-axis. 

Then the angle between the tangents at P and Q is ΔΨ . 

Thus for a change of Δs  in the arcual length of the curve, the direction of the tangent to the 

curve changes by ΔΨ . 

Hence 
ΔΨ

Δs
is the average rate of bending of the curve (or average rate of change of direction 

of the tangent to the curve in the arcual interval PQ ) or average curvature of the arc PQ.  

limit ΔΨ dΨ
=

Δs 0 ΔS ds

 
  

  
is the rate of bending of the curve with respect to arcual distance at P 

called the curvature of the curve at the point P and is denoted by K. 

For example, Let us find the curvature of a circle of radius at any point on it. 

Let the arcual distances of points on the circle be measured from A, the lower point of the 

circle and let the tangent at A be chosen as the x-axis. Let AP s  and let the tangent at P makes an 

angle   with the x-axis 

 

Fig 2.4 

Then s = a A PC  

=aΨ  

The angle between CA and CP equals the angle 

between the respective perpendicular AT 

1

a

or Ψ = s

nd 

[
a

]PT.

dΨ 1
=

ds a
 

Thus the Curvature of a circle at any point on it equals the reciprocal of its radius. Equivalently, the 

radius of a circle equals the reciprocal of the curvature at any point on it. 
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Radius of curvature of a curve at any point on it is defined as the reciprocal of the curvature of 

the curve at that point and denoted by ρ Thus 
1 ds

ρ = = .
K dΨ

 

To find K or ρ of a curve at any point on it, we should know the relation between s and   for 

that curve, which is not easily derivable in most cases. 

 

Some Basic Results 

Let P(x, y) and Q  x +Δx, y Δy be any two close points on a curve  y = f x . Let AP s

and AQ s s   where A is a fixed point on the curve. Let a chord PQ make an angle θ with the x-

axis. 

 

Fig 2.5 

From 
RQ RQ Δs

ΔPQR, in = = . )
Chord PQ Δs ChordPQ

where =

         (

Δs

1s

PQ

  

Δy Δs
= .
Δs Chord PQ

 

and 

PR Chord PR Δs
cos = = .

Chord PQ Δs ChordPQ

Δx Δs
= . )
Δs P

      
Q

  (2
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when Q approaches P chord PQ  tangent at P and hence    . Also 1
s

PQ


 . 

Thus in the limiting case when ,Q P (1) and (2) becomes 

sin cos   
dy dx

and
ds ds

 

tan  
dy

dx
 

I. Formula for Radius of Curvature in Cartesian co-ordinates 

Let  be the angle made by the tangent at any point (x, y) on the curve  y f x . 

Then          _____ta _(1n )
dy

dx
   

Differentiating both sides of (1) w.r.t x, we get 

2dΨ d y2sec Ψ =
2dx dx

 

i.e, 
2dΨ ds d y2sec Ψ . =
2ds dx dx

 

21 d y dx2sec Ψ .secΨ = cosΨ =
2 dsdx

1
= secΨ

cosΨ



 
 
 

 
 
 

 

 
3/2

23 sec Ψsec Ψ
= =

2 2d y d y

2 2dx dx

  

 
 

3
2

21+ tan Ψ
2 2sec = 1+ tan

2d y

2dx
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3
2

2
dy

1+
dx

= by eqn (1)
2d y

2dx



 
  
  

   
 

 2

2

3
2 21+ y dy d y1

= where y = and y =
1 2 2y dx dx

  

 

Fig 2.6 

Note : 

This formula does not hold good where the tangent at the point (x, y) is parallel to y axis. In 

that case 
dy

dx
is not defined. Since the value of ρ is independent of the choice of axis of co-ordinates, 

in this case we take the formula for ρ as 

3
2 2

2

2

1
dx

dy

d x

dy



  
  

     

II. Formula for Radius of Curvature in Parametric co-ordinates 

Let the parametric equation of the curve be    .x f t and y t   
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Then 
/

/

dy dy dt

dx dx dt
  

Let ' '
dx dy

x and y
dt dt

   

'

'

dy y

dx x
   

2

2

d y d dy

dx dx dx

d dy dt

dt dx dx

d dy

dt dx

dx

dt

 
  

 

  
   

  

 
 
 

 

   
2

d y'

dt x'
=

x'

d d
x' y' - y' x'

1 dt dt=
x' x'

Using Quotient Rule of  differention

 
 
 

 
 
 
 
 

 

 
2

2 3

1
' '' ' ''

'
 

d y
x y y x

dx x
 

3
2 2

2

2

1
  

      

dy

dx

d y

dx

  

 

3

2
2

3

'
1

'

1
' '' ' ''

'

  
     



y

x

x y y x
x
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3

2
2 2

3

2

' '
'

'

' '' ' ''

 
 
 




x y
x

x

x y y x
 

 

   

 
 

3
2 2 2

3

3
2 2

3
3 2 2 2

3

' '
'

' ' '' ' ''

' ' '

' ' '' ' ''











x y
x

x x y y x

x x y

x x y y x

 

 
 

3
2 2 2' '

' '' ' ''






x y

x y y x
  

Examples 

1. Find the Curvature and radius of curvature of 
2 2 25x y  . 

Solution: 

2 2 25x y   represents a circle of radius 5. We know that the curvature of a circle of radius 

1
r is

r
 

Hence curvature of 
2 2 25x y  is 

1

5
 

Also the radius of curvature is the reciprocal of the curvature 

Radius of curvature of the circle 

2 2 25x y  is 5. 

2. Find the radius of curvature at any point (x, y) on the curve  logsec /y c x c . 

Solution: 

 logsec /y c x c  

Differentiating y w.r.t x we get 
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1
' .sec tan 1

sec /
y c x c x c c

x c
 

   tan
 

  
 

x

c
 

2 1
'' sec .

 
  

 

x
y

c c
 

Radius of curvature 
 

3
2 21 '

''




y

y
 

     

3

2
2

2

3

2
2

2

1 tan

1
sec

sec

1
sec

  
   

  
 
 
 

  
  
  

 
 
 

x

c

x

c c

x

c

x

c c

 

     

3

2

sec

sec .

sec

 
 

     
   
 
 

x
c

xc
c

x c

c

 

3.  Find the radius of curvature at (a, 0) of the curve 
2 3 3.xy a x   

Solution: 

Differentiating 
2 3 3xy a x  with respect to x we get, 

                       
2 22 ' 3xyy y x    

 

 

2 2

1
3

2

a,0 , ' .

x y
y

xy

At y

 


 

 

Hence we find 
2 2

2

3

dx xy

dy x y
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 ,0

0
a

dx

dy

 
  

 
 

Now 

 

 

2 2

2

22 2 2

2 3 2 6 2

3

    
        

    




dx dx
x y x y xy x y

dy dyd x

dy x y
 

 
2 3

2 4

6 2
a,0 ,

9 3

 
 

d x a

dy a a
 

3
2 2

2

2

1
  
      

dx

dy

d x

dy

  

1 3
.

2 2

3

 


a

a

 

4.  Find the radius of curvature at the point 
3 3

,
2 2

a a 
 
 

 on the curve 
3 3 3 .x y axy   

Solution: 

Differentiating 
3 3 3x y axy   with respect to x, we get 

 

2 2

2 2

2 2

2 2

2

2

3 3 3
dy dy

x y a x y
dx dx

dy dy
x y ax ay

dx dx

dy dy
y ax ay x

dx dx

dy
y ax ay x

dx

dy ay x

dx y ax
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2

2

2

3 3 2,
2 2

2 2

2

22 2

3 3

3 3 2 2
, ,

2 2 3 3

2 2

3

4 1
3

4

2 2

a a

a a
a

a a dy
At

dx a a
a

a
dy

dx
a

dy dy
y ax a x ay x y a

d y dx dx

dx y ax

 
 
 

   
   

      
     

   
   



 
   

 

   
       

   


 

3 3
,

2 2

2 2

2

22 2

3 3 3 3 3 3
2 2

2 2 2 2 2 2

3 3

2 2

a a

a a a a a a
a a a a

d y

dx a a
a 

 
 

                  
                                               

      
         

 

   

 

   

2
2

4

3 3

4

3 3
2 2 2

3 3
3 3

4 4

9

16

3 3 32
16

9 3

1 ' 1 1 2 2
3

32'' 32

3

3 2
.

16

 
     

 

  
  

  
     

 



a
a a a a a

a

a a

a a

y
a

y

a

a





 

5. Show that for the curve ,
ax

y
a x




the radius of curvature ρ at (x, y) related as 

2
2 2

3

2 2

2 x y

a y x

 
  

 
. 

Solution: 

The given equation is ;
ax

y
a x




 

Differentiating y w.r.t to x, we get 
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2 2

2 2 2

2 2 2

4 3

3

3

. 1
'

0 2 2
''

2

a x a ax a y y a
y

x x a xa x a x

a x a a x a
y

a x a x

y

a x

   
      

   
 

 




 

 
3

2 21 '

''




y

y
  

3 3
4 4 32 2

4 4 3

3

3

1 1 .

22

   
    

    


y y x

x x y

y

aa x

  

2

3

3
4 32

4 3

3
4 32

4 3

32
4 3 4 223

4 3 4 2

2
2 2

3

2 2

1
2

2
1

2
1 1

2
.

a y x

x y

y x

a x y

y x y x

a x y x y

x y

a y x









 
      

  

 
  

 

 
                       

  

 
  

 

 

6. Find the radius of curvature at the point  3 3cos , sina a  on the curve 

2 22

3 33x y a  . 

Solution: 

  The parametric equations of the given curve are 3  x acos   and 
3siny a   

Differentiating twice with respect to  , 

   23 cos sin  
dx

x a
d

 


 



40 

 

  23 sin (cos ) 
dy

y a
d

 


 

    
2

3

2
3 cos 2cos sin sin    

d x
x a

d
   


 

          3 23 cos 2cos sin  a     

  
2

2 2

2
3 sin ( sin ) 2sin cos   

d y
y a

d
   


 

      3 23 sin 2sin cos  a     

 

 
3

2 2 2




x y

xy yx
   

 
    

    

3
2 4 2 2 4 2 2

2 2 3

2 3 2

9 cos sin 9 sin cos

3 cos sin 3 2sin cos sin

3 sin (cos ) 3 cos 2cos sin




 

  

a a

a a

a a

   

    

    

          

     
  

3 3 3
2 2 2 2 22 2 2

2 2 2 2 2

9 sin cos cos sin

9 cos sin cos sin




 

a

a

   

   
 

  3 sin cos . a    

7.  Show that the radius of curvature at the point ‘θ’ on the curve  3 cos cos3 , x a a 

3 sin sin3 3 sin y a a is a   . 

Solution: 

Differentiating with respect to ‘θ’, we get 

   3 sin 3sin 3

3 sin 3 sin 3

x a a

a a

   

  

 

 
 

 3 cos 3cos3

3 cos 3 cos3

y a a

a a

 

 

 

 
 

 

 

3 cos cos3

3 sin 3 sin

ady y

dx x a
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2sin 2 sin
tan 2

2cos 2 sin
 

 


 
 

 

 

2

2

2

tan 2 .

1
2sec 2 .

3 sin 3 sin

d y d d

dx d dx

a







 






 

 

   

2

2

2

3 3
2 22 2

3

2sec 2

3 2cos 2 sin

2sec 2

6 cos 2 sin

sec 2

3 sin

1 ' 1 tan 2
3 sin

'' sec 2

3 sin .

a

a

a

y
a

y

a



 



 






 











 
 



 

EXERCISES 

Part – A 

1. Find the radius of curvature at the point 
1 1

,
4 4

 
 
 

on the curve x + y = 1.  

2. Find the radius of curvature at 
2

x


 on the curve y = 4sinx.  

3. Find the radius of curvature of y = logsinx.  

4. Show that the radius of curvature at any point of the catenary  
2

cosh / .
y

y c x c is
c

  

5. Find the radius of curvature at any point of the curve cosx a  , sin .y a   

6. Find the radius of curvature for the curve 
2x = at , y = 2at.  

7. Find the radius of curvature on 
xy e at the point where the curve cuts the y-axis 

Part – B 

1. Find the radius of curvature for 
log

1
x

y at x
x
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2. Find the radius of curvature at any point of the parabola 
2 4y ax . 

3. Show that the measure of curvature of the curve 1
x y

a b
   at any point (x, y) on it is 

 
3

22

ab

ax by

. 

4. Find the radius of curvature of the curve  2 3y x x   at the points where the tangent is 

parallel to the x – axis 

5. Find the radius of curvature at  on the curve    sin , 1 cosx a y a      . 

6. For the curve x =     cos sin , sin cosx a y a          prove that the radius of 

curvature is a  

7. Prove that the radius of curvature at any point of the cycloid    sin , 1 cosx a y a       

is 4 cos
2

a


 

ANSWER 

Part A 

1. 
1

2
 

2.  
1

4
 

3.  cosec x  

5.  a   

6.   
3

2 22a 1+ t  

7.  2 2  

 

Part B 

1.  
2 2

3
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2.   
3

2
2

x a
a

 

4.  
1

b
 

5.  4 sin
2

a


 

8.  2 te  

 

CENTRE AND CIRCLE OF CURVATURE 

 

 

Fig 2.7 

Let APB be a curve  y f x and P be a point (x, y) on the curve  .y f x Draw the 

tangent TP and the normal PN at P(x, y). Along PN, cut off a length PC = ρ, such that C and the curve 

lie on the same side of the tangent TP. Note that ρ is the radius of curvature of the curve at P. The 

point C is called the centre of curvature at P for the curve. 

The circle whose centre is at C and radius ρ is called the circle of curvature. 

Let  ,C x y be the co-ordinates of the centre of curvature of the curve at point P(x, y). 
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3

2 2
1

2

'

' ' '

'

, sin

. , sin

sin

1
.sin

Then x OC

OP C P

OP PQ

PQ
From CPQ

CP

PQ
CP

i e PQ

x x

y
x

y










 

 

  

 

 

   


  

 

We know that 
1tan   

dy
y

dx
 

2

sin
Hence sin .cos

cos

tan tan

sec 1 tan


  



 
 

  

 

  1

2

1

. ,sin
1

y
i e

y
 


 

2

1 1
cos

sec 1 tan
  

  
 

    
2

1

1

1


 y
 

                         
 

3
2 2

1 1

2
2 1

1

1


  



y y
x x

y y
 

         21
1

2

1  
y

x x y
y

 

'C

'P



 

 

Also y C

P QC

y QC
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from CPQ

QC QC
cos CP

CP






    
 

              

2

. , cos

cos

sec

1 tan

i e QC

y y

y

y









 

   

 


 
 

 

We know that 
 

3
2 2 2

1

1 2 2

2

1
,

y dy d y
y and y

y dx dx



    

 

 

3
2 2

1

2
2 1

2

1

2

1 1
.

1

1

y
y y

y y

y
y

y


 




 

 

Therefore the equation of circle curvature is given by 

   
2 2

2   x x y y   

 

 

21
1

2

2

1

2

1

1
1

y
where x x y

y

y y y
y

  

  

 

Example 1 

Find the centre of curvature of the curve 3 26 3 1y x x x    at the point  1, 1 . 

Solution: 

3 2Given y = x - 6x + 3x +1

2y = 3x -12x + 3
1

 

 1,-1
y = 3-12 + 3
1

= -6
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(1, -1)

1,-1

1,-1

y = 6x -12
2

y = 6 -12 = -6
2

y 21= - 1+ y
1y

2

6 2
= 1- 1+ -6

6

= -36

1 2y = y + 1+ y
1y

2

1 2
= -1- 1+ -6

6

-6 -37 -43
= =

6 6

x x

x

y



 
  

 
  

 

 Centre of  curvature
43

x, y 36,
6

 
 

  
 

  

 

Example 2 

Find the equation of the circle of curvature of the rectangular hyperbola xy = 12 at the point 

(3, 4). 

Solution: 

Given xy = 12 

Differentiating with respect to x 

 

1

1

1 3,4

.1 0

4

3

 







xy y

y
y

x

y

 

1
2 2

. .1 
   

 

x y y
y

x
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 2 3,4

4
3. 4

3

9

   
  

   
 
  

y

 

 
8

9
  

                            21
1

2

1   
y

x x y
y

 

            
4

1633 1
8 9

9

 
   

 
 

 2

1

2

25
3

6

43

6

1
1

1 25
4

8 9
9

9 25
4

8 9

57

8

y y y
y

 



  

 
   

 

 
   

 



 

Radius of curvature 
 

3
2 2

1

2

1 y

y



  

 

3

2

3

2

16
1

9

8 9

25
9

8
9

125

24
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Circle of curvature is 

 

   
2 2

2

2 2 2
43 57 125

6 8 24

x x y y

x y

   

     
        

     

 

 

Example 3  

Find the centre and circle of curvature for the curve ,
4 4

a a
x y a at

 
   

 
 

Solution: 

Given x y a   

Differentiating with respect to x, 

 

1

1

1 1
0

2 2
y

x y

y
or y

x

 

 

 

Hence 
1

,
4 4

/ 4
1

/ 4
a a

a
y

a 
 
 

     

Differentiating 1y  with respect to x, we get 

1

2

1 1
. .
2 2

x y y
y x

y
x

 
 

  
 
 
   

2
,

4 4

1 1

42 2

4

a a
y

a a 
 
 

 
  

  

 

    
3

3
2 22 2

1

2

1 11

4

y

y
a
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2 2
4 2

a a
   

Centre of curvature at ,
4 4

a a 
 
 

 

 

 

 

 

21
1

2

2

1

2

1

1 1
4 4

3

4

1
1

1 1
4 4

3

4

y
x x y

y

a a

a

y y y
y

a a

a

  

  



  

  



 

Hence the centre of curvature is  
3 3

, ,
4 4

a a
x y

 
  

 
 

Equation of circle of curvature is 

   
2 2

2

22 2 23 3

4 4 22

x x y y

a a a a
x y

   

    
          

     

 

Example 4 

Find the radius and centre of curvature of any point on log tan , sec
4 2

x y a
 


 

   
 

 

Solution: 

2

log tan , sec
4 2

1 1
. sec .

4 2 2
tan

4 2

Given x a y a

dx
a

d
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2

cos
14 2

.

2sin cos
4 2 4 2

 
 

 
   

    
   

a
 

   
 

2sin cos
4 2 4 2


   

    
   

a

   
 

[ 2sin cos sin 2 ]

sin
2

a
A A A




 
 

 
 

 

1

2
2

2 2

2

cos

sec . tan

sec tan
.

cos

cos
sec tan

tan

sec

cos sec
sec

a

dy
a

d

dy dy d a
y

adx d dx

a
a

d y d
y

dx dx

a a



 


  






 






 






  

 



 

 

 

 21
1

2

1  
y

x x y
y

 

     2tan
log tan 1 tan

sec4 2

 
    

 
a

a

  



 

    2sin
log tan sec

4 2 cos .sec

 
   

 

a
a

  


 
 

     
sin

log tan .sec
4 2 cos

 
   

 

a
a

  



 

     log tan tan sec
4 2

 
   

 
a a
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 2

1

2

1
1  y y y

y
 

 2

2

1
sec 1 tan

sec

sec sec
sec

sec sec 2 sec

a

a

a
a

a a a

 


 


  

  
 
 
 

 

    

Centre of curvature = log tan tan sec , 2 sec
4 2

a a a
 

  
  

   
  

 

Radius of curvature = 
 

3
2 2

1

2

1 y

y


 

 

 

3
2 2

3
2 22

1 tan

sec

sec sec
sec

a

a
a





 





 
 
 

  

 

Example 5 

Find the equation of the circle of curvature of the parabola 
2 12y x , at the point (3, 6) 

Solution: 

 Given 
2 12y x  

Differentiating with respect to x, we get 

 

 

1

1

1 3,6

2 12

6

6
1

6

yy

or y
y

y





 

 

Differentiating again with respect to x, we get 
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2 12

2 3,6

3
3

2 22 2
1

2

3

2

6

1

6

1 11

1

6

6 2

6 2 2

12 2







 
  



 

  

 

y y
y

y

y

y
  

So radius of curvature = 12 2   

Centre of curvature 

 

 

21
1

2

1

1
(3,6) 3 1 1

1

6

y
x x y

y

x at

  

  
 

 
 

 

 

 

2

1

2

3 6 2

15

1
1

1
6 1 1 6

1

6

y y y
y

  



  

    
 

 
 

 

Circle of curvature 

                          
   

     

2 2
2

22 2
15 6 12 2

   

    

x x y y

x y


 

2 2 2 230 15 12 6 144 2       x x y y  

2 2 30 12 27 0     x y x y  
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EXERCISES 

Part – A 

1.  Find the x-coordinate of the centre of curvature of the curve 
2y x  at the origin. 

2.  Find the y-coordinate of the centre of curvature of the curve 1xy   at (1, 1). 

3.  State the formula for finding the centre of curvature at any point (x, y) on a given curve. 

4.  Find the centre of curvature of 
2y x at the origin. 

PART – B 

1.  Find the equation of the circle of curvature at the point (2, 3) on 
2 2

2
4 9

x y
  . 

2.  Find the co-ordinates of the centre of curvature at the point (a, 2a) on the parabola 

2 4y ax . 

3.  Find the equation of the circle of curvature of the curve 
3 3 3x y axy   at the point 

3 3
,

2 2

a a 
 
 

. 

4.  Show that the circle of curvature of the parabola 
2x

y mx
a

  at (0, 0) is 

  2 2 21x y a m y mx    . 

5.  Find the centre of curvature of 
2y x  at 

1 1
,

2 4

 
 
 

. 

6.  Find the centre of curvature of 
2xy c  at  ,c c . 

7.  Find the centre of curvature of    cos sin , sin cos ' 'x a t t t y a t t t at t    . 

8.  Find the centre of curvature of logy x x  at the point where ' 0y  . 

ANSWERS 

Part A: 

1. zero 

2. 2 
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3.  
2

21 1
1

2 2

1
1 ,

y y
x y y

y y

 
   

 
 

4. 
1

0,
2

 
 
 

 

Part B: 

1.  

2 2 2

2

5 5 13

4 6 12
x y

   
      

   
 

2.   5 , 2a a  

3.  

2 2 221 21 9

16 16 128

a a a
x y

   
      

   
 

5.  
1 3

,
2 4

 
 
 

 

6.   2 ,2c c  

7.   cos , sina t a t  

8.  
1

,0
e

 
 
 

 

Evolute 

Let  ,C x y  be the centre of curvature of the given curve 1C at the point  , .P x y  When P 

moves on the curve 1,C  centre of curvature will also take different position and move on another 

curve 2C which is called as evolute of the given curve 1.C  Hence evolute is defined as the locus of 

centres of curvature of a curve. 

Involute  

If 2C is evolute of the given curve 1C  then the given curve 1C  is called the involute of 2C . 

Procedure 

Let the given curve be 

                             , ,        ,  10f x y a b   
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Find 
1

dy
y

dx
 at point P and 

2

2 2
at point P

d y
y

dx
  

Find the centre of curvature  ,x y   

   21
1

2

                            2   1
y

x x y
y

    

   2

1

2

                       
1

      1 3 y y y
y

    

Eliminate x & y from (1) , (2) & (3) we get 

      ,  ,  ,  0        4f x y a b   

Locus of  ,x y is the required evolute. 

PARAMETRIC REPRESENTATION OF SOME STANDARD CURVES 

Curve Cartesian Form Parametric Equations 

Parabola (Horizontal) 2 4y ax  
2; 2x at y at   

Parabola (Vertical) 2 4x ay  
22 ;x at y at   

Ellipse 2 2

2 2
1

x y

a b
   

; sinx acos y b    

Hyperbola 2 2

2 2
1

x y

a b
   

sec ; tanx a y b    

Rectangular Hyperbola 2xy c  ;
c

x ct y
t

   

Circle    
2 2 2x a y b r     cos ; sinx a r y b r      

Astroid 2 2 2

3 3 3x y a   
3 3cos ; sinx a y a    

Cycloid -    

 

   

sin ; 1 cos

sin ; 1 cos

x a y a

or

x a y a

  

  

   

    

 

Tractrix - 
cos log tan ; sin

2
x a y a
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PROPERTIES OF EVOLUTE 

I. The involute of a curve is orthogonal to all the tangents of that curve. 

II. The evolute of the curve is independent of parametrization of any differentiable function 

III. The evolute of the curve is the envelope of the normal to the given curve. 

Problems 

1.  Find the evolute of the parabola 
2 4y ax . 

Solution: 

 The parametric form of the parabola 
2 24  is ,  2y ax x at y at    

 

1

2

          

2 ,

(1

2

2

2

1
)

1
.

dx dy
at a

dt dt

dy
dy adty

dxdx at
dt

t

d dy d dy
y

dxdx dx dt dx
dt

  

  



   
    

   

 

1 1
.
2

d

dt t at

 
  

 
 

2

2 3
   

1 1

2

   (
2

2
1

)

t at

y
at

 
  

 

 

 

The co-ordinates of centre of curvature  ,x y  is given by 

 21
1

2

1 ,
y

x x y
y

  

 
 2

1

2

1
1y y y

y
   . 
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2

3

2
2 3

2

2 2

2

2

2

1
1

2 1 (1) (2)
1

2

1
2

2 2

2 3

3 2

2
3

3

t
x at from and

t
at

t
at at

t

x at at a

x a at

at x a

x a
t

a

 
    

  

 
   

 

  

  

  


 

 

 

 2

1

2

2

3

1
1

1 1
2 1

1
2

y y y
y

at
t

at

  

 
     

 

 

2
3

2

2

1
2 2

2 2 2

t
at at

t

at at at

 
   

 

  

 

     

 

 
 

   

3

2 2 3
3 2 2

3

2

3

2
2

3

2 3

   

2

2 4

2
4 3

3

     

2
4

27

27 4 2   

y at

y at a t

x a
a from

a

x a
y a

a

a y x a

 

   

 
     

 


 

  

 

The Locus of  ,x y  is  
2227 4 2ay x a  is the required evolute of 

2 4y ax . 

2.  Find the evolute of the ellipse 
2 2

2 2
1

x x

a b
  . 

Solution: 

The parametric form of the ellipse 
2 2

2 2
1

x x

a b
  is cos , sinx a y b    
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sin , cos
dx dy

a b
d d

 
 

     

1

dy

dy dy
dxdx

d





    

1

2

2 2

2

3

2 2 2 3

cos
cot )

sin

1
.

cos 1

sin sin

1
cos

si

          (1

         (2

n

cos )
sin

b b
y

a a

d y d dy
y

dx dx dx

d dy

dxd dx
d

d b

d a a

b
ec

a a

b b
y ec

a a

 
 



 
   

 

 
  

 

 
  

 

 
  

 

   











  







 

The co-ordinates of centre of curvature  ,x y  is given by  21
1

2

1 ,
y

x x y
y

    

  2

1

2

1
1y y y

y
    

 
 

 
   

2 2

2 2

2 3

cos
cossin

cos 1 1 2
sin

sin

b
ba

x a from and
ab

a








 

       
  

 

 

2 2 2 2
2

2 2

2 2 2 2

2 2 2 2 2

1 sin cos
cos cos sin

sin

1
cos cos 1 cos cos

1
cos cos cos cos

 
   

 

    
 

     

a b
a

a a

a a b
a

a a a b
a
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2
3 3

2 2
3

1

3

2 2

cos cos cos cos

c

     

os

co    (3s )

b
a a a

a

a b
x

a

a x

a b

   

 
  

 

 
   

 

   





 

   

 

 

2 2 2 2

2 2

2 3

2 2 2 22 3

2 2

2 2 2 2 2

1 sin cos
sin 1 2

sin
sin

sin 1 sinsin sin

sin

sin
sin sin sin

a b
y b from and

b a
a

a bb a

b a

b a b b
b

 





  




  

 
           

 

  
 
  

   

 

 

2
3 3

2 2
3

1

3

2 2

sin sin sin s

        (

in

sin

s 4in )

a
b b b

b

b a
y

b

b y

a b

   

 
  

 

 
  

   

   





 

2 2(3) (4)  

2 2

3 3
2 2

2 2 2 2
cos sin

   
      

    

ax by

a b a b
   

 

     

2
22

3
33

2 2

2 22
2 2 3 33        

1

  5

1

) (

ax by
a b

a b ax by

             

   

 

The locus of  ,x y  is      
22 2

2 2 33 3ax by a b   which is the required evolute of the given 

ellipse 
2 2

2 2
1

x y

a b
  . 
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3. Find the evolute of the hyperbola 
2 2

2 2
1

x y

a b
  . 

Solution: 

The parametric form of the hyperbola 
2 2

2 2
1

x y

a b
   is sec , tanx a y b    

2sec tan , sec  
dx dy

a b
d d

  
 

 

1 2

sec tan

sec
  

dy

dy ady
dxdx b

d

 




 

1

sec
cos            ( )

tan
1

b b
y ec

a a
  





 

 
2

1
.

d dy d dy
y

dxdx dx d dx
d




   
    

   
 

     
1

cos .
sec . tan

d b
ec

d a a


  

 
  

 
 

3

2 2

1
cos cot

sec ta

          

n

)(2cot

 
   

 

 

b
ec

a a

b
y

a

 
 



 

The co-ordinates of the centre of curvature  ,x y  

   2 21
1 1

2 2

1
1 , 1     

y
x x y y y y

y y
 

using (1) & (2)  

2 2

2 2

2 3

sec

sectansec 1
tan

tan

b

bax a
b a

a

 
  

       
 







 

2 2 2 2
2

2 2

tan sec
sec sec tan

tan

a b
a a

a
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 2 2 2 2

2
3 3

2
3

1

3

2 2

sec
sec sec 1 sec

sec sec sec sec

sec

sec )           (3

a a b
a

b
a a a

a

b
x a

a

ax

a b

    
 

   

 
  

 

 
   

 


  

   





 

 
2 2 2 2

2 2

2 3

1 tan sec
tan

tan

a b
y b

a tanb
a

 





 
   

  
 

 2 2 2 22 3

2 2

tan 1 tantan
tan

  
   
  

a ba
y b

b a tan

 



 

       2 2 2 2 21
tan tan tan tan   b a b b

b
     

     
2

3 3tan tan tan tan   
a

b b b
b

     

     
2

3tan
 

   
 

a
b

b
  

      
2 2

3tan
 

   
 

a b

b
  

     

2

3

2 2
          tan (4)

 
   

 

by

a b
  

2 2(3) (4)  

2 2

3 3
2 2

2 2 2 2
sec tan

   
      

    

ax by

a b a b
   

 
   

2 2

3 3

2
2 2 3

1
1

 
   

 

ax by

a b
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2 2 2

2 23 3 3   ax by a b    (5) 

The locus of  ,x y  is      
22 2

2 2 33 3ax by a b   which is the required evolute of the given by 

hyperbola 
2 2

2 2
1

x y

a b
  . 

4.  Find the evolute of the rectangular hyperbola 
2xy c . 

Solution: 

The parametric form of the rectangular hyperbola 
2  xy c  is x ct  

c
y

t
  

2
&

dx dy c
c

dt dt t


    

2

1 2
                       (1

1
)



   

dy c
dt ty

dx c t
dt

 

 
2

2

3
      

1
.

1 1
.

2
)  (2

d dy d dy
y

dxdx dx dt dx
dt

d

dt t c

ct

   
    

   

 
  

 



 

The co-ordinates of centre of curvature  ,x y  is given by 

   
1 1

2 21

2 2

1
1 , 1

y
x x y y y y

y y
       

 
 

   
2

4

3

4

3

1
1

1 1 2
2

1
1

2

2 2

t
x ct from and

t
ct

ct
ct

t

ct c
ct

t
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3

4

3

3

3

           (3

   

1
3 )

2

1 1
1 1 2

2

2 2

3
        (4)

2

c
x t

t

c
y from and

t t
ct

c ct c

t t

c
y t

t

 
  

 

 
       

 

  

 
  

 

 

 

3

3

1
3

3

 

3 1
(3) (4) 3

2

1 1 2
)

2
   (5

 
       

 

   
          

   

c
x y t t

t t

c
x y t t x y

t t c

 

 
1

3
3

Similarly

1 1 2
)   

2
  (6

c
x y t t x y

t t c

    
          

   

 

     

2 2

2 2 2 2
2

3 32 3

(5) (6)

1 1
c

t t x y x y
t t



    
           

     

 

       

     

   

2
2 2

3
3 31 1

2 2 23
3 3

2
3

2 2 23
3 3

2
3

    

1 1 2

2 2
2

4
)

2
        (7

t t
t t t t x y x y

t t c

t x y x y
t c

c
x y x y

       
                   

        

  
      

   

    

 

The locus of  ,x y  is      
2 2 2

3 3 34x y x y c     

which is the required evolute of 
2xy c . 

5.  Find the evolute of the asteroid 
2 2 2

3 3 3x y a  . 
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Solution: 

The parametric equation of the astroid 
2 2 2

3 3 3x y a   is 
3 3cos , sinx a y a    

2 23 cos sin , 3 sin cos   
dx dy

a a
d d

   
 

 

2

1 2

3 sin cos

3 cos sin
   



dy
dy ady

dxdx a
d

 
 



 

1

sin
ta            (n 1)

cos


  y





 

2

1
.

   
    

   

d dy d dy
y

dxdx dx d dx
d




 

2 2

1
( tan )

3 cos sin

d
y

d a


  
 


 

2

2

1
sec

3 cos sina


 
 


 

2 4

1
)

3 cos si
       (2

n
y

a  
 

The co-ordinates of centre of curvature ( , )x y  is given by 

2 21
1 1

2 2

1
(1 ), (1 )

y
x x y y y y

y y
       

   
2

3

2

4

sin

sincos
cos 1 1 2

cos1

3 cos sin

x a from and

a








 

 
    

       
   
 
 

 

2 2
3 3 2

2

cos sin
cos 3 cos sin

cos
a a

 
  



 
   

 
 

3 2cos 3cos si     (n )3   a     
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2 2

3

2

4

1 cos sin
sin 1 2

cos1

3 cos sin

y a from and

a

 




 

 
      

   
 
 

 

3 4

2

1
sin 3 cos sin

cos
a a  



 
   

 
 

3 2sin 3cos sin           ( )4   a     

(3) + (4) 

3 2 2 3cos 3cos sin 3cos sin sinx y a               

3

1

3

(cos sin )

cos sin )            (5

a

x y

a

 

 

 

 
    

 

 

(3) - (4) 

3 2 2 3cos 3cos sin 3cos sin sinx y a               

3(cos sin )a     

1

3

           cos sin )(6
 

    
 

x y

a
   

(5)2 + (6)2 

2 2

3 3
2 2(cos sin ) (cos sin )

x y x y

a a
   

    
        

   
 

2 2 2 2

2 2

3 3

2 2

3 3

cos 2cos sin sin cos 2cos sin sin

( ) ( )x y x y

a a

            

 
 

 

2 2

2 2 3 3
2

3

1
2(cos sin ) ( ) ( )x y x y

a
 

 
      

 
 

2 2 2

3 3 3( ) ( ) 2 )           (7x y x y a      
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The locus of  ,x y  is  
2 2 2

3 3 3( ) (x ) 2x y y a    , which the required evolute of the asteroid 

2 2 2

3 3 3x y a  . 

6.  Prove that the evolute of the cycloid     ,  1  x a sin y a cos      is another cycloid. 

Solution: 

Given ( sin ), (1 cos )x a y a       

 

2

1 cos , sin

2 sin 2 sin cos
2 2 2

dx dy
a a

d d

a a

 
 

  

   

 

 

1
2

2 sin cos
2 2

2 sin
2

dy
a

dy dy
dxdx

a
d

 






     

1

2

2

2

2

2
4

cos
2 cot )

2
sin

2

1
.

1
cot .

2
2 sin

2

1 1
co

       

s
2 2

2 sin
2

1
)

4 sin

    (1

       (

2

2

y

d dy d dy
y

dxdx dx d dx

d

d

d
a

ec

a

y

a




















 

   
    

   

 
  

 

 
   

 

 

 

The co-ordinates of centre of curvature  ,x y  is given by  

 21
1

2

1 ,
y

x x y
y

    2

1

2

1
1y y y

y
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2

2

4

cos
2

sin cos
2 2sin 1 1 2

sin
1 2

4 sin
2

x a from and

a



 

 




 
 
 

  
          

   
   
 
 
 

 

 

 

2 2

3

2

sin cos
2 2sin 4 cos sin

2 2
sin

2

sin 4 sin cos
2 2

sin 2 sin

sin            3)(

 
 

    
 
 

  

  

 

a a a

a a a

a a a

x a

 
 

 


 
 

  

 

 

 

     

2

1

2

2 2

2

4

1
1

sin cos
1 2 21 cos 1 2

sin
1 2

4 sin
2

y y y
y

a from and

a

 






  

 
 

       
   
   
 
 
 

 

 

2 2

2

2sin 4 sin
2 2

2 sin

           (4

2

2 1 cos )

 
  

 

 

  

a a

a

y a

 





 

The locus of  ,x y  is ( sin ), 2 (1 cos )x a y a       which is another cycloid. 

 

7. Find the evolute of the tractrix (cos log tan ), sin
2

t
x a t y a t   . 

Solution: 

Given (cos log tan ), sin
2

t
x a t y a t    
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21 1
sin sec .

2 2
tan

2

1
sin

2sin cos
2 2

dx t
a t

tdt

a t
t t

 
  

     
  

 

 
 

   
 
 

 

        

2

1
sin

sin

1 sin

sin

 
   

 

 
  

 

a t
t

t
a

t

 

2cos

sin

dx a t

dt t
  

1 2

sin cos

cos

cos

sin

s
          (

in
tan )

s
1

co

dy
y a t a t

dt

dy

dy a tdty
dxdx a t

dt t

t
t

t

  

  
 
 
 

 

 

 2

1
.

d dy d dy
y

dxdx dx dt dx

dt

   
    

   
 

  
2

1
tan .

cos

sin

d
t

dt a t

t


 
 
 

 

 

2

2

2 4

sin
s

cos

sin
)

co
        (2

s





t
ec t

a t

t
y

a t
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The co-ordinates of centre of curvature  ,x y  is given by  

 21
1

2

1 ,
y

x x y
y

    2

1

2

1
1y y y

y
    

   
2

2

4

2 2
3

2

sin

sincos
cos log tan 1 1 2

sin2 cos

a cos

cos sin
cos log tan cos

2 cos

cos log tan cos
2

t

t tt
x a t from and

t t

t

t t t
a t a a t

t

t
a t a a t

 
               

    
 
 

 
    

 

  

 

log tan
2

log tan

       

2

tan 3) 
2

  (





 
x

a

t
x a

t x

a

t
e

  

   
2 2

2

4

1 cos sin
sin 1 2

sin cos

a cos

t t
y a t from and

t t

t

 
      

   
 
 

 

2cos
sin

sin
 

a t
a t

t
 

2 2sin cos

sin




a t a t

t
 

sin


a
y

t
 

     

2

2 tan
2

1 tan
2

a

t

t
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21 tan
2

2 tan
2

 
 

  

t
a

y
t

 

 

2

1
using (3)

2

2

1
2cos (4)h cosh

2 2

x

a

x

a

x x

a a

x x

a e

e

a
y e e

a x
y x e e

a





 
 

  
 
 

 
   

 

 
    

 

The locus of  ,x y is cosh
x

y a
a

 which is a catenary. 

EXERCISES 

1.  Show that the evolute of the cycloid    sin , 1 cosx a y a      is another cycloid 

given by    sin , 2 1 cosx a y a a       . 

2.  Prove that the evolute of the curve    cos sin , sin cosx a y a         is a circle 

2 2 2x y a  . 

ENVELOPES 

Introduction 

In the plane, an envelope is a curve that is a tangent at some point to each member of the 

family of curves. Hence envelope can be viewed as a curve that touches every member of the family 

at some point. Classically, a point on the envelope can be imagined as the limit of intersection of 

nearby curves. This idea can be generalized to an envelope of surfaces in space and also extended to 

higher dimensions. A family of curves may have no envelope or unique envelope or several 

envelopes. 

Note: In the study of ordinary differential equations, envelopes are considered as 

singular solutions of ODEs. 

Consider the equation  , , 0f x y    where  is an arbitrary constant. Assigning different 

values for  results in number of equations representing a family of curves. Hence the quantity   

is called parameter of the family of curves. 
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Fig 2.9 

Definition  

The locus of the limiting positions of the points of intersection of consecutive members of a family of 

curves is called the envelope of the family. 

Theorem  

The envelope of a family of curves touches every member of the family of curves. 

Proof: 

 

Fig 2.10 

Consider three consecutive intersecting member of the family, given by  , , 0.f x y    Let curves A 

and B intersect at the point P, curves B and C intersect at the point Q. The points P and Q lie on the 

envelope and on the curve B. Now there exist a common tangent for the curve B and the envelope. 

In a similar manner, it can be proved that the envelope touches every point of the curve of the 

family. 

Note: The envelope of a family of curves is the curve which touches every member 

of the family of curves. 

 

c1 

c2 

c3 

c4 
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Method of finding the equation of the envelope of single parameter family of curves 

Let  , , 0f x y   be the equation of the given family of curves, where  is the parameter. The two 

consecutive members of the family corresponding to two close values of   are given by 

 , , 0f x y         (1) 

and  , , 0             f x y      (2) 

The co-ordinates of the points of intersection of (1) and (2) will satisfy (1) and (2) and hence 

satisfy 
   , , , ,

0
f x y f x y  



  



 

Hence the co-ordinates of the limiting positions of the points of intersection of (1) and (2) 

will satisfy the equation 
   lim , , , ,

0
0

f x y f x y  

 

   
 

   
 

 . . , ,       0 0    
f

i e f x y 
 

 
  

 
   (3) 

These limiting points will continue to lie on (1) and satisfy  , , 0f x y    Eliminating   between 

 , , 0 and 0,
f

f x y 



 


the required envelope of the family of curves is obtained. 

Equation of the envelope of the family  2
A + B +C = 0,  where   is the parameter and A, B, C 

are functions of x and y 

Let the family of curves be quadratic in the parameter   given by 

2 0A B C        (1) 

Differentiating (1) partially w.r.t  , 

2 0
2


   

B
A B

A
        (2) 

Substituting (2) in (1) 

2

2 2

2

0
2 2

0
4 2

4 0,

B B
A B C

A A

B B
C

A A

B AC
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which is the equation of the required envelope of the given family. 

Note: If the family of curves is a quadratic in the parameter   then the required 

envelope is given by 2 4 0B AC  . 

 

Examples 

1.  Find the envelope of the curve ,
a

y mx
m

  where m is the parameter. 

Solution: 

Given

2

2 0

a
y mx

m

ym m x a

m x y m a

 

 

  

 

This is a quadratic equation in m with 

, ,A x B y C a    

Hence the required envelope is given by 

    

2

2

2

2

4 0

4 0

4 0

4

B AC

y x a

y ax

y ax

 

   

  

 

 

The envelope is a parabola. 

2.  Find the envelope of the family of curves 
2 ,y mx am m   being the parameter. 

Solution: 

Given 
2 y mx am   (1) 

Differentiating (1) with respect to m, 

0 2 x am  

2


 

x
m

a
        (2) 
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Substituting (2) in (1) 

2

2 2

2

2

2 2

2 4

4

x x
y x a

a a

x x
y a

a a

x
y

a

    
    

   


 




 

2 4x ay   is the required envelope. Envelope is a parabola. 

3.  Find the envelope of family of straight lines given by 
2 2 2 ,y mx a m b m    being the 

parameter. 

Solution: 

 

 

   

2 2 2

2 2 2

2 2 2 2

2 2 2 2 2 2

2 2 2 2 2

2

2 0

Given y mx a m b

y mx a m b

y mx a m b

y m x xym a m b

x a m xym y b

  

   

  

   

    

 

which is quadratic in m, with 

2 2 2 2; 2 ;A x a B xy C y b       

Envelope is given by 2 4 0B AC   

  2 2 2 2 2 2

2 2

4 4 0   x y x a y b

x y 2 2 x y 2 2 2 2 2 2

2 2 2 2 2 2

  

 

x b a y a b

b x a y a b

 

Dividing by 2 2a b , 

2 2

2 2
1

x y

a b
   

The required envelope is an ellipse. 

4.  Find the envelope of the family of straight lines 
32 ,y mx am am    where m is a 

parameter. 
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Solution: 

Given 
32    y mx am am      (1) 

Differentiating partially w.r.t m, 

20  2 3    x a am      (2) 

2 2
  

3


 

x a
m

a
      (3) 

From (1)    22y m x a am    

 

   

 

2
2 3

3

1
2 2

3

2
2

3

x a
y m x a a from

a

m x a x a

y m x a

   
        

  

 
    

 

 

 

 
3

2 2




y
m

x a
     (4) 

From (3) and (4), we get 

  2
2 3

3 2 4

  
   

x a y

a x a
 

 

2

2

2 9

3 4 2


 



x a y

a x a
 

 
3 227

2
4

  x a a y  

 
3 24 2 27  x a a y  

is the required envelope. 

5.  Find the envelope of the family of curves  
1

,x my m
m

   being the parameter. 

Solution: 

Given   
1

x my
m

   

2 1 xm m y  



76 

 

2 1 0  m y xm  

This is a quadratic equation in ‘m’ ; ; 1A y B x C     

Required envelope: 2 4 0B AC   

    
2

2

2

4 1 0

4 0

4

x y

x y

x y

  

 



 

Envelope is a parabola. 

6.  Find the envelope of 2 ,
x

yt c t
t

  being the parameter. 

Solution: 

Given 2
x

yt c
t

   

2 2 0   yt ct x  

2 2  yt x ct  

This is a quadratic equation in‘t’ with ; 2 ;A y B c C x     

Required Envelope 2 4 0 B AC  

   2( 2 ) 4 0  c y x  

        
24 4 0 c yx  

           
2 0 c yx  

                 
2xy c  

The envelope is rectangular hyperbola. 

7.  Find the envelope of family of circles  
2 2 2x a y a   where ‘a’ is a parameter. 

Solution: 

Given  
2 2 2      x a y a      (1) 

Differentiating w.r.t ‘a’ we get 
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  2 1 2  x a  

          1 a x      (2) 

Substituting (2) in (1) 

   
2 2

2

2

1 2 1

1 2 2

2 1

x x y x

y x

y x

      

  

 

 

The required envelope is a parabola. 

8.  Find the envelope to the family of circles  
22 2x y b a    with centres on y-axis & of 

given radius ‘a’ with ‘b’ as the parameter. 

Solution: 

Consider  
22 2        x y b a     (1) 

Differentiate (1) w.r.t ‘b’ 

            0   2 0        y b y b  

      b y        (2) 

 

Fig 2.11 

Substitute (2) in (1) we get 

2 2x a

x a



  
 

 The two lines       x a and x a    are the two envelopes to this family of circles 
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9.  Show that the x-axis   0y   is the envelope of the family of semicubical parabola 

 
32 0y x b    with b as the parameter. 

Solution: 

 

Fig 2.12 

Consider  
32 0    y x b      (1) 

Differentiate (1) w.r.t ‘b’ 

 

 

2
3 0

     2   0

x b

x b

  

  
 

Substituting (2) in (1), we get 

2 0y   

  0 y , is the envelope 

10.  Show that the family of straight lines 2 4 0y x     has no envelope, where   is the 

parameter. 

Solution: 

Differentiating 2 4 0,y x     with respect to   

we get 0 0 1 0    which is a contradiction. We observe that the given family of straight lines 

2
2

y x


  are all parallel with common slope m = 2. Hence no curve (envelope) exists which 

touches each member of this parallel straight lines. 

 

11.  Show that the family of circles  
22 2x y b b    with centres lying on the y-axis has no 

envelope. 
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Solution: 

 

Fig 2.13 

Differentiating  
22 2x y b b    with respect to b we get, 

 0 2 2

0

y b b

y

  

 
 

We observe that the given family of circles meets at the origin and that we could not find a curve 

which covers or touches every member. 

Hence the envelope does not exist for this family of circles. 

12.  Find the envelope of the family of lines cos sin 1, 
x y

a b
   being the parameter. 

Solution: 

Given                                             cos sin 1   
x y

a b
    (1) 

Differentiating (1) partially with respect to θ 

sin s  c  o 0


 
x y

a b
       (2) 

Squaring and adding (1) and (2), we get 

2 2

2 2cos sin sin cos 1 0
   

       
   

x y x y

a b a b
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2 2
2 2

2 2

2
cos sin sin cos 

x y xy

a b ab
   

2 2 2 2

2 2

sin cos 2
sin cos

 
   

 

x y xy

a b ab

 
  1

 
 

 
 

   
2 2

2 2 2 2

2 2
cos sin cos sin 1

x y

a b
      

 

2 2

2 2
1 

x y

a b
 

 The required envelope is an ellipse. 

13.  Find the envelope of the family of curves cos sin ,x y     being the parameter. 

Solution: 

Given cos sin x y         (1) 

Differentiating (1) with respect to θ 

sin cos   0  x y         (2) 

Squaring and adding (1) and (2) 

   

   

2 2 2 2

2 2 2 2 2 2 2

2 2 2

cos sin sin cos 0

cos sin sin cos

x y x y

x y

x y

    

    



     

   

 

 

The required envelope is a circle. 

14.  Find the envelope of the family of curves 
2 2

cos sin ,
a b

c
x y

  
   

    
   

 being the 

parameter. 

Solution: 

Given 
2 2

 cos sin   
   

    
   

a b
c

x y
       (1) 

Differentiating with respect to θ 

 
2 2

sin cos 0
   

     
   

a b

x y
   



81 

 

2 2

 sin cos 0  
   

    
   

a b

x y
        (2) 

The equation of the envelope is obtained by eliminating θ between (1) and (2) 

Now squaring and adding (1) and (2) 

   
2

2 2
2 2 2 2 2

4 4
2

2 2

4 2 4 2 2 2 2

cos sin sin cos
a b

c
x y

a b
c

x y

a y b x c x y

   
   

      
   

 

 

 

is the required envelope. 

15.  Find the envelope of the family of straight lines cos sin sin cos ,x y c       being 

the parameter. 

Solution: 

Given by cos sin sin cosx y c      

Dividing by sin cos ,  we get 

 
sin

     
x y

c
cos 

       (1) 

Differentiating (1) with respect to α, we get 

2 2
cos sin 0

sin c
 

os
   


 

x y
 

 
    (2) 

2 2

cos sin

sin cos


x y 

 
 

 3 3sin cos
  

x y
k say

 
    (3) 

3 3sin cos 
x y

k k
   

2 2We kno sin 1w cos    
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2 2

3 3

1
   

    
   

x y

k k
 

2 2 2

3 3 3     x y k        (4) 

From (3) we have 

1 1

3 3

1 1

3 3

sin ; cos   
x y

k k

        (5) 

Using (5) in (1) 

 

1 1

3 3
1 1

3 3

2 2 1

3 3 3

1
2 2 2 2 2
3 3 3 3

2 2 2 2 23

3 3 3 3 32

0

( ) 4

( )

x y
k k c

x y

x y k

x y x y c from

x y c x y c

 

 
  

 

 
       

 

    

 

is the required envelope. 

16.  Find the envelope of tan 2sec ,y x      being the parameter. 

Solution: 

Given tan  se  2 c y x         (1) 

Differentiating with respect to α 

20 sec 2sec tanx      

Dividing by sec  

sec 2 tan  0 x          (2) 

(1)2 – (2)2 gives 

   
2 2 2tan 2sec sec 2 tan   x x y     

   2 2 2 2 2 2 2tan 4sec 2 tan sec sec 4 tan 2 sec tan     x x x x y         
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   2 2 2 2 2 2tan sec 4 sec tan   x y     

2 24  x y  

2 2 4 x y  

The required envelope is a circle. 

17.  Find the envelope of cos cot ,x ec y a    being the parameter. 

Solution: 

Given   cos cot x ec y a       (1) 

Differentiating with respect to θ, 

2

2

cos cot cos 0

cos cot cos

  



x ec y ec

x ec y ec

  

  
 

2cos

cos cot


x ec

y ec



 
 

    
1

cos


x

y 
 

2 2

cos ; sin   
x yy

x x
 


    (2) 

 

Fig 2.14 

 

 

 

x 
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Substituting (2) in (1) 

2 2 2 2

2 2

2 2

2 2

cos cotx ec y a

x y
x y a

x y x y

x y
a

x y

x y a

  

   
    
       


 



  

 

2 2 2x y a     is the required envelope. 

EXERCISE 

Part – A 

1.  Define envelope of a family of curves. 

2.  Show that the envelope of the curve 
1

,y mx m
m

  being the parameter is given by

2 4y x . 

3.  Show that the envelope of the family of lines 
24 ,y mx m m  being the parameter is 

given by
2 16x y  . 

4.  Show that the envelope of 
21 ,y mx m m    being the parameter is given by 

2 2 1x y  . 

5.  Show that the envelope of 
2 1,y mx m m    being the parameter is given by 

2 2 1x y  . 

6.  Show that the envelope of the family of circles  
2 2 4 ,x y      being the 

parameter is given by  2 4 1y x  . 

7.  Show that the envelope of the lines sec tan 1,
x y

a b
     being the parameter is 

given by 
2 2

2 2
1

x y

a b
  . 

8.  Show that the envelope of the lines sec tan ,x y a     being the parameter is 

given by 
2 2 2x y a  . 

9.  Show that the envelope of the family of straight lines cos sin sec ,x y a      

being the parameter is given by  2 4y a x a   . 

10.  Show that the envelope of the family of straight lines 
2 2 2 ,y mx a m b m    being 

the parameter is given by 
2 2

2 2
1

x y

a b
  . 

11.  Show that the envelope of the family of straight lines ,py mx am m   being the 

parameter is given by  
11 1 0

pp p pap y p x
    . 
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12.  Show that the envelope of family of curves 
3,y mx am m   being the parameter is 

given by 
2 327 4 0ay x  . 

13.  Show that the envelope of  
221 0,x y k    k being the parameter is given by 

2 1x  . 

14.  Show that the family of circles  
2 2 2x a y a    has no envelope, ‘a’ being the 

parameter. 

15.  Show that the envelope of the family of curves 
2 2

2 2 2
1,

x y

a k a
 


 ‘a’ being the 

parameter is given by x y k   . 

Part B 

16.  Show that the envelope of the lines sec cos ,x y ec c     being the parameter is 

given by 
2 2 2

3 3 3x y a  . 

17.  Show that the envelope of the family of straight lines cos sin cos 2 ,y a      

being the parameter is given by    
22 2
33 3 2x y x y a    . 

18.  Show that the envelope of the family of circles 
2 2 22 cos 2 sin ,x y ax ay c       

being the parameter is given by  
2

2 2 2 2 2 2 24 4a x a y x y c     

19.  Show that the envelope of the family of straight lines 2 2 ,
cos sin

ax by
a b 

 
   being 

the parameter is given by    
22 2

2 2 33 3 ( )ax by a b     

20.  Show that the envelope of the lines 
3 3cos sin ,x y a   were α the parameter is 

given by  2 2 2 2 2x y a x y  . 

21.  Show that the envelope of the family of curves     
22 0,x x a x a y m m      

being the parameter is given by    
22 2
33 3 2x y x y a    . 

22. Find the envelope of y = mx + 2 2 2a m b ,  m  is the parameter. 

23. Find the envelope of the family of curves y = mx + a 21 m , m being the parameter. 

24. Find the envelope of the family of curves y = x tan 
2

2 22 cos

gx

u



  where  is the 

parameter. 

25. Find the envelope of the circles described on the radii vectors of the ellipse 
2 2

2 2
1

x y

a b
   as diameters.  

26. Find the envelope of the circles passing through the origin and with their centres lying 

on the ellipse 
2 2

2 2
1.

x y

a b
 

 
27. Find the envelope of the circle whose centre lies on 2xy c  and passes through the 

origin.
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Envelopes of families of curves with single parameters 

Equation of the Curve Envelope of family with respect to given 
conditions 

(x - )2 + y2 = r2 

 is the parameter 

 

x2 + (y – b)2 = a2 

b is the parameter 

 

y2 – (x + b)3 = 0 

(semicubical parabolas) b is the parameter 

 

mx 
c

y
m

 

m is the parameter 

 

x cos  + y sin  = p 

 is the parameter 
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ENVELOPE OF FAMILY OF CURVES WITH TWO PARAMETERS 

In this section we find envelopes of families of curves with two parameters, the parameters 

being connected by a relation. 

For example, to find the envelope of a line segment of constant length c sliding on two fixed 

perpendicular lines leads to the problem of finding the envelope of the family of lines 1
x y

a b
   

where 2 2 2a b c   

In some problems of finding the envelope of two parameter family of curves, it may be 

possible to express one of the parameters explicitly interms of the other. This reduces the problem 

to a single parameter problem. When this is not possible we proceed as below. 

Consider the equations  , ,  , 0f x y a b     (1) 

   , 0 a b      (2) 

Differentiating (1) and (2) with respect to ‘a’ (Treating b as a function of a) 

We get, . 0
 

 
 

f f db

a b da
      (3) 

and . 0  
 

 
 

db

a b da

 
       (4) 

Substitute for 
db

da
from (4) in (3) and eliminating a and b from the resulting equation and the 

relations (1) and (2) we get the envelope. 

Examples 

1.  Find the envelope of the straight line 1
x y

a b
   where a and b are connected by the 

relation  a b c   where c is a constant, a and b are parameters. 

Solution: 

Given        1        
x y

a b
      (1) 

and      a b c         (2) 

Differentiating (1) with respect to ‘a’ 
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2 2
0


 

x y db

a b da
       (3) 

Differentiating (2) with respect to ‘a’ 

1 0 
db

da
 

1    
db

da
        (4) 

Substituting (4) in (3) 

 2 2

2 2

1 0
x y

a b

x y

a b


  

 

 

(i.e.) 

   

....

 1  

.....
.......

......

1
 

1
2

.

x y x y

a c e a c ea b a b
Since

a b a b b

From and

d f b d f

a b c

     
                   
    

    

   

 

2

2

1

2

1x

a c

cx a

a cx



 

 

 

Similarly  
1

2b cy  

Substitute a and b in (2) 

   
1 1

2 2 cx cy c  

1 1 1

2 2 2

1 1

2 2
1

2

c x y c

c
x y

c

x y c

 
   

 

  

  

 

is the envelope of the given family of curves. 
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2.  Find the envelope of the straight lines where the parameters are related by the 

equation 2 2 2a b c   where c is constant. 

Solution: 

1  
x y

a
G n

b
ive      (1) 

2 2 2    a bA clso      (2) 

Differentiating (1) with respect to ‘a’ 

2 2
0


 

x y db

a b da
     (3) 

Differentiating (2) with respect to ‘a’ 

2 2 0 
db

a b
da

 

  


 
db a

da b
      (4) 

Substituting (4) in (3) 

 

 

 

2 2

2 3

2 2 2 2 2 22

1
3 2 2 3

2 2

1
3 2 2 3

3 2

0

1
From (1)& 2

x y a

a b b

x ay

a b

x y x y

a aa b a b

b a ba a b cb
a

a aa

x a
a c x a c x

a c

ay a
Similarly b c y b c y

b c

  
  

 

 

     
     

               
 

 

     

    

 

Substituting a and b in (2) 

1
x y

a b
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2 2

2 2 23 3

4 2 4 2

23 3 3 3

4 2 2

23 3 3

2 2 2

3 3 3 ,

c x c y c

c x c y c

c x y c

x y c

 

  

 
   

 

 

 

is the required envelope of the family of straight lines. 

3.  Find the envelope of the straight line 1
x y

a b
  where the parameters a and b are related by 

the equation ,n n na b c c  being a constant. 

Solution: 1    
x y

a b
      (1) 

  n n na b c       (2) 

Differentiating (1) w.r.t ‘a’ 

2 2
0


 

x y db

a b da
      (3) 

Differentiating (2) w.r.t ‘a’ 

1 1 0  n n db
na nb

da
 

1

1
   






 

n

n

db a

da b
      (4) 

Substituting (4) in (3) 

1

2 2 1
0





  
  

 

n

n

x y a

a b b
 

1

2 1
0






  

n

n

x ya

a b
 

1

2 1 1 1



  
   

n

n n n

x ya x y

a b a b
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1

. .n n n n n n n

x y x y

x y a b a b

a a b b a b a b c

     
     

          


 

1
1 1

1

1
. . 


       

n n n n
n n

x
a x c a x c

a c
 

1
1 1

1

1
. . 


       

n n n n
n n

y
b y c b y c

b c
 

Substituting a and b in (2) 

1 1( ) ( )  
n n

n n nn nxc yc c  

2

1 1 1  
 

   
 

n n n

nn n nc x y c  

2

1 1

1

 



  
n n n

n n

n

n

c
x y

c

 

            

2

1

1 1 1 ,

n
n

n

n n n

n n n

c

x y c




  



 

 

which is the required envelope. 

4.  Find the envelope of 1
x y

a b
   where a and b are connected by the relation 2  ab c . 

Solution: 

Given 1      
x y

a b
       (1) 

Also 
2  ab c        (2) 

Differentiating (1) w.r.t ‘a’ 

2 2
    0


 

x y db

a b da
       (3) 

Differentiating (2) w.r.t ‘a’ 

0 
db

a b
da
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db b

da a
       (4) 

Substitute (4) in (3) 

2 2
0

  
  

 

x y b

a b a
 

2


x y

a ab
 

 
1

(1)
1 1 1 1 2

x y x y

x y a b a b
from

a b

     
     

          


 

1
2

2
   

x
a x

a
 

1
2

2
  

y
and b y

b
 

Substitute a, b in (2) 

   2

2

2 2

4

x y c

xy c



 
 

which is the required envelope 

5.  Determine the envelope of the two parameter family of parabolas 1
x y

a b
  where the 

two parameters a and b are connected by the relation     a b c   where c is a given 

constant. 

Solution: 

Using the given relation     a b c  , 

Eliminate      b c a       (1) 

From the given family, 

           1      
x y

a b
     (2) 

Substitute (1) in (2) 
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1   


x y

a c a
     (3) 

which is now a one - parameter family of parabolas with ‘a’ as the parameter 

Differentiating (3) w.r.t ‘a’ 

 
 3 3

2 2

3 1

2 2

1 2

2 3

1

3

1

3

1

3

1 1 1 1
1 0

2 2
x y

c aa

c a y

a x

c a y

a x

y

x

c a y

a a
x



    
       

    

   
   

   

  
  

 

 
 

 

 

 

1

3

1

3

1 1

3 3

1

3

1
c y

a
x

c x y

a
x

 




 

1

3

1 1

3 3

 



cx
a

x y

     (4) 

Substitute (4) in (3) we get the required envelope as 

1 1

2 1 1 2 1 1 12 2

3 3 3 3 3 3 2
      

         
         

x x y y x y c  

1 1
1 1 2 2 12 2
3 3 3 3 2

 
               
     

  

x y x y c  

3
1 1 12
3 3 2

 
   

 
x y c   

Thus the envelope is the asteroid given by 
1 1 1

3 3 3x y c  . 
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6.  Show that the envelope of a family of parabolas 1
x y

a b
  under the condition 2ab c

is a hyperbola having its asymptotes coinciding with the axes. 

Solution: 

Equation of hyperbolas is 

1 1

2 2

  1  
   

    
   

x y

a b
   (1) 

where 2  ab c         (2) 

Differentiating (1) with respect to ‘a’ regarding b as a function of a 

1 3 1 3

2 2 2 2
1 1

0
2

  
2

 
 

    
    

   

db
x a y b

da
     (3) 

Differentiating (2) w.r.t ‘a’ regarding b as a function of a  

.1 0 
db

a b
da

 

 


 
db b

da a
        (4) 

Substitute (4) in (3) 

1 3 1 3

2 2 2 2
1 1

0
2 2

b
x a y b

a

 
       

      
     

 

Dividing by 
1

2

 
 
 

and multiplying by ‘a’ 

1 1 1 1

2 2 2 2 0

0

x a y b

x y

a b

 

 

  

 

1
From (1)

1 1 1 1 2

x y

a b

x y x y

a b a b
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1 1

2 2

x y
and

a b
    

Squaring, 

1 1

4 4

4 4

x y
and

a b

a x and b y

  

  

 

Substitute a and b in (2), we get 

   2

2

4 4

16

x y c

xy c



 
 

which we know is a rectangular hyperbola with asymptotes as axes. 

7.  Find the envelope of the ellipse 
2 2

2 2
1

x y

a b
  where a and b are connected by 

a b c  and c is a constant. 

Solution: 

Given 
2 2

2 2
1      

x y

a b
       (1) 

Also         a b c       (2) 

Differentiating (1) w.r.t ‘a’ 

2 2

3 3
    

2 2
0


 

x y db

a b da
       (3) 

Differentiating (2) w.r.t ‘a’ 

1 1
0

2 2
 

db

daa b
 

 


 
db b

da a
        (4) 

Substitute (4) in (3) 
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2 2

3 3

2 2

3 3

2 2

2 2

2 2

2 2

2 2
0

x y b

a b a

x y b

a b a

x y

a b

a b a

b

x y

a b

a ab

  
    

 

 

   
   
    

 
 
 

   
   
    

 

2 2

2 2

2 3
2

3

2
5 1 1 5

2 22 2 2

1 1 1
(From (1)

1



   
   
 

   

 
     

 

x y

a b

a ab a ab a ca a b

x a
x c

a a c a

a x c a x c

 

Similarly 

2

3

2
5 1 5

2 22 2

1y b

b a a c

b y c b y c



 
     

 

 

Substitute a and b in (2) 

1 1
1 1 15 5

2 22 2 2

1
1 2 2 2

10 5 5

2 2 2

5 5 5 ,

   
    

   

 
   

 

  

x c y c c

c x y c

x y c

 

which is the required envelope of the given family. 
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8.  Find the envelope of the ellipse 
2 2

2 2
1,

x y

a b
  where a and b are connected by the relation 

2 2 2 ,a b c  c being a constant. 

Solution: 

Given 
2 2

2 2
       1   

x y

a b
      (1) 

Also 2 2 2      a b c        (2) 

Eliminating b from (2) we get 

2 2 2         b c a        (3) 

Substitute (3) in (1), we get 
2 2

2 2 2
1

x y

a c a
 


 

   2 2 2 2 2 2 2 2    c a x a y a c a  

 4 2 2 2 2 2 2 0       a a c x y c x      (4) 

(4) is a quadratic equation in 
2.a  

The envelope is given by 2 4 0 B AC  

 

 

   

2
2 2 2 2 2

2 2 2 2 2 2

2 22 2

4 0

2 2 0

0, 0

and and

.

c x y c x

c x y cx c x y cx

x c y x c y

x c y x c y x c y x c y

x y c

    

            

      

            

   

 

.  If 
2 2 ,a b c  show that the envelopes of the family of ellipses 

2 2

2 2
1

x y

a b
   with a, b as 

parameters are the straight lines x y c   . 

Solution: 

Given 
2 2

2 2
1          

x y

a b
      (1) 

Treating b as a function of a and differentiating equation (1) w.r.t ‘a’, we get 
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2 2

3 3
 

2
 

2
0


 

x y db

a b da
       (2) 

Also given 2 2       a b c        (3) 

Differentiating (3) w.r.t ‘a’ 

2 2 0 
db

a b
da

 

 



db a

da b
        (4) 

Substitute (4) in (2) 

2 2

4 4


x y

a b
 

 

2 2 2 2

2 2 2 2

2 2 2 2

1
(1)and 3

x y x y

a b a b
from

a b a b c

     
     

          
 

2 2

4 4

1 1
and  

x y

a c b c
 

2  a c x and b2 =  c y  

Substitute 
2 2a and b in (3) 

2 2(3)  c a b  

c cx cy    

So the required envelopes are   x y c . 

10. Find the envelope of 
2 2

2 2
1

x y

a b
   where ,n n na b c  a and b being the parameters. 

Solution: 

Given 
2 2

2 2
  1    

x y

a b
        (1) 

Also   n n na b c        (2) 
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Differentiating (1) w.r.t ‘a’ 

2 2

3 3
    

2 2
0


 

x y db

a b da
       (3) 

Differentiating (2) w.r.t ‘a’ 

1 1 0  n n db
na nb

da
 

1

1




  

n

n

db a

da b
     (4) 

Substitute (4) in (3) 

 

2 2 1

3 3 1

2 2 1 2 2

3 3 1 2 2

2 2 2 2

2 2 2 2

2 2

2 2

2 2 2 2

1 1
2 22

2 2
0

1
(1) (2)

1 1

n

n

n

n n n

n n n n n

n n n n

n n n n

n nn n

x y a

a b b

x y a x y

a b b a b

x y x y

a b a b
from and

a b a b c

x y
and

a c b c

a x c and b y c

a x c and b y c







  

 

 



  
  

 

   

     
     

       


  

  

        
2

 

Substitute a and b in (2) 

   
2

2 22 2

2 22 2 2

n n
n n nn n

n n n
nn n n

x c y c c

c x y c

 

  

       

 
   

 

 

    2

2

2 22 2

2

2.

n n n

n n

n

n

n

n n

c
x y

c

c c

 







  



 

2 2 22 2 2

n n n

n n nx y c                

which is the required envelope. 
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11.  Find the envelope of the family of ellipses whose axes coincide and whose area is constant. 

Solution: 

Given 
2 2

2 2
1    

x y

a b
        (1) 

is the equation of the ellipse where a and b are the variables 

Parameters connected by the equation    ab k     (2) 

ab  being the area of an ellipse whose semi - axes are a and b. 

Differentiating (1) and (2) regarding a and b as variables, we get 

2 2 2 3

3 3 3 2
0


   

x y db db x b

a b da da a y
 

.1 0


   
db db b

a b
da da a

 

From the above equations, we get 
2 2

2 2

x y

a b
  

From (1) 
2 2

2 2

1 1

2 2

x y
and

a b
   

2 2a x and b y      

Substitute a and b in (2), 

we get the envelope 
2

k
xy


  a pair of conjugate rectangular hyperbolas. 

12.  Find the envelopes of the family of curves 1
m m

m m

x y

a b
  where the parameters a and b are 

connected by the relation p p pa b c  . 

Solution: 

Equation of the given family of curves is 

1    
m m

m m

x y

a b
      (1) 

where the parameters a and b are connected by the relation  

 p p pa b c       (2) 

 Now we shall differentiate (1) and (2) w.r.t ‘a’ regarding b as a function of a. 
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From (1) we get, 
1 1

0
m m

m m

mx my db

a b da 


   

1

1

  

m

m

m

m

x

adb

da y

b





 
 
 


 
 
 

      (3) 

From (2) we get, 

1 1 0p p db
pa pb

da

    

1

1
 






 

p

p

db a

da b
    (4) 

Equating the two values of ,
db

da
we get 

1 1

1

1

m

m p

pm

m

x

a a

by

b

 





 
 
 


 
 
 

 

      

m

m p

pm

m

x

a a

by

b

 
 
 

 
 
 
 

      (5) 

Eliminating a and b between (1), (2) and (5) we get the required envelope 

From (5) we have 

 

2

1

1
(1) 2

1

.

m m m m

m m m m

p p p p p

m

p m p

p m m p m p p m

mp pp
p m p p m p mp m

x y x y

a b a b
from and

a b a b c

x

a c

a x c a x c

a x c x c
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Similarly 

2

.

mp p

p p m p mb y C   

Substitute 
p pa and b in (2) we get 

2

2

p mp mp

pp m p m p m

mp mp p
p

p m p m p m

mp mp mp

p m p m p m

c x y c

x y c

x y C

  


  

  

  
  

  

  

  

 

which is the required envelope. 

Exercise: 

1.  Find the envelope of 1
x y

a b
   where 2 2 4a b  . 

2.  Find the envelope of the family of straight lines 1
x y

a b
   where parameters a and b are 

connected by the relation 
3 3 3 ,a b c c   being a constant. 

3.  Find the envelope of the straight line 1
x y

a b
   where ab = 4. 

4.  Find the envelope of the family of curves 

1 1

2 2

1
x y

a b

   
    

   
 where a and b are connected by 

the relation (i) n n na b c  . 

(ii) a + b = c, c being a constant. 

5.  Find the envelope of curves 1
m m

m m

x y

a b
  . 

when (i) a b c  . 

(ii) 
2 ,ab c c being a constant. 

6.  Show that the envelope of the straight line of given length l which slides with extremities on 

two fixed straight lines at right angles is 
2 2 2

3 3 3x y l  . 
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Hint : Let us take the two fixed straight lines at right angles as axes. Let the equation of the 

line with its ends on the given perpendicular lines as axes be 1
x y

a b
  where 2 2 2a b l  . 

 

Fig.2.15 

7. Find the envelope of the family of ellipses 
2 2

2 2
1 

x y

a b
 where the parameters are connected 

by a + b = c, c is a constant. 

8. Find the envelope of 1 
x y

a b
 where the parameters a & b are connected by the relation 

ambm = cm + n, c is a constant. 

Answers 

1. 
2 2 2

3 3 3x y a  . 

2. 
3 3 3

4 4 4x y c  . 

3. 4xy = 1. 

4.  i) 2 1 2 1 2 1

n n n

n n nx y c    .  ii) 
1 1 1

3 3 3x y c  . 

5.  i) 1 1 1

m m m

m m mx y c       ii) 
24xy c . 

7. 
2 2 2

3 3 3 x y c  

8. 

m n

m n m nc
x y m n

m n
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Envelope of Family of Curves with Two Parameters 

 

Equation of the Curve Condition for Parameters Envelope of Family with Respect to Given 
Condition 

1
x y

a b
   a2 + b2 = c2 

 

2 2

2 2
1 

x y

a b
 a + b = c 

 

2 2

2 2
1 

x y

a b
 ab = c 

 

1 
x y

a b
 a + b = c 
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EVOLUTE AS ENVELOPE OF NORMALS  

Let 1 2 3, ,P P P  be consecutive points on a curve and the normal at 1 2,P P  cut at 1Q  and the 

normal at 2 3,P P  cut at 2.Q  In the limiting process as 3 1P and P  moves towards 2 2,P Q  moves 

towards 1Q . 2 1Q and Q are the centres of curvature at the points 2 1.P and P  As both 2 1Q and Q  lie 

on the evolute and also on the normals, it is clear that the normals to the original curve are tangents 

to the evolute. Hence the evolute can also be thought of as the envelope of the normals to the 

original curve. 

 

Fig 2.16 

In the differential geometry of curves, the evolute of a curve is the locus of all its centres of 

curvature, Equivalently it is the envelope of the normals to a curve. The original curve is an involute 

of its evolute. 

 

Fig 2.17 

The normals to the curve form a family of straight lines. Thus the envelope of the normals is 

the locus of the ultimate points of intersection of consecutive normals. But we know that the centres 

of curvature is the point of intersection of consecutive normals. So the envelope of the normals 

must be the locus of the centres of curvatures, which is the evolute of the given curve. 
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Hence, the evolute of a given curve can also be considered as the envelope of the normals to 

the curve. 

Problems: 

1.  Find the evolute of 
2 4y ax  considering it as the envelope of the normals. 

Solution: 

Any point on  2 24 is ,2y ax at at  

2 , 2

2 , 2

/ 2 1

/ 2

x at y at

dx dy
at a

dt dt

dy dy dt a
m

dx dx dt at t

 

 

   

 

The equation of the normal to  1 1,x y with m as the slope of the tangent to a curve is given 

by 

   

 

1 1

2

1

1
2

1

y y x x
m

y at x at

t


  


  

 
 
 

 

3 2    y xt at at      (1) 

Differentiate equation (1) partially with respect to t we have 

23 2 x at a  

1

2
2 2 2

3 3

  
    

 

x a x a
t t

a a
 

Substituting the value of t in equation (1) 
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1 3 1

2 2 2

1

2

1

2

1

2

2 2 2
2

3 3 3

2 2
2

3 3

2 2 6

3 3

2 4

3 3

x a x a x a
y x a a

a a a

x a x a
a

a a

x a x a a
a

a a

x a x a
a

a a

       
       

     

    
    

   

     
    

   

    
    

   

 

1 1

2 22 4 2

3 3 3

       
      

     

x a x a x a
y a x

a a a
 

   

1

22 4

3 3

      
     

    

x a x a
a x

a a
 

  

1

22 4 3

3 3

     
    

   

x a x a x

a
 

  

1

22 4 2

3 3

    
    

   

x a a x

a
 

    

1

2 Multiply the numerator2 2
2

and denominator bya3 3

x a x a
a

a a

     
       

     
 

3

22
2

3

 
   

 

x a
y a

a
 

 
3

2
3 1

2 2

2
2

3


 y x a

a

 

 
3 1 3
2 2 23 . . 2 2  a y x a  

Squaring on both side, 

 
3227 4 2ay x a  . 
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2.  Regarding the evolute as the envelope of the normals, show that the evolute of the ellipse 

2 2

2 2
1

x y

a b
   is the curve      

22 2
2 2 33 3ax by a b   . 

Solution: 

Any point on 
2 2

2 2
1

x y

a b
   is given by  cos , sina b   

cos , sin x a y b   

sin cos  
dx dy

b
d d

 
 

 

/ cos
cot

/ sin


   



dy dy d b b
m

dx dx d a a

 


 
 

Equation of the normal at  1 1,x y is 

   

 

1 1

1

sin cos
cot

   

  

y y x x
m

a
y b x a

b
 



 

   cot sin cos  b y b a x a    

   
cos

cos
sin

  b y bsin a x a


 


 

by 2 2cos cos sin sin cos sinb ax a         

Divide by sin cos   

2 2

sin cos
  

by ax
b a

 
 

2 2

cos sin
 


 

ax by
a b

 
      (1) 

Now partially differentiate equation (1) with respect to   

1 sin 1 cos
. .

cos cos sin sin

 
   

 
ax by

 

   
  

cot
tan

cos sin




ax by 
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2

tan cotax by   

 

Fig 2.17 

 
3

tan  ax by  

 
3

tan



by

ax
  

 

1

3

tan
 

  
 

by

ax
  

 

   

1

3

2 2

3 3

sin


 



by

ax by

  

 

   

1

3

2 2

3 3

cos 



ax

ax by

  

Equation (1) becomes 

   

 

   

 

2 2 2 2

3 3 3 3
2 2

1 1

3 3

 
   

ax ax by by ax by
a b

ax by

 

       
2 2 2 2

2 2
3 3 3 3

 
     

 
ax by ax by a b  

     
22 2

2 2 33 3   ax by a b  

which is the required evolute. 
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3) Considering the evolute as the envelope of the normals, find the evolute of the asteroid 

2 2 2

3 3 3x y a  . 

Solution: 

Any point on the asteroid  

2 2 2

3 3 3x y a   is given by  3 3cos , sina a   

3 3. . cos , sin i e x a y a   

   2 23 cos sin 3 sin cos  
dx dy

a a
d d

   
 

 

2

2

/ 3 sin cos

/ 3 cos sin
  



dy dy d a
m

dx dx d a

  

  
 

tan m   

Equation of the normal is 

 

   

  

3 3

3 3

4 4

4 4

2 2 2 2 2 2

2 2

1
sin cos

tan

sin sin cos cos

sin sin cos cos

sin cos (cos sin )

cos sin cos sin ( )(a b)

cos 2 cos 2 cos sin

y a x a

y a x a

y a x a

y x a

a a b a b

a A A A

 


   

   

   

   



  

  

  

   

         

     

 

. . sin co c  s os 2  i e y x a        (1) 

Differentiate equation (1) with respect to   

cos sin 2 s   in 2 y x a         (2) 

Eqn   21 cos cos sin cos cos 2 cosy x a           

Eqn   22 sin sin cos sin 2 sin 2 siny x a          

Subtracting we have, 



111 

 

 

2 2

2 2

3 2 2

(cos sin ) cos 2 cos 2 sin 2 sin

cos 2 cos 2 sin 2 sin

(cos sin )cos 2 2sin cos sin

cos sin cos 4 sin cos

x a a

x a a

a a

a a

     

   

     

    

    

 

  

    

 

3 2  cos 3 sin cos x a a         (3) 

Now, Eqn   21 sin sin cos sin cos 2 siny x a           

Eqn   22 cos cos sin cos 2 sin 2 cosy x a          

Adding we have, 

2 2(sin cos ) 2 sin 2 cos cos2 siny a a         

2 22 (2sin cos .cos ) (cos sin )sin  y a a       

2 2 34 sin cos cos sin sin  y a a a      

2 33 sin cos sin y a a         (4) 

Adding (3) & (4) we get 

 3 3

3 2 2 3

cos sin 3 sin cos (sin cos )

cos 3 sin cos 3 cos sin sin

    

   

x y a a

a a a a

     

     
 

 

   

3

22
2

33

cos sin

cos sin

  

  

x y a

x y a

 

 

 

Similarly, 

 

   

3 2 2 3

3

22
2

33

cos 3 cos sin 3 sin cos sin

cos sin

cos sin

x y a a a a

x y a

x y a

     

 

 

    

  

  

 

Thus, 



112 

 

 

which is the required evolute. 

4.  Find the evolute of cycloid    sin , 1 cosx a y a       treating it as the envelope of 

its normals. 

Solution: 

 sinx a     

 1 cosy a    

 1 cos ; sin
dx dy

a a
d d

 
 

    

 
sin sin

1 cos 1 cos

dy a

dx a

 

 
 

 
 

Equation of the normal, 

 1 1

1
y y x x

m
     

dy
m

dx
  

    
1

1 cos sin
sin

1 cos

y a x a  





    

 
 

 

 

 
 

1 1 cos
cos sin

sin

 
    y a a x a a


  


 

sin siny a  sin cos a   sin   x a a  cos cos sin cos  x a a      

sin cos cosx y a a x         

       
22 2

2 2
33 3

2

2 23

cos sin cos sin

cos sin 2cos sin

       
 

  

x y x y a

a

   

    2 2cos sin 2cos sin     

   

2

3

22 2
33 3

2

2

 
 



    

a

x y x y a
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 sin 1 cos cos   x y a x     

 cos sin 1 cos    x x y a     

   1 cos sin 1 cos    x y a      

sin

1 co
      

s
  



y
x a





     (1) 

Since 

2
sin

1 cos








sin
2



2

2

cos


2sin

cot
2

2





 

From (1) 

cot  
2

  x y a


       (2) 

Differentiate (2) with respect to   

 

2

2

2

1
cos .

2 2

2

cos
2

2 sin
2

1  c  s  o

 
  

 




 

  

y ec a

a
y

ec

y a

y a









  22sin 1 cos
2




 
  

 
 

Substitute in equation (1) 

1 cos  x a  
sin

1 cos
 
  





sin   



 

a

x a a



 

 

sin x a a   

 si  n x a    

From (3) & (4) envelope of the normal is a cycloid. 

Hence evolute of the given cycloid is another cycloid. 
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Exercise 

1.  Define Evolute of a curve as an envelope of its normals. 

2.  Regarding the evolute of a curve as the envelope of its normals, find the evolute of 

2 4x ay . 

3.  Find the evolute of 
2 2

2 2
1

x y

a b
   considering it as an envelope of its normals. 

4.  Considering the evolute of a curve as the envelope of its normals, find the evolute of the 

rectangular hyperbola 
2xy c . 

5.  Show that the evolute of the cycloid    sin , 1 cosx a y a       , treating it as the 

envelope of its normals is another cyclord    sin , 1 cosx a y a       

Answers 

2.   
3227 4 2ax y a   

3.      
22 2

2 2 33 3ax by a b      

4.      
2 2 2

3 3 34x y x y c     
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UNIT 3 

MULTI VARIABLE CALCULUS 

 

Introduction 

 A function of two variables maps points (x, y) in the XY plane to numbers z on the    Z axis. 

These functions are generally denoted by f (x, y). It can also be considered as an assignment of a real 

number to a point (x, y) in the XY plane. 

 The equation in two variables geometrically represents a curve which indicates the 

dependency between the variable quantities. This idea is originated from Descartes during 1596-

1650. 

 Later it was Leibnitz (1646-1716) who first used the term function in 1673. He also 

introduced the terms constants, variables and parameters. 

 A function f of two variables is a relation, which maps every point of a set D in the XY plane 

to at most one real number z. The set D is called the domain of the function f. This representation of 

two variables as a function is identified by Euler during the period 1707-1783, in practice. 

Examples of Functions of Two variables 

 Consider the functions z xy ,  z cosx siny . In these examples x, y are called the 

independent variables and z is called the dependent variable. 

 The graph of the functions of two variables is a surface z = f (x, y) where z is the height of the 

surface at (x, y). 

 For example 2 2z  2 2 4x y   is an elliptic paraboloid. 

Applications of functions of two variables 

 The functions of many variables are useful in every field of engineering applications. For 

example when a violin is placed in the XY plane with strings of length l coincides on the x axis, then u 

(x, t) is defined as the displacement of the string above or below a point x on the x axis at a time t, 

then     ,  y u x t  is the shape of the string at a fixed time t. Likewise u (x, t) might represent the 

evolution of the temperature distribution of a thin rod, where u represents the temperature at time 

t at a distance x from one end.  The distribution of temperature on a thin metal plate with surfaces 

insulated is also a function of two variables  ,  u x y  in the XY plane. The Ideal gas law is also an 
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example of function of two variables. The Ideal gas law given by   RT.P    Here P is a function of 

both density  , temperature T and R is the gas constant. 

Limits 

 The function  ,  f x y  is said to tend to the limit l as x  a and y  b if and only if the limit 

‘l’ is independent of the path. In this case we write  

   lim ,    
x a
y b

f x y l



  

The limit can also be defined in terms of a circular neighbourhood as follows. The function f (x, y) 

defined in a region R is said to tend to the limit ‘l’ as x  a and y  b if and only if corresponding to a 

positive number  there exists another positive number   such that   ,   –f x y l  for 

2 2 20 (x a) (y b)       for every point (x, y) in R 

Continuity: 

 A function f (x, y) is said to be continuous at the point (a, b) if  

 lim ,  
x a
y b

f x y



exists and    lim ,  ,  
x a
y b

f x y f a b



 . 

Partial derivatives 

 Functions of multiple variables can be differentiated with respect to either of their 

independent variables, the other variable being treated as constant during the differentiation. Such 

derivatives are known as Partial derivatives. 

 Let   f ,z x y  be a function of two variables x & y. The partial derivative of z with respect 

to x keeping y as a constant is defined as  

       

   
0

, ,
lim
x

f x x y f x yz

x x 

  


   

 Similarly 
   

0

, ,
lim
y

f x y y f x yz

y y 

  


 
 

The partial derivative exists only when the above limit exists. 
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First Order Derivatives:  

 For a function of two variables there are two first order derivatives, For example if z is a 

function of x and y then the first order derivatives are  ,x x

z
z F x y

x


 


 and 

 , .


 


y y

z
z F x y

y
These derivatives are also functions of x and y. 

Second order and Higher order derivatives 

 For functions of two variables there are 3 second order partial derivatives which are defined 

as 

2

2
( )

    
   

    
x xx

z z
z z

x x x x

 

2

2

2

2

( )

( ) (1)

( ) (2)

    
   

    

    
   

     

    
   

     

y yy

y xy

x yx

z z
z z

y y y y

z z
z z

x y x y x

z z
z z

y x y x y

 

Generally 
2 2z z

x y y x

 


   
 

The Higher order derivatives are recursively defined as 

   
5 3 2

3 2 3 2 xxxyy

z z
z

x y x y

   
  

    
 

Problems 

1) Find the first and the second order partial derivatives of 3 33 3z x y y x    . 

Solution: 

 
23 3

z
x

x


 


,

23 3
z

y
y


 


 

 
2

2

2
(3 3) 6

z
x x

x x

 
  

 
. 
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2

2

2
(3 3 ) 6

z
y y

y y

 
   

 
 

 
2

2

(3 3 ) 0
z

y
x y x

 
  

  
 

 
2

2(3 3) 0
z

x
y x y

 
  

  
 

2)  If  –  z xcos y ycos x , then prove that 
2 2z z

x y y x

 


   
 

Solution: 

 Let  sin
z

cos y y x
x


 


 

  
2

( )
  


   

z z

x y x y
 

  sin cos .


  


z
x y x

y
 

  
2

( sin cos )
 

   
  

z
x y x

x y x
 

        1  sin y sin x  

  
2   

  
    

z z

y x y x
 

   cos sin


 


y y x
y

 

        2  sin y sin x  

 
2 2z z

x y y x

 
 

   
 

3) Prove that 
2 2

2 2
0

z z

x y

 
 

 
for cos xz e y  

Solution: 
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 cosxz
e y

x





 

  
2

2
( cos ) cos 1x xz
e y e y

x x

 
 

 
 

 sinxz
e y

y


 


 

  
2

2
( sin ) cos 2x xz

e y e y
y y

 
   

 
 

 (1)+(2) 
2 2

2 2
cos cosx xz z

e y e y
x y

 
   

 
= 0. 

4) If  u log ax by   find 
2 2 2

2 2
, ,

u u u

x x x y

  

   
 

Solution: 

 
u a

x ax by




 
 

 
u b

y ax by




 
 

 
2

1

2
( )

u
a ax by

x x

 
    

 

 = 
2

2

2
( 1)( ) ( )

( )

a
a ax by a

ax by

 
  


 

 
2

1

2
( )

u
b ax by

y y

 
    

 

 =  
2

2

2
( 1)( )

( )

b
b ax by b

ax by

 
  


 

 
2u b

x y x ax by

  
  

    
 

 =  1[ ]b ax by
x
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 =  2

2
( 1)( )

( )

ab
b ax by a

ax by

 
  


 

5) Verify 
2 2u u

x y y x

 


   
 for  1sin /u y x   

Solution: 

  
2 2

u y

x x x y

 


 
 

  
2

2

1 1

1







u

xy y

x

 

 
2 2

1


x y
 

 
2    

  
    

u u

x y x y
 

   1/2
2 2


 


x y

x
 

 
3

2 2 2
1

( ) (2 )
2


 

  
 

x y x  

 

 3
2 2 2

12
2 2 2

3
1

2 2 2 22 2

1
(x y )

1
y( )

1 1
( ) ( 2 y) ( )

2

x

u
x y

y x y x

y x y x y
x











   
  

    

   
      

  

 

 
2 2 2

3

2 2 2

1 ( )

( )

 
   

 
  

y x y

x
x y

 

  
3

2 2 2( )






x

x y

         (2) 



121 

 

 Hence
2 2 


   

u u

x y y x
 

6) If 
yu x , Show that 

3 3

2

u u

x y x y x

 


    
 

Solution: 

Given  yu x  

 log





yu
x x

y
 

 
2    

  
    

u u

x y x y
 

 1 1
log . y yyx x x

x
 

   1 log 1 yx y x  

 
3 2

2

   
  

     

u u

x y x x y
 

  1 log 1
   

yx y x
x

   (1) 

 
1




yu
yx

x
 

 
2   

  
    

u u

y x y x
 

  1 1 log  y yx yx x  

  1(ylogx 1) yx  

 
3 2

2

   
  

     

u u

x y x x y
 

  1 log 1
   

yx y x
x

   (2) 
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Hence
3 3

2

 


    

u u

x y x y x
 

7. If ( )ax byz e f ax by  , show that 2
z z

b a abz
x y

 
 

 
 

Solution: 

  Differentiating z partially with respect to x 

'( ) ( )ax by ax byz
e f ax by a f ax by a e

x

 
   


 

 '( ) ( )
   



ax byz
b ab e f ax by f ax by

x
  (1) 

Differentiating z partially with respect to y 

'( )( ) ( )ax by ax byz
e f ax by b f ax by b e

y

 
    


 

 '( ) ( )
    



ax byz
a ab e f ax by f ax by

y
  (2) 

Adding (1) & (2) 

 2 ( ) 
  

 

ax byz z
b a abe f ax by

x y
 

   = 2abz 

Exercise problems 

1.  Evaluate 
z

x




 and 

z

y




 if z = log 2 2( )x y  

2.  If 
2 2

1z tan
x y

x y

  
  

 
 find 

z

x




 and 

z

y




 

3.  If   3 4 ,z sin xcos y  find 
z

x




,

z

y




,

2

2

z

x




 

4.  If 4 4 2 23u x y x y   , then prove that 4
u u

x y u
x y
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5.  If    ,  z sin y ax   then prove that  
2 2

2

2 2

z z
a

x y

 


 
 

6.  If cosx r  , sin ,y r   then prove that sin
x

r 



 


, sin

y
r 







 

7.  If cosx r  , sin ,y r   then prove that  
2 2

2 2
0

x y

  
 

 
 

8.  If 2 2 2u x y y z z x   , then prove that  2( )
u u u

x y z
x y z

  
    

  
 

9.  If 3 3 3 ,u x y axy    then prove that  
2 2u u

x y y x

 


   
  

10.  If 
2

,
x y

f
x y





 then find 

f

x




 and 

f

y




 

Answers: 

1.    
2 2

2z y

x x y




 
 ; 

2 2

2z y

y x y




 
 

2.    
2 2

2 2 2 2

2

( ) (x y )

z x xy y

x x y

  


   
 , 

2 2

2 2 2 2

2

( ) (x y )

z y xy x

y x y

  


   
 

3.    3cos3 cos 4
z

x y
x





, 4sin 3 sin 4

z
x y

y


 


,

2

2
9sin 3 cos 4


 



z
x y

x
 

10. 
2

3

( )

f y

x x y




 
  ;  

2

3

( )

f x

y x y

 


 
   

HOMOGENEOUS FUNCTIONS 

 A function in which every term is of the same degree, is known as a homogeneous function 

of that degree. 

Consider, 

 
1 2 2 1

0 1 2 1( , ) ....n n n n n

n n nf x y a x a x y a x y a xy a y  

        (1) 

Since every term of this function has the same degree, it is a homogeneous function of degree n in x 

and y. 
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Examples: 

1) 2 2( , )f x y ax by cxy   is a homogeneous function of degree 2 

2) ( , )f x y x y  is a homogeneous function of degree 1 

Now the expression  1  can be written as 

2

0 1 2( , ) ....  which is of the form

n

n

n

y y y
f x y x a a a a

x x x

       
          

       

n y
x F

x

 
 
 

 

[or] 

2

1 2 0( , ) .....  which is of the form 

n

n n

n n n

x x x x
f x y y a a a a y G

y y y y
 

         
           

         

 

Thus, every homogeneous function of degree n in x and y can be expressed in the form 

 or .n ny x
x F y G

x y

  
  

   
 

Examples: 

 1) 3 cos
 
 
 

y
x

x
 is a homogeneous function in x and y of degree 3 

2) 1tan  
 
 

y

x
is a homogeneous function in x and y of degree 0. 

TEST FOR HOMOGENEITY OF A FUNCTION OF TWO VARIABLES 

 If f(tx, ty) = tnf(x, y) then f(x, y) is called a homogeneous function of degree n where n is any 

real number.  

 The above equation is called Euler’s equation  

 Example: 

 
3 3

( , )





x y
f x y

x y
is a homogeneous function of degree 2 

 Since  
3 3 3 3 3 3 3 3 3( ) ( ) ( )

 ( , )
( ) ( ) ( )

tx ty t x t y t x y
f tx ty

tx ty tx ty t x y
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3 3

2 2 ( , )
x y

t t f x y
x y

 
  

 
 

NOTE: 

If the numerator of a function is homogeneous of degree p and the denominator of the same 

function is homogeneous of degree q, then the degree of the function is given by, 

Degree of a function = degree of numerator - degree of denominator = p - q 

Example: 

 Let 

1
1 1 2
3 3

1 1

4 4

 ( , )

 
 

 
  

x y
f x y

x y

 

Here numerator      

1
1 1 2
3 3

1= ( , )( )
 

  
 
x y f x y say  

 

11
1 1 1 1 1 22
3 3 3 3 3

1( , ) ( ) ( )
     

       
     

f tx ty tx ty t x y  

 

1
1 1 1 12
6 3 3 6

1 1( , ) ( , )
 

   
 

f tx ty t x y t f x y  

 Numerator is a homogeneous function of degree 
1

6
 

 Denominator 

1
1 1 2
4 4

2 ( , ) (say)
 

   
 

x y f x y  

 

11
1 1 1 1 1 22
4 4 4 4 4

2 ( , ) ( ) ( )
    

      
     

f tx ty tx ty t x y  

 

1
1 11 1 2
8 84 4

2 2( , ) ( , )
 

   
 

f tx ty t x y t f x y  

  Denominator is a homogeneous function of degree 
1

8
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f (x, y) is also a homogeneous function of degree 
1 1 1

6 8 24
   

APPLICATIONS: 

 Homogeneous functions have enormous applications in various fields. It is applicable in 

projective geometry, differential equations, special function, calculus of variations, analytical 

mechanics, dimensional analysis, economics, thermodynamics and so on… 

 LEONHARD EULER [1707-1783] was a pioneering Swiss Mathematician and Physicist. He 

made important discoveries in various fields like calculus, graph theory, number theory, physics and 

so on. His contributions were so numerous that terms like Euler’s formula or Euler’s theorem can 

mean many different things depending on the context. 

 

EULER’S Theorem on Homogeneous Functions 

If u(x, y) is homogeneous function of degree n in x and y then 
 

 
 

u u
x y nu

x y
 

Proof: 

Since u is a homogeneous function of degree n in x and y, can be expressed as  

 1
 

  
 

n y
u x F

x
 

Differentiating (1) partially with respect to x, we have 

 

1

2

2 1

1

.

2



 



     
     

     

    
     

    

    
      

    

n n

n n

n n

u y y y
x F F nx

x x x x

u y y
yx F nx F

x x x

u y y
x yx F nx F

x x x

 

Differentiating (1) partially with respect to y, we have 

11
.n nu y y

x F x F
y x x x
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 1

1

3

(2) (3) gives, 





  
   

  

   
     

   

n

n

u y
y x yF

y x

u u y
x y yx F

x y x

1   
    

   

n ny y
nx F x yF

x x

   
   

   

nu u y
x y nx F nu

x y x

 

Hence the theorem is proved. 

The above theorem can be generalized to homogeneous functions of any number of variables. Thus 

if 
1 2( , ,.... )mu f x x x  is a homogeneous function of degree n in variables 

1 2, ,... mx x x  then 

 1 2

1 2

..... m

m

u u u
x x x nu

x x x

  
   

  
 

COROLLARY 1: 

 If u is a homogeneous function of degree n, then 

2 2 2
2 2

2 2
2 ( 1)

u u y
x xy y n n u

x x y y

  
   

   
 

Proof: 

Since u is a homogeneous function of degree n, by Euler’s theorem,  

    1
 

 
 

u u
x y nu

x y
 

Differentiating (1) partially with respect to x, we get, 

 

2 2

2

2 2

2

.

( 1) 2

   
  

    

  
   

   

u u u u
x y n

x x x y x

u u u
x y n

x x y x

 

Differentiating (1) partially with respect to y on both sides, we get 

2 2

2
.

u u u u
x y n

y x y y y

   
  

    
 

 
2 2

2
( 1) 3

  
   

   

u u u
x y n

y x y y  
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 (2) (3)  gives,   x y  

2 2 2 2
2 2

2 2
( 1)

      
      

        

u u u u u u
x xy xy y n x y

x x y y x y x y

2 2 2 2 2
2 2

2 2
2 ( 1)            since

     
      

        

u u u u u
x xy y n n u

x x y y x y y x
 

COROLLARY 2: 

If v is a homogeneous function of degree n in x and y and if ( )v f u  then 

( )
(i) 

( )

 
 

 

u u f u
x y n

x y f u
 

  
2 2 2

2 2

2 2

( )
(ii) 2 ( ) '( ) 1  where ( )

'( )

  
    

   

u u u f u
x xy y g u g u g u n

x x y y f u
 

Proof: 

Since v is a homogeneous function, by Euler’s theorem,
v v

x y nv
x y

 
 

 
 

Again since ( ),   '( ) ,    '( )
v u v u

v f u f u f u
x x y y

   
  

   
 

 '( ) '( ) ( )

( )
(or) 

( )

u u
xf u yf u nf u

x y

u u nf u
x y

x y f u

 
  

 

 
 

   

( )
( )

( )

nf u
Taking g u

f u




 

  
  we get ( ) 1

u u
x y g u

x y

 
 

 
 

Differentiating (1) partially with respect to x, 

 

   

2 2

2

2 2

2

( )

( ) 1 2

u u u u
x y g u

x x x y x

u u u
x y g u

x x y x

   
  

    

  
   

   

 

Differentiating (1) partially with respect to y, 
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2 2

2

2 2

2

2 2 2 2
2 2

2 2

2 2 2
2 2

2 2

'( )

'( ) 1 3

(2) (3) '( ) 1

2 '( ) 1 ( )

   
  

    

  
   

   

      
          

        

  
    

   

u u u u
x y g u

y x y y y

u u u
x y g u

y x y y

u u u u u u
x y x xy xy y g u x y

x x y y x y x y

u u u
x xy y g u g u

x x y y

 

 
2 2

since 
  

 
    

u u

x y y x
 

APPLICATIONS: 

 Euler’s theorem on homogeneous function is applicable in Lagrangian Dynamics, useful in 

developing thermodynamic distinction between extensive and intensive variables of state and 

deriving Gibb’s-Duhem relation [energy form of Euler’s equation] Also useful in production 

economics theory. 

Examples 

1. Verify Euler’s theorem for the following functions 

(i) 2 2 43 5 4x yz xy z z   (ii) 

1 1

4 4

1 1

5 5

x y

x y





 (iii) 3 log
y

x
x

 
 
 

 

(iv)
1 1sin tan

x y

y x

    
   

  
 

Solution 

(i) Let 2 2 43 5 4u x yz xy z z    

Then, 
2 2 2 2 36 5 , 3 10 , 3 5 16

u u u
xyz y z x z xyz x y xy z

x y z

  
      

  
 

2 2 2 2 3 (6 5 ) (3 10 ) (3 5 16 )
u u u

x y z x xyz y z y x z xyz z x y xy z
x y z

  
         

  
 

2 2 2 2 2 2 4

2 2 4 2 2 4

6 5 3 10 3 5 16

12 20 16 4 3 5 4

x yz xy z x yz xy z x yz xy z z

x yz xy z z x yz xy z z
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4
u u u

x y z u
x y z

  
  

  
 

 Euler’s theorem is verified. 

 

(ii) 

1 1

4 4

1 1

5 5

x y
u

x y






 

Solution: 

1 1 1

4 4 41 1 1 1
1 14 4 4 4
4 5

1 1 1 11 1 1

5 5 5 55 5 5

( ) ( ) ( )
( , )

( ) ( ) ( )

t x y
tx ty x y

u tx ty t

tx ty x yt x y



 
 

    
 

  
 

 

1

20
1

( , ) ( , )   is a homogeneous function of degree 
20

u tx ty t u x y u   

Differentiating u partially with respect to x, we get 

1 1 43 1 1

5 5 54 4 4

2
1 1

5 5

1 1

4 5
x y x x y x

u

x
x y

   
     

   
  

 
 

 

1 1 11 1 1

5 5 54 4 4

2
1 1

5 5

1 1

4 5
 

   
     

    
  

 
 

x x y x x y
u

x
x

x y

 

Differentiating u partially with respect to y, we get 

 

1 1 43 1 1

5 5 54 4 4

2
1 1

5 5

1 1

4 5

   
     

   
  

 
 

x y y x y y
u

y
x y
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1 1 11 1 1

5 5 54 4 4

2
1 1

5 5

1 1

4 5

   
     

    
  

 
 

y x y y x y
u

y
y

x y

 

1 1

5 5
1

4
x y

u u
x y

x y

 
 

   
  

 

1 11 1 1 1

5 54 4 4 4
1

5
x y x y x y

    
       

     
2

1 1

5 5x y
 

 
 

 

1 1

4 4 1 1

4 4

1 1 1 1

5 5 5 5

1 1

4 5 1 1

20 20

x y
x y

u

x y x y

  
   

  
  

 

 

 Euler’s theorem is verified. 

 

(iii) 3 log
y

u x
x

 
  

 
 

The given function is of the form n y
x F u

x

 
 

 
 is a homogeneous function of degree 3 

Differentiating u partially with respect to x, we get 

 
4

3 2

2

1
. log 3

    
     

      
 
 

u y y x
x x

yx x x

x

2

y

  
 
 
 

y

2x

23 log
   

       

y
x

x
 

 3 33 log 1
u y

x x x
x x

  
     

  
 

Differentiating u partially with respect to y, we get, 

 

3
3

3

1 1
. . .

2

  
  

    
 
 


 



u x
x

yy x y

x

u
y x

y
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3 3 3

3

3 log

3 log 3

Euler's theorem is verified.

u u y
x y x x x

x y x

u u y
x y x u

u y x

Hence

   
     

   

   
   

   

 

 

(iv)
1 1sin tan

x y
u

y x

    
    

  
 

  1 1 1 1, sin tan sin tan ( ,  )

 is a homogeneous function of degree 0

tx ty x y
u tx ty u x y

ty tx y x

u

         
          

      



 

Differentiating u partially with respect to x, we get 

2 2 2 22 2 2

1 1 1 1

11

u y y

x y x x yy y xx
xy

   
      

              

 

Differentiating u partially with respect to y, we get 

2 22 2 22 2

2 2 2 22 2 2 2

1 1 1

11

 and 

0 0.

 Euler's theorem is verified.

u x x x

y y x x yy y y xx
xy

u x xy u x xy
x y

x x y y x yy x y x

u u
x y u

x x

    
      

              

  
    

    

 
   

 



 

2.  If   evaluate 
y u u

u f x y
x x x

  
  

  
 

Solution: 

 Since ,
y

u f
x

 
  

 
u is a homogeneous function of degree ‘0’. 
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Hence by Euler’s theorem, 
u u

x y nu
x y

 
 

 
 becomes, 

0
u u

x y
x y

 
 

 
 

3. If ,
x y z

u
y z x

    find 
u u u

x y z
x y z

  
 

  
 

Solution: 

( , , ) ( , , )
tx ty tz x y z

u tx ty tz u x y z
ty tz tx y z x

        

u is a homogeneous function of degree 0 

Hence by Euler’s theorem, 0
u u u

x y z
x y z

  
  

  
 

4. If  ,
y

z xy f
x

 
  

 
 Show that 2

z z
x y z

x y

 
 

 
 

Solution: 

      

 

2

2

,  .   

,  ( ,  )

 is a homogeneous function of degree 2.

By Euler's theorem, 2

y ty y
z x y xy f z tx ty tx ty f t xy f

x tx x

z tx ty t z x y

z

z z
x y z

x y

Given
     

        
     





 
  

 

 

5. If 
2 2 21

,  prove that 
u u u

x y z then x y z u
u x y z

  
      

  
 

Solution:

 

 

2 2 2

2 2 2

2 2 2 2 2 2 2 2 2 2 2 2 2

1

1 1
Given ( ,  ,  )=

1 1 1
, ,

( )

, , ( , , )

 is a homogeneous function of degree 1

 By Euler's theorem, ( 1)

x y z u x y z
u x y z

u tx ty tz
t x t y t z t x y z t x y z

u tx ty tz t u x y z

u

u u u
x y z u u

x y z
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6. If 
3 3

1

2 2
cos ,  Prove that cot

x y u u
u x y u

x y x y

    
    

   
 

Solution: 

Given 
3 3 3 3

1

2 2 2 2
cos cos (say)   

    
  

x y x y
u u v

x y x y
 

Then v is a homogeneous function of degree1 

 
   

     
   

3 3 3 3 3 3 3 3 3

2 2 2 2 2 2 2 2 2

( )
since, v ,

, ,

tx ty t x t y t x y
tx ty

t x t y t x ytx ty

v tx ty tv x y





  
  

 



 

(ie) u is not homogeneous, but  v cosu is homogeneous 

 By corollary 2 of Euler’s theorem on homogeneous function, 

 
 ( )

 where ( ) cos
'( )

 
   

 

u u n f u
x y f u v u

x y f u
 

 (cos )
( )  cot

( sin )

 
   

  

u u n u
ie x y u

x y u
 

cot

Hence proved.

 
   

 

u u
x y u

x y  

7. If 
1sin  show that 

x y yu u
u

x x yx y


   

      
 

Solution: 

 sin


 


x y
u v

x y
is a homogeneous function, since v(tx, ty) 

 
( )

( , )
( )

 
  

 

tx ty t x y
v x y

tx ty t x y
 

 sin  is a homogeneous function of degree 0v u   

 By corollary (2) of Euler's theorem on homogeneous function  
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 ( ) sin

0. 0.  where ( ) sin .
'( ) cos

 
     

 

u u n f u u
x y f u u v

x y f u u
 

  (or) .
    

   
   

u u u y u
x y

x y x x x
 

 Hence it is proved. 

8.  If 
3 3

Prove that 3 log .x y u u
u e x y u u

x y

  
  

 
 

Solution: 

u is not homogeneous as ( , ) ( , )nu tx ty t u x y  but 3 3logu x y     is homogeneous, since,  

 3 3 3 3 3 3 3 3 3 3( , ) ( ) ( ) ( ) ( , )      v tx ty tx ty t x t y t x y t v x y  

  is homogeneous of degree 3.v  

  By corollary 2 of Euler's theorem on homogeneous function,  

 
 ( )

 where ( ) log
'( )

 
   

 

u u n f u
x y f u v u

x y f u
 

 
3.log

3 log
1

 
u

u u

u

 

  3 log
 

  
 

u u
x y u u

x y
 

9. If 
2 2 2

1 2 2

2 2
sin  prove that 2 0

y u u y
u x x xy y

x x x y y

    
    

    
 

Solution: 

  1 1( , ) sin , sin    
     

   

y ty
u x y x u tx ty tx

x tx
 

 1( , ) sin ( , )  
  

 

y
u tx ty tx tu x y

x
 

Given   is a homogeneous function of degree 1u  

 By corollary 1 of Euler's theorem on homogeneous function,  
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2 2 2

2 2

2 2
2 ( 1)

  
   

   

u u u
x xy y n n u

x x y y
 

 
2 2 2

2 2

2 2
2 0

u u u
x xy y

x x y y

  
   

   
 

10. If 
3 3

1tan , then prove that
x y

u
x y

  
  

 
 

(i) sin 2
 

 
 

u u
x y u

x y
 

 
2 2 2

2 2

2 2
(ii) 2 sin 4 sin 2 .

  
   

   

u u u
x xy y u u

x x y y
 

Solution: 

 

3 3
1

3 3

3 3 33 3 3 3
2

tan  is not homogeneous, but 

tan  is homogeneous.

 ( , ) ( , )
( )

 is a homogeneous function of degree 2.

x y
u

x y

x y
u

x y

t x yt x t y
Also v tx ty t x

H

y
tx ty

re

t x y

e







  
  

 


 




  

 



 

 By corollary 2 of Euler's theorem on homogeneous function,  

  
 ( )

1  
'( )

u u n f u
x y

x y f u

 
 

 
 

Where f(u) = tan u 

and    
2 2 2

2 2

2 2
 2 ( ) '( ) 1 2  

u u u
x xy y g u g u

x x y y

  
   

   
 

Where 
( )

( )
'( )


nf u

g u
f u

 

2 2

tan 2.sin
(1) becomes, 2.

sec cos sec

u u u u
x y

x y u u u

 
  

 
 

   2sin cos sin 2 u u u  
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 ( ) sin 2 . Hence (i) is proved
 

 
 

u u
ie x y u

x y
 

(2)  becomes,   
2 2 2

2 2

2 2
2 (sin 2 ) 2cos 2 1

  
   

   

u u u
x xy y u u

x x y y
 

   2sin 2 cos 2 sin 2 sin 4 sin 2   u u u u u  

(using 2sin cos sin 2 )    

   
2 2 2

2 2

2 2
2 sin 4 sin 2

  
    

   

u u u
x xy y u u

x x y y
 

Hence (ii) is proved. 

11. If ,
y y

u x
x x

 
   

    
   

 then show that  

2 2 2
2 2

2 2
(i)      (ii)  2 0

u u y u u u
x x x x xy y

x y x x x y y


     
     

      
 

Solution: 

0(i)  Let ,  
     

       
     

y y y
v x x

x x x
     

Then v is a homogeneous function of degree 1 and ω is a homogeneous function of degree 0 

(1) (By Euler's theorem) x y
x y

 


 
  

 
 

0 (2) (By Euler's theorem)x y
x y

  
 

 
 

But 

(1) (2) 0

( ) ( )

 

Hence (i) is proved.

u

x y x y
x y x y

y
x y x

x y x

u u y
x y x

x y x
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(ii) Similarly since ʋ and ω are homogeneous functions, by corollary 1 of Euler’s theorem on 

homogeneous functions, 

 
2 2 2

2 2

2 2
2 ( 1) 0 (3)x xy y n n

x x y y

  


  
    

     

2 2 2
2 2

2 2
2 ( 1) 0 (4)x xy y n n

x x y y

  


  
    

   
 

 

 

 = 0 + 0 = 0

 

      
2 2 2

2 2

2 2
2 0

  
      

   
x v xy v y v

x x y y
    

 
2 2 2

2 2

2 2
2 0 

  
   

   

u u
x xy y

x x y y
 

Hence (ii) is proved. 

12. If  
2

 and ,  prove that
p

p iq x iy u
q

    0
u u

x y
x y

 
 

 
 

Solution 

 

 

2

2 2 2 2

Given 

2 2

p iq x iy

p iq x ixy y x y ixy

  

      
 

Equating real and imaginary parts, 

2 2

2 2 2 2

2 2 2 2

2 2 2 2 2 2 2 2 2

2 2

,  2

2 2

( ) ( )
Now ( , ) ( , )

2 2( )( )

( )
( , ) ( , )

22 2

( , ) ( , )

   

 
   



 
  

  
    

 

p x y q xy

p x y y x
u

q xy xy

y x ty tx
u x y u tx ty

xy tx ty

t y t x t y x y x
u tx ty u x y

xyt xy t xy

u tx ty u x y

 

2 2 2 2 2 2
2 2 2

2 2 2
(3) (4) 2

    
     

      

x
x xy y y

x x y y x y y
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  is a homogeneous function of degree 0u

By Euler's theorem, 0. 0

0 

Hence proved

u u
x y nu u

x y

u u
x y

x y

 
    

 

 
  

 
 

Exercise Problems 

PART A 

1. State which of the following functions are homogeneous. If so, find the degree. 

3 3
2 2 2

3 3
2

(i) (ii) (iii) 

(iv) tan (v) sin

x y
x y xy xy xy

x y

x y y
x

x y x


 



   
   

   

 

2. Give an example of a homogeneous function of degree “–1”. 

3. If ,  find .
x

y u u
u e x y

x y

 
 

 
 

4. If 
2 2 2

sin  find 
     

   
     

x y z u u u
u x y z

xy yz zx x y z
 

5. If 4 2 1sin  find    
  

  

y u u
u x y x y

x x y
 

6. If 
1 1tan cot sin  then prove that 0.

y x x y z z
z x y

x y y x x y

        
         

      
 

PART B 

7. Verify Euler’s theorem for the following functions: 

2 2
2 2

2 2

3

1 log log
(i) 2 (ii) (iii) 

(iv)  cos

x y x y
ax hxy by

x y y x

y
x

x


  



 
 
 

 

8. 
2 2

1If sin ,  show that tan
x y u u

u x y u
x y x y
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9. If 
5 5 5

2 2 2
log ,  show that 3

x y z u u u
u x y z

x y z x y z

     
    

     
 

10. If 
3 3

1sec  then prove that 2cot
x y u u

u x y u
x y x y

    
   

   
 

11. It 
1 1

cos  prove that cot 0
2

x y t t
t x y t

x yx y


   

        
 

12. If 
2 2 2 2 2

2 2

2 2 2 2
,  show that 2 .

x y u u u u u
u x y x xy y

x y x y x x y y

    
    

      
 

13. If 
2 2 2

1 2 2

2 2
sin  prove that 2 0.

y u u u
u x x xy y

x x x y y

    
    

    
 

14. If 
2 2 2

2 2

2 2
,  show that 2 0.

xy u u u
u x xy y

x y x x y y

  
   

    
 

15. If 
2 2 2 2,  prove that 

y u u
u f x y x y x y

x x y

  
      

  
 

16. If 
2 2 2

1 2 2

2 2
sin  evaluate 2

y u u u
u x xy y

x x x y y

    
   

    
 

17. If u is a homogeneous function of degree n, prove that 

2 2

2

2 2

2

(i) ( 1)

(ii) ( 1)

u u u
x y n

x x y x

u u u
x y n

x y y y

  
  

   

  
  

   

 

18. If
 

 

1
2 2 2

1
2 2 3

2
log sin ,  find the value of 

2 2

e

x y xz
x y z

x y z
x xy yz z

   


 
     

   
     

 

 when 0,  1,  2x y z    

19. If  
3
,  prove the following:u i ax iby  

(i) 3 (ii) 3 .
u u

x y u x y
x y x y
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20. 
2 2 2 2

1 2 2 2

2 2
tan  show that 2 sin 2 sin

y u u u
If u x xy y u u

x x x y y

     
     

    
 

21. 

1
1 1 2
3 3

1

1 1

2 2

sin   Show that
x y

Given u

x y



 
 

 
  

 

22. 
 

2 2 2
2 2 2

2 2

1
(i)  tan

12

tan
(ii)  2 13 tan

144

u u
x y u

x y

u u u u
x xy y u

x x y y

  
 

 

  
   

     

 

Answers: 

1. (i)Homogeneous, 3  (ii) Homogeneous, 2  (iii) Non-homogeneous 

  (iv)Non-homogeneous (v) Homogeneous, 2 

3. 0 

4. 0 

5. 6u 

16. 0 

18. 
12


 

 

TOTAL DIFFERENTIATION 

Introduction 

 The total derivative of a function f is the best linear approximation of the value of the 

function with respect to its arguments. Unlike partial derivatives, the total derivative approximates 

the function with respect to all of its arguments. The term “total derivative” is used only when f is a 

function of several variables. Where f is a function of single variable, the total derivative is the same 

as the derivative of the function. 

1) If z = f(x, y) then the total differential of z is given by 
z z

dz dx dy
x y

 
 

 
. 



142 

 

2) If z = f(x,y), where x and y are continuous functions of another variable t, then the total 

differential coefficient is given by 

 .
dz z dx z dy

dt x dt y dt

 
 

 
 

3)  If ( , );z f u v  where u and v are functions of other variables x and y, then the partial 

derivative of z with respect to x and y are given by 

 
    

 
    

z z u z v

x u x v x
 

 
    

 
    

z z u z v

y u y v y  

4)       If f (x, y) = 0 is an implicit function of x then the derivative 

f

dy x
fdx

y



 




 

 The second order derivative 

 
2 2 2

2 3

2  
   

 

d y p t pqs q r

dx q
 

where 
2 2

2 2
, , , ,

f f f f f
p q r s t

x y x x y y

    
    

     
 

Examples 

1) If 2sin( ),u xy  express the total differential of u in terms of those of x and y. 

Solution: 

2Given sin( )

  

u xy

u u
du dx dy

x y



 
 

 

 

2 2

2 2

2

2

2 2 2

Now, cos( )

cos( )

cos( ) 2

2 cos( )

cos( ) 2 cos( )

u
xy y

x

y xy

u
xy xy

y

xy xy

du y xy dx xy xy dy
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2) Find 3 2 2 3 2,  if ,  where ,   2 .
du

u x y x y x at y at
dt

     

Solution: 

3 2 2 3 2Given  and ,  2u x y x y x at y at

du u dx u dy

dt x dt y dt

   

 
 

 

 

2 2 3

3 2 2

Now, 3 2

2 3


 




 



u
x y xy

x

u
x y x y

y

 

2 ;   2 
dx dy

at a
dt dt

 

   

 

2 2 3 3 2 2

4 6 4 5 4 7 4 6

5 7 5 6 5 7 5 6

5 7 5 6

5 6

(3 2 )2 (2 3 )2

12 16 2 4 12 2

24 32 8 24

32 56

8 4 7

    

   

   

 

 

du
x y xy at x y x y a

dt

a t a t at a t a t a

a t a t a t a t

a t a t

a t t

 

3) Find ,  if log( ),  where ,  sin , cos .tdu
u x y z x e y t z t

dt

       

Solution: 

Given log( ) and , sin , cos .tu x y z x e y t z t

du u x u y u z

dt x t y t z t

     

     
  

     
 

1
Now,




  

u

x x y z

 

 

1


  

u

y x y z
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1

;   cos ;   sin

cos sin

cos sin

cos sin

sin cos














  

    


   

     

  


 

  


 

t

t

t

t

t

u

z x y z

dx dy dz
e t t

dt dt dt

du e t t

dt x y z x y z x y z

e t t

x y z

e t t

e t t

 

 
4) Find 3 2 2 3,  using partial derivatives when 3 6  +y 1

dy
x x y xy

dx
    

Solution: 

 3 2 2 3Given 3 6 1 0    x x y xy y  

3 2 2 3

2 2

2 2

2 2

2 2

( , ) 3 6 1

3 6 6

3 12 3

3 6 6

3 12 3

 
 

  
 
 

 

    


  




  



  
    

  

f

dy x

dx f

y

f x y x x y xy y

f
x xy y

x

f
x xy y

y

dy x xy y

dx x xy y

 

2 2

2 2

2 2

2 2

3 2 2

3 4

2 2

4

x yx y

x xy y

x xy y

x xy y

    
   

    
   

 

5) Find  2 2 2 2,  when sin ,  where 4 9.   
du

u x y x y
dx

 

Solution: 

2 2 2 2Given sin( ) and 4 9,u x y x y     
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2 2

2 2

2 2

2 2

.

Now,  cos( ) 2

2 cos( )

cos( ) 2

2 cos( )

 
 

 


  



 


  



 

du u u dy

dx x y dx

u
x y x

x

x x y

u
x y y

y

y x y

 

Differentiating 2 24 9x y   with respect to x, 

2 2 2 2

2 2 2 2

2 2

2 4 2 0

8 2

4

2 cos( ) 2 cos( )
4

2 cos( ) cos( )
2

3
cos( ).

2

dy
x y

dx

dy
y x

dx

dy x

dx y

du x
x x y y x y

dx y

x
x x y x y

x
x y

  

 





     

   

 

 

6) If ( ,  ,  ) Prove thatu f x y y z z x     

0.
u u u

x y z

  
  

  
 

Solution: 

Given ( ,  ,  )u f x y y z z x     

Let ; ;   

( , ,  ),  where ,  ,  , are

functions of ,  y, z as assumed

Now 

     

 

    
 

    

A x y B y z C z x

u f A B C A B C

x

u u A u c

x A x c x
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1 1

1

 
    

 

  
 

  

    
 

    

u u

A c

u u u

x A c

u u A u B

y A y B y

 

 1 1
 

   
 

u u

A B
 

 2
  

  
  

u u u

y A B
 

 

( 1) 1

3

    
 

    

 
    

 

  
  

  

u u B u c

z B Z c z

u u

B c

u u u

z B c

 

 

From (1), (2) and (3) we have 

0
u u u u u u u u u

x y z A c A B B c

        
        

        
 

7) If ,  ,   Prove that 0.
x y z u

u f x
y z x z

  
  

 
  

Solution: 

Given , ,
x y z

u f
y z x

 
  

 
  

 

Let ;   ;   

, , ,  where , ,  are functions of , ,  as assumed.

.

x y z
A B C

y z x

u f A B C A B C x y z

u u A u c

x A x c x
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2

2

1

1
1

u u z

A y c x

u z u

y A x c

  
   

 

 
 

 

 

 
    

 
    

u u A u B

y A y B y
 

 

 

2

2

2

2

1

1
2

1

1
3

From (1), (2) and (3), we have

  
   

 

  
 

 

  
   

 

  
 

 



u x u

A y B z

x u u

y A z B

u y u

B z c x

y u u

z B x c

 

     
    

     

   
  

  

   
    

u u u x u z u
x y z

x y z y A x c

x u y u

y A z B

y u z u

z B x c

 

Hence 0
  

  
  

u u u
x y z

x y z
 

8)  If  ( , ),  where ,  ,  prove thatz f x y x u v y uv     

 2 .
z z z z

u v x y
u v x y

   
  

   
 

Solution: 

( , ),  where ,  .z f x y x u v y uv

z z x z y

u x u y u

z z x z y

v x v y v

Given    
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Now, 1

1

  
  

  

 
 

 

z z z
v

u x y

z z
v

x y

 

 

 

1

2

 From (1) and (2), we have

( ) 2

2

z z z
u

v x y

z z
u

x y

z z z z z z
u v u uv v uv

u v x y x y

z z
u v uv

x y

z z
x y

x y

  
  

  

 
 

 



     
    

     

 
  

 

 
 

 

  

9)  If 2 2 ( , ),  where  and 2 ,z f u v u x y v xy     

 
22 2 2

2 2Prove that 4
           

          
            

z z z z
x y

x y u v
 

Solution: 

 2 2Given ( , ),  where  and 2 .z f u v u x y v xy     

 

z z u z v

x u x v x

z z u z v

y u y v y

    
 

    

    
 

    

 

 

 
2 2 2

2 2

Now, 2 2

4 4 8 1

  
 

  

         
       

         

z z z
x y

x u v

z z z z z
x y xy

x u v u v

 

( 2 ) 2
z z z

y x
y u v

  
  

  
 

2 2 2

2 24 4 8 (2)
        

        
        

z z z z z
y x xy

y u v u v
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 From (1) and (2) we have  

 

   

 

22 2 2

2 2 2 2

22 2 2

2 2

4 4

4

z z z z
x y x y

x y u v

z z z z
x y

x y u v

         
          

         

          
          

            

 

10) If    ,  z f x y  where cos sinx X Y    and sin cosy X Y    show that 

  xx yy xx yyz z z z  

Solution: 

Given ( , ) and cos sin

sin cos

z f x y x x y

y x y

 

 

  

 
 

Now 

cos sin

    
 

    

 
 

 

z z x z y

X x x y x

z z

x y
 

 

2

2

cos sin
  

  
  

   
   

   

X x y

z z

x x x

 

 

cos sin cos sin
     

    
     

z z

x y x y
     

 
2 2 2

2 2

2 2
cos 2sin cos sin 1

z z z

x x y y
   

  
  

   
 

z z x z y
Similarly

y x y y y

    
 

    
 

( sin ) (cos )
 

    
 

z z

x y
   

sin cos
  

   
  y x y
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2

   
   

   

z z

y y y
 

sin cos sin cos
     

      
     

z z

x y x y
     

 
2 2 2

2 2

2 2
sin 2sin cos cos 2

z z z

x x y y

  
  

   
     

 From (1) and (2) we have  

   
2 2 2 2

2 2 2 2

2 2 2 2

2 2

2 2

cos sin cos sin
   

    
   

 
 

 

z z z z

x y x y

z z

x y

   

 

11) If ( , ),  where  and ,z f u v u lx my v ly mx      

 
2 2 2 2

2 2

2 2 2 2
Show that 

z z z z
l m

x y u v

    
    

    
 

Solution: 

Given ( , ) and ,  

Now 

    

    
 

    

 
    

 

z f u v u lx my v ly mx

z z u z v

x u x v x

z z
l m

u v

 

 
 

 

z z
l m

u v
 

2

2

   
   

   

z z

x x x
 

     
    

     

z z
l m l m

u v u v
 

2 2 2
2 2

2 2
          (2 )1

  
  

   

z z z
l lm m

u u v v  
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Similarly 

   

 

2

2

2 2 2
2 2

2 2

2 2 2 2
2 2 2 2

2 2 2 2

2
2 2

2 )

 From (1) and (

           (2

2) we have

z z u z v

y u y v y

z z
m l

u v

z z

y y y

z z
m l m l

u v u v

z z z
m lm l

u u v v

z z z z
l m l m

x y u v

l m

    
 

    

 
 

 

   
   

   

     
    

     

  
  

   



   
    

   


 

2

2 2

z z

y v

 
 

    

EXERCISE: 

1) If 2 2( , ) ,f x y x xy y    where cos ,   sinx r y r   , then find and .
f f

r 

 

 
 

2) If 
3 3,  where  cos ,  sin ,  find .

du
u x y x a t y b t then

dt
     

3) If 
2sin ,  ,  , then find .tx du

u x e y t
y dt

    

4) If 
2,  ,   ,  , then find .t t du

u xyz x t y e z e
dt

     

5) If 
2 2sin ,   ,   ,  find  and .x u u

u e y x st y s t then
s t

 
  

 
 

6) Find 
3 3, if 3

dy
x y axy

dx
   

7) Find 
2 2, if 3 4 2 1 0

dy
x xy y x y

dx
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8) If z is a function of x and y, where 

 and ,  then show that .u v u v z z z z
x e e y e e x y

u v x y

     
      

   
 

9) If ;x u v w    

 

;

 and

( , , ), how that 2 3u v w x y z

y vw uw uv

z uvw

F f x y z then s uF vF wF xF yF zF

  



     

 

10)  If , , , then prove that
x y z

u f
y z x

 
  

 
0

u u u
x y z

x y z

  
  

  
 

11)  If 2 2 2 2 2 2, , , then prove thatu f x y y z z x     
1 1 1

0.
u u u

x x y y z z

  
  

  
 

12)  If ( , ),  where  and ,z f u v u x y v x y     then show that 2zu x yz z   

13)  If , ,  then show that
y x z x

f f
xy zx

  
  

 

2 2 2 0
f f f

x y z
x y z

  
  

  
 

14)  If ( , );  ,  , rove thatz f x y x u v y uv then p    2 .
z z z z

u v x y
u v x y

   
  

   
 

15)  If ( , ),  where cos  and sin ,u f x y x r y r     then prove that 

       
22 2 2

2

1
x y ru u u u

r
    

16)  If ( , ) and cos ;   sin ,x xf f u v u e y v e y    then prove that 

 
2 2 2 2

2 2

2 2 2 2
.

f f f f
u v

x y u v

    
    

    
 

17) cos sin ,  sin cos ,If x u v y u v        then prove that 

22 2 2
f f f f

u v x y

         
         

          
 

18)  If ( , ) and cos ;  sin ,r ru u x y x e y e   

       
22 2 22then show that r

x y ru u e u u

    
 

 

19)  If ( , ) and cos ;  sin ,r ru u x y x e y e   
2thenshow that r

xx yy rru u e u u
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20) ( , ),  where cosh  cos  andz f u v u x y   

 2 2sinh sin  then rove that z sinh sin [ ].xx yy uu vvv x y p z x y z z        

21) If z = f(u, v) where u = x2 – y2, v = 2xy, then show that  

 
2 2 2 2

2 2

2 2 2 2
4( )

    
    

    

z z z z
x y

x y u v
 

ANSWERS: 

1) 2(2 sin2 );  cos2r r   

2) 3 33cos sin sin cost t b t a t    

3) 
3 2

( 2)
cos

t te t e

t t

 
 
 

 

4) 2t 

5) 
2 22 2 2sin 2  cos ;st stt e s t st e s t

2 22 2 22 sin  cos .st stste s t s e s t  

6) 
2

2

ay x

y ax




 

7) 
6 4

2 2

x y

x y

  
 

  
 

TAYLOR SERIES 

Introduction: 

 Classically, algebraic functions are defined by an algebraic equation, and transcendental 

functions are defined by some property that holds for them, such as differential equations. One may 

equally well, define an analytic function by its Taylor Series. 

Taylor Series is used to define functions and “operators” in diverse areas of Mathematics. In 

particular, this is true in areas where the classical definitions of functions break down. Using Taylor 

Series one may define functions of matrices, such as the matrix exponential or matrix logarithm. 

In other areas, such as formal analysis, it is more convenient to work directly with the power 

series themselves. Thus one may define a solution of a differential equation as a power series which 

is the Taylor Series of the desired solution. 
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Definition: 

 Taylor Series expansion of a function ( , )f x y  in powers of x and y at (a, b) defined as 

 
1

( , ) ( , ) [( ) ( , ) ( ) ( , )]
1!

x yf x y f a b x a f a b y b f a b      

 2 21
[( ) ( , ) 2( )( ) ( , ) ( ) ( , )]

2!
      xx xy yyx a f a b x a y b f a b y b f a b  

 3 2 21
[( ) ( , ) 3( ) ( ) ( , ) 3( )( )

3!
       xxx xxyx a f a b x a y b f a b x a y b  

  3( , ) ( ) ( , )] ...  xyy yyyf a b y b f a b  

Example 1: Expand cosxe y  in powers of &x y  as far as the terms of the third degree. 

Solution: 

Given      , cos                            , 0,0 1xf x y e y f a b f    

 

   

   

   

, cos                            0,0 1

, cos                          0,0 1

, cos                         0,0 1

x

x x

x

xx xx

x

xxx xxx

f x y e y f

f x y e y f

f x y e y f

 

 

 

 

 

   

   

   

   

 

, sin                           0,0 0

, cos                         0,0 1

, sin                           0,0 0

, sin                         0,0 0

,

x

y y

x

yy yy

x

yyy yyy

x

xy xy

x

xxy

f x y e y f

f x y e y f

f x y e y f

f x y e y f

f x y e

  

   

 

  

   

   

sin                      0,0 0

, cos                      0,0 1

xxy

x

xyy xyy

y f

f x y e y f



   

 

Taylor series of  ,f x y  in powers of  and x y  is 

             2 21 1
, 0,0 0,0 0,0 0,0 2 0,0 0,0

1! 2!
          x y xx xy yyf x y f xf yf x f xyf y f  

        3 2 2 31
0,0 3 0,0 3 0,0 0,0 ...

3!
      xxx xxy xyy yyyx f x yf xy f y f  
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2 2

3 2 2 3

2 2 3 2

1 1
cos 1 .1 .0 .1 2 .0 .( 1)

1! 2!

1
.1 3 .0 3xy .( 1) y .0

3!

1 1
1 3 ...

1! 2! 3!

        

      

      

xe y x y x xy y

x x y

x
x y x xy

 

Example 2: Expand 
yx  in powers of  and x y  near the point (1,1) up to the second degree terms. 

Solution: 

Given       ,                            , 1,1yf x y x a b   

 

   

   

   

1

,                            1,1 1

,                          1,1 1

, log log    1,1 0          

y

y

x x

x
y x

y y

f x y x f

f x y yx f

a
f x y x x a a f

x



 

 

 
   

 

 

 

     

     

   

2

2

1 1

, 1             1,1 0

, log                1,1 0

, +y log        1,1 1

y

xx xx

y

yy yy

y y

xy xy

f x y y y x f

f x y x x f

f x y x x x f



 

  

 

 

 

Taylor’s series expansion of    ,  at 1,1f x y  is given by 

           

            
2 2

1
, 1,1 1 1,1 1 1,1

1!

1
1 1,1 2 1 1 1,1 1 1,1 ......

2!

x y

xx xy yy

f x y f x f y f

x f x y f y f

      

        
 

 

 
          

    

2 21
1 1 .1 1 .0 1 .0 2 1 1 .1 1 .0

2

1 1 1 1 .....

yx x y x x y y

x x y

                

      

 

Example 3: Find the Taylor Series expansion of sinxe y  near the point 1,
4

 
 

 
. 

Solution: 

Given    , sin                    , 1,
4

xf x y e y a b
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1

, sin                      1,
4 2

xf x y e y f
e

 
   

 


 

        

 

 

 

1
, sin                          1,

4 2

1
, sin                         1,

4 2

1
, sin                        1,

4 2

 
   

 

 
   

 

 
   

 

x

x x

x

xx xx

x

xxx xxx

f x y e y f
e

f x y e y f
e

f x y e y f
e







 

      

 

 

 

 

1
, cos                          1, 

4 2

1
, sin                       1,

4 2

1
, cos                     1,

4 2

, cos                       

x

y y

x

yy yy

x

yyy yyy

x

xy

f x y e y f
e

f x y e y f
e

f x y e y f
e

f x y e y







 
   

 

 
    

 

 
    

 



 

 

1
 1,

4 2

1
, cos                      1,

4 2

1
, cos                    1,

4 2

xy

x

xxy xxy

x

xyy xyy

f
e

f x y e y f
e

f x y e y f
e







 
  

 

 
   

 

 
    

 

 

Taylor’s expansion of  ,  at 1,  is
4

f x y
 

 
 

 

   

   
2

2

1
, 1, 1 1, 1,

4 1! 4 4 4

1
1 1, 2 1 1, 1,

2! 4 4 4 4 4

        
               

        

          
                   

           

x y

xx xy yy

f x y f x f y f

x f x y f y f

   

    
 

 
 

3 2 2

3

1
[ 1 ( 1, ) 3( 1) ( ) ( 1, ) 3( 1)( )

3! 4 4 4 4

( 1, ) ( ) ( 1, ) ]...
4 4 4

         

    

xxx xxy

xyy yyy

x f x y f x y

f y f

   

  
 

 

1 1 1 1
sin [( 1) ( ) ]

1! 42 2 2
    ye y x y

e e e


 

 
2. 21 1 1 1

[( 1 . 2( 1)( ) ( ) . ]
2! 4 42 2 2


     x x y y

e e e
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3 2 2 31 1 1 1 1
[( 1) 3( 1) ( ) 3( 1)( ) ( ) ]...

3! 4 4 42 2 2 2

 
          x x y x y y

e e e e

  
 

= 2 21 1 1
[1 [( 1) ( )] [( 1) 2( 1)( ) ( ) ]]

1! 4 2! 4 42
          x y x x y y

e

  
 

 3 2 2 31
[( 1) 3( 1) ( ) 3( 1)( ) ( ) ]

3! 4 4 4
         x x y x y y

  
 + … 

 

Example 4: Expand 
  x h y k

x h y k

 

  
 in a series of powers of  and h k  up to the second degree 

terms. 

Solution: 

 

 
  

 

Let ,

,

 
  

  

 


x h y k
f x h y k

x h y k

xy
f x y

x y

 

Taylor’s series of   x h y k   in powers of  and h k  is 

 

   

2 2 2
2 2

2 2

1
, ,

1!

1
2 ..... (1)

2!

f f
f x h y k f x y h k

x y

f f f
h hk k

x x y y

  
      

  

   
   

    

 

 
 

   

2

2 2

. .1
Now,  ,

 
 

 
x

x y y xy y
f x y

x y x y
 

 
 

   

2

2 2

. .1
,

 
 

 
y

x y x xy x
f x y

x y x y
 

 
   

   

2 2 2

4 3

.0 .2. 2
,

   
 

 
xx

x y y x y y
f x y

x y x y
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2 2

4

3

2 2 2

4 4

.2 .2.
,

2

.0 .2. 2
, .

xy

yy

x y y y x y
f x y

x y

xy

x y

x y y x y x
f x y

x y x y

  







   
 

 

 

Using these values in (1), we have 

 

  

     

   

2 2 2 2

2 2 3

2 2

3 3

2
.....

x h y k xy hy kx h y

x h y k x y x y x y x y

hkxy k x

x y x y

 
   

      

  
 

 

Example 5: Find the Taylor’s series expansion of 2 2 2 22 3x y x y xy   in powers of  2x   and 

 1y   up to the third degree. 

Solution: 

Taylor’s series of  ,f x y  in powers of  2x  and  1y   is 

1
( , ) ( 2,1) [( 2) ( 2,1) ( 1) ( 2,1)]

1!
x yf x y f x f y f         

 
2 21

[( 2) ( 2,1) 2( 2)( 1) ( 2,1) ( 1) ( 2,1)]
2!

         xx xy yyx f x y f y f  

 
3 2 21

[( 2) ( 2,1) 3( 2) ( 1) ( 2,1) 3( 2)( 1) ( 2,1)
3!

         xxx xxy xyyx f x y f x y f   

       3( 1) ( 2,1)] ...   yyyy f  (1) 

    2 2 2 2, 2 3                      2,1 6    f x y x y x y xy f  

    2 2, 2 4 3                          2,1 9     x xf x y xy xy y f  

    2 2, 2 2 6                          2,1 4    y yf x y x y x xy f  

    2, 2 4                          2,1 6   xx xxf x y y y f  

    2, 2 6                          2,1 4    yy yyf x y x x f  

    , 4 4 6                          , 10    xy xyf x y xy x y f x y  
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    , 0                         2,1 0  xxx xxxf x y f  

    , 0                         2,1 0  yyy yyyf x y f  

    , 4 6                         2,1 2    xyy xyyf x y x f  

    , 4 4                        2,1 8   xxy xxyf x y y f  

Using these values in (1), we have 

 

   

      

      

2 2 2 2

2 2

2 2

1
2 3 6 9 2 4 1

1!

1
6 2 20 2 1 4 1

2!

1
24 2 1 6 2 1 .....

3!

x y x y xy x y

x x y y

x y x y

         

       
 

       
 

 

Example 6: Find the Taylor’s Series expansion of the function  log 1xe y near the point (0, 0). 

Solution: 

  Given:        , log 1 ;   , 0,0 .xf x y e y a b    

 

     

     

     

, log 1                0,0 0

, log 1                0,0 0

, log 1                0,0 0

x

x

x x

x

xx xx

f x y e y f

f x y e y f

f x y e y f

  

  

  

 

   

   

,                   0,0 1
1

,                   0,0 1
1

 



  



x

y y

x

yy yy

e
f x y f

y

e
f x y f

y

    ,                          0,0 1
1

 


x

xy xy

e
f x y f

y
 

Taylor’s series expansion of  log 1xe y  at (0, 0) is 

 

       

     

   

2 2

2

1
  log 1 0,0 . 0,0 0,0

1!

1
0,0 2 0,0 0,0 ....

2!

1 1
0 .0 .1 0 2 1 ....

1! 2!

....
2

x

x y

xx xy yy

e y f x f yf

x f xyf y f

x y xy

y
y xy
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Example 8: Expand 
xye  at (1, 1) as the Taylor’s Series 

Solution: ( , )  and ( , ) (1,1)xyf x y e a b   

2

2

( , ) (1,1)

( , ) . (1,1)

( , ) (1,1)

( , ) . ( ) 1. (1,1) 2

( , ) . (1,1)

( , ) (1,1)

xy

xy

x x

xy

xx xx

xy xy

xy xy

xy

y y

xy

yy yy

f x y e f e

f x y y e f e

f x y y e f e

f x y y e x e f e

f x y x e f e

f x y x e f e

 

 

 

  

 

 

 

The Taylor’s Series expansion of ( , ) at (1,1)f x y  

       

            
2 2

1
is ( , ) (1,1) 1 1,1 1 1,1

1!

1
1 1,1 2 1 1 1,1 1 1,1 ....

2!

      

        
 

x y

xx xy yy

f x y f x f y f

x f x y f y f

 

  2 2

2 2

1 1
( 1). ( 1). ( 1) . 2( 1)( 1).2 ( 1) . ....

1 2!

( 1) ( 1)
1 ( 1) ( 1) 2( 1)( 1) .....

2 2

xye e x e y e x e x y e y e

x y
e x y x y

              

  
           

 

 

Example 9: Expand sin(xy)at 1,
2

 
 
 

 as the Taylor’s Series. 

Solution: ( , ) sin ( ) 1, 1
2

 
  

 
f x y xy f


 

2
2

2

( , ) cos( ) 1, 0
2

( , ) sin( ) 1,
2 4

( , ) sin( ) cos( ) 1,
2 2

( , ) cos( ) 1, 0
2

( , ) sin( ) ( , ) 1

 
  

 

 
    

 

 
     

 

 
  

 

   

x x

xx xx

xy xy

y y

yy yy

f x y y xy f

f x y y xy f

f x y xy xy xy f

f x y x xy f

f x y x xy f x y
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Taylor’s Series is 

 

   

   
2

2

1
, 1, 1 1, 1,

2 1! 2 2 2

1
1 1, 2 1 1, 1, ...

2! 2 2 2 2 2

        
            

        

          
                 

           

x y

xx xy yy

f x y f x f y f

x f x y f y f

   

    
 

2
2

2

1 1
sin 1 [( 1).0 ( ).0] [( 1) ( ) 2( 1)

1! 2 2! 4

( ).( ) ( ) ( 1)] ...
2 2 2

        

     

xy x y x x

y y

 

  
 

 

2
2

2
( 1)( ) ( )

2 21 1 .....
8 2 2

x y y

x

 



  

       

EXERCISE 

1. Expand sinaxe by  at (0,0) as Taylor’s Series. 

2. Expand cosxe y  in the neighborhood of 0,
4

 
 
 

 

3. Expand 2 cos 2xe y  in the neighborhood of 0,
2

 
 
 

. 

4. Expand    1tan  at , 1,1
y

a b
x

  
 

 
 

5. Expand cos( )x y  up to second degree terms. 

6. Find the Taylor’s Expansion for sinxe y  at 0,
2

 
 
 

 up to third-degree terms. 

7. Expand 22x y x y   using Taylor’s theorem about (1, 2)  up  to terms of third order 

8. Expand 
yx  near (1,1) up to second term. 

9. Expand sinaxe by  in powers of x and y in terms of third degree. 

10. Find the expansion for cos cosx y  in powers of ,x y  up to second degree. 

11. Expand 2 2( , ) 2 3 4 1f x y x xy y x y       about the point ( 1,1) . 

12. Expand sin( )( )x h y k   by Taylor’s Series Expansion. 
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13. Expand ex cos y in the neighborhood of (1,
4


) 

14. Expand x2y +3y – 2 in power of (x – 1) and (y + 2) up to third degree terms. 

ANSWERS 

2 2 3 31
1. 3 ....

2!
     by abxy a bx y b y  

2 2 2 3

2. .....
2 2 2 3

     
y x y xy y

y xy  

2 23. 1 ( ) 2[ ( ) ....
2 2

        x y x y
 

 

  2 21 1
4. [( 1) ( 1) ] ...

4 2 4
      y x x y


 

21
5. 1 ( ) ....

2!
  x y  

2 2 3 31 1 1 1
6. 1 ( ) ( ) ...

2 2 2 6 2 2
       x x y x y

 
 

            
2 2

7. 5 7 1 3 2 4 1 4 1 2 2 1 2 ...            x y x x y x y  

        
21

8.1 1 1 1 1 1 .....
2

        x x y x y  

2 2 3 31
9. (3 ) ...

3!
   by abxy a bx y b y  

2 2

10. 1 ..
2 2

  
x y

 

11. 2 22 2( 1) ( 1) 2( 1) ( 1)( 1) ( 1) ....            x y x x y y  

12.    
21

sin cos cos sin ....
2

     xy hy kx xy hk xy hy kx xy  

13. 
2

2( 1)
[1 ( 1) ( ) ( 1)( ) ( ) ...]

2 4 21 4 4


          

e x
x y x y y

v

  
 

14. 2 210 4( 1) 4( 2) 2( 1) 2( 1)( 2) ( 1) ( 2) ...             x y x x y x y  
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MAXIMA AND MINIMA OF A FUNCTION OF TWO VARIABLES 

Introduction 

 The problem of finding the maximum or minimum of a function is encountered in geometry, 

mechanics, physics and other fields which were the motivating factors in the development of the 

calculus in the 17th century. The calculation of the optimum value of a function of two variables is a 

common requirement in many areas of engineering, for example in thermodynamics. Unlike the case 

of a function of one variable we have to use more complicated criteria to distinguish between the 

various types of stationary points. 

 To optimize something means to maximize (or) minimize some aspects of it. An important 

application of multivariate differential calculus is finding the maximum and minimum values of 

functions of several variables and determining where they occur. In the study of stability of the 

equilibrium state of mechanical and physical systems, determination of extrema is of greatest 

importance. Lagrange multipliers method developed by Lagrange in 1755 is a powerful method for 

finding extreme values of constrained functions. Numerous cases present, themselves, both in 

engineering theory and practice, in which the value of one quantity which depends on the former, 

has a maximum (or) minimum value when the former has the determined value. 

Definition 

 Let f (x, y) be a function of two variables. Let (a, b) be a point such that 

   ,    ,  f a b f a h b k    in some neighborhood of (a, b), then we say that f(x, y) attains its 

maximum value at (a, b) and f (a, b) is called the maximum value of f (x, y) 

 If f(a, b) is such that    ,   < ,  f a b f a h b k   in some neighborhood of (a, b) we say that 

f(x, y) attains its minimum value at (a, b) and f(a, b) is called a minimum value of f(x, y) 

 f(a, b) is said to be an extremum of f(x, y) if f(a, b) is either a maximum or a minimum value 

and (a, b) is called an extreme point. 

The necessary and sufficient conditions for (a,b) to be an extreme point:  

By Taylors theorem, 

   ,   –  ,f f a h b k f a b     

          2 21
, ,   , 2 , , ....         (1)

2!
x y xx xy yyhf a b kf a b h f a b hkf a b k f a b        

 For small values of h and k, the second and higher order terms are still smaller and may be 

neglected. Thus sign of     , ,x yf sign of hf a b kf a b      
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Taking h = 0, the sign of ∆f changes with the sign of k. 

 Similarly taking k= 0, the sign if ∆f changes with the sign if h. Since ∆f changes sign with h 

and k, f(x, y) cannot have a maximum (or) minimum value at (a, b) unless    , 0 ,x yf a b f a b  . 

 Hence the necessary conditions for (a,b) to a extreme point are 

   , 0,  , 0x yf a b f a b    

If these conditions are satisfied, then for small values of h and k 

       2 21
, 2 , , ....

2!
xx xy yyf h f a b hkf a b k f a b      

   2 21
  2 ...
2!

h r hks k t        

Where      , ,  , ,  ,xx xy yyr f a b s f a b t f a b    

   2 2 2 .
2

.2 .
1

.f h r hkrs k rt
r

     

   2 2 2 2 2 2 21
2 .

2
h r hkrs k s k rt k s

r
         

     
2 2 21

  .        )     (2
2

     
 

hr ks k rt s
r

  

Now  
2

hr ks  is always positive and  2 2k rt s  will be positive if 
2 0rt s  . In this 

case ∆f will have the same sign as that of r for all values of h & k. 

 Hence if 
2 0rt s  , then f(x, y) has a maximum/minimum value at (a, b) according as 

0 / 0r r  . 

 If
2 0rt s  , then ∆f changes sign with h & k. Hence there is neither a maximum nor a 

minimum value at (a, b). 

 If 
2 0rt s  , no conclusion can be drawn about a maximum (or) a minimum value at (a, b) 

and hence further investigation is required, (i.e. higher partial derivatives must be considered). 

Stationary values (or) stationary points (or) critical points 

 A function f(x, y) is said to be stationary at (a, b) if 0, 0
f f

x y

 
 

 
 at (a, b). The stationary 

points are the points at which 0, 0
f f

x y

 
 

 
. 

Saddle points: 

      If at a point
2 0rt s  , then f(x, y) has neither maxima nor minima for the function. Such points 

are called saddle points. 
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Extreme value (or) turning value 

 The value f(a, b) is said to be an extreme value of the function f(x, y) at the point (a, b) if it is 

either maximum nor minimum. 

Note: 

 Every extreme value is a stationary value but a stationary value need not be an extreme 

value. 

Working procedure to find the maximum or minimum value of f(x,y) 

Let f(x,y) be a given function. 

Step 1:  

 Find x

f
f

x





 and y

f
f

y





 

 Solve the equations 0xf   and 0yf  to find the values of x and y. These values of x and y 

gives the points at which maxima or minima exists. 

Let the points be (a1,b1), (a2,b2) etc. 

Step 2: 

 Find
2

2 xx

f
f r

x


 


, 

2

2 yy

f
f t

y


 


, 

2

xy

f
f s

x y


 

 
. 

Step 3: 

 Calculate the values of r, s and t at each of the points found in step 1. 

Step 4: 

i)  If 0r  and
2 0rt s  , then f(x,y) has a maximum and the corresponding value of f(x,y) is 

called the maximum value. 

ii)  If 0r  and
2 0rt s  ,then f(x,y) has a minimum and the corresponding value of f(x,y) is 

called the minimum value; 

iii)  If
2 0rt s  , then f(x,y) has neither a maximum nor a minimum. 

iv)  If
2 0rt s  , further considerations are required. 
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Geometrical interpretation of Maxima and Minima 

 Geometrically, z = f(x,y) represents a surface. The maximum is a point or the surface (hill 

top) from which the surface descends (comes down) in every direction towards the XY plane (refer 

fig.1). The minimum is the bottom of depression from which the surface ascends (climbs up) in every 

direction (see fig.2). In either case, the tangent plane to the surface is horizontal (parallel to XY 

plane) and perpendicular to z axis). 

 

                                     Fig.1                                             Fig.2 

 At saddle point f(x,y) is maximum in one direction while minimum in another direction. 

Geometrically such a surface (looks like the leather seat on back of a horse). Fig.3 forms a ridge rising 

in one direction and falling in another direction. 

 

Fig.3 

Example: 

 z xy , hyperbolic paraboloid has a saddle point at the origin. 
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Solved problems: 

1.  Find the stationary points of 21
( , )

2
f x y x xy   

Solution: 

 Given 21
( , )

2
f x y x xy   

  
 ;   ;  

 0;   0     0,  0

x y

x y

f x y f x

f f x y x

   

      
 

  
  0

0

x

y

 


. 

 The only stationary point is (0,0) 

2.  Find the critical points of 4 4 2 2( , ) 2 4 2f x y x y x xy y      

Solution: 

 Given, 4 4 2 2( , ) 2 4 2f x y x y x xy y      

  34xf x x y    ,  34yf y x y    

 Critical points are the solutions of 0 &  0x yf f   

 (i.e.) 3   10 ( )x x y    

                    
3 0 (2)  y x y

 

 Adding these two equations, we get 

  3 3    0     x y or x y     

 Substituting in (1) gives  2 02x x    

    0, 2 , 0, 2x y     

  The critical points are (0,0), ( 2 ,- 2 ) & (- 2 , 2 ) 
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3.  Find the extreme values of the function 3 3 3x y axy   

Solution: 

 Given   3 3,   3f x y x y axy    

 2 2  3 3 ,    3 3x yf x ay f y ax     

 Now   0 and   0x yf f   

 2      0         )   (1x ay    

 2   0            )(2y ax   

 
2x

y
a

   

(2) 
4

2
(2) 0

x
ax

a
    

  3 3    0x x a    

    0,  x a  

When x = 0, y = 0 

 y = a, x = a 

 The two stationary points are (0,0), (a,a) 

Now       6xxr f x   

 
    3            

    6

xy

yy

s f a

t f y

  

 
 

At (0,0) 

 
2 2 9 0rt s a     

   There is no extreme value at (0,0) 

At (a,a) 

 
2 2 2 2 36 9  27 0rt s a a a      

 f(x,y) has extreme value at (a,a) 

Now   6r a  

If 0 0a then r  So that f(x,y) has a minimum value at (a,a) 
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Minimum value of   3 3 3,   3f x y a a a    

 3 a   

If 0  0a then r  So that  ,  f x y has a maximum value at (a,a) 

Maximum value of   3 3 3 3,   3f x y a a a a     

4) Find the maximum and minima of    3 3,   63 12f x y x y x y xy     . 

Solution: 

 Given    3 3,    63 12f x y x y x y xy      

    2 2  3 63 12 ,    3 63 12f x x y f y y x        

For extremum  0,    0x yf f   

2 23 63 12   0 &  3 63 12   0x y y x       

2 4   21            )(1  x y  

2 4   21            )(2  y x  

Solving (1) & (2) 

  2 2 4   0   x y x y  

     4   0   x y x y  

    &    4           )  (3  x y x y  

  2   ,   1 ,  4 21  0   If x y from x x  

 ( 7) ( 3)  0  x x  

   7,  3 x  

   7,  3    y  

Hence stationary points are (-7,-7), (3,3) 

If   4x y  from (1) 

  2 4 4   21x x    

 2  4 5  0x x     

   1,  5x    

     5,  1y    
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Hence other stationery points are (-1,5), (5, -1) 

Now       6 ,      12,      6xx xy yyr f x s f t f y       

At (-7,-7) 

   2  36 7 7 144rt s      

 

                                  1620

                                 0

                        ,    42

                                 0

Also r





 



 

Hence f(x,y) has a maximum at (-7,-7) 

 Maximum value         
3 3

   7 7 63 14 12 7 7          

  784   

At (3,3) 

 
2  180 0rt s    

   18 0r     

Hence f(x,y) has a minimum at (3,3) 

 Minimum value  216   

At (-1,5) 

 
2  324 0rt s      

f(x,y) has neither maximum nor minimum at (-1,5) 

 (-1,5) is a saddle point 

At (5,-1) 

 
2  324 0rt s      

 (5,-1) is a saddle point. 

 

5) Find the extremum points of   4 4 2 2,   2 2 .f x y x y x y     

Solution: 

 Given,   4 4 2 2,    2 2f x y x y x y     

  

3 3  4 4 ,    4 4x yf x x f y y    
 

 Solving   0 &    0x yf f   
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3 3

2 2

           4   0 &  4   0     

      4 1   0 &  4 1   0     

         0   1 &    0 1

x x y y

x x y y

x or y or

   

  

   

  

(0,0), (1,1), (1,-1), (-1,1), (-1,-1), (1,0), (-1,0), (0,1) and (0,-1) are the critical points. 

  Now 2 2  12 4,    0,    12 4r x s t y       

Point rt-s2 r Nature 

(0,0) < 0 - Saddle 

(1,1) < 0 - Saddle 

(1,-1) < 0 - Saddle 

(-1,1) < 0 - Saddle 

(-1,-1) < 0 - Saddle 

(1,0) > 0 > 0 Minimum 

(-1,0) > 0 > 0 Minimum 

(0,1) > 0 < 0 Maximum 

(0,-1) > 0 < 0 Maximum 

 

f(x,y) attains its minimum at (1,0) & (-1,0) and the minimum value is -1 

 f(x,y) attains its maximum at (0,1) & (0,-1) and the maximum value is +1. 

6) Examine    3 2,    1f x y x y x y   for extreme values. 

Solution: 

 Given    3 2,    1f x y x y x y    

  
 

 

2 2 3 2

3 3 2

  1 3  

    2 1

x

y

f x y x y x y

f x y x y x y

   

   
 

For Critical points,     0,      0x yf f   

 
    

  

2 2

3

. .  3 1   0 4 3  3             (1    

        2 1   0  2 3  2           (2

)

)

      

      

i e x y x y x x y

x y x y y x y
 

From  Equation (1) x = 0 or y = 0 or 4x + 3y = 3 

 Equation (2) x = 0 or y = 0 or 2x + 3y = 2 
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 The critical points are 
2 3 1 1

(0,0), (0, ), ( ,0), ( , ), (0,1), (1,0)
3 4 2 3

 

 Now   2 2 2  6 1 6r x y xy x y     

 
 

 

2 3 2 2

3 3

6 1 2 3   

  2 1 4

s x y x y x y x y

t x x y x y

    

   
 

At 
2 3

(0,0), (0, ), ( ,0), (0,1), (1,0)
3 4

the value of  = rt – s2 = 0 

At  1 1,
2 3

 

 1
9

r  1
12

s  1
8

t   

 2 1 1
0

72 144
rt s     

 Also 0r   

f(x,y) is maximum at ( 1 1,
2 3

) and the maximum value of 

  3 21 1 1 1( ) ( ) (1, )
2 3 2 3

 f x y    

    
1

432
  

7) Test the function    
2 22 2 ( ),    x yf x y x y e    for extremum points which do not lie on the 

circle 2 2  1x y   

Solution: 

 Given    
2 22 2 ( ),    x yf x y x y e    

  
2 2 2 2( )2 )2 (( 2 ) 2x y x y

x e x xf x y e       

  
2 2( )2 2 2  1 x yx x y e     

    
2 2 2 2( )2 (2 ) 2   2x y x y

yf x y ye ye        

  
2 2( )2 2   2  1 x yy x y e     
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Now,  0   0x yf and f   

2 2 2 22 22 2 ( ) ( )&2 ( 2 (1 )1 ) 0 0x y x yy xx y e yx e         

2 2&0, 0 1x y x y      

Since points lying on the circle 2 2  1x y  should not be considered, (0, 0) is the only stationary 

point. 

Now, 

 
2 2( )3 2 2  –  2 –  2x

x yf x x y ex    

     
2 2 2 2(2 2 ) (2 )3   2 6 –  2  2  –  2 –  2 2x y

xx

x yr f x y x x xy e xe        

=  
2 2 4 2 2 2 2( )  4 –  10  4 –  2  2x y x x x ye y     

 
2 2 2 2( ) (2 )3   4  2  –  2 –  2 ( 2 )xy

x y x ys f xy x x xe ey y        

 
2 23 ( )38   4   4 x yxy x y xy e     ) 

     
2 2 2 2( ) 2 ( )2 2 3 2 –  2 –  6  2  –  2  –  2  2x y x yt x y y ye x ye y       

 =  
2 2 2 2( ) 2 2 42 2 –  10  4  4+x y x y x y ye     

At (0, 0) 

 r = 2, s = 0, t = 2 

 
2 –   4  0rt s    

 &   2  0r    

f(x, y) has a minimum value at (0, 0) 

 Minimum value   0   

 

8) Find a point within a triangle such that the sum of the square of its distances from the three 

vertices is a minimum. 

Solution: 

Let
1 1(x , y ) , 2 2(x , y )  and 3 3(x , y )  be the vertices of the triangle ABC. Consider a point p(x, y) inside 

the triangle. 

        Let  
3

2 2

i i

1

((x x, ) ( y ) y ) 


  
i

f x y  
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For a maximum or minimum 

0xf  , 0yf   

3

i

1

2 (x x )  0
i

   , 
3

i

1

 02 (y )
i

y


   

1 2 3(x x ) (x x ) (x x )    0      and
1 2 3(y ) (y ) (y    0)y y y       

1 2 33x x x x    and 1 2 33y y y y    

1 2 3

3

x x x
x

 
  and 1 2 3

3

y y y
y

 
  

  The extreme may occur at the centroid  

Now 6 0 6r s t    

   Thus 
2 36 0rt s    and 0r   

   Hence f(x, y) is a minimum at the centroid of the triangle. 

 

 

Exercise 

1.  Given 6 , 0, 6 ,xx xy yyf x f f y    find the nature of the stationary point (1, 2) of the 

function f (x, y) 

2.  What is the relation between a stationary point and extreme point of a function. 

3.  Find the stationary points of 2 2 6 12x y y   . 

4.  Find the critical points of   3 3,  3 f x y x y xy    

5.  Find the stationary points of   2 2 2,  x xf x y y y x y   
 

6.  Find the extreme values of   4 2 2 22 3,  x xx y y x yf      

7.  Find the maxima and minima of   3 2 (12 x ), 3 4 y f x y x y    

8.  Examine the function for extreme values  
1

,  2
1

7F x y
x y

xy


 


 
 

 

9.  Find the saddle points and extreme points of the function  3 2 1xy x y   
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10.        Find the maxima and minima of ,      ; 0 ,
2

     f x y Sinx Siny Sin x y x y


 

11. Discuss the maximum and minimum of  
22 2 6 2  x xx y e   

12. Find the extreme values of 3 2 –  3  6  1x y x y    

13. Find the maxima and minima of 4 4 –  36x y xy  

14. Discuss the maxima and minima of 3 2 2 2 3 –  15 15  72x xy x y x    

15. Find the maxima and minima of 3 3 –    6  10x y x y    

16. Examine for extreme values  2 2 2log x y   

17. Find the minimum value of the function   2 2,          f x y x y xy ax by      

18. Discuss the maxima and minima of    2,   3 6 2f x y xy x y    

19. Find the maxima and minima of    
24 4,   2f x y x y x y     

20. Examine the maxima and minima of   3 2 2,  4f x y x x xy y     

21. Find the maxima and minima of      2,  2f x y y x x y       

22. Discuss the maxima and minima of   3 3,  6  10f x y x y x y       

23. Examine for extreme values of  
2 4 4 2 –   u x y x y       

24.  Find the maximum value of the function 2( )3x yxye   

25. Find the maximum and minimum value of and (x, y) = sin x sin y sin (x + y),  

0 <x, y < 

 

Answers: 

1. Minimum  

3. (0, -3) 

4. (0, 0),(1, 1)  

5. (1, 0) 
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6. Minimum at
3 1

,
2 4

  
  
 

 

7. Maximum at(2, 1) 

8. Minimum at (3, 3) 

9.  (0, 0), 
1 1

,0 , 0,
3 2

    
   
   

 are saddle points 

10. The maximum point is  ,
3 2

   

11. Minimum at (0,0), Minimum value = 0 

 Minimum at (-1,0), Minimum value = e-4 

  1 ,0
2

 is a saddle point. 

12. (0,0) is a saddle point. 

13. (0,0) is a saddle point. 

  (-3, -3) & (3, 3) give minimum value. 

14. Minimum at (6,0), Maximum at (4,0) 

 (5,1), (5,-1) is a saddle points. 

15. Minimum at  1 ,2
3

 
 
 

, Maximum at  1 , 2
2

   
 

 

 1 1, 2 & , 2
3 3

       
   

are saddle points. 

16. Minima at (0, 0) 

17. Minimum at 
6 2

, 2
3

 
 

 

a
a b  

 Minimum value = 
2 213 13

9

b a ab 

 

18. Minimum at  1 1,
6 6

 

  10,
3

Saddle point.  

 at (0,0) no conclusion. 
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19. Maximum at (0,0) 

 Minimum at    2, 2 & 2, 2   

20. Maximum at (0,0),  5 5,
2 4

 is a saddle point. 

21. (1,1) & (-2,4) are saddle points 

  1 11,
2 8

 is the maximum point. Minimum at 1 , 2
3

 
 
 

,  

22. Maximum at 1 , 2
2

 
  

 
 

 1 1, 2 , 2
3 3

and
      
   

are saddle points  

23. Maximum at     2, 2 & 2, 2       

 (0,0) is not an extreme point, Maximum value is 8. 

24. (0,0) is not a extreme point, Maximum value at  1 1,
2 3

 

 Maximum value is 2
1

6e
 

25. f(x,y) attains minimum value at (
2 2

,
3 3

 
) and the minimum value is 

3 3

8


. 

CONSTRAINED MAXIMA MINIMA (LAGRANGIAN MULTIPLIER METHOD) 

 Suppose we require to find the maximum and minimum value of  , ,f x y z where , ,x y z are 

subject to a constraint equation  , , 0g x y z  

 We define a function 

      , , , , , , F x y z f x y z g x y z     (1) 

Where is the Lagrange multiplier which is independent of x, y, z 

The necessary conditions for a maximum or minimum are  

  0





F

x
      (2) 

  0





F

y
      (3) 

  0





F

z
      (4) 



178 

 

                       
0 (5)






F
 

Solving the four equations for four unknowns , , ,x y z we obtain  , ,x y z  

1. Find the minimum value of 2 2 2 x y z subject to the condition 
1 1 1

1  
x y z

 

Solution: 

Let the auxiliary function F be 

   2 2 2 1 1 1
, , 1

 
       

 
F x y z x y z

x y z
  (1) 

2 2

1
2 2

   
    

  

F
x x

x x x


  

2 2

1
2 2

  
    

  

F
y y

y y y


  

0 2

1
2 2

   
    

  

F
z z

z x z


  

For a minimum at  , ,x y z we have  

 

1

3
3

2
0 2 0

2 2

  
        

  

F
x x x

x x

  
   (2) 

 

1

3
3

2
0 2 0

2 2

  
        

  

F
y y y

x y

  
   (3)  

 

1

3
3

2
0 2 0

2 2

  
        

  

F
z z z

x z

  
   (4)  

From (2), (3) & (4) we get 

 x y z        (5)  

Given   
1 1 1

1     x y z
x y z
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1
3 1

 
 

 x
 

  3 . . 3x i e x   

 3,3,3 is the point where minimum value occur  

 The minimum value is 

 

2 2 23 3 3 9 9 9

27

    


 

2. Find the minimum value of 2 2 2 x y z subject to condition 3  x y z a  

Solution: 

To find the stationary value  

 0 2 0 2


     


F
x x

x
     (1)  

 0 2 0 2


     


F
y y

x
     (2)  

 0 2 0 2


     


F
z z

z
     (3)  

From (2), (3) & (4) we get  

 2 2 2    x y z x y z     (4)  

 
 

Given : 3

3 4

3 3

;

x y z a

x x x a by

x a

x a y a z a

  

  



   

 

(a, a, a) is where minimum value occur. The minimum value is 2 2 2 23a a a a    

3.  Find the maximum value of .m n px y z  when x + y + z = a  

Solution: 

Let m n pf x y z and g x y z a     , then the auxiliary function is 

 F f g  
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Stationary points are given by 

0; 0; 0
F F F

x y z

  
  

  
and 0






F


 

1 0  m n pmx y z       (1) 

1 0  m n pnx y z       (2)  

1 0  m n ppx y z       (3) 

  0   x y z a      (4)  

  From (1), (2), (3) we get  

  1 1 1     m n p m n p m n pmx y z nx y z px y z  

  . . (4)
   

   
 

m n p m n p m n p
i e by

x y z x y z a
 

  f attains maximum when 

  ; ;  
     

am an ap
x y z

m n p m n p m n p
 

  Maximum value of 
m n p m n p

m n p

a m n p
f

m n p

 

 


   
 

 

4. Find the maximum volume of the largest rectangular parallelepiped that can be inscribed in an 

ellipsoid 
2 2 2

2 2 2
1  

x y z

a b c
 

Solution: 

Let the sides of the rectangular parallelepiped be 2 ,2 ,2x y z  

 Hence the volume    2 2 2 8v x y z xyz 
 

Now, we have to maximize V subject to the condition. 

   
2 2 2

2 2 2
, , 1 0    

x y z
g x y z

a b c
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 Let 
2 2 2

2 2 2
8 1

 
       

 

x y z
F f g xyz

a b c
     (1)  

 
2

2
0 8 0


   



F x
yz

x a


     (2)  

 
2

2
0 8 0


   



F y
xz

x b


     (3)  

 
2

2
0 8 0


   



F z
xy

z c


     (4)  

 (2) 
2

4


 
x

yz
a


 

 Multiply by x on both sides, 

 
2

2
4


 

x
xyz

a
  

 
2

2

4
 



xyz x

a
       (5)  

(3)  
2

4



y

xz
b


 

 Multiply by ‘y’ on both sides, 

  

2

2

2

2

4

4


 

 


y
xyz

b

xyz y

b





     (6)  

(4)  
2

4



z

xy
c


 

 Multiply by ‘z’ on both sides, 

  

2

2

2

4

4


 

 


z
xyz

c

xyz z

c





     (7) 

From (5) (6) & (7) we get 
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2 2 2

2 2 2
 

x y z

a b c
 

  
2 2 2

2 2 2
,

x y z
k

a b c
  

 
say     (8)  

Given: 
2 2 2

2 2 2
1  

x y z

a b c
 

  

1

3 1

1

3

   

 

 

k k k

k

k

 

          
2 2

2

2

1

3 3
     

x a a
x x

a x
 

 Similarly ;
3 3

 
b c

y z  

The extremum point is , ,
3 3 3

a b c 
 
 

.  

 8
3 3

abc
Maximum volume

 
   

 
 

6.  Find the shortest and longest distance from the point  1,2, 1 to the sphere 

2 2 2 24x y z   using Lagrange’s method of constrained maxima and minima  

Solution: 

 Let (x, y, z) be any point on the sphere. Distance of the point (x, y, z) from (1, 2, -1) is given 

by 

      
2 2 2

1 2 1d x y z       

 To find the maximum and minimum values of d or equivalently of d2 

      
2 2 22 1 2 1d x y z       

 Subject to constraint 2 2 2 24 0x y z     

  
     

2 2 2

2 2 2

1 2 1 andHere

24

f x y z

g x y z
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 Auxiliary function F f g  where  is the Lagrange multiplier. The stationary points of F 

are given by 0; 0; 0; 0
F F F F

x y z 

   
   

   
 

(i.e)  2 1 2 0x x         (1)  

  2 2 2 0y x         (2)  

 2 1 2 0z z         (3)  

 
2 2 2 24x y z  

   (4) 

From (1), (2) & (3) we get  

 
1 2 1

, ,
1 1 1

x y z
  

  
  

 

Using three values in (4) we get  

  
 

2

2

6 1
24; . , 1

41

1 3

2 2

i e

or






  


 


 

When 
1

2



 the point on the sphere is  2, 4, 2  

When 
3

2



 the point on the sphere is  2, 4, 2   

When the point is  2, 4, 2 we get  

      
2 2 2

1 2 1 6d       

When the point is  2, 4,2  we get  

    
2 2 23 0 3 3 6d        

Shortest and longest distances are 6 3 6and respectively.  

7.  A rectangular box open at the top is to have a volume of 32cc. Find the dimensions of the 

box, that requires the least material for its construction  

Solution: 

 Let x, y, z be length, breadth, height of the box 
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 Surface area = 2 2xy yz zx      (A) 

 Volume = x y z = 32     (B)  

 Let auxiliary function F be 

      , , 2 2 32F x y z xy yz zx xyz    
 

  (1)  

 Where  is Lagrange multiplier  

 

2

2

2 2


  




  




  



F
y z yz

x

F
x z yx

y

F
x y xy

z







 

1 2
0 2 0

F
y z yz

x z y
 


        


    (2) 

1 2
0 2 0

F
x z zx

y z x
 


        


    (3) 

2 2
0 2 2 0

F
x y xy

z y x
 


        


   (4)  

 From (2) & (3) we get  

 

 

1 2 1 2

2 2

5

z y z x

y x

x y

  





 

From (3) & (4) we get  

 

1 2 1 2

1 2

2 (6)

z x y x

z y

y z

  





   

 From (5) & (6) we get x = y = 2z  
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(B) Volume = xyz = 32  

  

  
3

3

2 2 32

4 32

32
8

4

2

4; 4; 2

z z z

z

z

z

x y z





 



   

 

Cost minimum when x = 4; y = 4; z = 2. Thus dimensions of the box are [4, 4, 2]  

8. A closed rectangular box is to have one edge equal to twice the other and a constant volume 

72m3. Find the least surface area of the box.  

Solution: Let x, y, 2y be the length, breadth and height of the box respectively 

       

 

2

2

2 2 2 2 2

2 4 4

Surface Area 

  6 4                                  

x y y x y

xy y xy

xy y A

  

  

 

 

Volume xyz = 72  

   

   
2

2

. 2 72

2 72

36 ( )

i xy y

xy

xy B

e 





 

Let the auxiliary function F be  

      2 2, , 6 4 36F x y z xy y xy       (1)  

 
26


 



F
y y

x
  

 6 8 2


  


F
x y xy

y
  

 0





F

z
 

 
20 6 0

F
y y

x



   


 

  2

6 6y

yy


 
          (2)  
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 0 6 8 2 0
F

x y xy
y


    


 

  
6 8

2

x y

xy


 
         (3)  

From (2) & (3) we get  

  

 

 

6 86

2

2 3 46

2

6 3 4

3
4 3

4

 





 

  

x y

y xy

x y

y xy

x x y

y x y x

 

(B) 2 36xy   

2

3 3

3

9
36

16

16
36 4 16

9

4 4 4

4

3
4

4

3

x x

x x

x

x

y

y

 
 

 

    

  



 

 

 

f is minimum at (4, 3)  

     
2

The minimum surface area 6 4 3 4 3is

7 6

1 8

 

2 3

0



 





 

9.  Show that, if the perimeter of a triangle is a constant, the triangle has maximum area when 

it is an equilateral 

Solution:  

  Perimeter 
2

 


a b c
S  

 
   

     
2

Area of  the triangle 

Area

  





  

s s a s b s c

s s a s b s c
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      Consider 2       F s s a s b s c a b c s  

 F is extremum when,  

  

  

  

  

     

0

0

0

or


     




     




     



     

    

  

f
s s b s c

a

f
s s a s c

b

f
s s a s b

c

s a s b s c

s a s b s c

a b c







  

 

 The triangle is equilateral. 

10. Show that of all rectangular parallelepiped of given volume, the cube has the least surface area. 

Solution: 

 Let x, y, z be the length, breadth, height of the rectangular parallelepiped  

Volume is given as constant  

     v xyz k say  

Surface Area A =  2  xy yz zx  

To find minimum of A, subject to 0 xyz k  

Let F = f g  

  

   

 

 

 

2

2 0

2 0

2 0

2 2

    


   




   




   



  

xy yz zx xyz k

F
y z yz

x

F
x z xz

y

F
x y xy

z

x y
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2 2

2 2

z x

z y





  

  
 

 Solving the three equations we get  

x = y = z  

Hence the parallelepiped is a cube. 

11.  Find the foot of the perpendicular from the origin on the plane 2 3 5 0   x y z  

Solution:  

Let A be (0, 0, 0). We have to find a point B  , ,x y z  such that the distance d is 

minimum 

   

 

2 2 2

2 2 2 2

              

.

 

2 3 5 0

x y z

i e f d x y z A

g x y z B

AB d  

   

    

 

 

Let the auxiliary function F be F f g   

(i.e.)      2 2 2 2, , 2 3 5F x y z x y z d x y z         

2 2

2 3

2


 




 




 



F
x

x

F
y

y

F
z

z







 

 For extremum  

   

 

                                          (

                                      

                                    

0 2 2 0 2)

2
0 2 3 0 3

3

0 2      0  2 4

F
x x

x

F
y y

y

F
z z

z

 

 

 


      




      




       



 

From (2), (3), & (4) we get 
2

2
3

x y z   
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(B)    2 2 3 3 5 0z z z        

 

4 9 5 0

14 5

5

14

    

 




z z z

z

z

 

 
5 5

2
14 7

 
    

 
x x  

 
2 5

2
3 14

 
   

 
y  

 
5 15

3
14 14

 
   

 
y  

Hence the extremum occurs at 
5 15 5

; ;
7 14 14


  x y z  

The required point is 5 15 5
, ,

7 14 14

 
 
 

.  

12. The temperature  , ,u x y z at any point in space is 
2400 .u xyz Find the point on the 

surface of the sphere 
2 2 2 1x y z   with highest temperature  

Solution:  

 Given 2400 u f xyz  

  2 2 2 1 0g x y z      

 Let the auxiliary function F be F f g   

(i.e.)      2 2 2 2, , 400 1    F x y z xyz x y z  

 

 

 

 

2

2

400 2

400 2

800 2


 




 




 



F
yz x

x

F
xz y

x

F
xyz z

x
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2
2 200

0 400 2 0


      


F yz
yz x

x x
     (2) 

2
2 200

0 400 2 0


      


F xz
xz y

y y
     (3) 

0 800 2 0 400


     


F
xyz z xy

z
     (4) 

From (2) & (3) we get  

2 2200 200


yz xz

x y
  


y x

x y
 

2 2y x        (5) 

From (3) & (4) we get  

2200
400

xz
xy

y
 

2 22z y        (6)  

From (5) & (6) 

2
2 2

2
 

z
x y  

2 2 2 1  x y z  

2 2
2 1

2 2
   

z z
z  

0 1 1
1 1

2 2

 
   

 
z  

 2 2 1z  

2 1

2
z  
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1

2
 z  

2
2

1
1 12

2 2 4 2
     

z
x x  

2 2 1 1

4 2
  y x y  

21 1 1
, , 400

2 2 2
Subsitute x y z in u xyz     

 

1 1 1
400

2 2 2

50

   
    

   



u

u

 

 Maximum temperature is = 50  

13.  Assuming the dimensions of a triangle ABC varies show that the maximum value of 

cos cos cosA B C  is obtained when the triangle is equilateral using Lagrange’s method of 

multipliers.  

Solution : 

Let cos cos cosf A B C  where A + B + C = π 

Suppose g A B C      

Consider F = f g   

  cos cos cosA B C A B C       

0
F F F

gives
A B C

  
  

  
 

sin cos cos 1 0


  


F
A B C

A
 

sin cos cos 1 0


  


F
B C A

B
 

sin cos cos 1 0


  


F
C A B

C
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Hence sin cos cos sin cos cos cos sin cos cos cos cos cos  A B C B B C A C A B A B C  

tan tan tan 

  

A B C

A B C
 

The triangle is equilateral.  

12. Find the dimensions of an open rectangular box of maximum capacity with surface area 432 m2.  

Solution: 

 Let x, y, z be the length, breadth, & height of box  

Surface area = 2 2 43        )  12 (  xy yz zx  

Volume = xyz  

Let the auxiliary function F be, 

    , , 2 2 432    F x y z xyz xy yz zx  

  2


  


F
Yz y z

x
  

  2


  


F
zx x z

y
  

  2 2


  


F
xy x y

z
  

 

 

 

 

 

 

 

           (2

   

0 2 0

2

)
2

0 2 0

2

    3
2

     ( )


    



   

  



    



   

  


F
yz y z

x

yz y z

yz

y z

F
zx x z

y

zx x z

zx

x z
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0 2 2 0

    (4

2 2

)
2 2

F
xy x y

z

xy x y

xy

x y








    



   

  


 

From (2) & (3) we get  

   2 2

(5)

yz zx

y z x z

x y


   



 

From (3) & (4) we get  

 

2 2

2 2 2

2 2 2

2 6

zx xy

x z x y

x z xyz x y xyz

z y


 

  



 

2 2 432xy yz zx    

      
2 2 2

2 2 2 2 2 2 432

4 4 4 432

  

  

z z z z z z

z z z
 

212 432z  

2 36; 6

12; 12; 6

 

  

z z

x y z
 

Thus the dimensions of the box should be 12, 12 and 6. Maximum volume = 312 12 16 864m    

Exercise 

1. Find the maxima and minima of the function   2 2, 3 4f x y x y xy    if 2 21x y   

2. Find the maxima and minima if any of the function   2 2, 12 3f x y xy y x    

Subject to x + y = 16. 

3. Show that the maximum value of 2 2 2x y z subject to the constraint

3
2

2 2 2 2

3

 
    

 

a
x y z a is  
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4. Find the minimum value of 2 2 2 ,x y z  when (i) 3xyz a  and (ii) 23xy yz zx a    

5. Show that the minimum value of  3 2 3 2 3 2 , a x b y c z when 

 
321 1 1 1

    is k a b c
x y z k

 

6. The temperature at any point (x, y, z) is space is given by 2 ,T k xyz  where k is constant. 

Find the highest temperature on the surface of the sphere 2 2 2 2  x y z a  

7. Show that, of all rectangular parallelepipeds with given surface area, the cube has the 

greatest volume  

8. Prove that the rectangular solid of Maximum volume which can be inscribed in a sphere is a 

cube  

9. Find the points on the surface 
2 1z xy  whose distance from the origin is the least. 

10. Find the point on the surface 
2 2 ,z x y  that is nearest to the point  3, 6,4 .  

11. Find the minimum distance from the point (3, 4, 15) to the cone 2 2 24x y z   

12. Find the points on the sphere 
2 2 2 4x y z   that are closest and farthest from the point 

 3,1, 1  

Answers 

1.  
987

,
4

f x y attains the minimum at 
17

, 4
2

 
 
 

 

2.  , 528f x y  attains the maximum at (9,7)  

4.         (i)  3a2,  (ii) 3a2 

6. 
4

8

ka

 

9.       (0, 0, 1) and (0, 0, -1) 

10.    (1,-2,5) 

11.    125 
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12.  
6 2 2 6 2 2

, , ; , , ;
11 11 11 11 11 11

     
   
   

 

 

JACOBIANS 

Introduction: 

 Carl Gustav Jacob Jacobi [10 December 1804-18 February 1851] was a German 

Mathematician, who invented Jacobian determinant formed from the 2n  differential co-efficients of 

n  given functions of n independent variables. He made fundamental contributions to elliptic 

functions, dynamics, differential equations and number theory. In vector calculus, the Jacobian 

matrix is the matrix of all first order partial derivatives of vector valued function. 

Suppose : n mF  is a function form Euclidean n -space to Euclidean m -space. Such a 

function is given by m  real-valued component functions
1 1 2( , )nF x x x , 

2 1 2( , )nF x x x ,…, 

1 2( , )m nF x x x . The partial derivatives of all these functions with respect to the variables 

1 2, nx x x  (if they exist) can be organized in m n  matrix, the Jacobian matrix J  of F  as follows:

  

 

1 1 1

1 2

2 2 2

1 2

1 2

n

n

m m m

n

F F F

x x x

F F F

x x xJ

F F F

x x x

   
   
 
   
 

    
 
 

   
    

 

If m n  the Jacobian matrix will be a square matrix and its determinant, a function of 
1 2, nx x x is 

the Jacobian determinant of F  

Geometrical Interpretations of F: 

(i) Area 

(ii) Orientation 

Area: The Jacobian of a matrix allows us to understand the area. When the determinant of the 

Jacobian is not equal to zero, the area is not annihilated but may be enlarged or shrunk. 

Definition: 
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If u  and v  be two continuous functions of two independent variables x  and y  such that ,
u u

x y

 

 
, 

,
v v

x y

 

 
 are also continuous in x  and y  then the determinant 

u u

x y

v v

x x

 

 

 

 

 is called Jacobian of u  

and v  with respect to x  and y . It is denoted by 
( , )

( , )

u v

x y




or 

,
J

,

u v

x y

 
 
 

. 

Note:  

If 
1 2, nu u u  be n  continuous functions of n  independent variables 

1 2, nx x x  such that 




i

j

u

x
 , 

1,2,i n  are also continuous in 
1 2, nx x x  then the determinant  

 

1 1 1

1 2

2 2 2

1 2

1 2

n

n

n n n

n

u u u

x x x

u u u

x x x

u u u

x x x

  

  

  

  

  

  

 

is called of Jacobian 
1 2,u , nu u  with respect to 

1 2, nx x x . It is denoted by 1 2

1 2

(u , u )

( , )

n

n

u

x x x




 or 

1 2

1 2

, u
( )

,

n

n

u u
J

x x x
 

Properties of Jacobians: 

1. If u and v are functions of x and ,y  then
( , ) ( , )

1
( , ) ( , )

u v x y

x y u v

 
 

 
. 

Proof: 

Solve ( , )u f x y and ( , )v g x y  for x and y. Let ( , )x u v  and ( , )y u v  

Then 
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. . 1

. . 0

1

. . 0

. . 1

     
       


     

        


       
    


       
     

u x u y u

x u y u u

u x u y u

x v y v v

v x v y v

x u y u u

v x v y v

x v y v v

 

Now  

 
( , ) ( , )

( , ) ( , )

u u x x

x yu v x y u v

v v y yx y u v

x y u v

   

    
  

    

   

 

 

. . . .

. . . .

       
 

       


       
 

       

u x u y u x u y

x u y u x v y v

v x v y v x v y

x u y u x u y u

 

 

1 0
[From(1)]

0 1

1





 

(2) If u  and v  are functions of r and s, where r and s  are functions of x  and y , then 

 
( , ) ( , ) ( , )

( , ) ( , ) ( , )

u v u v r s

x y r s x y

  
 

  
 

Proof:  

 
( , ) ( , )

( , ) ( , )

r ru u

u v r s x yr s

v vr s x y s s

r s x x

  

    
  

    

   

 

By rewriting the second determinant, we have  

( , ) ( , )

( , ) ( , )

r su u

u v r s x xr s

r sv vr s x y

y yr s
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. . . .

. . . .

( , )

( , )

u r u s u r u s

r x s x r y s y

v r v s v r v s

r x s x r y s y

u u

x y

v v

x y

u v

x y

       
 

       


       
 

       

 

 


 

 






 

(3) If the function u , v , w  of three independent variables x , y , z  are not independent, 

then the Jacobian of u , v , w with respect to x , y , z vanishes. 

Proof: 

 If u , v , and w  are not independent variables then there will be a relation ( , , ) 0F u v w  , 

which will connect these dependent variables. 

Differentiating this relation with respect to x , y , and z  we get 

 

. . . 0

. . . 0

. . . 0

F u F v F w

u x v x w x

F u F v F w

u y v y w y

F u F v F w

u z v z w z

     
  

     

     
  

     

     
  

     

 

Eliminating ,
F F F

and
u v w

  

  
 we get 

( , , )
0

( , , )

u v w

x y z





 

Note:  

If the transformations x = x (u, v), y = y (u, v) are made in the double integral f (x, y)dxdy then f(x, 

y) = F(u, v) and dxdy = |J| dudv where J = 
( , )

( , )





x y

u v
 

Worked Example 

1) If cosx r  , siny r  , then verify that 
( , ) ( , )

1
( , ) ( , )

x y r

r x y





 
 

 
 

Solution: 

Given cosx r  , siny r   
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2 2

cos sin( , )

sin cos( , )

(cos sin )

x x

rx y r

y y rr

r

r r

 

 



 

 

  
 

 

 

  

 

Now 2 2 2r x y   and 1tan
y

x
   

  
 

 

 

2 2 2 2 2

2

2 2

2 2

1

1

r r x
r x

x x r

r r y
r y

y y r

y y y

yx x x y r

x



 
   

 

 
  

 

   
   

 


 

Similarly 
2

x

y r





 

Hence  

 

2 2

2 2 2

3 3

( , )

( , )

1

( , ) ( , ) 1
1

( , ) ( , )

r r x y

x yr r r

y xx y

x y r r

x y r

r r r

x y r
r

r x y r



 





 

 
 

 


 


  

 
    

 

 

 

2. If we transform from three dimensional cartesian co-ordinates ( , , )x y z  to spherical polar co-

ordinates ( , , )r   , then show that the Jacobian of , ,x y z  with respect to , ,r    is 
2 sinr   

Solution: 

The transformation equations are 

 

sin cos , sin sin , cos

sin cos sin sin cos

cos cos cos sin sin

sin sin sin cos 0

x r y r z r

x y z

r r r

x y z
r r r

x y z
r r
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sin cos cos cos sin sin
( , , )

sin sin cos sin sin cos
( , , )

cos sin 0

  

  


   
  

   


  

  

x x x

r
r r

x y z y y y
r r

r r
r

z z z

r

 
     

     
   

 

 

 

2 2

2 2

[sin cos (0 sin ) cos cos (0 sin cos cos )

sin sin ( sin sin cos sin )]

r cos        

     

   

  
 

2 3 2 2 2 3 2

2 2

[sin cos sin cos cos sin sin

sin sin cos ]

  



r       

  
 

2 2 2 2 2sin [(sin cos )(sin cos )]  r       

2 sin r   

  

3.  If
1 1cosy x ,

2 1 2sin cosy x x and
3 1 2 3sin sin cos ,y x x x then show that 

3 21 2 3
1 2 3

1 2 3

( , , )
sin sin sin

( , , )

y y y
x x x

x x x


 


 

Solution: 

Let 
1 1 1( )y f x , 

2 2 1 2( , )y f x x , 
3 3 1 2 3( , , )y f x x x  then 

 

1 2 3 31 2

1 2 3 1 2 3

1 1 2 1 2 3

3 2

1 2 3

( , , )

( , , )

( sin )( sin sin )( sin sin sin )

sin sin sin

y y y yy y

x x x x x x

x x x x x x

x x x

  
  

   

   

 

 

4.  If 2u x , 2 2v x y  , cosx   and sin ,y r  then compute 
( , )

( , )

u v

r 




 

Solution: 

 
( , ) ( , ) ( , )

( , ) ( , ) ( , )

  
 

  

u v u v x y

r x y r 
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u u x x

x y r

v v y y

x y r





 

2 2 2 2

3

2 2 cos sin

2 2 sin cos

4( ) (cos sin )

4


 



   

 

y x r

x y r

x y r

r

 

 

   

5. If (0) 0f  ,
2

1
'( )

1
f x

x



, 

2

1
'( )

1
f y

y



; then without integrating prove that 

( ) ( )
1

x y
f x f y f

xy

 
   

 
 

Solution: 

Let  ( ) ( )          
1

x y
u f x f y and v

xy


  


 

     
( , )

)
( , )

   (1

u u

x yu v

v vx y

x y

 

 


 

 

 

 
2 2

1 1
'( ) , '( )

1 1

u u
f x f y

x x y y

 
   

     

 

2 2

2 2 2

1 ( ) 1 1
;

(1 ) (1 ) (1 )

v xy x y y y v x

x xy xy y xy

      
  

      

Substituting in (1) we have 

( , )
0

( , )

u v

x y





. Thus there is a relation between u and v . 

Let ( )u v  then ( ) ( )
1

x y
f x f y

xy


 
   

 
 

Put 0y  , we get ( ) (0) ( )f x f x   

i.e. ( ) ( )f x x  

Hence the function .f   
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( ) ( )
1

x y
f x f y f

xy

 
    

 
. 

6) Find the Jacobian of 
1 2 3, ,y y y  with respect to 

1 2 3, ,x x x  if 2 3
1

1

x x
y

x
 , 3 1

2

2

x x
y

x
 , 1 2

3

3

x x
y

x
 . 

Solution: 

 

1 1 1

1 2 3

1 2 3 2 2 2

1 2 3 1 2 3

3 3 3

1 2 3

( , , )

( , , )

y y y

x x x

y y y y y y

x x x x x x

y y y

x x x

  

  

   


   

  

  

 

 

2 3 3 2

2

1 1 1

2 3 3 1 3 1

3 3 1 1
2 3 3 1 1 22 2 2 2

2 2 2 1 2 3

2 3 3 1 1 2

2 1 1 2

2

3 3 3

2 2 2

1 2 3

2 2 2

1 2 3

1

1 1 1

1 1 1 4.

1 1 1






  






  



x x x x

x x x
x x x x x x

x x x x
x x x x x x

x x x x x x
x x x x x x

x x x x

x x x

x x x

x x x

 

7) Examine if the following functions are functionally dependent. If they are, find also the 

functional relationship. 

(i) 1 1 2 2sin sin ; 1 1u x y v x y y x        

(ii) 2 2, 2 , 4 2u y z v x z w x yz y        

Solution (i): 

 

2

2 2 2 2 2

2 2

2 2

2 2

1 1 1
; ; ; 1

1 1 1 1 1

1 1

1 1( , )
0

( , )
1 1

1 1

     
     

       

 
  


   

 

u u v xy v xy
x

x y x yx y y x y

x yu v

xy xyx y
y x

x y
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u and v  are functionally dependent. 

Now 1 1sin sin[sin sin ]u x y- -= +  

  ( ) ( )

1 1 1 1

1 2 1 2

2 2

sin(sin )cos(sin ) cos(sin )sin(sin )

.cos cos 1 .cos cos 1

1 1

x y x y

x y y x

x y y x

v

- - - -

- -

= +

= - + -

= - + -

=

 

 The functional relationship between u and v is sin u v=  

(ii) 2 2, 2 4 2u y z v x z w x yz y= + = + = - -  

 0; 1 1
  

  
  

u v w

x x x  

 1 0 4 4
  

    
  

u v w
y z

y y y
 

 1 4 4
  

   
  

u v w
z y

z z z
 

 

0 1 1
( , , )

1 0 4 0
( , , )

1 4 4 4


  


  

u v w
z

x y z
y z y

 

 u, v and w are functionally dependent. 

Now 2 22 4 2v w z yz y- = + +  

 2 22( ) 2y z u= + =  

 The functional relationship among u, v and w is 22u v w= -  

8). Show that 2 22ax hxy by+ +  and 2 22Ax Hxy By+ +  are independent unless 
a b h

A B H
= =  

Solution: 

 Let 2 2 2 22 , 2u ax hxy by v Ax Hxy By= + + = + +  
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u and v are not independent, if there exists a relationship between them and in that case 
( , )

( , )





u v

x y

should vanish identically. 

i.e.
2( ) 2( )

0
2( ) 2( )

ax hy hx by

Ax Hy Hx By

+ +
=

+ +
 

2 2

i.e. ( )( ) ( )( ) 0

( ) ( ) ( ) 0

ax hy Hx By Ax Hy hx by

aH Ah x aB Ab xy Bh bH y

+ + - + + =

- + - + - =
 

Now the variables x and y are independent and as such the co-efficient of 2x  and 2y  should vanish 

simultaneously. 

0 or and
a h

aH Ah
A H

\ - = =  

0 or
h b

Bh bH
H B

- = = . 

Hence 
a b h

A B H
= =  are the required conditions. 

9. Express (1 x y z)xyz dxdydz    in terms of , ,u v w   given that 

, y z uv,z uvw.x y z u       

Solution: 

 The given transformations are 

 

          (1

          (2

          

)

(3

)

)

x y z u

y z uv

z uvw

  

 



 

Using (3) in (2), we have (1 )y uv w   

Using (2) in (1), we have (1 )x u v   

 Jdxdydz dudvdw where 
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 2    

1 0
(

       
, y, z)

J (1 ) u(1 w) uv )
( , , )

vw wu u

(4

v

x x x

u v w v u
x y y y

v w u v
u v w u v w

z z z

u v w

  

    
   

      
   

  

  

 

Using (1), (2), (3) and (4) in the given triple integral I, we have 

 

3 2 2

7 1 1

22 2 2

(1 v)(1 w)(1 u)

(1 ) .

I u v w u vdudvdw

u v w w dudvdw

   

 




 

EXERCISE 

1.  If , ,
x y z

u v w
y z z x x y

  
  

 find 
(u, v, w)

(x, y, z)




 

2.  If 1 1 2 3 4 1 2 2 3 4 1 2 3 3 4 1 2 3 4 4, , ,u x x x x u u x x x u u u x x u u u u x           then show 

that 
3 21 2 3 4
1 2 3

1 2 3 4

(x , x , x , x )

( , , , )
u u u

u u u u





 

3.  If 
( , )

(1 ), v xyfind
( , )

u v
u x y

x y


  


 

4.  If 
(u, v)

  ,   find 
( , )

u v
x uv y

u v x y

 
 

 
 

5.  If 2 2 , 2u x y v xy= - =  find 
( , )

( , )





x y

u v
 

6.  If  
1 2 1nx x x y+ + + =  

 
2 1 2nx x y y+ + =  

 
3 1 2 3nx x y y y+ + =  

  

 
1 2 3n nx y y y y=  

 Then show that 1 2

1 2

( , ,... )

( , ,..., )





n

n

x x x

y y y
= 

1 2 2

1 2 2 1, ,n n

n ny y y y- -

- - . 
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7.  If 
1 1 2 1 2 3 1 2 3 1 2 11 , (1 ), (1 ), , (1 )n n ny x y x x y x x x y x x x x-= - = - = - = -  then show that 

1 2

1 2

( , ,... )

( , ,..., )





n

n

y y y

x x x

1 2

1 2 1( 1)n n n

nx x x- -

-= - . 

8.  If (1 ) and (1 )x u v y v u= + = + , find the Jacobian of x, y with respect to u and v.  

9.  If (1 ),x u v y uv= - =  verify that
( , ) ( , )

1
( , ) ( , )

 
 

 

x y u v

u v x y
. 

10.  If 2 2,u x v y= =  find 
( , )

( , )





u v

x y
 

11.  If cos , sin ,x r y r z zq q= = = find 
, ,

, ,

x y z
J

r zq

æ ö
ç ÷ç ÷
è ø

.  

12. If u = xyz, v = x2 + y2 + z2, w = x + y + z, Find
, ,

, ,

x y z
J

u v w

æ ö
ç ÷ç ÷
è ø

 

13.  2, ,F xu v y G u vy w H zu v vw= + - = + + = - +  Find 
( , , )

( , , )





F G H

u v w  

ANSWERS 

1. 0 

2. x 

4. 
2

2

(u v)

( )u v




 

5. 
2 2

1

4( )x y+  

10. 4xy 

11. r 

12. 
1

2( )( )( )x y y z z x

-

- - -
 

13. ( 1 ) 2x vy w z uv+ - + - . 
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Part – B 

1.  If cosh cos , sinh sinx a y aa b a b= =  then show that  

2( , )

( , ) 2






x y a

 
[cosh 2 - cos2) 

2.  If 2 1/2 2 1/2 2 1/2(1 ) , (1 ) , (1 )u x v v y r w z r- - -= - = - = -  where 2 2 2 2r x y z= + +  then show 

that 
5

2 2
( , , )

(1 )
( , , )




 


u v w
r

x y z
 

3.  Examine the functional dependence of the following functions. If they are dependent find 

the relation between them. 

 i)  
2

,
( )

x y xy
u v

x y x y

+
= =

- -
 

 ii)  
1 1, tan tan

1

x y
u v x y

xy

- -+
= = +

-
 

 iii)  2 2 2

1 2 3, ,f x y z f x y z f xy yz zx= + + = + + = + +  

 iv) ,
x y x z

u v
x z y z

- +
= =

+ +
 

 v)  3 2 , 2 , ( 2 )u x y z v x y z w x x y z= + - = - + = + -  

 vi) 2 2 2 3 3 3, , 3u x y z v x y z w x y z xyz= + + = + + = + + -  

 vii)  2 2 2, , 2u = x+ y z v x y z w x y z yz- = - + + = + + -  

 viii) 2 2 2, ,u xy yz zx v x y z w x y z= + + = + + = + +  

   

4.  If 
2

1 1 2 3 1 2 2 3,u x x x u u x x= + = +  and 
3

1 3 3u u x=  then prove that 1 2 3

5

1 2 3 1

( , , ) 1

( , , )


 



u u u

x x x u
 

5.  If 3 3 2 2 3 3,u v x y u v x y+ = + + = +  then show that 
2 2( , )

( , ) 2 ( )

 


 

u v y x

x y uv u v
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6.  If 
3 2 2 2 21 1 1 1

, ,u xyz w x y z
v x y z

= = + + = + +  then show that 
( , , )

( , , )





u v w

x y z

2

( )( )( )( )

3 ( )

v x y y z z x x y z

u w xy yz zx

- - - + +
=

+ +
 

7.  If 3 2 2u v w x y z+ + + = + +  

 3 2 2u v w x y z+ + = + +  

 3 2 2u v w x y z+ + = + +  

 Then show that 
( , , )

( , , )





u v w

x y z 2 2 2 2 2 2

1 4( ) 16

2 3( ) 27

xy yz zx xyz

u v w u v w

- + + +
=

- + + +  

Answers: 

3) 

2(i) 1 4u v= +

 

( ) tanii u v=

 
2

1 2 3( ) 2iii f f f= +

 

1
( )

1
iv v

u
=

-  

3( ) 3 2vi u uv w= -  

2 2( ) 2vii u v w+ =  

2( ) 2viii w v u= +  
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UNIT-IV 

 INTEGRAL CALCULUS 

INTRODUCTION: The integral of the function g(x) with respect to x is the function whose 

derivative with respect to x is g(x) and is written as∫ ( )  .  

Example: ∫             and
 

  
(    )      . 

BASIC FORMULAE: 

1. ∫     
    

   
       (    ) 

2. ∫
 

 
          

3. ∫           

4. ∫               

5. ∫                 

6. ∫                

7. ∫                   

8. ∫                    

9. ∫                         

10. ∫            (    )    

11. ∫            (    )    

12. ∫            (         )    

13. ∫              (           )    

14. ∫(    )    
(    )   

 (   )
   if (    ) 

15. ∫
 

    
            

16. ∫
  

    
            

17. ∫
 

√    
            

18. ∫
 

 √    
            

19. ∫
 

     
   

 

 
     (

 

 
)    

20. ∫
 

     
   

 

  
   (

   

   
)    

21. ∫
 

     
   

 

  
   (

   

   
)    

22. ∫
 

√     
      [  √     ]    

23. ∫
 

√     
      [  √     ]    

24. ∫
 

√     
        (

 

 
)    
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DEFINITE INTEGRALS 

The definite integral of  ( ) between the limits              is defined by ∫  ( )  
 

 
 

[ ( )] 
   ( )   ( )  

Properties of Definite Integrals: 

1. ∫  ( )  
 

 
 ∫  ( )  
 

 
 

          Proof: ∫  ( )  
 

 
 [ ( )] 

   ( )   ( ) 

∫  ( )  
 

 

 [ ( )] 
   ( )   ( ) 

    ∫  ( )  
 

 

 ∫  ( )  
 

 

 

2. ∫  ( )  
 

 
  ∫  ( )  

 

 
 

Proof: Consider R.H.S 

 ∫  ( )  
 

 

  [ ( )] 
   [ ( )   ( )]   ( )   ( )  ∫  ( )  

 

 

       

3. ∫  ( )  
 

 
 ∫  ( )  
 

 
 ∫  ( )  
 

 
 

Proof: Consider R.H.S 

∫  ( )  
 

 

 ∫  ( )  
 

 

 [ ( )] 
  [ ( )] 

   ( )   ( )   ( )   ( ) 

  ( )   ( )  ∫  ( )  
 

 

       

4. ∫  ( )  
 

 
 ∫  (   )  
 

 
 

Proof: Consider R.H.S  ∫  (   )  
 

 
 

Put        ⇒        ⇒        

Limits: When x = 0 ⇒ t = a  and x = a ⇒ t = 0 

∫  (   )  
 

 

 ∫  ( )(   )
 

 

  ∫  ( )(   )
 

 

 ∫  ( )  
 

 

 

 ∫  ( )  
 

 
         ( By property (1) 
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5.  ∫  ( )  
  

 
 ∫  ( )  
 

 
 ∫  (    )  
 

 
 

   Proof: Consider ∫  ( )  
  

 
 ∫  ( )  
 

 
 ∫  ( )  
  

 
 

Put        in the second integral. 

⇒        When  x = a ⇒ t = 0  and x = 2a ⇒ t = 0 

∫  ( )  
  

 

  ∫  (    )  
 

 

 ∫  (    )  
 

 

 ∫  (    )  
 

 

 

  ∫  ( )  
  

 

 ∫  ( )  
 

 

 ∫  (    )  
 

 

 

6. ( i ) If  (    )   ( )      ∫  ( )  
  

 
  ∫  ( )  

 

 
 

   ( ii ) If  (    )    ( )      ∫  ( )  
  

 
   

Proof: ( i ) By property ( 5 ) ∫  ( )  
  

 
 ∫  ( )  
 

 
 ∫  (    )  
 

 
 

 ∫  ( )  
 

 

 ∫  ( )  
 

 

  ∫  ( )  
 

 

 

( ii ) By property ( 5 ) ∫  ( )  
  

 
 ∫  ( )  
 

 
 ∫  (    )  
 

 
 

 ∫  ( )  
 

 

 ∫  ( )  
 

 

   

7. ( i ) ∫  ( )  
 

  
  ∫  ( )  

 

 
, if  ( ) is an even function. 

( ii ) ∫  ( )  
 

  
  , if  ( ) is an odd function. 

Proof: Suppose  ( ) is an even function  (  )   ( ) 

  ∫  ( )  
 

  
 ∫  ( )  
 

  
 ∫  ( )  
 

 
 

 ∫  (  )  
 

  

 ∫  ( )  
 

 

 

Put      in the first integral. 

⇒        When  x = 0 ⇒ t = 0  and x = -a ⇒ t = a 

 ∫  ( )(   )
 

 

 ∫  ( )  
 

 

 ∫  ( )  
 

 

 ∫  ( )  
 

 

 ∫  ( )  
 

 

 ∫  ( )  
 

 

  ∫  ( )  
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( ii ) Suppose  ( ) is an odd function  (  )    ( ) 

∫  ( )  
 

  

 ∫  ( )  
 

  

 ∫  ( )  
 

 

 

  ∫  (  )  
 

  

 ∫  ( )  
 

 

 

Put      in the first integral. 

⇒        When  x = 0 ⇒ t = 0  and x = -a ⇒ t = a 

  ∫  ( )(   )
 

 

 ∫  ( )  
 

 

  ∫  ( )  
 

 

 ∫  ( )  
 

 

  ∫  ( )  
 

 

 ∫  ( )  
 

 

   

8. ∫  ( )  
 

 
 ∫  (     )  
 

 
 

Proof: Consider R.H.S ∫  (     )  
 

 
 

Put         ⇒       ⇒        

When  x = b ⇒ t = a  and x = a ⇒ t = b  

 ∫  ( )(   )
 

 

 ∫  ( )(  )
 

 

 ∫  ( )(  )
 

 

       

Problemss 

1.  Evaluate 

 

Solution 
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2.  Evaluate 

 

Solution 

 

3.  Evaluate 

 

Solution 
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4.  Evaluate 

 

Solution 

 

5.  Evaluate 

 

Solution 
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6.  Evaluate 

 

Solution 

 

7.  Evaluate 

 

Solution 
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8.  Evaluate 

 

Solution 

 

9.  Evaluate 

 

Solution 

 

10.  Evaluate 

 

Solution 
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Reduction Formulae: 

 

Reduction formula for  
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    [(   
     )(      )] 

 
   ∫(   )

 
 

 

(        )(     )(      )   

  (   )  ∫(   )

 
 

 

(        )         

 (   )∫(        )(       )

 
 

 

   

 (   )

{
 

 

∫        

 
 

 

   ∫       

 
 

 

  

}
 

 

 

    (   ){       } 

i.e., (  (   ))    (   )     

i.e.,      (   )     

i.e.,    
 (   )
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Reduction formula for    

 

Problems 
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UNIT 5 

MULTIPLE INTEGRALS  

 

Multiple Integrals 

 The principle of integration were formulated independently by Isaac Newton and 

Gollfried Leibnitz in the late 17th century. Through the fundamental theorem of calculus, 

which they independently developed, integration is connected with differentation. 

If f is a continuous real valued function defined on a closed interval [a,b] then once an 

anti-derivative F of f is known, the definite integral of f over that interval is given by 

 

)()()( aFbFdxxf

b

a

  

 

 The integral of the function f(x) over the range x = a to x = b gives the area under the 

curve between theordinates x = a and x = b 

 Integrals and derivatives become the basic tools of calculus with numerous 

applications in Science and Engineering. 

 The multiple integral is a generalisation of definite integral to functions of more than 

one real variable, for example f(x,y) or f(x,y,z). Integrals of a function of two variables over a 

region R
2
 are called double integrals.Integrals of a function of three variables over a region R

3
 

are called triple integrals. 

Double Integrals: 

 Let f(x,y) be a continuous and single valued function of x and y within some region R 

and on its boundary.Let the region R be subdivided into n sub-regions of areas

nAAA  ......., 21 .Let ),( rr yx  be any point inside the sub-region of area rA  and consider the 

sum 

 rrr

n

r

Ayxf ),(
1
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 The limit of this sum as n and 0( 1,2,....... )rA r n   is defined as the double 

integral of f(x,y)over the region R. 

 Thus rrr

N

r
N

R

AyxfltdAyxf ),(),(
1





  

 Suppose the region R is divided into rectangular partitions by a network of lines 

parallel to the coordinate axes, the integral  dAyxf ),(
 
is written as 

R

f ( x, y )dxdy  

Consider the double integral 
2

1

( )

( )

( , )

x yy d

y c x y

f x y dxdy







 

   

The region of integration is bounded by the lines y = c, y = d, c < d and the curves  x 

= 1(y), x = 2(y), 1(y)  2(y) which is shown below. 

The region ABCD is kno 

wn as the region of integration of the given double integral 

 

Consider the double integral 
2

1

( )

( )

( , )

y xx b

x a y x

f x y dydx







 

   

 

The region of integration is bounded by the lines x = a, x = b, a < b and curves  

y = 1(x), y = 2(x), 1(x)  2(x) which is shown below. 

The region of integration is the region ABCD 

y = 1(x) 

y = 2(x) 



225 

 

 To evaluate dxdyyxf

b

ax

d

cy

),(


 

 

 The above illustration gives order in which integrations are performed. 

Evaluation of double integral: 

 To evaluate 

 

dxdyyxfdxdyyxf

x

x

y

yA

),(),(
2

1

2

1

   

(i) If 2121 ,,, yyxx   are constants, then   

Thus, 
2 2 2 2

1 1 1 1

( , ) ( , )

y x x y

y x x y

f x y dxdy f x y dxdy     

(ii) If x1, x2 are functions of y, let x1 = 1 (y), x2 = 2(y) and y1, y2 are constants 

then, 

dxdyyxfdxdyyxf

y

y

y

yA

),(),(

)(

)(

2

1

2

1

 





  

(iii) If y1, y2  are functions of x, let 
1 1 2 2( ), ( ),y x y x    and x1, x2 are constants 

then, 

2 2

1 1

( )

( )

( , ) ( , )

x x

A x x

f x y dxdy f x y dydx





    

(iv) If  f (x, y) = 1, then the double integral
A

dxdy
 

gives the area of the region A. 

 (v)  To evaluate
2 2 2 2

1 1 1 1

( , ) ( , ) .

y x y x

y x y x

f x y dxdy f x y dx dy
 

  
  

     we integrate  

 f(x, y) with respect of x, treating y as a constant, and then the resultant 

 function of y is integrated with respect to y. 

  

II 
I 
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Sketch roughly the region of integration for the following double integrals. 

(1) ( , )

b a

b a

f x y dxdy
 

   

dydxyxfI

a

ax

b

by









 



),(

 
 

 The region of integration bounded by lines x =-a, x = a, y = -b, y = b and is shown in 

Fig. 1 

 

Fig.1 

(2)   
1

0 0

( , )

x

f x y dxdy   

1

0 0

( , )

x

x y

I f x y dy dx
 

 
  

  
   

  

 

Fig. 2 

 The region of integration bounded by lines x = 0, x = 1, y = 0, y = x is shown in Fig. 

2. 

(3) 
2 2

2 2

x y
dxdy

x y  
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2 2

0 0

( , )

a a x

x y

I f x y dy dx



 

 
 
  

   

  

The region of integration bounded by  x = 0, 

x = a, y = 0, y = 2a x  (ie) x
2
 + y

2
 = a

2
 is shown in Fig. 

3. 

(4) 

        

dxdyyxf

yb
b

a

b

),(

)(

00





 

 dydxyxfI

yb
b

a

x

b

y 















 





),(

)(

00

 

The region of integration bounded by byy
b

y

a

x
x  ,0,1,0   is shown in 

Fig. 4 

(5) 

  

2 2

0

( , )

a a x

a x

f x y dydx





   

      

dxdyyxfI

xa

xay

a

x 












 





),(

22

0

 

The region of integration bounded by x =0, x =a, x +y = a, x
2
 + y

2
 = a

2
 is shown in Fig. 5 

Double integrals with constant limits : 

(6) Evaluate xydxdy4

1

0

2

0

  

 Solution: 

 Let 
2 1

0 0

4I xydx dy
 

  
 

   

     =  dyydy
x

y )01(2
2

4

2

0

1

0

22

0









  

      = 404
2

22

2

0

22

0











y
ydy   
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(7) Evaluate 
xy

dxdy
ab


11

 

Solution 

Let dy
xy

dx
I

ab









 

11

 

     =   dyx
y

dy
x

dx

y

a
bab

1

111

log
11

 













 

     =  
y

dy
ady

y

a
bb

 


11

log
1loglog

   log1 0  

     =    1logloglogloglog 1  baya
b

 

     = ba loglog      01log 
 

(8) Evaluate  dxdyyx )( 22

2

1

1

0

  

Solution 

Let dydxyxI 







  )( 22

2

1

1

0

 

            = dyxy
x

2

1

2
31

0
3









  

            = dyydyyy 

































 

2

1

0

22

1

0
3

7

3

1
2

3

8
 

            = 
3

8

3

1

3

7

33

7
1

0

3




















yy
 

(9) Evaluate 

 





dd)sin(
2

0

2

0

  

Solution 

Let 
2 2

0 0

sin( )I d d
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/2

/2

0

0

[cos ( )] d



      

    
/2

0

(sin cos )d



      

    /2

0[ cos sin ]     

    =  (0 + 1) – (– 1 + 0) 

     =  2 

 

Double Integrals with variable limits: 

(10) Evaluate dxdy

x


0

1

0

 

Solution 

Let dxdyI

x









 

0

1

0

 

Here, innermost limits are in terms of x, therefore they are limits of y and outermost 

limits are those of x. 

 

  dxydxdyI
x

x

yx

0

1

00

1

0

 















 

     = 
2

1

2

01

2

1

0

21

0














x
xdx  

 

 11) Evaluate 

1

0

( 1)

x

x

xy x dxdy   

  Solution 

   Let   dxdyxyyxI

x

xyx 










 



22

1

0

 

       = dx
xyyx

x

x









 32

3221

0

 

       = dx
xx

x
x

x
x
































 323

)(
2

44

1
3

21

0  
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       = 

1

0

5
1

0

2
71

0

442
5

31

0
56

5

7

2

3

1

42

1

6

5

32

















































xxx
dx

xxx

 
 

       = 
56

3

168

9

168

281621

6

1

21

2

8

1



  

 

  

 12) Evaluate 
22

4
2

4

0
yx

ydxdy
y

y
  

  Solution: 

  Let   dy
yx

ydx
I

y

y
xy
















 



22

4
2

4

0

 

   = dy
y

y
dy

y

x
y

y

































 


11

4

0
4

2

1

4

0

tantantan  

   = dy
y

dydy
y

4
tan

44
tan)1(tan 1

4

0

4

0

11

4

0



 


















 

 

   =  
4

1 1

0

tan (1) tan
4

y
dy   

   
  


 

 
4 4

1

0 0

tan
4 4

y
dy dy

   
 

 

   

4 4

4 1

0 2

00

4
[ ] tan

4 4 16

y ydy
y y

y

 
    

     
    


 

 

      
4

1 2

0
4 4 tan (1) 2log 16

4
y

          

   

      2 log 32 log16     

 

     = 









16

32
log2

 
 

      = 2log2  
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 13) Evaluate  

211

2 2

0 0
1

y
dxdy

x y



    

 Solution 

 Let  dy
xy

dx
I

y

xy 














 





22

1

0

1

0
)1(

2

 

   = dy
y

x

y

y21

0

2

1

2

1

0 1
tan

1

1

































  

   =  dy
y

y

y 






















 0tan
1

1
tan

1

1 1

2

2

1

2

1

0

 

   =  dy
y

01tan
1

1 1

2

1

0






  

   = 
2

1

0 14 y

dy





 

   =   1
0

21log
4

yy 


 

   =   1log21log
4




 

   =    01log21log
4

 


 

 

 14) Evaluate 

2 2

2 2 2

0 0

a a x

a x y dydx



    

  Solution 

  Let dxdyyxaI

xa

y

a

x 












 





222

00

22
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        =  dx
xa

yxa
yxa

y
xa

a
22

0

22

1
22

222

0

sin
22


































  

      =  





















 



















 

 dx
xa

xa

xaxa
a

)0(sin
2

0sin
2

0 1
22

22

22
1

22

0

 

      =  dx
xa

a

















 
 

 0)1(sin
2

1
22

0

 

     =   
aa

x
xadxxa

0

3
222

0
3422

1














 

   =    
63

2

434

333
3 aaa

a



















  

            

 15) Evaluate 


rdrd
sin

00

 

 Solution 

 Let  





d
r

dI
r

sin

0

2

0

sin

00
2


















 



 

       =  

 

       =  00sin2sin
4

0
2

2sin

4

1


















 


 

 

 

 16) Find the limits of integration in the double integral ,),( dxdyyxf
R

 R lies in 

the first quadrant and boundedby the following curves. 

 i) 1,0,0  yxyx  

  To find the Limits of 10:  yxinyPutx  

     1x  

   Limits of  10: x  










00

2

0
2

2sin

4

1

2

2cos1

2

1

2

sin











  dd
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  To find the Limits of  y : xyyx  11  

   Limits of  : 0 1y x   

The region of integration in bounded by xyandyxx  10,1,0  

  Thus ( , )
R

f x y dxdy  

  

1 1

0 0

( , )

x

x y

f x y dydx



 

   

 ii) 
  

2 2

2 2
0, 0, 1

x y
x y

a b
     

  To find the Limits of :x   Put y = 0 in 
2 2

2 2
1

x y

a b
 

 

       2 2x a  

       x a   

  Since R lies in the first quadrant x a  

  Limits of  : 0x a  

  To find the Limits of y :  From 
2 2

2 2
1

x y

a b
   

       
2 2

2 2
1

y x

b a
   

      
2

2 2 2

2
( )

b
y a x

a
   

      
2 2b

y a x
a

    

Since R lies in the first quadrant, 
2 2b

y a x
a

  , lim  its of y: 0 
2 2b

a x
a

   

Excercise 

1) Evaluate 
1 2

2 2

0 0

( 3 )x xy dydx   Ans :  
14

3
 

2) Evaluate 
0 0

aya

xydxdy    Ans :  
4

6

a
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3) Evaluate 
2 2

0 2

( )

x

x y dydx



    Ans :  12  

4) Evaluate 

21

1 2

2 2
0 0 1

y

dxdy

x y



 
    Ans :  

4


 

5) Evaluate  

22

/

0 0

x

y xe dydx    Ans : e
–2

 – 1  

6) Evaluate 3

0 0

sin cos

a

r drd



     Ans : 0 

7) Evaluate 

(1 cos )

2

0 0

2 sin

a

r drd



  


   Ans :  
38

3

ra
 

8) Evaluate 

(1 cos )

2

0 0

cos

a

r drd



 


   Ans : 
35

6

a 
 

9) Evaluate 
/2 2cos

0 0

cosr drd

 

    Ans: 
2


 

10) Evaluate 
/2

2 2

0 0

r
drd

r a






    Ans :
24a


 

 

CHANGE OF ORDER OF INTEGRATION 

 In calculus, interchange of the order of integration is a methodology that tranforms 

iterated integrals offunctions into other hopefully simpler integrals by changing the order in 

which integrations are performed.In a double integral if the limits of the integration are 

constants, then the order of the integration isimmaterial, provided the limits of integration are 

changed accordingly. Thus, 

 ( , ) ( , )

d b b d

c a a c

f x y dxdy f x y dydx     

 But if the limits of the integration are variables the change of order of integration, 

change the limits ofintegration. While doing so, sometimes it is required to split up the region 

of integration and the given integralis expressed as the sum of a number of double integrals 

with changed limits. To fix up the new limits, it isalways advisable to draw a rough sketch of 

the region of integration. 
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Region of Integration and change of order: 

 Consider the double integral 
2

1

( )

( )

yd

c y

dxdy





  . In this integral x varies from 1(y) to 2(y)  

and y varies fromc to d. (ie) 1 (y)  x  2(y) & c  y  d 

 The above intequalities determine a region in the XOY plane whose boundaries are 

the curves x = 1 (y) and x = 2(y) along with the boundaries of the lines y = c, y = d. This 
region of integration is shown as follows. 

 

 The region ABCD is known as the region of integration of the given double integral. 

After changing the order the region ABCD has the boundaries a y = 1(x),  

y = 2(x) with the lines x = a, x = b which is shown in the following figure. 

 

Problems 

1) Change the order of integration and compare the results after evaluating it with the 

givenorder. 

 dxdyyx )( 22

1

0

2

1

  

Solution: Let dxdyyxI )( 22

1

0

2

1
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  = dyxy
x

1

0

2
22

1
3 








  

  = dyy 









2

2

1
3

1
 

  = 

2

1

3

33 









yy
 

  = 


















3

1

3

8

3

1

3

2
 

  
3

8

3

2

3

10
        (1) 

 Now let us change the order of integration and then evaluate it. 

    I =  dydxyx )22

2

1

1

0

  

   = dx
y

yx

2

1

3
2

1

0
3 








  

   = dxx 







 3

1

3

8
)12(2

1

0

 

   = 

1

0

3
2

1

0

)(
3

7

33

7

















 x

x
dxx  

   
3

8

3

7

3

1
       (2) 

 Since (1) = (2), the change of order of the integral will not affect its solution. 

Note: 

 If the limits of the integral are constants the order of the integration is immaterial 

provided the relevant limits are taken for the concerned variable and the integrand is 

continuous in the region of integration. This results hold for a triple integral also. 

(2)  Change the order of integration and then evaluate 

 

21 1

2

0 0

x

y dydx
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Solution: 

 The region is bounded by the lines 
20, 1y y x   or (y

2
 + x

2
 = 1)  (ie)  

The region of integration is the unit circle centred at the origin. The other boundaries are 

represented by x= 0, x = 1. The line x = 0 represents the y axis. Hence the region of 

integration is the +ve quadrant of the unit circle which is plotted in the following figure. 

 

21 1

2

0 0

x

I y dydx



    

 After changing the order, the integration is with respect to x first. The region is 

covered by horizontal stip. The end points of the horizontal strip gives the limits along the x - 

direction. 

 

 As one end of the Horizontal strip lies on the circle. We have from the circle 

 x
2
 = 1 – y

2
 or x = 21 y    

 The limits of x are 20, 1x x y    

 The number of Horizontal strips used to cover the region determines the limits along 

the y direction. Hence y varies from 0 to 1. 

       

211

2

0 0

y

I y dxdy



     

  =  
2

1

12

0

0

( )
y

y x dy


  

  =  
1

2 2

0

1y y dy  

 Let y = sin , dy = cos d the limits becomes 0  to 
2
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/2

2 2

0

sin 1 sin cosI d



       

  = 
/2

2 2

0

sin cos d



    

  

/2

0

[( 1)( 3)...1][( 1)( 3)...1]
sin cos

[( )( 2)...] 2

m n n n m m
d

m n m n




  
    
   

   
  

    m, n are even 

  = 
1 1

4 2 2 16

  
  

 
 

 

3) Change the order of integration and evaluate 

 

4 2

2 2

1

( )
y

x y dxdy   

 Solution 

 The region is bounded by the lines x y  (or x
2
 = y) and x = 2. This region is 

plotted in the following figure. 

 After changing the order, the integration is with respect to y first. Hence the region of 

integration is covered by vertical strips. 

 The limits of y are y = 1 & y = x
2
 

 Hence 

  

22

2 2

0

( )

x

I x y dydx    (After changing the order)  

      = dx
y

yx

x2

1

3
2

2

1
3 








  

      = dxx
x

x 
























 3

1

3

2
6

4

2

1

 

      = 

2

1

375

33375 












xxxx
 

      = 


















3

1

3

1

21

1

5

1

3

2

3

8

21

128

5

32
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      = 
105

1026
 

4) Change the order of integration in 
22

0 yx

xdxdy
a

y

a


 and then evaluate it  

 Solution : 

 Let 
22

0
yx

xdxdy
I

a

y

a


     

 The region of integration is bounded by the lines axyx  , and .,0 ayy  The 

sketch of the boundaries of the region is given in the figure. 

 After changing the order, the integration is with respect to y first.  
The limits of y are y = 0 and y = x. The limits of x are x = 0 and x = a   

 Let 
22

00 yx

xdydx
I

xa


   

  =      


 22

220

22

0

loglog axx
ax

dx
dxxyyx

x
a

  

  =     dxxxxxx

a

222

0

loglog   

          =   dxxxxx

a

log2log
0

  

          =   dxxxx

a

log21log
0

  

          = 
 

dx
x

x
x

a













 


21
log.

0

 

     dxxI

a

21log
0

   

          =   xdx

a


0

21log  

  =  
a

x

0

2

2
21log 








  



240 

 

          =  21log
2

2


a

 

5) Change the order of integration in dydx

x

x


2

4

4

0 2

 and then evaluate it. 

 Solution: 

 The region of integration is bounded by the  

curve 
4

2x
y   and .2 xy   (ie) the parabolas yx 42   

and xy 42  which is shown inthe figure. 

 The points of intersection of the two parabolas are  

obtained bysolving the equations. 

 xyandyx 44 22   

  x
x

4
4

2
2









  

  0644
16

4
4

 xxx
x

 

   0)64( 3 xx  

   640 3  xorx  

  4643  xx   

 When  0,0  yx  

  4,4  yx  

 The points of intersection are O(0,0) and A(4,4). After changing the order the given 

integral is 

  dxdyI
R

  

      = dxdy

y

y


2

4

4

0 2

 

      = dyx
y

y

2

4

4

0

2)(  
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      = dy
y

y 







 4

2
24

0

 

      = dy
y

y 







 4

2
2

2
1

4

0

 

      = dy
y

dyy
4

2
24

0

2
1

4

0

   

      = 

4

0

3

4

0

2
3

34

1

2
3

2 






















yy

 

      = )064(
12

1
04

3

4
2

3






   

      = )64(
12

1
)2(

3

4 3   

      = 
3

16
)8(

3

4
  

      = 
3

16

3

16

3

32
  

6) By changing the order of integration, prove that 

 
2

1
2

00




 dxdyye x
y

y

 

Proof: 

 The region of integration is bounded by the lines 0,,0  yyxx and y . The 

region of integrationis the infinite triangular region AOB which is shown in the figure. 

 After changing the order, the integration is with respect to y first. Hence the region of 

integration iscovered by vertical strips. 

 The limits of y are  ytoxy . The limits of x are  xtox 0 to  

 Hence 

 dydxyedxdyye x
y

x

x
y

y 22

000



    

        = 
2 2

0
2

y
x

x

y
e d dx
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        = 
2

2

0

1
( )

2

y
x

x

e d y dx

 


   

        = dx

x

e

x

x
y






















 12

1

2

0

 

       = dxeex x )(
2

1

0





  

       = dxxe x




0

2

1
    0e  

       = 






























 dxe
e

x x
x

00
12

1
 

       =    0
2

1 xx exe  

       = 
1

0 ( 1)]
2

   

       = 
2

1
 

7) Change the order of integration in dydxyx

x

)(

24

0

2

1




 

and hence evaluate it. 

 Solution: 

 The region of integration is bounded by the curves x = 1, x = 2, y = 0 and  

y = 4 – x
2
. The region ofintegration is shown in the figure.

 

 

 After changing the order, the integration is with respect to x first. Hence the region of 

integration is covered by Horizontal strips. The limits of x are x = 1,  

x = 4 y .  
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 The limits of y are y =0, y =3. 

Hence 

 dxdyyxdydxyx

yx

)()(

4

1

3

0

4

0

2

1

2

 


 

         = dyxy
x

y











4

1

23

0
2

 

         = dyyyy
y












 2

1
4

2

4
3

0

 

         = dyyy
y









 4

1

3

2

3
3

0

 

         = ydyy
yy









  4

4

3

2

3
3

0

3

0

2

 Put yt  42
 

         
24 ty   

         dytdt 2  

        When  ,2,0  ty  

         1.3  ty  

  =    tdttt
yy

24
4

3

2

3 2

1

2

3

0

2









   

  =  dttt
yy 42

1

2

3

0

2

28
4

3

2

3









   

  = 

1

2

53
3

0

2

5

2

3

8

4

3

2

3






















ttyy
 

  = 






























5

64

3

64

5

2

3

8
)0(

4

27

2

9
 

  = 
9 34 128

4 15 15


   

  = 
60
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8) Change the order of integration in

2 2

2 2 2

0 0

a ya

a x y dxdy



   and evaluate  it. 
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Solution 

 The region of integration is bounded by the curves x = 0, x = 2 2a y , y = 0 and  

y = a. The region of integration is the +ve quadrant of the circle of radius ‘a’ which is plotted 

in the figure. 

 When we change the order of integration, we first integrate with respect to y, keeping 

x constant.Hence the region of integration is covered by vertical strips.  

The limits of y are y = 0, y = 2 2a x , thelimits of x are x = 0, x = a. 

 

2 2 2 2

2 2 2 2 2 2

0 0 0 0

a ya a a x

a x y dxdy a x y dydx

 

           

  =   

2 2

2 2
2 2 2 1

2 2
0

0

( ) sin
2 2 ( )

a x
a

y a x y
a x y dx

a x




  

   
    

  

     











a

xa
xa

x
dxxa 1

2
2222 sin

22
  

  =  00sin)1(sin
2

11
22

0


 

 dx
xa

a

 

  =  dxxa

q

22

0
4




 

  = dx
x

xa

a

0

3
2

34 










 

  = 





















 )0(

34

3
3 a

a


 

  = 
6

3a
 

9) Change the order of integration and hence evaluate the integral xydxdy

a

xy

a


2

20

 

Solution: 

 The region of integration is bounded by the curves 0,2,2  yaxayx and  

y = a. This region isplotted in the following figure. 
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 After changing the order, the integration is with respect to y first keeping x as 

constant. Hence the regionof integration is covered by vertical strips. 

 The limits of y are y =0 and
a

x
y

4

2

 . The limits of x are x =0 and x =2a 

 xydydxxydxdy
a

x

aa

ay

a

 
4

0

2

0

2

20

2

 

   = dx
y

x
a

x
a 4

0

22

0

2

2 







  

   = dx
a

xx
a









 2

42

0
162

  

   = dxx
a

a

5

2

0

232

1
  

   =

a

x

a

2

0

6

2 632

1








 

   = 








6

64

32

1 6

2

a

a
 

   = 
3

4a
 

10) Change the order of integration in xydxdy

y

y


21

0

and hence evaluate it. 

 Solution: 

 The region of integration is bounded by x =y, x =2 - y, y =0 and y =1 which is shown 

in the figure. 
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 When we change the order of integration, we first integrate with respect to y keeping 

x as constant. When the region of integration is covered by vertical strip, it does not intersect 

the region of integration in the same fashion. Hence the region OAB is splitted into two 

subregions OAC and CAB. Hence 

 xydydxxydydxxydxy
CABOACOAB

   

  xydydxxydydxxydxdy

xxy

y






2

0

2

10

1

0

21

0

 

   = dx
xy

dx
xy

xx 




















2

0

22

10

21

0
22

 

   = dx
xx

dxx
2

)2(

2

1 22

1

3

1

0


 

 

   

dx
xxxx

2

)44(

42

1 22

1

1

0

4 









 

 

   

2

1

342

3
4

42
4

2

1
0

4

1

2

1



















xxx
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4

4

1
2

3

32

4

16
8

4

1

2

1

 

   















 











12

16324

3

32
12

4

1

2

1

 

   










12

5

4

1

2

1

 

   
212

8




 

   
3

1


 



247 

 

11) Change the order of integration in dydx
yx

x
x

x
22

21

0

2





and hence evaluate it. 

 Solution: 

 The region of integration is bounded by the curves 0,2, 2  xxyxy anx = 1. 

The region ofintegration is a sector AOB which is shown in the figure. 

 

 When we change the order of integration, we first integrate with respect to ‘x’ 

keeping y constant. So,when the region of integration is covered by horizontal strip, it does 

not intersect the region of integration inthe same fashion. Hence the sector AOB is splitted 

into two subregions OAC and ACB. 

 Hence dxdy
yx

x
dxdy

yx

x
dydx

yx

x

ACBOABOAB
222222 




   

  dxdy
yx

x
dxdy

yx

x
yy

22

2

0

2

1
22

0

1

0

2





 



 

  dydx
yx

x
dydx

yx

x
yy

































 



22

2

0

2

1
22

0

1

0

2

2

12

2

1
2

 

      dyyxdyyx
yy 22

0

22

2

1

0

22

1

0
2

1

2

1 

    

     















 cax

ax

xdx 22

22

2
  

   
1 2

0 1

2 2y y dy y dy    
 

  

 
1 2

2 2

0 1

2 1 2
2 2

y y
y

   
      

     

  

   
1 1

2 1 0 2 1 2
2 2

    
          

      

  

2 1 3
2

2 2

 
   

   
 

  

2 2

2
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1
1

2
 

 

 

12) Change the order of integration in xydydx

xa

a

x

a


2

0 2

and then evaluate it. 

 Solution: 

 Let xydydxI

xa

a

x

a






2

0 2

 

 The region of integration is bounded by the 

curves 
2

2 ,
x

y or x ay
a

 
 

2 2 0,y a xor x y a x    
 
and ax  is plotted 

in the following figure. 

 After changing the order, the integration is with respect to x first. When we draw lines 
parallel to the x axis to evaluate the limits of the inner integral it does not intersect the region 

of integration in the samefashion. Hence the region is divided into two subregions OAE and 

EAD. 

 Hence xydydxxydydxI
EADOAE

   

  xydxdyxydxdy

yaa

a

aya






2

0

2

00

 

 (The co-ordinates of A is obtained by solving the equations )2 2 ayxandayx   



249 

 

 dy
x

ydy
x

yI

yaa

a

aya 


















 

2

0

22

0

2

0
22

 

  = dyyaydyayy

a

a

a

2

2

0

)2(
2

1
)(

2

1
   

  =  dyyayay
ya

a

a

a

22

2

0

3

44
2

1

32









  

  =  dyyayyaa
a

a

a

322

2

3 44
2

1
)(

6
   

  =

a

a

yy
a

y
a

a
2

432
2

4

43
4

2
4

2

1

6








  

  =   







 )16(

4

1
)8(

3

4
42

2

1

6

4433222
4

aaaa
a

aaa
a

 

  = 







 434

4

15
4

1
)7(

3

4
6

2

1

6
aa

a
a

a
 

  = 
4

4
4

4

8

15

3

14
3

6
a

a
a

a
  

  = 
8

3

24

9

24

)45112724( 444 aaa



 

Exercise: 

I Change the order of Integration in the following integrals. 

1) dxdyyxf

y

),(

1

0

1

0




     Ans: dydxyxf

x

),(

1

0

1

0




 

2) dydxyxf

x

),(

2

0

1

0

      Ans: dxdyyxf
y

),(

1

4

2

0 2

  

II Change the order of integration and hence evaluate the following integrals. 

3) dydx
y

e ya

x

a 


0

      Ans : 1 

4) 
22

0
yx

xdxdy
a

x

a

       Ans: 
4

a
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5) dydxyx

x

)(

4

1

3

0




     Ans :
60

241
 

6) dxdyy

yaa

a

2

0

22






     Ans :
8

4a
 

7) 
22

1

0 2 yx

ydxdy
y

y
       Ans: 2log

2

1
 

8) xydydx
x



4

0

2

1

      Ans : 2log8  

9) dydx

x

x


 221

0

      Ans :
4


 

10) dydxe yx

x






2

1

0

1

0

     Ans : 2)1(
2

1
e  

11) dxdy
xy

1
2

1

3

2

       Ans: 
2

3
log.2log  

12) 
222

00

22

yxa

dxdy
xaa





    Ans :
2

a  

13) dydxe x
y

y

y


1

0

      Ans: 73 4 e  

14) dxdy

yaa

yaa

a






22

220

     Ans :
2

2a  

15) 0,)log( 22
2

0

22




adxdyyx

ya

y

a

   Ans: 









2

1
log

2

2

a
a

 

16)  dxdyyx
a

x

x

a

22

2
0

      Ans: 
2028

2 aa
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17) dydxex y
xxa 2

.
00



      Ans : 12 e  

18) dydxx

xa
a

b
a

2

0

1

0

22





     Ans : ba3

16


 

19) dxdyy

xa

ya

a

.

221

0






      Ans :
6

3a
 

20) ydxdy

y

y

3

2

2

1

1

1

0






     Ans : 2 

 

Change of variables from cartesian to polar co-ordinates 

 The evaluation of a double or a triple integral sometimes becomes easier when we 

transform the given variables into new variables. 

 In R
2
 , if the domain has a circular symmetry and the function has some particular 

characteristics one can apply the transformation to polar co-ordinates, which means that the 

point P(x,y) in cartesian coordinates switch to their respective points in polar co-ordinates, 

that allows one to change the shape of the domain and simplify the operations. 

 The polar co-ordinates r and are defined by x =r cos, y = r sin 
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Transformation from cartesian to polar co-ordinates 

 

 Then on substituting for x and y, the double integral dxdyyxf
T

),(
 

is transformed to 

 drdJrrf
U

||)sin,cos( where ),( rJ is the jacobian of (x,y) with respect to (r, ). 

  ie, 
cos sin

sin cos

x x

rr
J r

y y r

r

 

 



 

 
  

 

 

 

 Therefore drrddrdJdxdy   ||  

1) By changing to polar coordinates, find the value of the integral dydxyx

xaa

)( 22

2

0

2

0

2




 

Solution 

 The region of integration is bounded by 0,2,0  yaxx  and 
22 xaxy   

 Take  
22 xaxy   

  
22 2 xaxy   

  0222  axyx   (1) 

The polar coordinates are  sin,cos ryrx   and rdrddxdy   

  The polar equation of the circle 0222  axyx  is 

  0cos2sincos 2222   arrr  

   2 2 cos 0r ar     

   cos2ar   

  The region of integration is bouned by 

  


 cos20,
2

,0 arandr   

      




rdrdrrI

a

22

cos2

0

2

0

sincos    
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 =   




rdrdr

a

222

cos2

0

2

0

sincos   

 = 




drdr

a

3

cos2

0

2

0

  

 = 




d
r

a cos2

0

42

0
4









  

 = 




d
a









 0

4

)cos2( 42

0

 

 = 




d
a

4

cos2 4442

0

  

 =   



d
a 4

42

0

cos
4

16
  

 = 



da 4
2

0

4 cos4 
 

 

/24
4

0

3 1 3 ( 1)( 3)...1
4 cos

4 2 2 4 ( 2)...2 2

na n n
a d

n n


  

 
 

    
  if n is even 

2) By changing into polar coordinates, evaluate 

  
22

2

0

2

0

2

yx

xdxdy
xx




 

 Solution : 

 Given dxdy
yx

x
xx

22

2

0

2

0

2




 

  ie, dydx
yx

x
I

xx

22

2

0

2

0

2


 



  [Standard form] 

 The region of integration is bounded by 
220,2,0 xxyandyxx   

 Take 
22 xxy   
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22 2 xxy   

  0222  xyx  

 In this region the polar equation of the circle is 

      0cos2sincos
22

  rrr  

               cos2r  

      Since  cosrx   

       sinry   

       rdrddxdy   

 

 In polar co-ordinates the same region is bounded by the curves 

2
,0,cos2,0


  rr  

 
   









rdrd
rr

r
I

22

cos2

0

2

0 sincos

cos


   

     = 






drd
r

r
2

2cos2

0

2

0

cos
   

     = 




drdcos

cos2

0

2

0

  

     =   




dr
cos2

0

2

0

cos  

     =   



d0cos2cos
2

0

  

 = 












  22).....2(

1)....3)(1(
cos

22
.

2

1
.2






nn

nn
dn  

3) Transform the integral into polar co-ordinates and hence evaluate 

dydxyx

xaa

22

00

22
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 Solution 

 The region of integration is bounded by 

  axandxxayy  0,,0 22  

 ie, axandxayxy  0,,0 222
 

 (ie) The given region is a quadrant of the circle 
222 ayx   

 

 In this region the polar equation of the circle is 

      arararr  22222
sincos   

 

 In polar co-ordinate the same region is bounded by the curve 

2
0,,0


  andarr  



rrdrddydxyx

axaa

 



0

2

0

22

00

22

 

 =  2
0

3

0

32

0
33






a

d
r

a









  

 = 
623

33 aa 
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4. Evaluate dxdy
yx

yx
22

22

  over the annular region between the circles 
222 ayx   

and )(222 abbyx   by transforming into polar co-ordinates. 

 Solution 

 Putting  sin,cos ryrx   the given circles becomes 

   
22222222 sincos arrayx    

    arar  22  

   brbrbyx  22222
 

 and varies from 0 to 2 

 In polar coordinates the annular region is bounded by the curves 

 20,,  andbrar  

 

 





rdrd
rr

rr
dxdy

yx

yx
b

a

.
sincos

sincos
2222

22222

0

22

22




   )( rdrddxdy   

  = 


drdr

b

a

223

2

0

sincos  

  = 


d
r

b

a









 4

sincos
4

22

2

0

 

  = 



d
ab 22

2

0

44

sincos4.
4 







 
 

  
2

.
2.4

1.1
)( 44 

ab   

 
  

,
21.3).....2()(

1.3)....3)(1(1.3).....3)(1(
cossin

2

0

























nmnm

mmnn
dnm  
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        where m & n are even 

  )(
16

44 ab 


 

5) Evaluate by changing to polars, the integral 
22

2

0 yx

dxdyx
a

y

a


  

 Solution 

 The region of integration is bounded by axandyxayy  ,,0  

 Let us transform this integral into polar co-ordinates by taking 

 rdrddxdyryrx  ,sin,cos  

 

 In polar co-ordinates the given region of integration is bounded by the curves 

4
0,sec,0


  andarr  

  







rdrd
rr

r
I

a

22

22sec

0

4

0 )sin()cos(

cos


   

  = 






drd
r

r
a

2

23sec

0

4

0

cos
  

  = 






drd
r

r
a

2

23sec

0

4

0

cos
  

  = 




drdr

a

22

sec

0

4

0

cos  

  = 




d
r

a sec

0

3
2

4

0
3

cos 







  

r = a sec 
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  = 






da
3

sec
cos

3
2

4

0

3

  

  = 




d
a

cos

1

3

4

0

3

  

  = 



d
a

sec
3

4

0

3

  

  =  4
0

3

tan(seclog
3



 
a

 

  =   )01(log12log
3

3


a

 

  =   012log
3

3


a

 

  =  12log
3

3


a

 

Exercise: 

1) Evaluate  dydxyx

yaa

22

00

22




   Ans :
8

4a
 

2) Evaluate dxdy
yx

yx
y

a

y

a

22

22

4

4

0 2 


     Ans : 2

3

5

2
8 a











 

3) Evaluate dxdyyyx

xaa

)( 32

00

22




   Ans :
5

5a
 

4) Evaluate 
)( 222

0

22

2
yxa

dxdy
xa

xax

a






   Ans : a 

5) Evaluate 

  2
3

22

2

0 yx

dxdyx
a

y

a


     Ans : 

2

2a
 

6) Evaluate dxdye yx

y

)(

0

22 



     Ans : 
4
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7) Evaluate dydxyx  )( 22  over the circle 
222 ayx    

        Ans : 
4

4a
  

8) Evaluate dxdy
ayx

dxdy

222 
  taken over the circle 122  yx   

        Ans :  

Area Using Double Integral 

1) Find the Area enclosed by the ellipse 1
2

2

2

2


b

y

a

x
 

 Solution: 

 From the equation of the ellipse, we have 

  
2

2

1
a

x

b

y
  

 So, the region of integration R can be considered as the area bounded by 

 2222, xa
a

b
yandxa

a

b
yaxandax 


  

 Area  =  4dydx
R

 Area in first quadrant 

  = dydx

xa
a

b

a



 22

00

4  

  = dydx

xa
a

b

a



 22

00

4  

  = dxy
xa

a

ba 22

0

0

][4


  

  = dxxa
a

b
a

22

0

4    

  = 
2

2 1

0

4
sin

2 2

a

b x a x
a x

a a
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  =   















 0

22
00

4 2 a

a

b
 

  = ab  square units. 

2) Find the area enclosed by the parabola axisxaxy  ,42
 and the latus rectum of  the 

parabola  

 Solution: 

 Given  the area is enclosed by axy 42                    (1) 

 )0(  yaxisx and the 

 Lactus rectum of (1) 

 i.e, x = a 

 Points of intersection of (1) & (2) 

 is )2(),2,( aaaa   

 Therefore the region of integration R can be considered as the area bounded by 

axyandaxyaxx 44,,0   

 Area = dxdy
R

  

  = 


ax

axy

a

x

4

40

 

  = dxdy

axa














4

00

2  

  = dxax

a

42
0

  

  = 

a
a

x
adxxa

0

2
3

2

1

0 2
3

442













  

  = 




  0

3

8
2

3

a
a

 

  = 
3

8 2a
 square units.  
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3) Find the area in the first quadrant included between the parabola  axisyyx  ,162
 

and the line y = 2. 

 Solution : 

 The area in the first quadrant is enclosed by 

 yx 162       (1) 

 2y      (2) 

 and )(0 axisyx     (3) 

 Points of intersection of (1) & (2) is 

    2,24&2,24  

 Therefore the region of integration R is considered as the area bounded by 

2
16

,24,0
2

 yand
x

yxx  

 Area = dxdy
R

  

  = 
2

4 2 2

0

16

x x
y

dy dx




 
 
 
 
 

   

  =   dxy
x

x

2

16

24

0

2


    

  = dx
x

x












16

2
224

0

 

  = 

24

0

3

316

1
2 










x
x  

  = 







 )2(16

48

1
224  

  = 









3

2
224  

  = 
3

216
 Square units. 

4) Find the area of the circle 
222 ryx   lies in the positive quadrant  
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 Solution 

 The circle lies in the first quadrant is bounded by 
222,0,0 ryxyx   

 

 

 Therefore, the region of integration R can be considered as the area bounded by 

220,,0 xryandyrxx   

Area  = dxdy
R

  

 = dxdy

xr

y

r

x 


















22

00

 

Area =   dxy
xr

r

x

22

0

0





  

 = dxxr

r

22

0

  

 = 

r

r

xr
xr

x

0

1
2

22 sin
22

















 

 

 = 







 0

22
0

2 r
 

 
4

2r
 square units. 

5) Find the area of the region R bounded by the parabola 
22 yxandxy   

 Solution:    

 Area = dxdy
R
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 Region of integration is bounded by 

  
2xy    (1) & 

  
2yx    (2) 

 From (1) & (2) 

  
22 )(yy   

 0)1( 3  yy  

 1,0  yy  

 The points of intersection are (0, 0) & (1, 1) therefore, the region of integration can be 

considered as the area bounded by xyandxyxx  2,1,0  

Area =  dxdy

x

xyx 














 2

1

0

 

   dxyI
x

x

x

2

1

0




  

  =  dxxx
x

2

1

0




 

  = 

1

0

32
3

3
2

3 














xx
 

  = 
1

0

32
3

2
3

1





  xx  

  =  )01()01(2
3

1
  

  = .
3

1
unitsSquare  

6) Find the area of the cardioids  cos1 ar  

 Solution 

 Area  = dxdy
R

  

  =  rdrd  
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 Given )cos1(  ar  

 Limits  

 )cos1(0:  ar  

  20.   

 Area = 



d
r

rdrd

aa )cos1(

0

22

0

)cos1(

0

2

0
2











   

  =   


d
a 2

0

2

cos12
2

   

  =   


da 2

0

2 coscos21   

  = 





da 






 
 2

2cos1
cos21

0

2
 

  = 





0

2

2

2sin

2

1
sin2 
















a  

  =     















 )00(

2

1
0

2

1
)00(202 a  

  = 22

2

3

2

1
aa


 








  Square units. 

7) Find the area inside the circle sinar   and outside the cardioid )cos1(  ar  

 Solution 

 Given sinar    _______ (1) 

  )cos1(  ar  _______ (2) 

 Limits 

     sincos1: aar   

  
2

0:


   

 Area = rdrd
R
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  = 






rdrd

a

a




sin

)cos1(

2

0

 

  = 







d
r

a

a

sin

)cos1(

22

0
2











  

  =    



daa
2222

2

0

cos1sin
2

1
  

  =   



da 222
2

0

coscos21sin
2

1
   

  =   



d
a

cos212cos
2

2

0

2

  

  = 
2

0

2

sin2
2

2sin

2
















a
 

  = 
















 )01(20

2
)00(

2

1

2

2 a
 

  = 







 2

22

2 a
 

  = .)4(
4

2

unitsSquare
a

  

8) Find the area of the region outside the inner circle r =2cosand inside the  outer circle 

r =4cos 

 Solution: 

 Given  r =2cos                 (1) 

 ie,  r = 4cos                (2) 

 From (1) & (2)  

  cos4cos2: r  

 
2

0:
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 Area = 






rdrd
cos4

cos2

2

0

2  

  = 







d
r

cos4

cos2

22

0
2

2 







  

  =      



d
22

2

0

cos2cos41   

  = 






dd
2

2cos1
12cos12

2

0

2
2

0


   

  = 
2

02

2sin
6




 








  

  = 
















 )00(

2

1
0

2
6



 

                Area = 3π square units. 

Exercise: 

1) Find the area bounded by the circle 
222 ayx   and the line ayx   in the first 

quadrant 

        Ans :  2
4

2


a

 

2) Find the area which lies inside the circle cos3ar   and outside the cardioid 

)cos1(  ar  

        Ans : 2a  

3) Find the area enclosed by the curve axy 42   and the lines ayx 3  and axisx   

        Ans :
3

10 2a
 

4) Find the area enclosed by the lines 1,0,0 
b

y

a

x
yx  

        Ans :
2

ab
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5) Find the area in the first quadrant bounded by the x-axis and the curves 

 xyyx 9,10 222   

        Ans :
4

27
 

6) Find the area enclosed by the parabola )4(2 xy   and the x-axis. 

         

        Ans :
3

32
 

7)    Find the area bounded by the lines 35,0,0  yyx  and the curve 122  yx  

        Ans : )1(sin
2

1

25

6 1  

8) Find the area bounded by the parabolas xyandxy 444 22   

         Ans : 8. 

TRIPLE INTEGRAL 

 

 Triple integral is defined similar to that of double integral. The general form of the 

triple integral is  dxdydzzyxf

x

x

y

y

z

z

,,
2

1

2

1

2

1

  

To evaluate the triple integral, first we integrate f (x, y, z) with respect to x keeping y and z as 

constant and substitute the limits  x1 and  x2which will be either constants or functions of y 

and z . Next we integrate the resulting function of y and z with respect to y keeping z as 

constant and substitute the limits y1 and y2which will be either constants or functions of 

z.Finally we integrate the resulting function of z with respect to z and substitute the limits 

z1and z2which will be constants. 

 To evaluate dxdydzzyxf

a

x

b

y

c

z

),,(
000




 

 The order in which the integrations are performed is illustrated as follows. 
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Problems based on triple integration 

1. Evaluate  xyzdxdydz

abc


000

 

 Solution: 

 Let xyzdxdydzI

abc


000

 

      = 























 zdzydyxdx

cba

000

 

      = 

cba

zyx

0

2

0

2

0

2

222
























 

      = 

























 0

2
0

2
0

2

222 cba
 

      = 
 

8

2
abc

 

2. Evaluate  dzdydxzyx 
3

0

2

0

1

0

 

 Solution: 

 Let  dzdydxzyxI  
3

0

2

0

1

0

  

  =   dydx
z

zyx

3

0

22

0

1

0
2









  

  =   dydxyx 







 2

9
3

2

0

1

0
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  = dxy
y

xy

2

0

21

0
2

9

2

3
3 








  

  =   1815315
2

6
966

1

0

21

0









 x

x
dxx  

3. Evaluate  
 

dx
x

x
2

1

0
1

1
log




  

 Solution: 

 Let  dxdydzzyxI

cba

222

000

   

  = dydzxzxy
x

c

x

ba

0

22
3

00
3











  

  = dydzczcy
c

ba











22
3

00
3

 

  = dzycz
cy

y
c

b

y

a

0

2
33

0
33











   

  = dzcbz
cbbc

a











2
33

0
33

 

  = 

a

cbz
z

cb
z

bc

0

333

333








  

  = 
333

333 bcaacbabc
  

  =  222

3
cba

abc
  

4. Evaluate  zdzdydx

yxx




00

1

0

   

 Solution 

 Let zdzdydxI

yxx





00

1

0
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  = dydx
z

yxx 











0

2

0

1

0
2

 

  = dydx
yx

x












 0

2
0

1

0

 

  =  dydxyx

x


0

1

0
2

1
 

  = dx
y

xy

x

y 0

21

0
22

1











  

  = dx
x

x 
















 )00(

22

1 2
2

1

0

 

  = 

1

0

3
2

1

0
34

3

2

3

2

1










x
dxx  

  = 
4

1
0

3

1

4

3









  

5. Evaluate dzdydxeI zyx

yxx







log

00

2log

0

 

 Solution: 

  dzdydxeeeI zyx

yxx

..

log

00

2log

0




  

  =   dydxeee
yx

z

zyx

x
log

0

0

2log

0

.


   

  =  dydxeeee
yxyx

x

0log

0

2log

0




  

  =  dydxeeeee yxyyx

x

... log2

0

2log

0

       

  =  dydxeeyee yxyx

x


2

0

2log

0

   ye y log  
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  =    dxeeeyee
x

y

yxyyx

0

2

2log

0

     yyy eyedyye    

  =     dxeeeeexee xxxxxxx  )10(22

2log

0

 

  =   dxeeexe xxxx 
223

2log

0

1  

  =  dxexe xx  )1(3

2log

0

 

  =  
2log

0

33

9
)1(

3
1 








 x

xx

e
ee

x   (By Bernoullis formula) 

  =  
2log

0

33

93
1 








 x

xx

e
ee

x  

  =     
























 1

9

1

3

1
1

93
12log 2log

2log32log3

e
ee

 

  =  







































 1

9

1

3

1

93
12log 2log

2log2log 33

e
ee

 

  =   














 











9

913
2

9

8

3

8
12log   8232log 3

e  

  = 


















9

5
2

9

8

3

8
2log

3

8
 

  = 






 


9

51882
2log

3

8
 

  = 
9

19
2log

3

8
  

 

6. Evaluate xdxdydz

x

y


1

0

11

0 2

 

 Solution: 



272 

 

 Given  xdxdydz

x

y


1

0

11

0 2

   (not in standard form) 

  = xdzdxdy

x

y


1

0

11

0 2

   (Standard form) 

  = dxdyxz x

z

y




1

0

11

0

)(
2

 

  = dxdyxx
y

)1(

11

0 2

  

  =  dxdyxx
y

2

11

0 2

  

  = dy
xx

yx

1
321

0 232










  

  = dy
yy



























 323

1

2

1 641

0

 

  = dy
yy









 326

1 641

0

 

  = 

1

0

75

73526

1















yy
y  

  = 
21

1

10

1

6

1
  

  = 
35

4
 

7.        Evaluate 




rdzdrd

araa


 /)(

0

sin

0

2

0

22

 

 Solution 

  




rdzdrd

araa


 /)(sin

0

2

0

22

 

  =   ara
a

rzdrd
/)(

0

sin

0

2

0

22 
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  = dr
a

ra
rd

a








 


22sin

0

2

0




  

  = 

sin/2 2 2 4

0 0

1

2 4

a

a r r

a


 

 
 

  

  =  




d
aa

a 







 4

sin

2

sin1 44242

0

 

  =   



d
a 42

2

0

3

sinsin2
4

  

  = 









2
.

2

1
.

4

3

2
.

2

1
.2

4

3 a
 

  = 
64

5 3a
  

8. Evaluate  
3( 1)

v

dzdydx

x y z   over the region of integration bounded by the planes 

1,0,0,0  zyxzyx  

 Solution 

 The given region is a tetrahedron. The projection of the given region in the xy plane is 

a triangle bounded by the line 10,0  yxandyx  as shown in figure. 

 Here  10var  xtoxfromiesx  

  xytoyfromiesy  10var  

  yxztozfromiesz  10var  

 
   

dzdydx
zyxzyx

dzdydx
yxx

V

3

1

0

1

0

1

0

3
1

1

1 






 

   =   dzdydxzyx

yxx
3

1

0

1

0

1

0

1




   

   = 
 

dydx
zyx

yx
x


















1

0

21

0

1

0
2

1
 

   =     dydxyxyxyx

x
22

1

0

1

0

1011
2

1 
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   =     dydxyx

x
22

1

0

1

0

12
2

1 


   

   =  
 

dx
yx

y

x
















 

1

0

1
2

1

0
)1(

1
2

2

1
 

   =   dxxxxx 112
1

0

)1(0)11()1(2
2

1 
   

   = 

1

0

2

)1log(
2

1

24

1

2

1

















 xx

x
x  

   =  
















 1log002log

2

1

2

1
1

4

1

2

1
 

   =  







 02log

2

1

2

1

4

1

2

1
 

   =   2log85
16

1

8

2log841

2

1








 
  

   =  52log8
16

1
  

9. Evaluate 
2222 zyxa

dxdydz


 over the first octant of the sphere 

2222 azyx   

 Solution 

 The projection of the given region in the yx plane )0( z  is the region of the circle 
222 ayx   lying in the first quadrant which is shown in the figure. 

  In the region x  varies from 0 to a. For a fixed x, y varies from 0 to .22 xa  For a 

fixed zyx ),,(  varies from 0 to .222 yxa   

 
2222

000
222

22222

zyxa

dzdydx

yxa

dxdydz
yxaxaa









 

  = dydx
yxa

z
yxa

xaa

222
22

0

222

1

00

sin






















  

    










 

 a

x

xa

dx 1

22
sin
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  =  

2 2
2 2 2

1 1

2 2 2
0 0

sin sin (0)

a a x
a x y

dydx
a x y



 
   
  
      

   

  =  dydx

xaa

)0(sin)1(sin 11

00

22





  

  = dydx

xaa













0
2

22

00


 

  = dydx

xaa


 22

00
2


 

  =   dxy
xa

a
22

0

0
2






 

 

 =  
2 2

0

0
2

a

a x dx
   

   

  = dxxa

a

22

0
2




 

  = 

a

xa
x

a

xa

0

221
2

2
sin

22

















 

  = 















  0)0(sin
22

sin
22

1
2

221
2 a

aa
a

a

aa
 

  = 







 00)1(sin

22

1
2a

 

  = 
8222

222 aa 
  

10. Evaluate .xyzdxdydz
V

 whereV is the region of space inside the tetrahedron bounded 

by the planes 10,0,0 
c

z

b

y

a

x
andzyx  

 Solution 

 The projection of the given region in the xy-plane is the triangle bounded by the lines 

x = 0, y = 0 and 1
b

y

a

x
 as shown in the figure 



276 

 

 Here x varies from x = 0 to x = a 

  y varies from y = 0 to y = b z
a

x








1  varies from z = 0 to z = c 










b

y

a

x
1  

   xyzdzdydxxyzdxdydz

b

y

a

x
c

a

x
b

a

V
























1

0

1

00

 

   = dydx
z

xy
b

y

a

x
ca

x
b

a 



























1

0

2
1

0
2

 

   =  

22

0 0
2

a b
c y

xy t dydx
b

 
 

 
   

    where
a

x
t 1  

   = dx
y

b

y

b

ty
tx

c
bta

0

4

2

32
2

0

2

4

1

3

2

2
.

2 







  

   = dxxtb
c

a

42

0

2

4

1

3

2

2

1

2








  

   = dx
a

x
x

cb
a 4

0

22

1
24









  

   = dx
a

x

a

x
a

cb
a 4

0

22

111
24


























  

   = dx
a

x

a

xcab
a































54

0

22

11
24

 

   = dx
a

a

x

a

a

x

cab

a

a

0

65

0

22

/6

1

/5

1

24
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   = 









6

1

5

1

24

222 cba
 

   = 
720

222 cba
 

Exercise 

1. Evaluate dzdydxe zyx

cba




000

  Ans :    111  cba eee  

2. Evaluate dxdydzzxyzxy )(

1

0

1

0

1

0

  Ans :
4

3
 

3. Evaluate 
222

1

0

1

0

1

0 1

222

zyx

dxdydz
yxx






 Ans :
8

2
 

4. Evaluate  
1 1

0 0 0

x yx

ze dxdydz



      Ans :
2

1
 

5. Evaluate zdzdydxxy2

2

1

3

1

2

0

    Ans : 26 

6. Evaluate zdzdydx

yxx




00

4

2

   Ans : 14 

7. Evaluate xyzdzdydx

yxa


000

   Ans :
48

6a
 

8. Evaluate zdzdydxxy2

2

1

3

1

2

0

    Ans : 26 

9. Evaluate xdzdydx

yxx




2)(

0

1

0

1

0

   Ans :
10

1
 

10. Evaluate xydzdydx

xy

x


0

1

1

3

1

   Ans :




  3log55)3.(2

25

2
2

5
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11. Evaluate 
3)12(  zyx

dxdydz

V

where V is the region enclosed by the planes 

 10,0,0  zyxandzyx    Ans :  13log
4

1
  

12. Evaluate dxdydzzyx
V

)(   where the region V is bounded by 

 0,0,0),0(  zyxaazyx  Ans :
8

4a
 

13. Evaluate xdxdydz

yxaxaa




22222

000

  Ans :
16

4a
 

14. Evaluate dxdydze z

yxxa

1

0

1

00





    Ans :
2

e
 

15. Evaluate dxdydzzyx
V

2221   where V is the volume of the sphere 

 1222  zyx     Ans :
4

2
 

16. Evaluate 
222 zyx

dxdydz

  over the sphere 
2222 azyx   

       Ans : 4a 

17. Evaluate  

1 1

2

0 0 0

x y x
b c

a b aa

x yzdzdydx

   
     

   

      Ans :
2520

223 cba
 

18. Find the value of  dxdydzzyxxyz 222   taken over the positive octant for 

which 
2222 azyx     Ans :

64

8a
 

19. Evaluate  xyzdxdydz  over the region of integration bounded by 0,, zyx  and 

9222  zyx      

       Ans :
16

243
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Volume using Triple Integrals 

1. Find the volume of the region bounded by the surfaces y
2
 = 4ax and x

2
 = 4ay and the 

plane z = 0 and z = 3 

 Solution: 

  axy 42   (1) 

  ayx 42    (2)  

 Solving (1) & (2) 

  ax
a

x
4

4

2
2









 

   064 34  xax  

   0)64( 33  axx  

   
33 64,0 axx   

   axx 4,0   

 Required volume = dzdydx

ax

a

x

a


3

0

4

4

4

0 2

 

   =   dydxdydxz

ax

a

x

aax

a

x

a

3

4

4

4

0

3

0

4

4

4

0 22

   

   =   dxy
ax

a

x

a
4

4

4

0

23  

   = dx
a

x
ax

a









 4

43
24

0

 

   = 

a

a

xx
a

4

0

32
3

34
2

3
43
















  

   = 













 0

12

)4(

2
3

44
43

3

a

aaa
a  
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   = 









a

a
aa

12

64

3

2
443

3

 

   = 






 











3

1632
3

3

16

3

32
3

2222 aaaa
 

   = 
216a Cubic units 

2. Find the volume of the sphere 
2222 azyx   without transformation. 

 Solution 

 V = 8 x volume in the first octant 

 z  varies from z = 0 to z = 222 yxa   

 y  varies from y = 0 to y = 22 xa   

 x  varies from x = 0 to x = a  

  V = 8 dzdydx

yxaxaa




22222

000

 

  =   dydxz
yxa

xaa
222

22

0

00

8




   

  = dydxyxa

xaa

222

0

22

8 


 

  = 

dx
xa

yxa
yxa

y
xa

a
22

0

22

1
22

222

0

sin
22

8




































 

  = 

dxxaxa
xa

xa

xaxa
a



































 

 )(
2

sin
2

8 2222
22

22

22
1

22

0  

  = 

dx
xa

a











 

 0)1(sin
2

8 1
22

0  

  

dx
xa

a








 
  2

.
2

8
22

0



 

  

 dxxa

a

22

0
4

8  
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a

x
xa

0

3
2

3
2 








 

 

  









 0

3
2

3
2 a

aa

 

  

unitscubic
aaaa

a
3

4

3

3
2

3
2

3333
3 

 






 











 

3. Evaluate ,dxdydz
V

 where V is the volume of the tetrahedron whose vertices are (0, 

0, 0), (0, 1, 0), (1, 0, 0) and (0, 0, 1). 

 Solution 

 Now the plane through the points (0, 1, 0), (1, 0, 0) and (0, 0, 1) is  

 x + y + z = 1 

 If we first integrate w.r.t ‘x’ then its limits are 0 and 1 – (y + z) 

 If the second integration is w.r.t. ‘y’, its limits are 0 and 1 – z. 

 Finally, the limits of integration for z are 0 and 1. 

 dxdydzdxdydz

zyz

V






1

0

1

0

1

0

 

  

  dydzx
zy

z





1

0

1

0

1

0   

  

 dydzzy

z

 


1

1

0

1

0  

  

dzyz
y

y

z









 

1

0

21

0
2

 

  

 
 

  dzzz
z

z
















  01

2

1
1

21

0  

  

 
dz

z
zzz













 
  2

1
1

2

2

1

0   

  

 
dz

z
zz













 
  2

1
21

2

2

1

0  
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1

0

332

)1(32

1

32

2



















zzx
z

 

  = 
1 1

1 1 0 0
3 6

   
          

 

  
6

1

3

1

6

1

3

1
11 










 

  

unitscubic
6

1

6

12





 

4. Find the volume of that portion of the ellipsoid  1
2

2

2

2

2

2


c

z

b

y

a

x
  which lies in the 

first octant using triple integration. 

 Solution 

 Given  1
2

2

2

2

2

2


c

z

b

y

a

x
   (1) 

  Volume  dzdydx 

 To find x  limit put 00  zandy  we get (line integral) 

  axax
a

x
 22

2

2

1)1(  

  ie, x = 0  to x = a      (first octant area) 

 To find y limit put z = 0 we get (surface integral) 

    11
2

2

2

2


b

y

a

x
   

   
2

2

2

2

1
a

x

b

y
  

   









2

2
22 1

a

x
by  

   2

2

1
a

xby   

   2

2

1
a

xby   
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  ie, 
2

2

1,0
a

x
byy      ( first octant area) 

 To find z limit [volume integral] 

  1)1(
2

2

2

2

2

2


c

z

b

y

a

x
 

   
2

2

2

2

2

2

1
b

y

a

x

c

z
  

   









2

2

2

2
22 1

b

y

a

x
cz  

   
2

2

2

2

1
b

y

a

x
cz   

  ie, 
2

2

2

2

10
b

y

a

x
cztoz   

 volume= dzdydx
b

y

a

x
c

a

x
b

q




2

2

2

2

2

2

11

00

 

  =   dydxz b

y

a

x
ca

x
b

a

b

2

2

2

22

2

1

0

1

0





  

  = dydx
b

y

a

x
c

a

x
b

a


















01
2

2

2

2
1

00

2

2

 

  = dydx
b

y

a

x
c

a

x
b

a

2

2

2

2
1

00

1

2

2





 

  = dydx
b

y
a

x
b

c
a

x
b

a

2

2

2

2
2

1

00

12

2















 

  = dydxy
a

x
b

b

c
a

x
b

a

2

2

2
2

1

00

1

2

2
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=   

2

2
1

2 2
2 2 2

2 2

1

2
0

2

0

1 1

sin
2 2

1

x
b

a

a

x x
y b y b

a ac y
dx

b x
b

a

 
  

 



     
       
       

         

  

  = dx
a

x
b

b

c
a







































 22

1

0

2

2
2

0


 

  = dx
a

x

b

cb
a









 2

2

0

2

1
4


 

  = 

a

a

x
x

b

cb

0

2

32

34 












 

  = 









2

3

34 a

a
a

bc
 

  = 









34

a
a

bc
   

  = 
63

2

4

abcabc 
  

 Hence the volume of the ellipsoid 

  abc
abc

V 


3

4

6
8 

 
cubic units. 

 

5. Find by triple integral the volume of the tetrahedron bounded by the planes  x = 0, y = 

0, z = 0 and 1
x y z

a b c
    

Solution: 

 The projection of the given region of the xy  plane is the triangle bounded by the lines 

x = 0, y = 0, and 1
x y

a b
  . 
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 In this region x  varies from 0 to a. For fixed yx,  varies from 0 to .1 b
a

x










 

For 

fixed (x, y), z  varies from 0 to .1 c
b

y

a

x








  

  dxdydzV
D

  

  = 

1 1

0 0 0

x x y
b c

a a ba

dzdydx

   
     

   

    

  =   dydxz b

y

a

x
c

a

x
b

a





















1

0

1

0

 

  = dydx
b

y

a

x
c

a

x
b

a





















1

1

0

 

  = dx
b

y
y

a

x
c

a

x
ba 




























1

0

2

0
2

1  

  = dx
a

x
b

ba

x

a

x
bc

a








































2

2

0

1
2

1
11  

  = dx
a

x

a

x
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a































22

0

1
2

1
1  

  = dx
a

x
bc

a 2

0

1
2

1








  

  = dx
a

xbc
a 2

0

1
2









  

  = 

a

a

a

x

bc

0

3

1
3

1

2































 

  = 
6323

1
0

2

abcabc

a

bc

















    cubic units. 
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6) Evaluate ,dxdydz
V

  where V is the finite region of space (tetrahedron) formed by 

the planes x = 0, y = 0, z = 0 and 2x + 3y + 4z = 12  

Solution: 

 The projection of the given region on the xy plane is the triangle bounded by the lines 

0,0  yx  and .1232  yx  

 In this region x varies from 0 to 6. For fixed yx, varies from 0 to 
1

(12 2 )
3

x . For 

fixed (x, y), z  varies from 0 to  
1

4
 .3212 yx   

 

 dzdydxdxdydz

yxx

V







)3212(
4

1

0

)212(
3

1

0

6

0

 

  =   dydxz
yx

x

)3212(
4

1

0

)212(
3

1

0

6

0





  

  =  dydxyx

x

3212
4

1
)212(

3

1

0

6

0





 

  =   dx
y

yx

x)212(
3

1

0

26

0
2

3212
4

1










  

  =       dxxxx 









2
6

0

212
9

1

2

3
212

3

1
212

4

1
 

  =     dxxx 









22
6

0

212
6

1
212

3

1

4

1
 

  =   dxx
2

6

0

212
6

1

4

1
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  = 
 

6

0

3

)2(3

212

6

1

4

1














x
 

  = 12
6

12

24

1

6

12
0

24

1 33











  cubic units. 

Exercise: 

1. Find the volume of the region bounded by the surface y = x
2
, x = y

2
 and the 

 planes z = 0, z = 3  

         Ans : 1 

2.  Find the volume of the solid bounded by the surface x = 0, y = 0, x + y + z = 1 and         

 z = 0  

         Ans :
6

1
 

3.  Evaluate ,dxdydz
v

 where V is the region of space bounded  by  

            9222  zyx  

         Ans :
3

108
 

4.  Find the volume of the solid in the first octant bounded by the planes 
 062,0,0,0  zyxzyx  

         Ans : 18  
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