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DEPARTMENT OF MATHEMATICS
UNIT -1
DIRECT AND ITERATIVE METHODS

Gauss Elimination method

To solve the system of equation represented by matrix form AX=B, A is a square matrix
of order ‘n’ and X and B are column matrices with n elements. The coefficient matrix is
reduced to upper triangular matrix by means linear transformation thereby the values of the
variable are found one after other by back substitution methods.

We consider the system of n linear equations in n unknowns
a11X1 +aXe + ... + amnXn = by
A21X1 +azeXe + ... + axnXn = b2

aniX1 Fan2X2 + .... T amXn = bn
There are two steps in the solution viz., the elimination of unknowns and back substitution

Problem 1. Solve the following system of equations using Gaussian elimination.
X1+ 3X2 —5X3=2
X1+ 11X —9%x3 =4
X1+ X2+6X3=5

Solution :
An augmented matrix is given by

3 -5]2
3 11 04
I 1 b

We use the boxed element to eliminate any non-zeros below it.
This involves the following row operations

[1] 3 -5]2 3 —5| 2
3 1 014 R2—3 xRl = 0 2 b 2
1 1 6|5 R3+RI1 04 1| 7

And the next step is to use the 2 to eliminate the non-zero below it. This requires the final row



operation

1 3 =5| 2 1 3 =5] 2
0 6|2 = |0 6|2
0 4 1| 7] R3-2xR2 0 0 —11| 11

This is the augmented form for an upper triangular system, writing the system in extended form
we



Ty + 30y — Hxy = 2
2r0 + b6y = 2
1lry = 11
This gives x3 = -1; X2 = 2; X1 = -9.

Problem 2: Solve the system of equation 2x + 4y +6z = 22
3X+8y+5x=27
-X+y+2z=2
Solution
2 4 6 22]
3 8 5 27
—1 1 2 2.
R1‘=1/2R:
1 2 3 117
3 8 5 27
-1 1 2 21
R2’=R2—-3R:1;R3’=R3+R:
1 2 3 117
o0 2 —4 —6
0 3 5 13l
1/2R2;R1’=R1—-2R>; R3’ = R3—3R:
7 17]

11 221
0 03
1 01
0
t

Thus the solution to the systemisx=3,y=1,z=2.

Problem 3. Using Gauss-Elimination method solve 2x + y + 4z = 12, 8x — 3y + 2z = 20,
4x+11ly—z = 33.

Solution: Given system of equations in Matrix form AX =B

2 1 4 x 12

8 —3 2 (}’)= 20

4 11 -1/ \z 33/

Consider the Augmented Matrix
2 1 4 12

[A4 B]~|8 -3 2 20

4 11 -1 33

2 1 4 12
~lo -7 —-14 —28| R;©R;—2R,

o 9 -9 9
R, < R, — 4K,



2 1 4 12 9
~o -7 14 -28[ Ryo R+ ()R
0 0 -—27 -27

-272=-27,Z=1, -7Y-14Z=-28,Y =2, 2X+Y +4Z =12, X=3
X=3,Y¥=2272=1

Problem 4. Solve 2x + y+ 4z =4, x — 3y—z = -5, 3x — 2y + 2z = -1 by Gauss Elimination
method

Solution: Given system of equations in Matrix form AX =B

2 2)0)-()

Consider the Augmented Matrix

2 1 4 4
[4 B]~|1 -3 -1 —5]
3 -2 2 -1
2 1 4 127
~|l0 -7 —6 —14|R;< 2R;—3R,,R, & 2R, — R,
0 —7 —8 —14l
2 1 4 12
~l0 -7 —6 —14|R;< R;,—R,
0o o -2 o0 |

By back substitution methods -2z =0,z =0, -7y-6z=-14,y=2,2x+y+4z=12 ,x=1
X=1,Y=22=0

Problem 5. Solve x + 2y + 32 = 6, 2x +4y + z = 7, 3x + 2y + 9z = 14 by Gauss Elimination
method

Solution: Given system of equations in Matrix form AX =B

(5 2)0)-(:)

Consider the Augmented Matrix

1 273 6
[4 E]~|2 4 1 ?]
3 2 9 14
1 2 3 6]
~lo0 0 -5 —5|Ry< R;—3R,,R, <R, —2R,
0 —4 0 —4l
1 2 3 6]
~l0 —4 0 —4|R;< R,
0 0 -5 —5I

By back substitution methods -5z =-5,z=1, -4y=-4,y=1, x+2y+32=6, x=1
X=1Y=12=1



ITERATIVE METHODS FOR SOLVING LINEAR SYSTEMS

As a numerical technique, Gaussian elimination is rather unusual because it is direct. That is, a
solution is obtained after a single application of Gaussian elimination. Once a “solution” has
been obtained, Gaussian elimination offers no method of refinement. The lack of refinements
can be a problem because, as the previous section shows, Gaussian elimination is sensitive to
rounding error. Numerical techniques more commonly involve an iterative method. For
example, in calculus you probably studied Newton’s iterative method for approximating the
zeros of a differentiable function. In this section you will look at two iterative methods for
approximating the solution of a system of n linear equations in n variables.

Gauss-Jacobi method

The Jacobi Method The first iterative technique is called the Jacobi method, after Carl Gustav
Jacob Jacobi (1804-1851). This method makes two assumptions: (1) that the system given by
a11X1 +aXz + ... + aiXn = by
a21X1 +axXo + ...+ anXn = b2

an1X1 +an2X2 + ... + amXn = bn
has a unique solution and (2) that the coefficient matrix A has no zeros on its main diagonal. If
any of the diagonal entries are zero, then rows or columns must be interchanged to obtain a
coefficient matrix that has nonzero entries on the main diagonal. A matrix A is diagonally
dominated if, in each row, the absolute value of the entry on the diagonal is greater than the
sum of the absolute values of the other entries. More compactly, A is diagonally dominated if
|Al> X |A;| foralli

Jojzi
To begin the Jacobi method, solve the first equation for the second equation for and so on, as
follows
X1 =1/ a1[by - a12X2 - ... -@1nXn]
X2 =1/ azz[ b2.aziXi- ... - d2nXn]

Xn :l/ann[ bn -an1X1-an2X2 - ..}
Then make an initial approximation of the solution, Initial approximation and substitute these
values of into the right-hand side of the rewritten equations to obtain the first approximation.
After this procedure has been completed, one iteration has been performed. In the same way,
the second approximation is formed by substituting the first approximation’s x-values into the
right-hand side of the rewritten equations. By repeated iterations, you will form a sequence of
approximations that often converges to the actual solution.

Problem 1:Use the Jacobi method to approximate the solution of the following system of linear
equations.

S5x; — 2xy + Ix; = —1
“3x 9, + ;= 2
2x;) — x— Ty =
Solution

To begin, write the system in the form



Letx1=0,%x=0,x3=0
as a convenient initial approximation. So, the first approximation is

x, = —++ %0) — 0) = —0.200
x,= 3+H0)—H0)= 0222
x, = —% + 50) — {0) = —0.429.

Continuing this procedure, you obtain the sequence of approximations shown in Table

n 0 1 2 3 4 5 6 7

X1 0.000 -0.200 | 0.146 0.192 0.181 0.185 0.186 0.186
X2 0.000 0.222 0.203 0.328 0.332 0.329 0.331 0.331
X3 0.000 -0.429 | -0.517 | -0.416 | -0.421 | -0.424 | -0.423 | -0.423

Because the last two columns in the above table are identical, you can conclude that to three
significant digits the solution is x;= 0.186 , x2 = 0.331 , x3 = -0.423.

Problem 2. Solve the system of equation using Gauss-Jacobi method 4x-10y+3z= - 3,
x+6y+10z= - 3, 10x-5y-2z = 3

Sol. Given equation can be rearranged such that they are diagonally dominant as follows.
10x-5y-2z = 3 —x = 1/10[3+5y+27]

4x-10y+3z= - 3 —y=-1/10[3+4x+3Z]
X+6y+10z=- 3 —z=-1/10[3x+x+6Y]

By iteration process, the values are tabulated as follows

Iteration X = 1/10[3+5y+27] y=-1/10[3+4x+3z] | z=-1/10[3x+x+6Y]
0 0 0 0

1 0.3 0.3 -0.3

2 0.39 0.33 -0.51

3 0.363 0.303 -0.537

4 0.344 0.284 -0.518

5 0.338 0.282 -0.505




6 0.34 0.284 -0.503

7 0.341 0.285 -0.504
8 0.342 0.285 -0.505
9 0.342 0.285 -0.505

Solution is x = 0.342, y=0.285, z=-0.505

GAUSS SEIDEL METHOD

Intuitively, the Gauss-Seidel method seems more natural than the Jacobi method. If the solution
is converging and updated information is available for some of the variables, surely it makes
sense to use that information! From a programming point of view, the Gauss-Seidel method is
definitely more convenient, since the old value of a variable can be overwritten as soon as a
new value becomes available. With the Jacobi method, the values of all variables from the
previous iteration need to be retained throughout the current iteration, which means that twice
as much as storage is needed. On the other hand, the Jacobi method is perfectly suited to
parallel computation, whereas the Gauss-Seidel method is not. Because the Jacobi method
updates or ‘displaces’ all of the variables at the same time (at the end of each iteration) it is
often called the method of simultaneous displacements. The Gauss-Seidel method updates the
variables one by one (during each iteration) so its corresponding name is the method of
successive displacements.

Problem 1
Solve the following system of equations by Gauss — Seidel method
28X +4y -z = 32

X+ 3y+10z =24
2x+ 17y +4z =35

Solution: Since the diagonal element in given system are not dominant, we rearrange the
equation as follows

28X +4y—z =32

2X+17y+4z2=35

X+3y+10z=24

Hence

x =1/28[32 — 4y +7]

y = 1/17[35-2x -4z]

z=1/10[24 —x — 3y]

Setting y=0and z = 0, we Qet,

First iteration

x® = 1/28 [ 32- 4(0) +(0)] = 1.1429

yW =1/17 [ 35— 2(1.1429) -4(0)] = 1.9244
z® =1/10 [ 24 — 1.1429 — 3(1.9244)] = 1.8084
Second Iteration

x@ = 1/28 [ 32- 4(1.9244) +(1.8084)] = 0.9325



y®@ =1/17 [ 35— 2(0.9325) -4(1.8084) ] = 1.5236
z® =1/10 [ 24 — 0.9325 — 3(1.5236)] = 1.8497
Third Iteration

x® = 1/28 [ 32- 4(1.5236) +(1.8497)] = 0.9913
y® = 1/17 [ 35— 2(0.9913) -4(1.8497)] = 1.5070
z® =1/10 [ 24 —0.9913- 3(1.5070)] = 1.8488
Fourth Iteration

x® = 1/28 [ 32- 4(1.5070) +(1.8488)] = 0.9936
y® =1/17 [ 35 — 2(0.9936) -4(1.8488)] = 1.5069
z® =1/10 [ 24 — 0.9936 — 3(1.5069)] = 1.8486
Fifth Iteration

x®) = 1/28 [ 32- 4(1.5069) +(1.8486)] = 0.9936
y® =1/17 [ 35 — 2(0.9936) -4(1.8486)] = 1.5069
z® =1/10 [ 24 — 0.9936 — 3(1.5069)] =1.8486
Since the values of x, y, z are same in the 4" and 5™ Iteration, we stop the procedure here.
Hence x = 0.9936, y = 1.5069, z = 1.8486.

Problem 2. Solve the following system of equation by Gauss-Seidel method 4x+2y+z=14, x+5y-
z=10, x+y+8z=20

Here the diagonal elements are dominant. Hence we apply Gauss-Seidel method.

Iteration X=1/4(14-2y-2) Y=1/5(10-x+2) Z=1/8(20-x-y)
0 - 0 0

1 3.5 1.3 1.9

2 2.375 1.905 1.965

3 2.05625 1.98175 1.99525

4 2.0103125 1.9970 1.9991

5 2.001734 1.99947 1.9998

6 2.00030 1.99991 1.99997

The values of solution correct to 4 decimal places are x=2.0000, y = 1.9999, z= 1.9999

1. Solve the system of equations using Gauss-Jacobi method, 8x-3y+2z=20,
4x+11y-z=33, 6x+3y+12z=35
Ans: x=3.0168, y=1.9858, z=0.9117

2. Solve by Gauss-Seidel method x+y+54z=110, 27x+6y-z=85,6x+15y+2z=72
Ans: x=2.425, y=3.573, z= 1.926



Power method: To find the numerically largest eigenvalue called dominant eigenvalue andthe
corresponding eigen vector of a square matrix A.

1. Find the numerically largest eigenvalue of A = (
method.
1
Soln.: Let Xo= (1)
1
1 1 3\ /1 5 0.714
Then Y1= AXo= (1 5 1)(1) =(?)=?( 1 )= 7X1
31 1/ \ 5 0.714

3.8586 0.6
Yo= AXi1=| 6428 | = 6.428| 1 | = 6.428X2

3 856

0.6

0.548
Y= AXz = )=6.E( )—62}{3

3.192
3.096

6.045
3.096

Y5= AX4 =

3. 192
Ys= AXz = (6 096

3.048
Ye= AXs= (6.D24)

3.048
3.024

Y7= AXg = (6 01z
3.024

3.012

Yg= AX7 = (6 006
3.012

3.004

(6 002

3 004

Yo= AXsg =

)

Yi10= AXg = )—Eﬂ(
0.5

0.548

0.524
= 6.096 1 = 6.096X4
0.524
0.512
= 48 1 = 6.048X5
0.51
0. 5[!
24 1 = 6.024X6
0.506
0.503
12 1 = 6.012X7
0.503
0.501
= 06 1 = 6.006X8
0.501
0.5
021 1 |= 6.002X9
0.5
6.0X10

U'I
r.nx._..f
I

0.
Y11= AXypo = (E_D) = 6.0( 1 ) = 6.0X11
3.0 0.5

Convergence has occurred. The dominant eigen value is 6 and the corresponding eigen

0.5 1
vector| 1 |=|2
0.5 1

1 1 3
1 5 1
3 1 1

) by power
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UNIT 11

NUMERICAL DIFFERENTIATION AND INTEGRATION

2. Interpolation: Interpolation is the process of finding the intermediate values of a function
(which is not explicitly known) from a set of values at specific points given in a tabulated form.
The process of computing y corresponding to X where xi< X < Xxi+1, 1 =0, 1, 2, ..... (n-1), Is
interpolation.

Extrapolation: If X < Xo0r X > X, then the process is called extrapolation

: Lagrange’s Interpolation Formula for Unequal intervals

If Yo, Y1, Y2 Ynare the values of a function y=f(x) corresponding to the arguments Xo, X1,
X2, e Xn which are not necessarily equally spaced then

_ ':x —xl} '::r—xﬂ ........ '::r—xn} '::r—xl}:“:x—xl} ........':x—xn —1}
Y= f(X) T (a0—21) (2 0—22) e o ':xl}—xn}yo T (an—x0) (xn—x1) - lxn—xn—1) Yn

Problem 1. Determine by Lagrange’s method the percentage number of patients over 40 years
using the following data

Age over x| 30 Xo 35 X1 45 X2 55 X3
years
% number y of | 148 yo 96 Y1 68 Y2 34 Y3
patients

Soln. By Lagrange’s polynomial
_ _ la—x1) (x—x2(x—x3)
Y= f(X) T [x0-21) (x0—22) [ x0—23) Yo+
Y =
{x—35){x—45)(x—55) {x—30)({x—45)(x—55) {x—30){x—353(x—55) {x—30){x—35)(x—45)
(=8)(—15)(—25) 148 + (53 (—107(—20) 96 + (1830103 (—107 68 + (2573 200(10) 34

_cie 3 68 _ 3t _
v=2 4 ixoe+ £ oy

2. Apply Lagrange’s interpolation formula to find f(x) if f(1) = 2, f(2) = 4, f(3) = 8, f(4) = 16



and f(7) =128. Hence find f(5) and f(6).

Soln. Given data

X 1 2 3 4 7
Xo X1 X2 X3 X4
Y=f(x) 2 Yo| 4 8 16 128
Y1 Y2 Y3 Y4

By Lagrange’s polynomial Y = f(x) =

(=21 e —22) (e —u3) (x—md)

+
(2 0—31) (e 0—x2) (e 0— 23 (2 0—24) )/0



f(x) =

(e —2) (x— ) (x—4) (x—T) (=1} (=3 (x4} (x—T) L= {x—2) (x—4) (x—T7)

2 4 (5]
(—=13(—-23(—3)(—8) o (=1)(—2)(—1)(-5) o (1M (-4 T
x—1)(x—2)(x—F)(x—T) (1) (x—2)(x—3) (x—4)
16 128
(3)(2)(—3)(1) N (B (£} (3)(8)

f(x) = 1/90 [11x* — 80x® + 295x2 — 310X + 264]
f(5) = 32.93 and f(6) = 66.67

Problem 3: Determine the value of (1) from the following data using Lagrange’s
Interpolation

x -1 0 2 3

y -8 3 1 12

Solution: given

x Xo=—1 X, =0 X,=3 X, =3

¥ Yo=—8 y;=3 y.=1 Yo =12

Since the intervals ere not uniform we cannot apply Newton’s interpolation.
Hence by Lagrange’s interpolation for unequal intervals

YOO = X —x ) x)x %) o K x)(x —x)(x = %,)
X=X =x X =x )P m=x )x =xjix =x) ¥
0 1 0 2 0 n 1 0 1 2 1 n

(X =X)(X —x)(X —x,) (X =X)(X —X))(X —X;q)

X=X )X =X Jx =x ) V2t x=x )x =x)x =x ) ¥
2 0 2 1 2 n n 0 n 1 n n-1

y00 = X 0“2 =8) g (K D -2x =3 5

(-1-0)(-1- 2)(-1-3) (0+1)(0—-2)(0-3)
L O -0 =3) gy 6 D)0 ~0)x D 12—
(2+1)(2—-0)(2-3) (3+1)(3-0)(3-2)

To compute ¥(1) put x = 1 in (1), we get
yx=1)= _(1=00-2)-3) o (D(1-2)1 -3) o
(-1- 0)(-1- 2)(-1-3) (0+1)(0—2)(0-3)
, HI-0(1-3) ()4 (DA-0)(A-2)
(2+1)(2-0)(2-3) B+1)(B-0)(3-2)
= y(x=1)=2
To find polynomial ¥(x), from (1) we get

y(X) = 2§(X3 —5x2 +6X) + 1§(x3 —4x% + X +6)

—%(x3—2x2—3x)+11(x3—x2—2x)————(1)
y00 =+ =Ty T 2y (124143224 ()
3 2 6 3 2 6 3 2 6 2
= y(X) =2x3 -6x* +3X +3————— (2)

To compute ¥(1) putx = 1in(2), we get y(x=1)=2-6+3+3=2



Inverse interpolation
For a given set of values ofxand v, the process of finding x(dependent)given

v(independent)is called Inverse interpolation
X = =W =¥) =y —y) Y o)y ) -~y -,)
-y)y -y)——y -y) Y=y )y -y)——y -y)
0 1 0 2 0 n 1 0 1 2 1 n

B T 1 e 0 I L [ e (A VI
V=YV =Y ==, =V ) V=YV =Y)==(V =Y )

X

X2

Problem 4: Estimate the value of x given y =100 from the following data,¥(3) =6
¥(5) =24 y(7)=58,y(9)= 108 ,y(11) = 174

Solution: given

x Xo=3 X;=5 X, =1 X;=9 X, =11

Y Yo=6 y,=24 y,=58 y,=108 | y =174

By apple/ing Lagrange’s inverse interpolation
X(V) = = =) =¥ =) Y vy vy Yy —Ye)
V=X =YV =y )V =y )" W =y)JV =YV =YV -Y)
0 1 0 2 0 3 0 n 1 0 1 2 1 3 1 n

L =Yy =YY =YY = V) o (Y = Ye)(Y =YY —Ya)(Y — V)

(V=YY =Y XY =YV =y )™= Y =y Y =Y Y =Y )Y =Y)
D A A A I

(Yo = Yo) Y =Y (Yo = ¥2)(¥ 0 = Yor)
_, x(100) = (100-24)(100~58)(100-108)(100-174) o  (100—6)(100-58)(100-108)(100-174) .,

(6 —24)(6 —58)(6 —108)(6 —174) (24 —6)(24 —58)(24 —108)(24 -174)
, (100-6)(100 -24)(100 ~108)(100-174) ., . (100 ~6)(100~24)(100-58)(100-174) o,
(58 6)(58 - 24)(58 —108)(58 ~174) (108 - 6)(108 — 24)(108 - 58)(108 -174)

, (100-6)(100—24)(100 ~58)(100-108)

(174-6)(174 - 24)(174—-58)(174-108)"
= X(100) = 0.35344 -1.51547 + 2.88703+ 7.06759 - 0.13686 = 8.65573

X2 + X

Gregory Newton’s Interpolation:

Newton’s Forward Interpolation for equal intervals:

LRI TI— Ynare the values of a function y=f(x) corresponding to the arguments xo, X1,
X2, Xn which are equally spaced where xi— xi-1 = h, for i = 1 to nthen
y(x) =¥, +%_ﬂyﬂ + 20D 2 (3 + LD 430 4 where u =22

Newton’s Backward Interpolation for equal intervals:



(iv)

If Yo, Y1, Y2, . Ynare the values of a function y=f(x) corresponding to the arguments Xo, X1,
X2y, Xn which are equally spaced where x;— xi-1 = h, for i =1 to nthen
U(.’I]—V + F +LIL+1:IF ( j+1,|1,+1]|1.+:.}]?3(vj+

—xp
R

- wherev ==

Remark:

(i) The process of finding the values of y(x;) outside the interval (x4, x,) is called
extrapolation

(i) The interpolating polynomial is a function p,(x) through the data points
= f(x;) = B,(x;) i=0,12,..n

(i) Gregory-Newton’s forward interpolation formula (a) can be applicable if the interval
difference h is constant and used to interpolate the value of y(x;) nearer to beginning
value xof the data set

If v = f(x)is the exact curve and ¥ = p,(x) is the interpolating polynomial then

the
Error in polynomial interpolation is  v(x)—p,(x) given
hn+1y(n+l) (C)
Error = ————=(x = %, ) (X = %,) —=(X =X, ): Xo < X< X, X, <C< X, ———(C)
by (n+1)!
(v) Error in Newton'’s forward interpolation is
hn+l y(n+l) (C)
Error= —— = u(u-1)(U-2)——(U—n): X, < X< X;, X <C< X, ————(d)
(n+1)!
(vi) Error in Newton'’s backward interpolation is
hn+ly(n+l) (C)
Error =wv(v+1)(v+ 2)——(V+N): Xy < X< X, X <C< X, ————(e)

Problem 1: If y(10) = 35.3, y(15) = 32.4, y(20) = 29.2, y(25) = 26.1, y(30) = 23.2 and y(35) =
20.5, find y(12) using Newton’s forward interpolation formula.

Solution: The difference table is

X Y il Ay Ay Aty ABy

10 35.3 -2.9

15 32.4 -3.2 -0.3

20 29.2 -3.1 0.1 0.4 -0.3

25 26.1 -2.9 0.2 0.1 -0.1 0.2

30 23.2 -2.7 0.2 0.1

35 20.5

By Newton’s forward interpolation formula

}r(x]=}r[,+'ﬂ.d +J'J 2 A2(y DJ+LM.¢1 (vo) + - where U =

x—xy _ 12-10
k 5

= 0.4



y(12) =353 + Q (—2.9) + M (—0.3) + (0-4) [_Ejj (F16) (0.4)
(n 4) (0. ejil 15)( . ) o3+ (D.4j(—0.6][—ti|5](—2.6](—3.6] 02)
y(12) = 353 — 1.16 + 0.036 + 0.0256 + 0.01248 + 0.0059904

y(12) = 34.22

Problem 2. The population of a town in the census is as given in the data. Estimate the
population in the year 1996 using Newton’s (i) forward interpolation (ii) backward
interpolation formula.

Year(x) 1961 1971 1981 1991 2001
Population 46 66 81 93 101
(in 1000°s)
Solution: The difference table is
X Y il Ay Ay Aty
1961 46 20
1971 66 15 -5
1981 81 12 -3 2 -3
1991 93 8 -4 -1
2001 101
By Newton’s forward interpolation formula
y(x) =y, —|—%ﬂ}rﬂ gCa 1} A* () +—J'J 1)(u=2) 43 (vo) + -
Where U= Eoxp 1958 —-1%61 =35
y(x = 1996) = 46 + _20 n (3 5]“‘5} (—5) + (3.5)(2 5ju 1 5}2 1 .:3,5}.12,51.:'1,5}.:[,,5} (-3)
vix=1996) = 46 + ?III 21.875 —|- 4375—0. 8203125
y(x = 1996) = 97.6796875
By Newton’s backward interpolation formula
F[xj=Fn+l:li,}FJ LIL+1:I.F ( :]+LIL+1:IIL+¢:IV ( :]_l_
Where V= X=Xy — 19%& —2001 — —05
. —0.5)(0.5 —0.5)(0.5)(1.5
S (x = 1996) = 101 4 1IJ (- )( ) gy £ £09OHAS)

, (£09)EHA. 5)°

4!

(=

3)

3!




vix=1996)= 101 -4 + 0.5+ 0.06250.1171875
v(x = 1996) = 97.6796

Problem 3.  Find the interpolating polynomial for y from the following data using both
Newton’s forward and backward formula

X 4 6 8 10

Y 1 3 8 16

Solution: The difference table is

X Y Ay A%y A%y
4 1

6 3 2

8 8 5 3 0
10 16 8 3

By Newton’s forward interpolation formula

y(x) = vy + = 4y, _|_¢.¢ 2473 u]+wﬂ (3) + - whereu =2 = ==
y(x) =1 +{ }2 +T'f'”3 _|_T'~T‘31I3"~ 2,
vix)=14+x —4+Q(x—4j(x—6j

(3x?®-22x+48)

y() =

which is the required interpolating polynomial for y.

By Newton’s backward interpolation formula

L|L+1} LIL+1::IIL+;:I

v(x]—v—|— 1? L+ 7(y,) +

JC—‘_I:I JC—‘_I:I_,I—‘_D

73(v,) + -+ wherev="""=

! '1} - A 4
y(x) =16 +—--8+—=—2—3+0 , }r[x]=—|"3 a)

which is the required

-1

interpolating polynomial for y.

Problem4: Estimate the number of students whose weight is between 60 Ibs and 70 Ibs from the
following data

Weight(lbs) | 0-40 40-60 60-80 80-100 100-120

No.Students | 250 120 100 70 50

Solution: let x-Weight less  than 40 Ibs, v-Number  of  Students,
= xy = 40,x, = 60,x, = 80,x; = 100,x,, = 120, Here all the intervals are equal with h=x-
Xo=20 we apply Newton interpolation



Difference Table:

x|y Ay A%y Ay Aty
A0 250 =Yy, Y1 — Yo =120 = Ay,
B0 | 370=y,| y,-y,=100=4y, | -20=A% [ -10=A%
80 470=y, | y;—Y,=70=Ay, -30=A"y | 10=V?y | 20=A%y=V'y
100 | 540=vy, | y,—V,,=50=Vy, | —20=V* y
120 | 590=y,

Case (i): to find the number of students y whose weight less than 60 Ibs (x = 60)

From the difference table the number of students
(x = 60) = 370

¥ whose weight less than 60 Ibs

Case (ii): to find the number of students y whose weight less than 70 Ibs (x = 70)

Since x = 70 is nearer to x, we apply Newton’s forward Interpolation

Ay A%y A3y Aty
yx)=yo+_°u +_2_° uu-1)+__ ° u(u “DUu-2)L uu -)Uu-YUu-3)+----(1) 1
where u __(x X )= 1_(70—40) 3 "= u-1= 3_, -2= 2_,u—2= _iu—B: _i ————— (2)
h ° 20 2 2 2 2 2
Substitutin in 1 we et
y(x="70 )g 1203()—2031 -10 3 1 1(2031 -1 -3 g
__+___+____ _____ 423.59
( ) 5 (2)(2) 5 (2)(2)( 2) 24(2)(2)( )( )=
The number of students v whose weight less than 70 Ibs (x = 70) =424
Number of students whose weight is between 60 lbs and 70 lbs =
{ The number of students v } { The number of students v } — 424-370 = 54
whose weight less than 70 Ibs)  [whose weight less than 60 Ibs

NUMERICAL DIFFERENTIATION

Consider a set of values (xi, yi), I = 0,1,12,....,n of a function. The process of comuputing the
derivative of the function y at a particular value of x from the given set of values is called
Numerical Differentiation. This maybe done by first approximating the function by a suitable
interpolation formula and then differentiating it as many times as desired. Numerical
diffentiation can be done for equal and unequal intervals.

Gregory Newton’s Forward Difference Formula for Derivatives:

2u—1 —6u+2 [4u®-18u%+22u—6)

y& = Z o iay, B2y 4] 2o) + 4" 00) ]
) d:v 1 Eu —18u+ 11
i) — _ 3
y —5 = A7+ (= DA + > A4%(yo) + -]



) d3y 1 12u — 18
e = Z 2 — [ﬂa () + 12

Yy === 24(y5) + ]

And so on where u = x_:”, x is the value at which the derivative needs to be found. Xgis the

first value of x, h is the common difference in x values.
At particular case, x = Xo,u = 0, then the derivative formula reduced to

dy _ 1 A%(yp) | 2%0%)  2%0p) |
(2)(x = x0)= ;[ay, - 2= 4 20— 20 4]

d?y 1 11
(dxz)[x = X0) = P [4%yy — ﬂa[}’uj + Eﬂ4(}’u] + ]

diy B 1 3,
(dxg)(x = X0) = E[-ﬂ (vo) — Eﬂ (vo) + -]

2.3.2. Gregory Newton’s Backward Difference Formula for Derivatives:
Zv+1l

I_gusz su®-18u"+22u—g

}?”:x} — % = i [v};rn _|_ - v: (}Fnj + Ju - va (}Fnj + [ ” ?4(}?-”]...]
oy diy 1 6u’ —18u + 11
mix) — 2 7 72 — 173 v
v dxi I (Vo + (u =)V (3,) + 5 () + ]
] dy 1 12u — 18
mixd — L 3 2
v 3= VOt V0 ]

E—Eg

And so on where u = — X is the value at which the derivative needs to be found. Xgis the

first value of x, h is the common difference in x values.
At particular case, X = Xo,u = 0, then the derivative formula reduced to

Tr,, Bl apr..
[y, — v ;}n} n v :n} ¥ :n} + ]

=

(50) 6 = ) =

d? 1. 11

d’y _ 1. 3 s
(E)Ex = Xn) = = [V(n) = S V() + -]

;-l

Problem 5: Find the rate of growth of population in the year 1941&1961 from the following
table

Year 1931 | 1941 | 1951 | 1961 1971

Population | 40.62 | 60.80 | 79.95| 103.56 | 132.65

Solution: Here all the intervals are equal with h=x1-x0=10 we apply Newton interpolation
Difference Table: let x-year,»Population



x ¥ Ay Ay Ay Aty

1931 | 40.62=yo | yi—Yo=20.18=Ayo

1941 | 60.80=y: | Yy2-y1=19.15=Ays| -1.03=A¥549=A"y

1951 79.95=vy, | y3—Y,=2361=Ay;| 4.46=A" »/11-02=V2yn —4-47=A“y0=V“yn

1196 | 10356=ys| Yy,—V,,=20.18=VY 5.48= V2 "

1971 | 132.65=y,

Case (i): to find rate of growth of population (%] in the year (x = 1941)
Since x d= 1914% is neaggr to x, we app3|y Newton’s forward4ed formula for derivative

A
y(x) = _y:_4Ay + " %Qu-1)+ Yo (3u? —6u+2)+ Yo (4u® —18u° +22u—6)+——— }
dx h| ° 2 6 24
whereu = 1_(x— X)= 1_(1941—1931) =1
h 1 _ _
:>y'(x:1941)=8yzp 2018+ 8 21y 5 3642+ Y (4184 22-6) - )

& B{ 2 6 24

The rate of growth of population (%j in the year (x = 1941) y (1941) =2.36425

Case (ii): to find rate of growth of population (%]in the year (x = 1961)
Since x = 196% is nearer to x,, we ap ly Newton’s backward formula for derivative
. 1 \ °y )
Y= = vy +_ " Qual)+_ " BV +6v+2)+_ " (4 +18VF +22v+6) +——— |}
dx h| " 2 6 24
V= E(x— X )= 1_(1961—1971) =-1

h no1 _
=y (x =1961) =0dy = ! (29.09+ 548 (-2+1)+ 102 (3-6+2)+ 447 (-4+18-22+6)+——— }

i 101 _2 6 K
The rate of growth of population (:—‘;] in the year (x = 1961)= Y (1961) = 2.65525

Problem 6 A rod is rotating in a plane, estimate the angular velocity and angular acceleration of
the rod at time 6 secs from the following table



Time-t(sec) 0] 0.2 04 | 0.6 0.8 1.0

Angle-Hradians) | 0| 0.12| 0.49| 1.12| 2.02| 3.20

Solution: Here all the intervals are equal with h=x1-x0=0.2 we apply Newton interpolation
Difference Table: let x- time (sec),3*Angle (radians)

x|y Ay Aty Ady Aty

I,

0 OZYO Y1_YO:0-12:Ayo

012=vy1 | y,-V,=0.37=Ay, O.25=A2y0 0.01:A3yO

049=vy, | y,—V,=0.63=Ay, 0.26:A2yl 0.01= A3y1 0= A“yO

112: y3 y4—y32090:Ay3 027:A2y2 OOlZVZyn O:V4yn

202: y4 yn—yn_l:1_18zvyn 028:V2yn

3.20=y,

Case (i): to find Angular velocity (Ej in time (x = 0.6 sec)
Since x = 0.6 S[e is negrer to x,, we @ply Newton’s backward formula for derivative
dy 1 Vey Viy
y(X) = vy + " (2v+1)+ n(3v +6v+2)+ n(4v +18V? +22V+6) +——— }
dx h I " 2 6 24
C(x- x)_ L _ (06-1.0)=-

h 0.2 0
Yy (x=0.6) = dy 1 (1.18+0'28(—4+1)+0'01(12—12+2)+ (4 +18V2 + 22V +6) +——— }

d 0_2{ 2 6 24

= Theangular velocity y (x = 0.6) = 3. 81665 radian / sec

_1

Case (ii): to find Angular acceleration ( intime (x = 0.6 sec)

Since x = 0.6 sec is nearer o x,, we appV¥ Newton’s backward formula for derivative
d2y 1 Viy y
Y= —=_{Vy 4+ "(v41)+" (122 + 36Vl +22)+———
5 |Vt - )
where v=£(x—x )= . ~(0.6-1.0)=-2

h o 1 02
syx=06)= © (0284 %% 241)40 )

0.2° { 1
y'(0.6) = 6.75 radian / sec?



Numerical Integration

Trapezoidal rule
Xo+nh 1

J' y(x)dx = E{(yo +Vn)+2(Y1+ Y2 + Y3 + Ya + —) whereh = E(X” —Xo0), n—number of intervals

Xo
; 1
Simpson’s */4 rule

Xo+nh h
| y(dx= §{(yo+ y)+2(y +y 4y +)+AY +Y +Y +) }
whereh = L (X =X ),n—number of intervals
n 0
n
Simpson’s Bfg rule

Xo+nh 3h
[ yoodx = g{(yo Y )+2AY +y Ay F)HY FY Ay Y +) |
whereh = 1 (X —x ),n—number of intervals
n 0
n
Remarks:
1) Geometrical interpretation ofJ:'::l v(x)dxis approximated by the sum of area of the

trapezium

2) Simpson’s 1f3 rule is applicable when number of intervals are multiples of 2 and
Simpson’s 3,% rule is applicable when number of intervals are multiples of 3

bh—- - . .
“h*M where M = max{y;, v, ... Jwhich is of order

3) The error in trapezoidal rule is =

h!

. . . b- .
4) The error in Simpson’s 1,’3 rule rule is — h*M where M = max{y,"", ¥, ... Jwhich

180
is of order h*
¢ 1
—dx

2
Problem7: Evaluate 11X using (i) Trapezoidal rule (ii) Simpson’s 1,f3 rule (iii)

Simpson’s 3/}8 rule and Compare your answer with actual value.

6 Xo+nh
1 ° 1
[—dx= | yX¥dx= y(X)= ——% =0,%+nh=6---~(1)
. . 1+ X 1+ x
Solution: Given ° %
Choose the number of interval (n)=6 so that we can apply all rules

X X=0| X,=X+h=1| X=x,+h=2] x,=3| x,=4 | x=5| Xx,=6
-+ |1t 1 FR R N
1+ x? 1 2 5 10 17 26 37




case(i) Trapezoidal rule

Xg+nh

h
J yoode= gy 3+ 2y #y +y Y )
“6 g 1( 1 11 1 1 1

:>I (1+ +2(_+_+__+
I” 237)25101726

) }=1.410799

Case (i) Simpson’s 1f3 rule

Xo-+nh h

J y(x)dx = §{(y0+yn)+2(y2+y4+y6+—)+4(yl+y3+y5+——) }

6X°1 1/ 1 1.1 11 1
$(+ _)+2(_+_)+4(_+

1+ EL 37 5 17 2 10 26
Case(lll) Simpson’s 3,% rule

Xo-+nh

3h
I y(x)dx = E{(yo Y )H2AY Y AY )Y HY FY +Y ) }

) }=1.36617

Xo

J. 1 3( 1 1 1 1 l l }
{(Le )42 )43+ ~1.35708
o1+ 3L 10 25 17 26
Com arison
P 6 1 [ "|X:6 =) =)

=| tan (x) ], =tan (6) —tan (0) =1.40565

Exact value t[1+ x*
Hence trapezoidal rule gives better approximation than Simpson’s rule.

V4

sin x dx
Problem 8: By dividing the range into 10 equal part Determine the value of f!‘ using (i)

Trapezoidal rule (ii) Simpson’s 1,’3 rule (iii) Simpson’s 3,/5 rule and Compare your answer
with actual value.

T Xo+nh

Jsin xdx = j y(X)dx = y(x) =sinX,xo =0, X0 + nh =7zand n=10—--——(1)
Solution: Given X
givennumber of intervals(n) =10,(1) = h = i(x -X)= i(ﬁ—O) =7
n " ° 10 10
X=0 x=x +h=Z| x =x +h=2% w 3% « =Ar x =2
e 10 * ¢ 10 510 410 > 10
y(x) =sin() | sin(0) sin(”) sin(°”) sinC®) | sin*®) | sinCY)
= 10 10 10 10 10
=0.30901 =0.58779 =0.80901 | =0.95106 | =1.0




X 6z 1z 8z 9 | x-z
X = X, = X, = X = n
°~ 10 " 10 "0 | 7 10
Y09 =sin(x) sin(>%) sin(*) sinCZ) | sinE) | sinc 5
10 10 10 10 10
095106 | =0.80902 ~ 058779 | =0.30002 | =

Case (i) Trapezoidal rule

Xg+nh

h
y(x)dx = E{(y0+y Y+2y 1Y #Y #Y #)

1 1
dx = > {(0+0) +2(0.30901+ 0.58779 + 0.80901+ 0.95106 +1.0 + 0.95106 + 0.80901+ 0.58779 + 0.30901) }

——0x =1.98352
1+ X

Case (ii) Simpson’s 1,/3 rule

Xo-+nh h
j y(x)dx = §{(yo+ Y)+2y +y 4y +)+AY +Y +Y +—) }

6
/2
= _[Sin(x)dx = %{ (0+0) +2(0.58779 +0.95106 +0.95106 +0.58779) + 4(0.30901+ 0.80901+1.0 +0.80901+0.30901 }
0

6

- Jsin(x)dx = 2.00010

Case (iii) Simpson’s 3/ rule
Xo+nh 3h
[ yoodx= ?{(yo Y )+2y +Y +Y +)+3(Y +Y +Y Y +—) )

This rulecannot beapplied since n isnot amultipoleof 3
Comparison

_[sin(x)dx =[~cos(x)],s =—[cos(rr) —cos(0)] = 2.0
Exact value ©
Hence, Simpson’s 1f3 rule gives better approximation than trapezoidal rule

2.4.4 Gausian Quadrature Formula: f: f(x)dx,
= (59) L, 0G@du,x = (57%)u+(557)

. 1
1. Evaluate the integral J,

dx
1+x*

using 2 point and 3 point Gaussian Quadrature Formula

Solution: Putting x = (E)u + (EJ



du

weget; = [1 —=
P
By Gaussian 2-point formula [ = @ (— ii) + @ (ii)=
2 2
= +

1 2 1 2
- +5 “4+_ _+5

3 43 3 V3
=0.4786+0.3083
1= 0.7869

=5g<g>+8¢(u>+5¢<u )
'—9¢| \/‘3|+9¢(O)+9¢ﬂ

| = 5/9(0.4937288) + 8/9(0.4) + 5/9(0.2797518) =0.785267

f O(u)du, B(u) =

=+"¢+5

2
°)

By Gaussian 3-point formula
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POLYNOMIAL APPROXIMATIONS

LEAST SQUARES APPROXIMATION
To find an approximate function to the given set of values is called least squares regression.
The approximating function is called least squares approximation.
The sum of the squares of the residuals of the plotted points be assumed to be the least. This is
the principle of least squares, S = Z_,{v, — (ax, + b)}* is least.
Fitting the straight liney =ax+b
The normal equations are y=arx+nb———(1)
Zx}r= asz + be— ——(2)

Fitting a second degree parabolay = ax* + bx + ¢

By the principle of least squares, 5 = X7_,{v, — (ax> + bx,+ ¢)}* is least.
The normal equations are Yy=aXx’+bXx+nc———(1)

Zx}r=az;t3+bz;tz+c2x——— (2)
sz}r= a2x4+b2x3+52x2———(3]

Problem 1. Fit a straight line to the following data by the method of least squares:

X 3.4 4.3 54 6.7 8.7 10.6
y 4.5 5.8 6.8 8.1 10.5 12.7
Soln. Let the equation of the best fitting straight line be y=ax + b--------- Q)

The normal equations are y=aXrx+nb———(2)

Z xy=a) +bzx———(3j

3.4 4.5 11.56 15.30




4.3 5.8 18.49 24.94

54 6.8 29.16 36.72

6.7 8.1 44.89 54.27

8.7 10.5 75.69 91.35

10.6 12.7 112.36 132.62

Total 39.1 48.4 292.15 357.20
Substituting all the values in egn (2) and (3) 39.1a+6b=48.4 ---------------------- 4)

292.15a+39.1b=357.2 -------------- (5)

By solving (4) and (5) we get a= 1.119, b = 0.7744, the required equation is y =1.119 x +
0.7744



Problem 2. Fit a second degree parabola to the following data by the method of least squares:

X 0.5 1 2 3 5

y 3.1 6 11.2 14.8 20
Solution: Fitting a second degree parabolay = a+bx 4 cx? ------------=n-=---- (1)
The normal equations are Yy=nat+bXx+ cXxl--—mm (2)

Zx}r=a2x+b2x2+c2x3———(3]
Z fy = Zx —|—be -I-ch ———(4)

X Y x? x3 x* Xy xty

0.5 3.1 0.25 0.125 0.0625 1.55 0.775

1 6 1 1 1 6 6

2 11.2 8 8 16 22.4 44.8

3 14.8 27 27 81 44.4 133.2

5 20 125 125 625 100 500
Total 11.5 | 55.1 39.25 161.125 723.0625 174.35 684.775

Substituting all the values in egn (2), (3) and (4)

5a + 11.5b + 39.25¢ = 55.1----------=------ (5)

11.5a + 39.25b + 161.125¢ = 174.35----- (6)

39.25a + 161.125b + 723.0625¢ = 684.775 ----(7)

By solving these equations a= 0.0882, b=6.4523, c=-0.4979
The best fitting parabola y =y = 0.0882 +6.4523 x — 0.4979x"

Chebyshev polynomial:

I"x,_ I"x,. z ffl"x,. - - -
Xppq =X, — Jf,‘(x-i - %U\[}?gx{}]é 2 is the iterative formula of Chebyshev method.

Problem 1: Find the positive root of the equation x3- 4x + 1=0, correct to 4 places of decimals,
using Chebyshev method.

Soln.: Let f(x) = x3- 4x + 1. Then f’(x) = 3x?-4, f “’(x) = 6X

f(0) = 1>0, f(1) = - 4 <0, The positive lies between 0 and 1
Taking xo=0, fo=f(x0)=1, f ‘0=f * (X0)=- 4, £’0=1""(x0)=0

Fle)  1lr e (x)
Fley) 2 LFa)l®

Chebyshev iterative formula x,.,; = x, —

A

x1=xﬂ—%—;;ﬁs 1= 0 [L/(-4)] = 0.25, f, = 0.05613; fj = —3.8125;f]' = 1.5
1 ]
L1 0.05613 | 1(0.05613)°

x:=xl—%—5f,5 12025+ =+ 2 o X(1.5) = 025410,

fz = 0.00001; ﬁ; = —3.8063; fl” = 1.5246
o.00001 | 1(o.00001)2

*3=x — g ,.5f”—0 25410+ —+ T G a0e) s X(1.5246) = 0.25410

Since X2 = X3 = 0.25410, the required root.




Problem 2: Find the root of the equation 2x3- 3x + 6=0, that lies between -2 and -1, correct to 4
places of decimals, using Chebyshev method

Soln.: Let f(x) =2x3- 3x + 6. Then f*(x) = 6x2-3, f “’(x) = 12X
x0=-2, fo=f(X0)=-4, T ‘0=F * (x0)=21, £ ’0=1"(x0)=-24

. . A W A 4 11s
By Chebyshev iterative formula x; = x, — %— ;;”? ) = —2+ - +>-524= —178879
fi = —0.08106; f{ = 16.19862;f' = —21.46548
z
xo =%y = G s 178377,
f, = —0.00002; f{ = 16.09101; £/’ = —21.40524
L 167
x5 = x, —ij - —f‘—ﬁ” = —1.78377
. : Eﬁfa -

Since x2 = x3 = —1.78377 the required root.

Piecewise Linear and Cubic Spine Interpolation:

Piecewise Linear Interpolation: Pi(x)= ( Ly }ri) forx,_y = x = x, and

Xi—a TE] E[TE s

i=1,2,3,....n. Then the interpolation polynomial is given by P(x) = X™_, P, (x)

Problem 1: Find the piecewise linear interpolating polynomial

X 0 1 2
Y 1 3 35
Y! 1 6 81

Solution: The piecewise linear interpolating polynomial

Y:(;_:_}’:‘ﬂ"'x.
Thusiff;)rn::xez:1Y—(E1+ﬂ3]=zx+1
== 77 T k-1 1-0

iffori<x=2Y=(23+3035)=32¢—29
2x+1, for 0=x =1,

32x—29, forl==x=2,

=2 }r:-)forxz-_l < x = x,.

x—xi_
iT%j—a

Hence the linear interpolating polynomial Y = {

Cubic Spine Interpolation: A cubic spline function S(x) with respect to

X, X4, X5 e e Xy IS @ polynomial of degree three in each interval (x;_4,x;): 1 = 1,2,....n such
that S(x), S’(x) and S”’(x) are continuous in (x4, x,)
S(x)=

;_h [(x; _xjaMe—i + (x _xe—ﬂaMe] + % (x; — x) (}’e—l - %Mi—ij +i (x —x;_4) (}’e -

Where M,_; + 4M, + M.y = — (¥_y — 2V, + ¥iaq), =12, (n-1) and M = M, = 0



Problem 1. Obtain the cubic spline approximation for the function y = f(x) from the following
data, giventhat vy = w3 = 0.
X:-1 0 1 2, y: -1 1 3 35

Solution: Since the values of x are equally spaced with h = 1, we have

My +4M; + M,y Z%(}Fi—l_z}FE_I_FHl]’ """ 1) i
My =y = 0,M, =3} =0

Puti=1in(l) Mg+ 4M,+M, = 6(y, — 2y, + ¥,)= 6(-1-2+3)=0
Puti=2in (1) M, + 4M,+M; = 6(y, — 2y, + y;)= 6(1-6+35)=180
ie.4M, + M, =0,M, + 4M, = 180, since My; = 0,M; =0

ie. M, =—12,M, = 48

1,2 and

The Cubic Spine in x,_, < x < x,. Is given by

y:

E[[xe - xjaME—l +(x _xi—ljaM:'] +%[xe — x) (}’5—1 - %M:'—J +%[?5 _xi—l:] (}’e -
" ,)

~(2)

putting i =1 in (2) for -1< x < 0,y =1 (x + 1)*(-12) + (0~ 2)(—1) + (x + 1) {1 - '*é”}:
-2x3-6x2-2x+1

putting i=2in (2) for 0= x = 1, y=10x>-6x2-2x+1

putting i=3in (2) for 1= x < 2, y = -8x3+48x%-56x+19

—2x3—6x2—-2x+1, —1=<x=0
Hence the required cubic spline approximation y =4 10x3 — 6x2 — 2x+ 1, 0=<x<1,
—8x3 +48x2 —56x+ 19, 1=x =2
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Numerical Solution to Ordinary Differential Equation
Introduction

An ordinary differential equation of order n in of the form F[x,}n}",}f”, ---,}F':”j') = 0, where
dny

(n) —
yhi =
- dx™"

We will discuss the Numerical solution to first order linear ordinary differential equations by
Taylor series method, Euler method and Runge - Kutta method, given the initial condition

}’(xuj = M.

Taylor Series method

Consider the first order differential equation of the form :—i = f(x,v), ¥(xq) =¥,.
The solution of the above initial value problem is obtained in two types

» Power series solution
» Point wise solution

(i) Power series solution

(x — xp) (x _xu:]ﬂ

v - |'|' [:x_x )3
11 ¥ [:xuj+ 1 ¥ [:xu:]‘|‘—u

3!

v(x) = y(x,) + ¥ (xg) +

(i) Point wise solution

h r hz n ha rer
}?Ex)=}?(xu)+i}? (qu+5}? (qu+5}? (xg) + =

Problems:

1. Using Taylor series method find v at x = 0.1 if% =y+1y(0)=1



Solution:
Given%= v+landx;=0,y,=1,h=0.1

Taylor series formula for ¥(0.1) is

2 3

h h
y(x) =y(x,) + F}?' (x5) + 5}?” () + 5}?”’ (xg) + =



yix)=y+1 y(0)=y(0)+1=141=2

yilx)=y Yy (0)=v(0)= 2

}Fn'n'n' (x:] — }i"” }Fn'n'n' (':I:] — }F”(ﬂj — 2

Substituting in the Taylor’s series expansion:

-
&

y(0.1) = y(0) + hy'(0) + %}r”(gj o

0.001

0.01
=14+01X2+——X2+ X2 4

v(0.1) = 1.2103

2. Find the Taylor series solution with three terms for the initial
d.
value problem E} =x>4+yy(1)=1

Solution:

: dy 2 _ _
Given—=x"+yx, =1y, =1

yix)=x"+y Yy =1+1=2
yix)=2x+y y(1J=2+2=4
yilx)=2+y" y(1)=2+4=6
yex)=y" O ET

The Taylor’s series expansion about a point x = x; is given by

— [x x :] ' ( X j: I (x_x'}ja e
}’[x]_}’(xuj+T (x uj+T}’ (-‘ID]—FT}F (xg) + -
Hence at x = 1
}r[x:] =}r(1:]—|- Ex;lj .'[:1:]_|_Q -'-'[: :]+[ :] Hn’(l:]_l_...

-1, -1 o1

yix)=1+2 1! 2! 3!




Runge-Kutta method

Runge-kutta methods of solving initial value problem do not require the
calculations of higher order derivatives and give greater accuracy. The Runge-Kutta
formula possesses the advantage of requiring only the function values at some selected
points. These methods agree with Taylor series solutions up to the term imx™ where r is
called the order of that method.

Fourth-order Runge-Kutta method

Let Z_i = f(x,¥),¥(xp) = ¥, be given.

Working rule to find y(x, )

The value of v, = v(x,) where x, =x,_; +hk where his the incremental value for x is
obtained as below:

Compute the auxiliary values

ky = hf[xur}’u]

A
k, = hf(x[,+i,}?[, +EJ

h k,
k=0 (x0 43,50+ 3)
ky = hf(xy+ h vy +k3)
Compute the incremental value for y
ky+2k, + 2k + kg
G
The iterative formula to compute successive value ofy is ¥,+1 = ¥, + 4y

Ay =

Problems
1. Find the value of y at x = 0.2, Given % =x* + y,5(0) = 1, using R-K method of order
V.

Sol:
Here f(x,¥) = x>+ y,v(0) =1 ,Choosing h = 0.1,x, =0,v, = 1

Then by R-K fourth order method,



1
“k L2k 2k
y1=y0+6[1+ ,+ 3+k4:I

k1=hf (Xo,yo) =0

ke =hf (o + Yy + kzl) —0.00525

=N I

Y _k)_o.
k. _hf (x0+2 y . 22)=000525
K, = hf (X, +h, Y, +k,) =0.0110050

y(0.1) = 1.0053

To find ¥(0.2) given x, = x, + h = 0.2,y, = 1.0053

1
y2 =y1+6['<1 + 2Ky +2ks +ka]

ke =hf (x1, y1) = 0.0110
h
o =hf (Vi kzl) —0.01727

=

@ =hf (Y1 +2) =0.01728
ks = hf (x1 +h, y1 +ks) =0.02409
y(0.2)=1.0227
Euler’s Method:
Let :—i = f(x,¥),v(x,) = ¥, be given
e The simple Euler’s formula y(x+h) = y(x) + h f(x,y)
e The improved Euler’s formula y(x+h) = y(x) + h/2 [f(x,y) + f{x+h, y+hf(X,y)}]
e The modified Euler’s formula y(x+h) = y(x) + h f[x+h/2 , y + h/2f(x,y)]

1. Given that 5x %—I— yv:—2=0,v(4) = 1,find y(41)and y(4.2) by Euler's method.

Soln.: The given equation is :—i = _?} = flxy) ——— (1)
Givenxy =4y, = 1
The simple Euler’s formula y(x+h) = y(x) + h f(x,y) = y(x) + h [;;’ ] -——(2)

Bytaking h=0.1, x; =xp + h=4+0.1=4.1,
X, =%, +h=41+01=42 .
Y(x2) = Y(xo) 0.1 722



(41)_1+01[ ]1005 xy = 4.1,y, = 1.005

Y(x2) = y<x1)+o.1[ 2|

y(4.2) = 1.005 + m[%f]: 1.0098 , x, = 4.2,y, = 1.0098

Predictor corrector method:

To solve d—"’ = f(x,¥),v(x,) = ¥y, by knowing 4 consecutive values of y namely
and y,

fn—-3,n-2,/ n—:L.

Milne’s Predictor formula

4h
}Fn+1;,u = ¥Mp-3 +?[2}Fn—2f_}rn—1f+2}rnf]
I J— 4h ¢ ¢ v
Whenn_i}r:},p = M +?[2}F1 =y, +2y; 1

Milne’s Corrector formula

Y1 = ¥a- 1+ [nl + 4y, +}’n+1]

h
whenn =3,v,. = ¥, +§[}F2 "4y, 4y, ]
Problem 1: Find y(2) if 2= “22 given y(0) = 2, y(0.5)= 2.636, y(1) = 3.595 and y(L.5)=
4.968

Solution:Here
x3=0,x,=05x,=1,x3-15,x, =2,h=05,y, =2,y, = 2.636,y, =

3.595,y,_4.968, f(x,y) = y' = &2
_________ 1)
Milne’s Predictor formula ¥, , = ¥ + Z_h[z}’l —y, 2y - —— —(2)
{2+, (0.5+2.636 + +
From (1) }Fj_f = xx_z}_} 2 ) — =1. 5680 "J-- 5—}1}_ 2. 2975' 3 3 = 5—}5}_ 3.2340
4(0.5)
Vip = 2+ —3 [2(1.568) — 2.2975 + 2(3.2340)] = 6.8710

v = @:4.4355, Milne’s Corrector formula y, . = y, + S [v, "+ 4vy "+, ]

0.5
Vi = 3.595+ 5 [2.2975+ 4(3.234) + 4.4355] = 6.8732



Note:

Suppose

V1.V, Vyvalues are not given then by using Taylor'sseries method, Euler' smethod and

R.K method to get all initial values.

Problem 2: Determine the value of y(0.4) using Milne’s method given that y> = xy + y?, y(0)=1,
use Taylor’s method find y(0.1), y(0.2), y(0.3)

Solution: Giveny(0)=1, x; = 0,v, = 1

2 —

2

b —

Y =Xy +y Vo' =xgVp +¥p°=1 Yi©o= xgyy ot ¥t = V) = xy, Yt =
1.3587 1.8853

y =Xy +y+2yy’ Vo =XV TV +2Vo Vo | Yo UEXL Y HVL A2V VT | VUV, Y, A2V, ¥y

=3 =4.2871 =6.4677
y’,7:2 2 2 2 };rl}”’: };r ,,,: };rz 333:
Xy’,+ y7+ yy”_"_ y’ x v ”+2v ’+2U v 29 ,, 2 ’ Zv v x v 33+2 ’_"_2 +

2, 2=10" 777 pind y, 2= 16, S3137 22 %= 285875 -

h o h-F B h3 o (0.01) _  (0.001)

=1+0.1+0.015+ 0.001666 = 1.1167

2 3

— R L T o
¥z = [v1]+1|* +2|V1 +3!}’1 +
(0.01) (0.001)
=1.1167 + (0.1)1.3587 + 5 42871 + e 16,4131
y, = y(0.2) = 1.2767
h h! 3
_ o - rr - rer
va=W)+om' tomttomt
(0.01) (0.001)
=1.2767 +(0.1)1.8853 + 5 64677 + e 28.6875

v, = ¥(0.3) = 1.5023
X, =0 Ve =1
x, =01 | v, =y(01) = 1.1167 |y, = 1.3587
x, =02 | y, =y(02)= 1.2767 |y, = 1.8853

vs = v(0.3) = 1.5023

y, = 2.7076




v, = 4.09296

4?:[

Milne’s Predictor formula v, = ¥, + 3 2y, "=y, "+ 2y, '] = 1.83297

Milne’s Corrector formula v, = v, + E [v, +4y; " +3.'] =1.83698

Adam’s Bashforth Predictor Corrector formula:

Adam’s Predictor formula
h
Va+1p = ¥n +£ [EEF?! - 59—y '+ 37Y,—2 - S f]
h’ ¥’ ¥’ ) I
whenn = 3,Vsp = Va +£ [55y3 — 59y, + 37y " — 9y, ]

Adam’s Corrector formula

h
}Fn+1,c = }Fn +£[g}rn+1f+ 19-??:'._5}??2—1{—'_}??2—2 ll]

whenn = 3,y,,

h I
= ¥; +£[9}F4’+19}f3’—5}5 + v, ']

Problem 3: : Find y(2) by Adam’s method if :—i = &9 diven y(0) = 2, y(0.5)= 2.636, y(1) =
3.595 and y(1.5)= 4.968

Solution: Here
x3=0,x,=05x,=1,%x;-15x, =2,h=05,y, =2,yv, =2.636,y, =
3.595,y,_4.968, f(x,y) = y' = &2
_________ (1)
[x,+v. (0.5+ 2636 + +
From (1) v, = Zai¥ad = (0572838 _ 4 5680, y," = x—m 2.2975 y,' = ZeX¥el_ 39349
Vep = V3 + £[55v3 "— 59y, "+ 37y, — 9y, ']
Fap 2 24 ;. X ;. 2

0.5
= 4.968 + % [55(3.2340) — 59(2.2975) + 37(1.5680) — 9(1)] = 6.8708

y,' = Eat)=44354,

P X

= ¥ +%[9}’4f+19}’3f_5}’:f+}’1f]

-
s

y(2) =y, = 68731



Boundary value problems — by Finite Difference Method:

When the differential equation is to be solved satisfying the conditions specified at the end
points of an interval, the problem is called a boundary value problem.

Problem 1. Solve, by finite difference method, the boundary value problem y’’(x)-y(x)=0,where
y(0)=0 and y(1)=1,taking h=1/4

Solution: The finite difference approximation of the given differential equation is

e =2V Vi, ) 1
(BeBitis) —y = 0. vy — (24 5) Wi+ Vi = 0,

f.e.,v,_; —2.0625y;, + v, =0,i=1,2,3,...(1)

The boundary conditions are yo= y(0) = 0, and ys= y(1) =1----- (2)
From (1) and (2) we have

0-2.0625 Vi +Vy2= (J—— (3)
y1—2.0625y, + y3 =0 --------- (4)
Y2 —2.0625 y3 + | = 0---------- (5)

Solving the equations (3), (4) and (5),
we get y1=y(0.25) = 0.2151, y.=y(0.5) = 0.4437, y,= y(0.75)=0.7

Problem 2. Solve the equation y’’(x) — [14/x] y’(x) + x3 y(x) = 2x3, for y(1/3) and y(2/3), given
that y(0) =2 and y(1) = 0.
Soln.: The finite difference approximation of the given differential equation is
a2y, Fiea Ty,
(i) - 2 (2o 4 xdy, = 203, el
Putting h = 1/3, we get
A N [ P A P, - -
(1"‘31[}}5—1 (2 9)}f+(1+3x[)}f+1 g Xi (2)
Putting i =1, 2 and using x1 = 1/3 and x> = 2/3 in (2) , we have
8Yo =3y — 63, = — (©)

243" ¢ - e 243
] 478 5 18
Sy~ — 2y = @

2187 y1 -956 7 = 36---------- (6)
Solving (5) and (6) we get y1=y(1/3)=1.0315 and y»= y(2/3)=2.3222
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Numerical Solution of Partial Differential equations

Solution of Laplace Equation and Poisson equation

Partial differential equations with boundary conditions can be solved in a region by
replacing the partial derivative by their finite difference approximations. The finite difference
approximations to partial derivatives at a point (x;,¥;) are given below:

u(xisg, ¥ —ulxy,y,)

i, [xi-,}ri-] =

u(xf.l'}ri-l-l:] - u(xi,}ri:]
U}-(xir}’i] = i

w (e v —u (2, y) ey y) — 2ulx,y) +ulx,_y, v;)
Uy [:xz'!}ri:] = h = 2

Uy (x5 ¥i41) — Uy (xp¥) _ ulxyyipy) — 2ulx,y) fulx, v o)
u}'}'(xif}ri:] = k = kz

Graphical Representation

The xyplane is divided into small rectangles of length i and breadth & by drawing the
lines x = ih and y = ik, parallel to the coordinate axes. The points of intersection of these lines
are called grid points or mesh points or lattice points. The grid points (x;,;) is denoted by (i, )
and is surrounded by the neighbouring grid points (i — 1.j) to the left, (i + 1,;) to the right,
(i.j + 1) above and (i.j — 1) below.

Note
The most general linear P.D.E of second order can be written as

8%u

dxdy

8tu 8tu du du _
f-lax—z‘FE +C&7+D§+Ea—y+Fu—f(x,}r]

where A,B,C,D,E,F are in general functions of x and y.



A partial differential equation in the above form is said to be

e Ellipticif B* —4AC <0
e Parabolicif B2 —44C =0
e Hyperbolicif B —44C =0

Standard Five Point Formula (SFPF)

1

U = 1 [ui—l,}' Tt T Uy T I"':',;'+1]



Diagonal Five Point Formula (DFPF)

1

Ui; = 1 [”1—1,;‘—1 TUipg g T Uiy e +uz’—L_;l'+1]

Solution of Laplace equation ux+uyy=0
Leibmann’s Iteration Process

We compute the initial values of u,us,.....us by using standard five point formula and
diagonal five point formula .First we compute us by standard five point formula (SFPF).

1
ug = [by + byg + by + b

We compute uz,Us,U7.Ug by using diagonal five point formula (DFPF)

1
ul = 4[b1 +U5 +b3 +b15]

1
u, =4[U5+b5+b3+b7]
u l[b

7 _4 13+u5+b15+b11]

1
=[b
ug :4[ 7 +b11+b9+us]

Finally we compute uz,us,Us ,us by using standard five point formula.

1
u = 4[U5 +b, +u, +u,]

u —|u
4= [1+U5+b15+u7]

U6=;[U3+u9+u5+b7]
u _l[u + b Ty " ]
8_4 7 11 u9 u5

Solve the system of simultaneous equations obtained by finite difference method to get the
value at the interior mesh points. This process is called Leibmann’s method.



Problems
1. Classifythe PDE s+atbey (X" +4y5)11,=0

Solution: Here A=1, B=4, C = ¥ +4y? B? —4AC = 16 — 4(x*+4y?),
The equation is elliptic, if

z T
A-x*—4y?<0, x®+4y® = 4, Z—ny—l}l.

o _ _ Yy
It is elliptic in the region outside the ellipse * *
xﬂ 1?2
_ o _ =1,
It is Hyperbolic inside the ellipse * *
x? :FE
1—1 = 1.

It is parabolic on the ellipse ~ *

2. Solve Uty =0 forthe following square mesh with boundary values as shown in
the figure below.

A 1 2 B
1 4
2 5

D 4 5 C

Solution: The boundary values are symmetrical about the diagonal AC but not

about BD. Let the values at the interval grid points be 1 t2: %z ts-
CUg = Ugi Uy F Uy,

By Symmetry,

1
u, =3(Since u-=2+=(5—-2)=3|.
Assume - ( : 3( ) )

- 1
Uq = E{1+1+2u2]|:

Rough values =2. (SFPF).

u; =3, uy = J{5+5+2uy) = (S+u;)=4
First Iteration: uy = %{1%]:2, Uy = i[ﬁmim}: %{5+2+4}:3, Uy = %{5+u2]:4.
Result wy=2,u; =3, us =4
3. Solve uxx+uyy = 0 over the square mesh of side 4 unit satisfying the boundary conditions:

U0, y)=0foro=y= 4 u(d,v) =12 +yfor0=y=4ulx,0) =3xfor0=x =
4 ulx,4) = x*foro= x = 4.

Solution:

We divide the square mesh into 16 sub-squares of side 1 unit and calculate the



numerical values of u on the boundary
using given analytical expressions.

0 1 4 9 16
ul U2 U
3
15
0
U4 us U
6
14
0
U7 us U
9
13
0
3 6 9
12
PUg Uz Uz e M

Let the internal grid points be
Rough values: Us = 1/4(4+6+14+0) =6 (SFPF)
Ui =1/4 (0+6+4+0)=2.5 (DFPF)
-Us =1/4 (16+6+14+4)=10 (DFPF)
- U7 =1/4 (0+6+6+0)=3 (DFPF)

Up = 1/4 (6+6+14+12)=9.5  (DFPF)

We use SFPF to get the other values of u.
- Uz = 1/4 (2.5+6+4+10)=5.625 (SFPF)
- Us = 1/4 (0+6+2.5+3)=3.125 (SFPF)
- Us= 1/4 (10+6+14+9.5)=9.875 (SFPF)
- Ug = 1/4 (6+6+3+9.5)=6.125 (SFPF)

Now we proceed for iteration using always SFPF.

Ul U2 U3
2.4375 5.6094 9.8711
2.3672 5.5888 9.8652




1000

U4 us u6
2.8594 6.1172 9.8721
2.8698 6.1209 9.8731
u7 us U9
2.9948 6.153 9.5063
3.0057 6.1582 9.5078

Repeating one more iteration, we conclude, correct to 2 decimals,
uy = 2.37,u; = 5.59,uz = 9.87,uy = 2.88,us = 6.13,u; = 9.88,u; = 3.01,uz = 6.16, 14
=9.51.

4. Solve the equation P*u = 0 for the following mesh, with boundary values as shown
using Leibmann’s iteration process.

A

Uz Uz us 1000
Ug Us Us

C D2000

1000
uz Us Ug
Sol:
Let uguz...... Ug be the values of u at the interior mesh points of the given region. By symmetry

about the vertical lines AB and the horizontal line CD, we observe
‘Lt,l = ‘Lt,a = ‘Lt,.} = u?;uz = ‘H,B;‘Lt,4 = ‘LLE_
Hence it is enough to find w,,u,,u,,

Using SFPF us=1500
Using DFPF u1=1125 u,=1187.5 u4=1437.5



Solution of Poisson equation

An equation of the type P*u = f(x,¥) i.e., is called Poisson’s equation where f(x,¥) isa
function of x and y. Substituting the finite difference approximations to the partial differential
coefficients, we get t;_y ; + Uy ; + 1 -y + 000 — 4, = h*f(ih, jh)

Problem: 1
Solve the poisson equation P*u = —10(x* + y* + 10) over the square mesh with sides

Applying the formula below at the interior point of the mesh we get a system of simultaneous
equations w;—y; + Uy ; U5 g U5 — 4y = RO f(hjh)

2.Solve PZu=8 X2y? for square mesh given u=0 on the 4 boundaries dividing the square
into 16 sub-squares of length 1 unit.

Solution:

Ul U2 U3
U4 us U6
u7 us U9

Take the coordinate system with origin at the center of the square.
Since the boundary conditions are symmetrical about the X, y axes and x=y, we have

Ul=U3=U7=U9, U2=U4=U6=US8

At i=-1, j=-1, we have,
At i=0, j=1, we have,

At i=0, j=0, we have,



Solution of One dimensional heat equation

In this chapter, we will discuss the finite difference solution of one dimensional heat
flow equation by Explicit and implicit method

Explicit Method (Bender-Schmidt method)
Consider the one dimensional heat equation .This equation is an example of parabolic

equation.

Implicit method (Crank-Nicholson
method)

This expression is called Crank-Nicholson’s implicit scheme. We note that Crank
Nicholson’s scheme converges for all values of A

When A=1, i.e., k=ah? the simplest form of the formula is given by

]
4

The use of the above simplest scheme is given below.

The value of u at A=Average of the values ofu at B, C, D, E

Note

In this scheme, the values of u at a time step are obtained by solving a system of linear
equations in the unknowns ui.

Solved Examples

1.Solve ux = 2utwhen u(0,t)=0,u(4,t)=0 and with initial condition u(x,0)=x(4-x) . Assume
h=1.Find the values of u up tot=5 by Bender-Schmidt recurrence equation.

Solution: Here a=2. By Bender-Schmidt recurrence relation , Step -size in time =k=1.
The values of are tabulated below

i 0 1 2 3 4
J
0 0 3 4 3 0
1 0 2 3 2 0
2 0 1.5 2 1.5 0
3 0 1 1.5 1 0
4 0 0.75 |1 0.75 0
5 0 05 |0.75 0.5 0




subject to the conditions u(0,t)=u(5,t)=0 and

u(x,0) taking h=1 and k=1/2,tabulate the values of u
upto t=4 sec.

Sol:

Here a=1,h=1

For A=1/2,we must choose k=ah?/2
K=1/2

The values of u upto 4 sec are tabulated as follows

i\ 0 1 2 3 4 5
0 0 24 84 144 144 0
05 0 42 84 144 72 0

1 0 42 78 78 57 0
15 0 39 60 67.5 39 0
2 0 30 53.25 | 495 33.75 |0
25 0 26.625 39.75 | 435 2475 |0
3 0 19.875 35.0625 | 32.25 | 21.75 |0
35 0 17.5312 26.0625 | 28.4062 | 16.125

4 0 13.0312 | 22.9687 | 21.0938 | 14.2031 |0

3. Using Crank-Nicholson scheme, solve Uxx - 16 U;=0, given u(x,0)=0,
u(0,t)=0,u(1,t)=100t. Compute

for one step in t direction taking h = 1/4



Solution: Here a=16, h=1/4, k=ah?,

16(1/16)=1.

4. Solve Uxx - 32 Uy=0 taking h=0.25 for t>0,0<x<1 and u(x,0)=0, u(0,t)=0, u(1,t)=t using

Bender —

Schmidt method.

Solution: The range of x is (0, 1); h=0.25

J 0 0.25 0.5 0.75 1
0 0 0 0 0 0
1 0 0 0 0 1
2 0 0 0 0.5 2
3 0 0 0.25 1 3
4 0 0.125 0.5 1.625 4

5 0 0.25 0.875 2.25 5

Solution of One dimensional wave equation
Introduction
The one dimensional wave equation is of hyperbolic type. In this chapter, we discuss

the finite difference solution of the one dimensional wave equation Utt a 2Ux.

Explicit method to solve u

Problems
1.Solve numerically ,4uxx ~ Ugx  with the boundary conditions u(0,t)=0,u(4,t)=0 and the

initial conditions ut(x,0)= 0 & u(x,0) x(4 -x), taking h=1.Compute u upto t=3sec.
Sol:

Here a®=4
A=2and h=1

We choose k=h/ak=1/2



The values of u for steps t=1,1.5,2,2.5,3 are calculated using (1) and tabulated below.

J\i 0 1 2 3 4
0 0 3 4 3 0
1 0 2 3 2 0
2 0 0 0 0 0
3 0 -2 3 -2 0
4 0 -3 -4 3 0
5 0 -2 -3 -2 0
6 0 0 0 0 0
x(4 X

2.S0lve ux = 1/4uy Given u(0,t)=0,u(4,t)=0,u(x,0)=u(x,0) & u(x,0)=0.Take h=1.Find
the solution upto 5 steps

in t-direction.
Sol:
Here a’=4
A=2 and h=1
We choose k=h/ak=1/2
The values of u upto t=5 are tabulated below.
J\i 0 1 2 3 4
0 0 1.5 2 15 0
1 0 1 1.5 1 0
2 0 0 0
3 0 -1 -1.5 -1 0
4 0 -1.5 -2 -1.5 0
5 0 -1 -1.5 -1 0

3. Solve, 25Uy = Uy for u at the pivotal points, given u (0, t)= u(5,t)=0,
Ui(x,0) =0 and u(x,0)= 2x for 0<x<2.5,=10-2x, for 2.5<x<5 for one half



period of vibration.

Solution: a? = =25, a=5

Period of vibration=21/a= 2 seconds. Half period=1 second. We want
values up to t=1 second. Taking h=1, k= =1/5. Step-size in t-

direction=1/5.

The explicit scheme is,
we have u(0,0)=0,u(1, 0)=2, u(2,0)=4, u(3,0)=4, u(4,0)=2, u(5,0)=0

T x |0 1 2 3 4
0 0 2 4 4 2
1/5 0 2 3 3 2
2/5 0 1 1 1 1
3/5 0 1 1 1 1
475 0 2 3 3 2
1 0 2 4 4 2
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SATHYABAMA INSTITUTE OF SCIENCE AND TECHNOLOGY

Course and Branch: B. Sc Maths
Course Name: NUMERICAL METHODS
Course Code: SMT1405

QUESTION BANK
UNIT 1 DIRECT AND ITERATIVE METHODS

PART — A

1. Explaintwo indirect methods to solve simultaneous linear Algebraic equations. (1)

2. Determine the principle used in Gauss Seidel Method. (1)

3. Solve the system of equations x — 2y = 0 and 2x + y = 5 by Gauss Elimination

method. (1)

4. Using Gauss Jacobi method solve x —3y=1,3x+y=4. 1)

12

5. Evaluate the dominant eigen value of A=L 4] by power method.

(1)

6. By Gauss Elimination method 4x — 3y = 11, 3x + 2y = 4 estimate the value of x and y
(1)

7. Write any two direct methods in linear Algebraic equations 1)

8. Define Diagonally dominant 1)

9. Discuss power method to calculate dominant eigen value. 1)

10. 4x+2y+z=14,x+5y-2z=10,x+Yy+ 8z =20 check the given system of equation

1.

2.

is diagonally dominant.

1)
PART - B
Estimate the following system of equations by Gauss Seidel method
28x+4y-z=32, x+3y+10z=24, 2x+17y+4z=35. 1)
Calculate following system of equation by using Gauss — Seidel Jacobi method
X+17y—-22=48
30x-2y+3z=75
2Xx+2y+182 =30
(1).
Evaluate the following equation using Gauss-Jocobi method
10x +y +z =12, 2x+10y+z = 13, x+y+bz =7 1)
By Gauss Elimination method solve
X+ 3y + 8z =4;
X+ 4y + 37 = -2; (1)
X+3y+4z=1.
Examine the system of equations using Gauss Seidel method.
8x-y+1=18
2x+5y-21=3 1)
X+y-31=-16

Solve the following system of equations by using Gauss-Jocobi method and Gauss-
Seidel method:
3X1 — X2 — X3 =1,
3x1 + 6X2 + 2x3 = 0, (1)
Xy + 3%+ TX3=4



10.

ko

10.
11.

Find the dominant Eigen value and Eigen vector ofA: i 2 (1) by Power method. (1)
003
Manipulate the following system of equation by Gauss — Seidel
method:
10x-5y—-2z=3
4x - 10y +3z=-3 1)
X+6y+ 10z =-3
X =X, +%, =1
Recall the system of equation by Gaussian elimination method —3X, +2X, —3X; =6 (1)

2X, —5X, +4X; =5

X+5y+z=14
By Gaussian elimination method evaluate: 2X+ Y +32=13 (1)
x+y+4z=17
UNIT 2 NUMERICAL DIFFERENTIATION AND INTEGRATION
PART — A
State Lagrange’s interpolation formula. (2)
Write Gregory-Newton forward interpolation formula. (2)
Listthe first and second derivative of Newton’s backward formula. (2)
Form the difference table for the points (0,-1), (1,1), (2,1) and (3,-2). (2)
From the following table, find the rate of growth of the population in 1931 (2)
Year X: 1931 | 1941 |1951 |1961 1971
Population in thousands : 40.62 |60.80 |79.95 |103.56 |132.65
1
Evaluate _[1 2 using Trapezoidal rule with h = 0.2 (2)
0
1.4 N
Evaluate ofz (S'” x—logx+e )dx by Simpson’s 2 rule. (2)
. 3

C‘ 2

A river is 80 meters wide. The depth “d” in meters at a distance meters from one
bank is given by the following table.Calculate the area of cross-section of the river

using Simpson’s (ijrd rule. (2)
X: 0 |10 20 30 40 50 60 70 80
d: 0 |4 7 9 12 15 14 8 3
Write down Trapezoidal rule to evaluate J.f f(x)dx with h=0.5 (2
Recall the errors in trapezoidal and Simpson’s rule of numerical integration. (2

Explain the order of errors in trapezoidal and Simpson’s rule of numerical integration.
2
PART - B @
Using Lagrange’s formula calculate f(3) from the following table. (2)
X 0 1 2 4 5 6
f(x) 1 14 15 5 6 19
Estimate y(9.5) using Lagrange’s formula of interpolation 2



10.

11.

X 7 8 9 10

Y 3 1 1 9
Infer the number of student whose weight is between 80 and 90 (2)
Weight: 0-40 40-60 60-80 80-100 | 100-120
Number of students: | 250 120 100 70 50
Discuss the age corresponding to the annuity value y = 13.6 given the table
Age( 2(3(): 30 35 40 45 50

Annuity Value (y): | 15.9 14.9 141 13.3 12.5

Form the parabola of the form y = ax? + bx + ¢ passing through the points (0,0), (1,1),
(2,20). (2)
The following data are taken from the steam table.

Temperature °C: 140 150 160 170 180

Pressure kgf/cm?: 3.685 4.854 6.302 8.076 10.225

Calculate the pressure at temperature t=142° and t=175° . (2)

T
By dividing the range into 10 equal parts, evaluate (j)sm XdX by Simpson’s 1/3 th rule
and Trapezoidal rule. (2)

1
Evaluate J’e—xzdx by dividing the range of integration into 4 equal parts using (a)

0

Trapezoidal rule, (b) Simpson’s rule. (2)
5.2

Dividing the range into 10 equal parts, find the approximate value of i loge xdxpy

(a) Trapezoidal rule (b) Simpson’s rule. (2)

From the following table , Compute ® at x =43 and x = 84 (2)

x ;40 50 60 70 80 90
O ;184 204 226 250 276 304

Estimate y’(10), y’’(5), y”’’(11) from the following data: (2)
X 5 6 9 11
Y 12 13 14 16

UNIT 3 POLYNOMIAL APPROXIMATION

PART - A
1. Define curve fitting (3)
2. State two categories of fitting a curve to a given set of data points. (3)
3. Explain least-squares polynomials. (3)
4. Recollect piecewise polynomials (3)
5. Discuss the term ‘knots’ or ‘nodes’ (3)
6. The conditions which satisfy the spline function s(x)---? 3
7. The contribution of Russian mathematician Chebyshev in minimizing the

truncation error in interpolation is --? 3



8. Define the natural cubic spline

9. Elaborate the term Chebyshev points.

10. Various approaches for fitting a “best” line through the line.

PART - B

(3)
(3)
3)

1. Examine whether the following piecewise polynomials are spline or not

X+1,-1<x<0
2x+10<x<1

f(x)= 4-x1<x<2

2. Check the polynomials are spline

x*=3x+1,0<x<1
XX+ x2-31<x<2
X} +5x-9,2<x<3

f(x)=

(3)

(3)

3. Develop cubic splines for the data given below and predict f(1.5) (3)

X 0 1 |2

3

f) |1 |-1]-1

0

4. Fit a straight line using method of least squares to the following data:

x

3)
1 2

14 27

5. Given the data points
i 0 [1 |23
Xi 1 (3 |47
f(xi)) | 1.5]4.5|9]| 255

Estimate the function value at x = 1.5 using cubic splines.
6. Frame a straight line to the following set of data

3)
x|1]2]3]4]5
y|3|4]|5/6]8

7. Fit a second order polynomial to the data in the table below:

X112 |3 |4
y|6]11|18]|27

8. Given the data points
i 012
Xi 41916
f(x)) | 2|34

Estimate the function value f at x = 7 using cubic splines.

9. The velocity distribution of a fluid near a flat surface is given below:

x|01 103 |05 |0.7

0.9

y | 0.72|1.81|2.73]| 3.47

3.98

(3)

(3)

(3)

©)




X is the distance from the surface (cm) and v is the velocity (cm/sec). Using a

suitable interpolation formula obtain the velocity at x = 0.2, 0.4, 0.6 and 0.8
10. Identify a second degree parabola by the method of least square to the

following also estimate y at x = 3.5. 3)
X 1 2 3 4 5
Y 5 12 26 60 97

UNIT ANUMERICAL SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS

w N

POoo~N o o A

6.

PART - A
|, dy 2

Using Euler’s method, calculate y(0.2) if & =y-x,y(0) =1 4)

Compute y(0.1) given that y'=1-y, y(0)=0 by Taylor’s method 4)

Define Fourth order Runge-Kutta Method. 4)

Solve numerically Y’ = y +€* | y(0)=0 for x=0.2, 0.4 by Euler’s Method. (4)

Find y(0.1) given y' = %(x +Y), y(0) =1by Modified Euler’s Method. 4)

State Taylor’s series formula for y(x,)in solving % _ ¢, \ywith y(x,) =y, . 4)

dx

Outline Adam’s Bashforth predictor corrector formula. 4)

Explain Milne’s predictor corrector formula. 4)

Write down the recurrence formula for Euler method. 4)

. Discuss single step and multi-step methods. 4)
PART - B
1. Apply Taylor’s series method, find y when x = 1.1 from (4 decimal places)
1
d 1
2. xy3,y@ =1 4)
dx

2. Estimate y (0.2) from y’ =y — X, y(0)=2 taking h = 0.1 by the fourth order
Runge-Kutta method 4)

3. By Milne’s Predictor and Corrector Method, evaluate y (4.4) given
Sxy’ + y2 —2=0 . Giveny(4) =1, y(4.1) = 1.0049, y(4.2) = 1.0097 and y(4.3) =
1.0143. 4)

. d

Discuss the equation d—:l—y , given y(0)=0 using Euler’s Method and
X

tabulated the solutions at x=0.1, 0.2 and 0.3. Compute your results with the Exact
Solutions.

(4)
Generate y(0.8) by solving y’' = b ,y(0)=2 using Milne’s predictor-
X+y

corrector given y(0.2)=2.0933,y(0.4)=2.1755,y(0.6)=2.2493. 4)
. dy 2 2 .
Estlmated— =y +x withy(0) =1 4)
X

(a) Use Taylor series at x = 0.2 and x = 0.4 and
(b) Use Runge-Kutta method of order 4 at x = 0.6.



. dy vy -x
7. Substitute Runge-Kutta method of 4" order, solve d— =— > giveny (0) =1 at
X Yy +X

x=0.2,0.4. Take h =0.2.

(4)
8. Given that y"+xy'+y=0,y(0)=1y(0)=0 obtain y for x=0.1,0.2 and 0.3

by Taylor’s series method and find the solution for y(0.4) by Milne’s Predictor
and Corrector Method. 4)

9. Using Adams Bashforth method calculate y(0.4) given y' = % , ¥(0.1)=1.01,
Y(0.2)=1.022,y(0.3)=1.023,y(0)=1. (4)
10. The differential equation ﬂ =y —x? is satisfied by y(0) = 1, y(0.2) = 1.012186,
dx

y(0.4)=1.46820, y(0.6) = 1.7379. Compute the value of y(0.8) by Milne’s
Predictor-Corrector formula.

(4)
UNIT 5 NUMERICAL SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS.
PART — A
1. write down the Crank-Nicholson difference formula. (5)
2. Explain the Explicit scheme to solve one dimensional wave Equation. (5)
3. Define Poisson’s Equation. (6)
4. Discuss the Bender-Schmidt recurrence equation. (5)
5. Classify the Partial differential equation Xuxx + uyy = 0 when (i) x > 0 (ii) x < 0 (iii) x
6. State Diagonal five point formula for Laplace equation. (5)
/. Discuss standard five point formula (5)
8. Define period of oscillation (5)
9. What are Lattice points (5)
10. Classify the partial differential equation xfx + yfyy = 0, x < 0,y< 0.
(5)
PART - B
1. Analyzeu, +u, =0 over the square mesh of side 4 units satisfying the following
boundary conditions.
Q) u(0,y)=0 for 0<y<4 (iii) u(x,0)=3x for 0<x<4
(i) u(4,y)=12+y for 0<y<4 (iv)  u(x,4)=x? for 0<x<4 (5)
2. Estimate 25u,, —u,, =0 for u at the pivotal points given u(0,t)=u(5,t)=0, u,(x,0) =0
and
u(x,0)= {ZX’ 0<x<25 for one half period of vibration. (5)
10-2x, 25<x<5
3. Using Leibmann method, solve the equation @+ o°u _, for the following square

— =0
ox* oyt
mesh with boundary values as shown in given figure. Iterate until the maximum
difference between successive values at any point is less than 0.001. 5)



10.

4
5
ou _ 2% subject to the conditions u(x,0)=0,
ot ox? 4 5
u(0,t)=0, u(1,t)=t. Compute u fort =
1/8 in two steps, using Crank-Nicolson formula. (5)

Evaluate using Crank-Nicholson’s scheme, solve uxx = 16 u;, 0 <x <1, t >0 given
u(x,0) =0, u(0,t) =0, u(1,t) = 100 t. Compute u for one step in t direction taking h
=1/4. (5)
ApplyLiebmann’s method the values at the interior lattice points of a square region of
the harmonic function u whose boundary values are as shown in the following figure.
()
11.1 17.0 19.7 18.6

21.9

21.0
17.0

87 121 128 9 9.0

~

DetermineV2u = Oat all node point for the following square re8ion using boundary
conditions. (5) 0 20

20 40

40 50
1 60 60 60 60

Solve u; = uxx given u(0,t) = u(4,t) =0 u(x, 0) = 5 X (4 —x),
ut(x, 0) = 0 Taking h = 1, find the solutions upto 5 steps in t — direction. (5)

Calculate the Poisson equation Uxx + Uxx = -10(x?+y?+10) over the square mesh with
sidesx =0, y=0, x =3,y =3 with u=0 on the boundary and mesh length lunit,

correct to one place of decimal. (5)
Interpret the pivotal value of the equation Uy = Uxx for x =0 (1) 4 and t = 0 (1) 4,
given that u(0,t)=0, u(4,t)=0, u(x,0) = 0, U¢(x,0) = x(4-x)/10 (6)
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