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RECTANGULAR CARTESIAN CO- ORDINATES

Direction cosines of a line — Direction ratios of the join of two points - Projection on a line —
Angle between the lines -Equation of a plane in different forms - Intercept form- normal form
Angle between two planes - Planes bisecting the angle between two planes, bisector planes.

Introduction:
Let X'OX, Y'OY and Z'OZ be three mutually perpendicular lines in space that are concurrent
at O(origin). These three lines, called respectively as x-axis, y-axis and z-axis (and
collectively as co-ordinate axes), form the frame of reference, using which the co-ordinates of
a point in space are defined. A
Z - Axis

3D coordinate plane

v

4k

] Y - Axis
X - Axi

Note:

e The positive parts of the co-ordinate axes, namely OX, OY, OZ should form a right-
hand system. The plane XOY determined by the x-axis and y-axis is called xoy plane
or xy-plane.

e Similarly the yz plane and zx-plane are defined. These three planes called co-ordinate
planes, divide the entire space into 8 parts, called the octants. The octant bounded by
OX, OY, Oz is called the positive or the first octant.

e In face, the x co-ordinate of any point in the yz-plane will be zero, the y co-ordinate
of any point in the zx-plane will be zero and the z co-ordinate of any point in the xy
plane will be zero.

e In other words, the equations of the yz, zx and xy-planes are x =0,y =0and z=0
respectively. The point A lies on the x-axis and hence in the zx and xy-planes. Hence
the co-ordinates of A will be (x, 0, 0), similarly the co-ordinates of B and C will be
respectively (0, y, 0) and (0, 0, 2).

Definition: Direction Cosines

The cosine of the angles made by a line with the axes X, Y and Z are called directional
cosines of the line. (i.e) The triplet cOSa , c0S B, COSY are called the direction cosines (D.C.’s) of
the line and usually denoted as 1, m, n. A set of parallel lines will make the same angles with the co-
ordinates axes and hence will have the same D. C.” s.
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Note :

1.Ifthe D.C/s of line PQ are I, m, n, then the D.C.’s of QP are -1, -m, -n, as the angles made byQP
with the co-ordinates axes are .1 80° —r,180° — 3,180° — y when the angles made by PQ with
the axes are @, B.7.

2. The D.C.'s of OX, OQY, OZ are respectively 1, 0, 0,0, 1, 0and 0, 0, 1.

The direction cosines of a line parallel to any coordinate axis are equal to the direction
cosines of the corresponding axis. The dc's are associated by the relation I2 + m? + n2 =1. If
the given line is reversed, then the direction cosines will be cos (n — a), cos (m — B), cos (T —
Y) or — cos o, — cos B, — cos 7.

Definition: Direction Ratios
The direction ratios are simply a set of three real numbers a, b, ¢ proportional to I, m, n, i.e.

l
a

From this relation, we can write

E:izizi M =+val+b+
l m n VE +m? +n?
a b c

7 e —=a  —a ) n_j:
JEIR 2 JEiRa N T

These relations tell us how to find the direction cosines from direction ratios.

Note:
1. P+m’+n> =1, whereas a* +b> +c> #1.

2. To specify the direction of a line in space its direction angles, direction cosines or direction
ratios must be known.

-

3. The D.R.'s of two parallel lines are proportional.
Formulae:

1. Direcion Ratios (D.R.’S) of a line joining Two points P(x1,y1,Z1) and Q(X2,y2,z2) are
X2-X1,Y2-VY1,22-171.

Angle between Two Lines:
If 11, mg, n1 and Iz, m2,n2 are the direction ratios of the lines L; and Ly, then

cos@ =1L, +mm, +nn,




Corollary 1
If the two lines are perpendicular, then g =90° or cos@ =0

i-e., L/, +mm,+nn,=0

=f

we recall that, it the two lines are parallel, then 1’1 = fz,ml =m, and n, =n,.

Corollary 2
If the D.R.’s of the two lines are ai, b1, ¢ and az, bz, c2 then their D.C.’s are

b c b,

\ 1
and 2
\/Tﬂl Enl Enl \/an _aq \/Tm

If 6 is the angle between the two lines, then
a,a, +bb, +cc,

\/(nf +b7 +¢ )(nf +b7 +c,’ )

cosf =

If a1, b1, c1 and az, bo,co are the direction ratios of the lines L1 and Lz, and if they are
perpendicular, then cos 8= a; ax+ by ba+c1,c2=0 or H=90°.

we recall that if the two lines are parallel then

a b ¢

1
a, b, c,

Projection of a Line segment on a given Line :
Let AB be a given line and PQ be any line then the the Dr's of the line PQ are
X2-X1, Y2-Yy1, Z2-z1 and the Dc's of the given line AB are |, m, and n then

The projection of PQon AB =1(x, —x,) +m(y, —v,) +n(z, —z,)

THE PLANE
A plane is a surface which is such that the straight line joining any two points on it lies
completely on it. This characteristic property of a plane is not true for any other surface.

General Equation of a Plane:
The first degree equation in x, y, z namely ax + by +cz + d = 0 always represents a plane,
where a, b, c are not all zero.

Equation of a plane passing through a point:
If ax + by +cz + d = 0 is a plane equation and it passes through a given point P(X1,y1,21) , then
the required planeis  a(x- x1)+b(y - y1)+c(z - z1)=0



Equation of the plane making intercepts a, b, c on the coordinate axes is

X y =z
—+—+—=1
a b ¢

Equation of the plane passing through three points A(x1,y1,21) , B(X2,y2,z2)and C(x3,y3,z3)

Equation of a plane in the normal form is x cosa + y cosg + z cosy = p , where p is the
length of the perpendicular from the origin on it and cosa , cosf , cosy are the direction
cosines of the perpendicular line.

Length of the perpendicular from the origin ‘O’ to the given plane ax + by +cz+d =0 s
given by
—d

pP= -
Na® +b” +¢°

Length of the perpendicular from the point P(x1,y1,z1) to the plane ax + by +cz+d=0is
given by

(ax, +by, +cz,+d)

\/a 2+ b+l
Plane through the Intersection of Two given Planes P1: ax + by +cz + d; =0 and
Po:ax+ by +cz+ dx=0isax + by +cz + d; +tk(ax + by +cz+d>) =0

p==*

Distance between two parallel planes Pi: ax + by +cz + d; = 0 and P2: ax + by +cz +
d2=0is

d |d1 _d:
Nat+b' e
Problems

1. Find the equation of the plane passing through the point (2,-1,1) and parallel to the
plane 3x+7y-10z=5

Solution
Given plane equation is3x+ 7y +10z-5=0 __ (1)
Any plane parallel to (1) is of the form3x + 7y +10z-5+k=0_ (2)

Plane (2) passes through (2, -1, 1)



s A2)+2(-)-T(5)+k=0

c =35

. The required plane equationis 4x +2y—-7z+35=0

2. Find the equation of the plane passing through the points (1, -2, 2) and (-3, 1, -2) and
Perpendicular to the plane 2x +y-z+ 6 =0

Solution

Let the required plane equationbe a(x —x,)+b(y—y,)+c(z—z)=0 (D
Plane (1) passes through (1, -2, 2)

calx=D)+b(y+2)+ce(z-2)=0 )
(2) passes through (-3, 1, -2)

a(=3-1)+b(1+2)+c(-2-2)=0

—4da+3b—4c=0 )

now plane (2) is perpendicular to 2x+yv—z+6=0=>2a+b—c=0 (4

from (3) & (4), using rule of cross multiplication,

a b c
3 4] -4 -4 -4 3
1 —1‘ ‘—1 2| |2 1

a b ¢
1 -12 -10

Using these values in (2)
I(x—1)—12(y+2)-10(z-2)=0

x—12y-10z-5=0.

3. Find the equation of the plane which passes through the points (1, 0, -1) and (2, 1, 1)
and parallel to the line joining the points (-2, 1, 3) and (5, 2, 0).



Solution

Equation of a plane passing from a point (x;, v, z,) is
a(x—x)+b(y—y)+ec(z—z)=0
since is passes through (1, 0, -1)
= a(x—D)+Db(y-0)+ec(z+1)=0 (M
Plane (1) passes through (2, 1, 1)
a(2-1)+b(1-0)+ec(l+1)=0
a+b+2c=0 (2
D.R.’s of the line joining (-2, 1, 3)and (5, 2, 0)are 7, 1, -3

Plane (1) is parallel to this line

. Any normal of plane (1)is |  tothislineD.R’s7,1, -3

. aya, +bb, +cc,=0

Ta+b—3¢=0 (3
Eliminating a, b, ¢ from (1), (2) and (3)
a b ¢
L2 2 1 11
I 3| -3 7] |7 1

a. b c

:—:—:A" c,'
517 6 )

substituting a, b, c in (1)
—S(x=1)+17y—6(z+1)=0

Sx+17y—-6z+5-6=0

|—5x +17y-6z-1= OI is the required equation of the plane.

4. Find the equation of the plane through (1, -1, 2) and perpendicular to the planes
2x+3y-2z=5and x + 2y - 3z =8



Solution
Equation of the plane passing through (1,-1,2)is a(x =) +b(y +D) +¢c(z=2)=0 __ (1)

(I)Lrto2x+3y—22=5=2a+3b-2¢=0 )
D Lrtox+2y-3z=8=a+2b—-3c=0 )

Solving (1), (2) and (3) we get
x=1 y+1 z-2
2 3 -2 1=0
| 2 -3

(x=D)(=9+4) = (y+1)(=6+2)+(z=2)(4=3)=0
(x=D(=5)+4(v+)+(z-2)=0

—5x+4y+z+7=0]is the required plane equation.

5. Find the equation of the plane passing through the points (2, 5, -3), (-2, -3, 5)

and (5, 3, -3).
Solution

The equation of the plane passing through three points (x,,v,.z).(x,.,.z,)and
(x5, 3,23) is

X=—x, Yy=—»n =z
X=X, Y=y 5—%3|=0

X=X Vs—=W 04

3 -2

(x—=2)(16)— (v=3)(=24) + (= +3)(32) = 0

2x +3y+4y—7=0lis the required plane equation.

6. Show that the fair points (0, -1, -1), (4, 5, 1), (3, 9, 4) and (-4, 4, 4) lie on a plane.

Solution:
The equation of the plane passing through three points (0, -1, -1), (4, 5, 1), (3,9, 4) is



x—-0 y+1 z+1
4 6 2 =0
3 10 5

=5x—-Ty+11z+4=0.

To prove (-4, 4, 4) also lies on this plane, we need to prove it satifies the above plane equation

Sx-Ty+11z+4=0
S(-4)-7(4)+11(4)+4=0
. The given four pointslieon Sx—7y+11z+4=0
7. Find the angle between the planes 2x + 4y - 6z =11 and 3x + 6y +5z+4 =0.

Solution
Angle between two planes a,x +byv+c¢,z+d, =0 and a,x +b,y +c,z +d, =0 is
a,a, +bb, +cc,

cos bt =t ——== —
\/al‘ +b +c¢ \/022 +b," + ¢,

lie between two planes 2x+4y -6z =11 and 3x+06y+5z+4=0 is
3 5(—
s @D+ +5(-6)
V4+16+364/9+36+25

cosf =10

_ T
0="7"

8. Find the equation of the plane which bisects perpendicularly the join of (2, 3, 5) and
(5,-2,7)

Solution
Let C be the midpoint of the line joining two points A(2, 3, 5) and B(5, -2, 7) then C has coordinates

C(.2+5,3_255+7\'
2 2 2 )

71 )
f.e.C[—__—,o'\
\2 2 J



-

Equation of plane through C 1 L 6 ‘ is
\ 2 )
[. 7\ b[. 1 \‘ ( 6)=0 ' A2,3,9)
alx——|+bl y——|+c(z-6)= .
\ 2 J \ 2) —)

AsAB | j totheplane, the DR'sof ABare5-2,-2-3,7-5 Cj

i,e.a=3b=-5c=2)

Substituting in (1)

B(5,-2,7)

N 1
:>3[x—— '—5[_1--‘—— +2(z-6)=0
Co2) U 2)

3x—5v+ 2z —20 = 0lis the required plane equation.

9. Find the distance between the planes x - 2y+ 2z - 8 =0 and -3x + 6y - 6z = 57

Solution
Distance between two parallel planes
Pi:ax+by+cz+di=0and P2: ax + by +cz + d>=0 is

J ‘dl —d,

Nat+b* +¢°

The given planes are x - 2y+ 2z - 8 = 0 and x-2y + 2z + 57/3 =0
‘ 57

g
3

JP+(=2)* + 22

d:

27
SR Nndd

V1+4+4

10. Find the foot N of the perpendicular drawn from P(-2, 7, -1) to the plane 2x -y +z=0

LetNbe (x;,1,,2,).Nlieson 2x— y+z =

| P(-2, 7, -1)
s 2x -yt =0 (1)
The D.R.s of PN are 1‘|
N(x, v, 2)

x,+2,y, -7z, +1

PN is parallel normal to the plane

10



x1+2__1--‘1—7_:1+1_k .
2 I (say)

x,=2k-2, yy=—k+7, z;=k-1
Substituting in (1), we get
2Qk-2)—(=k+7)+(k-1)=0
=lk=2
Lx =2 oy =5 z=1
Hence the foot of the perpendicular is (2, 5, 1).

11. The foot of the perpendicular from the given point A(1, 2, 3) on a plane is B(-3, 6,
Find the plane equation.

Solution
The D.R’sof ABare x, —x,, v, —¥,. 2, — 2, i.e,-3-1,6-2,1-3 i-e,-4,4,2

Since AB is normal to the plane and B (-3, 6, 1) is a point

on the plane, the equation of the planeis 4(x —(-3))-4y-6)2(z—1) =0

2x—2y+z+17 = 0|is the required plane equation.

12. Find the image or reflection of the point (5, 3, 2) inthe planex +y -z =5.
Let Abe (5, 3, 2)
Solution
Let the image of A be B(x1, Y1, 71)

X +5 oy +3 D +2)
The mid-point of AB is L[ Y ’ HT2 . ‘
2 2 2 )

L liesonthe planex+y-z=5 (1)
X+ y+3 42
+ —

2 2 2
Xt+yi-z21=4__ (2

=5

D.R.’sof ABareXx1-5,y1-3,21-2

D.R.’s normal to the plane are 1, 1, -1.
AB is parallel to normal to the plane

11



A(5, 3, 2)
®

&1
o _b e =
a, b, ¢
xl—S__vl—B_:l—Z_k ®
1 1 1 (say) B (X, V, Z,)

x,=k+5 wy=k+3 z=-k+2.
Substituting in (2)
(k+5)+(k+3)—(-k+2)=4

=2
3

k

(-2 -2 -2 )
—+5,—+3,—+2
3 3 -

- - /

. The image B is

(8]

A

17
Le., B

\

J
W | =3
W | oo

S —

]

ug‘

13. Find the equation of the plane through the line of intersection of x + y + z =1 and
2x + 3y +4z=5and
(i) Perpendicularto tox-y+z=0
(i) passing through (1, 2, 3)

Solution:
The equation of the plane passing through the line of intersection of
x+y+z=1_ (1) and 2x+3y+4z-5=0__ (2)

(ie) x+y+z-1)+k(2x+3y+4z-5=0__(3)

1+ 2K)x + (1+3k) y + (1+4k)z- (1+5k) =0 __ (4)
i) @Lrtox—y+z=

a,a, +bb, +cc, =0

(1+2k) 14+ (1+3k)(-)+(1+4k)-1=0

1+3k=0=|k=—

-
h]

12



substituting in (4)

o .
1——\~c+[1—“— ,1+[1—i =—[1-2 =0
v 2 L9 \ 3) 2

x z 2

Z-2+2=0

] ] J

x — = + 2 =0|is the required plane equation.

(ii) (3) passes through the point (1, 2, 3)
(1+2+43-1)+k(2+6+12-5)=0
S+15k=0

k=—

-
2

Substituting in equation (4)

x — z + 2 = 0] is therequired plane equation

14. Find the equation of the plane passing through the line of intersection of the planes
2x+5y+z=3and x +y + 4z =5 and parallel to the plane x + 3y + 6z = 1.
Solution:

The given planes are 2X + Sy +2=3___ (1)
X+y+4z=5__(2)

X+3y+6z=1__ (3)

The required plane equation is is of the form
(2x+5y+z-3)+k(x+y+4z-5)=0
2+K)x+(k+5)y+(1+4k)z-(3+5k)=0__ (4

(4) is parallel to (3)
24k k-5 Ak+1
ol 3 6

2+k k-5 —11
= =

fo=—

| 3 2
Substituting in (4)

_ S N TN N
[2—E'x+[£—5 v+|1+4 —1 '::3+5[£'
\ 2) \ 2 J \ S 2 /',J \ 2 J

X+ 3y + 6z -7 =0Iis the required plane equation
15. Find the equation of the plane through the intersection of the planesx +y + z =1 and
2x +3y - z + 4 = 0 parallel to y-axis.
Solution:
The given planesareX+y+z=1__ (1)

13



2Xx+3y-z+4=0 2
Let the required plane equation be
(x+y+z-1)+k(2x+3y-z+4)=0 (3)

1+ 2K)x+ (1+ 3k) y + (1- kK)z -1+ 4k =0
Nomal to plane (3) is perpendicular to y-axis whose D.R.’s are 0, 1, 0
s (1+20)0)+A+30) (D) +(1-k)(0)=0

:>i(:_—1
3

Substituting in (3)

S(x+y+cz —1)%1(2x+3_1f—:+4) =0

x + 4z —7 = 0] is the required plane equation.

14
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PLANE AND STRAIGHT LINE

Introduction

In two dimensional geometry, an equation in two variables say X, y represents a curve. But in
three dimensional geometry, an equation in three variables say x, y, z represents a surface and a
curve will be considered as the intersection of two surfaces. Hence a curve equation in three
dimensions is represented by two surface equations taken simultaneously.

Straight Line

Intersection of the two planes will be a straight line.

Consider the two planes P1: aix+biy+ciz+d1=0 — (1)
and P2: axx+boy+coz+d>=0 — (2

The following figure shows the intersection of these two planes will form a straight line

Plane 1

Plane 2
(Py)

.. Equations (1) and (2) taken together represents a straight line and is called the general form
of a straight line.

Note :

The x-axis is the line of intersection of xoy and xoz planes whose equations are z=0, y = 0.

. The equation of the x-axis are y =0, z = 0. Similarly the equation of the y-axis are x=0, y = 0.
And the equation of the z-axis are x =0, y=0.

Symmetrical Form of A Straight Line

1. Equation of a line passing through a point (X1, y1, z1) with direction cosines of the line as I, m, n.
is X—X1 — y=V1 — Z—Z1
l m n

Note: Any point on the line x_lxl = y:n“ - Z‘nzl = r

(i) x=lr+x,y=mr+y, z=nr+2z;

Hence any point on the given line =22 = X221 = 2721 — & s (Ir + Xq, mr + y1, Nr + 23
l m n




2. Equation of a straight line passing through (xu, y1, z1) with direction ratios of the line as a, b, ¢
X~™% _Y7N _Z74
a b c
3. Equation of a straight line passing through two given points (x1, y1, z1) and (x2, Y2, Z2) is
X=X Y=V _Z—Z

Xo—=X1 Y2o—=Y1 Zp— 73

Problems:
1. Find the equation of the straight line which passes through the point (2, 3,4) and making angles

60°, 60°, 45° with positive direction of axes.
—X1 _ Y=Y1 _ Z—2Z1 »
T m T n - (1)

Solution: Equation of a straight line is =

Here x, =2,y,=3.z, = 4.

Mo | —

/] =—cos60=
m=cos 60 =

n=cos45 =

S“_ o |~

2
Substituting the values of I, m, n in the straight line equation, we get

x—-2 y-3 z-4
.
2 2 2

2. Find the equation of the straight line passing through (2, -1, 1) and parallel to the line joining

the points (1, 2, 3) and (-1, 1, 2).
Solution:
The direction ratios of the line joining the points (1, 2, 3) and (-1, 1, 2) are -1-1, 1-2, 2-3

i-e., -2,-1, -1
Equation of a straight line passing through the point (X1, y1, z1) with direction ratios a,b,c is
X—X1 Y—=YV1 _ Z—Z3

=ER =R ()




Here x, =2y, =—-1.z, =1
a=-2b=—1lc=-1
Substituting these values in (1) we get

x=2 y-(-1) =z-1
-2 -1 -1

x—2 y+1 =z-1
(Le) = = which is the required equation of the line.

2 1 |

Find the equation of the line joining the points (1, -1, 2) and (4, 2, 3).
Solution:
The equation of a straight line is ——= = 221 = 24

X2—X1 Y2—Y1 Z2—Z,

Here Xi1=1, X2=-1,X3=2
x,=4,y,=2.z,=3.
Hence the equation of the required line is

x—=1 y—(=1) z-2
4-1 2-(-1) 3-2

4. Prove that the points (3, 2, 4) (4, 5, 2) and (5, 8, 0) are collinear.
Solution:
Equation of a straight line passing through two given points (x1, y1, z1) and (X2, y2, z2) is
X~% _ Y7 _ 274

Xo—=X1 Y2o—=Y1 Zp— 74

Equation of the line passing through (3, 2, 4) and (4, 5, 2) is
x-3 y-2 -4
4-3 5-2 2-4

x-3 y-2 z-4
p— p— 1
1 3 22 —
If the above two points are collinear with (5, 8, 0) then the point (5, 8, 0) must satisfy equation (1)

Substituting x =5,y =8,z =0in (1), we get

Le.,



5-3 8-2 0-4
1 3 22

2 6 -4 2
e S
1 3 2 1

Hence the point (5, 8, 0) satisfies equation (1)

2 2
1 1

. The three given points are collinear.

5. Find the angle between the lines

x+1 yv+3 =--4 x—4 yv+4 z+1
== = and = =
2 2 -1 1 2 2
Solution:
Direction ratios of the first line are 2, 2, -1
2 2 -1
Direction cosines of first line are ; , ; , T

Direction ratios of the second line are 1, 2, 2.

122
373

Direction cosines of second line are —-

Let be the angle between the lines (1) and (2), then

2/ ) R )
cos @ —(1)(1J+(:]{£}+(—1H2] = i [ cos@ =11, +mm,+nn,]
313 3/03 3 3 9 - - -
0= cosl(i]
9

Problem for practice
6. Find the equations of the straight line through (a, b, ¢) which are (i) perpendicular to z-axis
(i1) Parallel to z-axis.

Transform of a general form of a straight line into symmetrical form
To express the equation of a line in symmetrical form, we need

(i) The coordinates of a point on the line.

(i) The direction ratios of the straight line

Method of find a point on the given line
The general form of a straight line is aix+b1y+c1z+d1=0 = axx+boy+coz+d>=0

Let us find the coordinates of the point, where this line meets XOY plane. Then z = 0.

Equations of planes are aix+b1y+ d1=0; axx+hoy +d>=0



Solving these equations, we get
X -y 1
b d,
b, d,

a, d,
a, d,

a, b

bd,-bd, a,d —ad,

. .0 | =(x;.,.0) (say).
ab,—a,b  ab,—ab (%, 31,0) (say)

.. Co-ordinates of a point on the line is [

Note:
To find a point on the line, we can also take x =0 ory = 0.

Method of find the direction ratios.
Let (I, m, n) be the direction ratios of the required line.

The required line is the intersection of the planes aix + b1y + ciz + di= 0 = aX + by + oz + d2=0
It is perpendicular to these planes whose direction ratios of the normal are as, b1, ¢1 and az, b2, ce.
By condition of perpendicularity of two lines we get

al+bm+cn=0

a,l +b,m+c,n=0

Using the rule of cross multiplication, we get

/ —m n

Therefore, the equation of a straight line passing through a point (xi1, y1, zi)with direction ratios
a,b,cis

X=X ¥y=» -0
b ¢ e el | b,
b, ¢ a, ¢,| |a, b,

7. Find the symmetrical form the equations of the line 3x + 2y -z -4 =0 and 4x +y - 2z + 3 =0 and
Find its direction cosines.

Solution:
Equation of the given line is

3X+2y-z-4=0
- — > @
dx+y-22+3=0

Let 1, m, n be the D.R.’s of line (1).



Since the line is common to both the planes, it is perpendicular to the normals to both the planes.

Hence we have

3[+2m—n=0,

4l+m—-2n=0
Solving these, we get
I m  n
~4+1 —4+6 3-8
I m _n
3 2 -5

Therefore The D.R.’s of the line (1) ae -3, 2, -5.

[

-3 2 -5
= ,m = M=
V38 \38 \/38
Now, to find the co-ordinates of a point on the line given by (1),
Let us find the point where it meets the plane z = 0.

Put z = 0 in the equations given by (1)

we have 3x+2y =4
4x+y=-3 — (2

Solving these two equations, we get

The line meets the plane z = 0 at the point (-2, 5, 0) and has direction ratios -3, 2, -5.

Therefore the equations of the given line in symmetrical form are

x+2 y-5 -0

-3 2 -5

Problem for Practice
8. Find the symmetrical form of the equation of the straight line2x - 3y +3z=4,x +2y-z=-3
9. Find the symmetrical form, the equations of the line formed by planesx +y +z+1=0,

4x +y—2z + 2 =0and find its direction-cosines.



The Plane and the Straight Line

Angle between a Line and Plane

N _Y—»n_=-cC

Angle between a line [, - ad L and aplane U:ax+by+cz+d =0

! n 1 A Normal to the plane
If @ isthe angle between the line L and the plane U, then angle /Line L
between line L & normal to the planeis 90 —@ . ﬁ 0

Direction ratios of lline L are |, m, n

Direction ratios of the normal to the plane U are a, b, ¢

al + bm+cn

c.cos(90-60) = - ==
\/a‘ +bi+c? \/]‘ +m®+n’

al +bm+cn

(ie) @ =sin™ -
JR+02 + AP +m? + 1

Consider the line L: X_lxl = y;nyl = 22 and the plane P: ax+ by + ¢z +d =0
Q) Perpendicular Condition

nomal to the plane
—— LinelL

[T T

Line L is perpendicular to the plane U.

= Line L and normal to the plane are parallel. So their direction ratios are proportional.
Direcionratios of lineL: 1, m, n

Direction ratios of normal to the plane: a, b, ¢

Hence
L_m_n
a b ¢

(i) Line L is perpendicular to the plane U.
Line L and normal to the plane are parallel. So their direction ratios are proportional.

Henceal +bm+cn=0



(iii)  Line L lies on the plane U.

= Every point of line L lies on the plane ax+by+cz+d =0 — (1)

.. the obvious point (Jq . ;. ;) lies on the plane (1) ' s normal to the plane
coaxy+by, +ez;+d=0 _ (2 /_ /L

(1)-(2)gives a(x—x, ) +b(y—y)+e(z—z)=0_____ (2)

Also line L and normal to the plane are perpendicular.

al+bm+en=0 — (4)
Hence if a line L lies on a plane U, then the condition is given by (2) and (4).

And equation of any plane which passes through the given line L is given by (3) and (4).

Problems
10. Find the angle between the IinexT+1 = % = ? and the plane 3x +y +z=7

Solution:
The angle between a line and a plane is
al +bm+cn

Sil]g: b 2 2 ? b b
\/a‘ +b" +e” \/7‘ +m-+n

b=1 c=

: 2(3
s = — -
V31212422 +32 467
_6+3+606
V1149
" 15
sinf =
7311
[ 15
f=sin"| ——
L7411,
11. Find the equation of the plane which contains the IinexT_1 = y_—+11 = ? and is perpendicular to
the planex +2y +z =12
Solution:

Let a, b, ¢ be the direction ratios of the normal to the required plane

Equation of a plane which contains line xT_l = y_—+11 = ? is given by
a(x-1) +b(y +1) + ¢(z - 3) = 0---------- (1)
Since line L and normal to the plane are perpendicular 2a -b + 4¢ = 0-------- (2)



Also given the required plane is perpendicular to the plane x + 2y + z =12
Hence their normals are perpendicular

Therefore a + 2b + ¢ = 0--------- 3)

Eliminating a, b, ¢ from (1), (2) & (3), we get the required plane equation.

2
I
—
=
I
]

1 2 1
(i.e) 9x - 2y -5z + 4 =0 is the required equation of the plane.

12. Find the image of the line xT_l = YT_E} = Z;—4 in the plane 2x -y +z +3=0.

Solution:
The image of the line is the line joining the images of any two points on the line.

It is an advantage to select one of the points as the point of intersection of the line.

L:- 3 : s ' and the plane 2x—y+z+3=0
Any point on the line L is (3r +1,5r + 3, 2r + 4)

If this point is taken as A, then it lies on the plane, then2(3r +1) - (5r + 3) + (2k +4) +3=0
(ie) r=-2.

Substituting k = -2, we get the co-ordinate of the point of intersection of the line and the plane
A(-5,-7,0).

Let us consider another point on the line L.

Let us choose the obvious point on the line i.e., P(1, 3, 4).

Let the image of the point P (1, 3, 4) on the plane 2x —y+z+3=0be P

By definition of the image, the midpoint M of PP’ lies on the plane and line PP is normal to the
plane.

Let the direction ratios of the line PP" be (, m, n D.R.’s of the normal to the plane are 2, -1, 1
As line PP ‘and normal to the plane are parallel their direction ratios are proportional.

Then the image of P is P' (-3, 5, 2).

I m

n
So—=—=—=k
2 -1 1 (53}’)

Equation of line PP’, which passes through (1, 3, 4) with direction ratios (2, -1, 1) is given

2 -1 -1

Any point on this line is given by (2k +1,-k + 3, -k + 4)

10



Suppose this pointis M which meets the plane, then it has to satisty the equation of the plane.

220k +1) = (~k+3)+(k+4)+3=0

i.e., k = —]_
Substituting for k, we get the co-ordinates of M(-1, 4,3)

-.» M is the mid point of PP!

I+x 1+ 1+z

=-1. ~4, =3

e,

= 3. V= 5.' o= 2

X.

1

- the image of is P' (-3, 5, 2). PN
Equation of the image line is given by
x+5 y+7 -0

-3+5 5+7 2-0
x+5 y+7

2 12 2

Le.,

ie., =- =

13. Find the foot of the perpendicular from a point (4, 6, 2) to the Iinex3;2 = yT_Z = ? Also find

the length and the equation of the perpendicular.

Solution:
Let B be the foot of the perpendicular drawn from a point A(4, 6, 2) to the line L: "3;2 =—=

z—2
=k
1

A(4,6,2)

B L
Then B has coordinates of the form (3k + 2, 2k + 2, k + 2)

Direction ratios of line AB: (3k - 2, 2k - 4, k)

Direction ratios of the line L : (3, 2,1)

Line AB is perpendicular to line L.

Hence 3(3k - 2) +2(2k-4) =k =0

Therefore k =1

Hence the foot of the perpendicular is N (5, 4, 3)

Equation of the perpendicular is the equation of line joining the points (4, 6, 2) and (5, 4, 3) is

11



2
&

Length of the perpendicular = AB = \/(S — 4).2 +(4- 6)3 +(3-2)
— /6 units.

Condition for Co planarity of the lines

-X, V- _I- X, _ V-V, _*=

z X —Z .
Land L, : = L tobe coplanaris
I m, n I, n, n,

Condition for lines L: i

Y=Y WM —0M 55

[, m, n |=0

L, m, 1,

Equation of the plane containing the coplanar lines Li and L; is given by

X=X Vy=h I—4

l; m, nm |=0
I, m, 1,
Problems
14. Show that the lines Li: XTJ = y;i = 2_413 and L2: xT_‘?’ = yT_S = 23;7 are coplanar. Find the

equation of the plane of co planarity and the coordinates of the point of intersection of the lines.
Solution:

Consider the lines

X—x, vV—-¥y I-=Z X—-x, V—-y, ZI-:
L: 1_ YN _ Land L, : 2 _ Y 1

A m, n, [, m, 1,

Condition for co planarity of two lines is

Y= VM =W 55

A m, n [=0

12



3-7 5-10 7-13 |4 -5 -6
2 3 4 =12 3 4
1 2 3 1 2 3
=—4[9-8]+35[6-4]-6[4-3]=0
Therefore the lines are coplanar.

Equation of the plane containing the coplanar lines L1 and L2 is given by

X=X Y=—-n -4
I, m, m |=0
[, m, n,

x-=7 y-10 z-13
2

1 2 3

o

e
[l

<

Le.,

ie, (x=7O-8)—(y—-10)(6-4)+(=-13)(4-3)=0
ie., x=2yv+z=0

To find the point of intersection of lines L1 & L2 :

Any point on the line Ly ’%7 = y;j =213 — kis A(2K + 7,+10, 4k +13)

4
Any point on the line L: x—f _ Y5 _ 23;7

> =risB(r+3,2r+53r+7)

If L; and Ly intersect, then for some value of r and k, the coordinates A and B are the same.
2k+7=r+3 rLe. 2k—r=—4
3k+10=2r+5 1e.. 3k-2r=-5
Ak +13=3r+7 1e.., 4k—3r=-5

Solving any two equations, we getk =-3and r = -2.

Hence the common point of intersection of the lines Ly and L2 is (1, 1, 1).
Problem for practice

15. Show that the lines joining the points (0, 2, -4) & (-1, 1, -2) and (-2, 3, 3) & (-3, -2, 1) are

coplanar. Find their point of intersection. Also find the equation of the plane containing them.

13



SHORTEST DISTANCE BETWEEN TWO SKEW LINES

Two straight lines which do not lie in the same plane are called non-planar or skew lines. Skew

lines are neither parallel nor intersecting. Such lines have a common perpendicular. The length of

the segment of this common perpendicular line intercepted between the skew lines is called the

shortest distance between them. The common perpendicular line itself is called the shortest

distance line.

Let us now find the shortest distance and the equations of the shortest distance line between the
skew lines.

X—X V—-¥ I—I

l - B (1

and [ - ni, o —2

Let L, L, be the skew lines passing through A (x;,1,.2,) and B (x,,v,,2,) respectively.

Let MN be the 5.D.between L, & L, and let ], m, n be the D.R.”s of the 5.D.Line.

A ('1-11 Yo :}/]

B (xy 1, 2,)
The point M may be taken as (x,+/7, v, +my.z;+n7)and N may be taken as
(xy + 1,15, ¥y + my15, 25 + 11,7, ) Then the D.R.s of MN are found.

Using the fact that MN is perpendicular to both L, and L, obtain two equations inr, and r,, solving
which we obtain the values of r and r..

Substituting there values, we know the coordinates of M and N. Then the length and equations of
MN can be found.

14



Problems

x—3 -8 z—3
16. Find the length and equations of the shortest distance between the lines L1: = = y__l =0

Solution :
Let the S.D. line cut the first line at P and the second line at Q.

x—-3 y—-8 -3
L : =- = =r (say
e (say)
L?::Y+J:_1’+?::—6:S (say)
- =3 2 4

The point P on L, has coordinates (3r+3, -r+8, r+3)

The point Q on L, has coordinates (-35 -3, 25- 7, 45+ 6)
Hence DRsof PQare  —3x—3s—06,2s+r—15. 4s—r+3

PQ is perpendicular to L1

s 3(-3r-35-6)-(2s+r-15)+(4s-r+3)=0
Le., 7s+11r=10 (1)

PQ is perpendicular to L2
=3 (-3r-35-6)+2(2s+r-15)+4(4ds-r+3)=0

295+ 7r=10 (2)
Solving (1) and (2), we getr=s=0
Using these values of r and s in the co-ordinates of P and Q, we get
P(3,8,3)and Q (-3, -7, 6)
Length of S.D is =~270 = 3\/ﬁunits
Equation of the S.D. line is

x—3 yv-8 z-3 x—-3 y-8 =-3
== . — - = =
—6 —15 3 -2 -5 |

Problem for practice

17. Find the length of the shortest distance between the lines

¥ . -
x—2 v+l = -
=- —2x+3y-52—-6=0=3x—-2y—z+3
2 3 4 ' '

15
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UNIT - 11l - SPHERE

Equation of the sphere - general form — plane section of a sphere- tangent line and tangent
plane — orthogonal spheres

Introduction
Definition

A sphere is the locus of a point in space which moves in such a way that its distance forms a fixed
point is always constant.

The fixed point is called the centre of the sphere and the constant distance the radius of the sphere.
To find the equation of a sphere whose centre and radius are given:

Let r be the radius and (a, b, c) the centre C, and P any point on the sphere whose co-ordinates are
x, vy, 2).

Py z)
Then ¢p* =5*

ie, (x—a)l+(y-b)Y+(z—c)=¢*
Corollary
When the centre of the sphere is at the origin and its radius is a, then the equation of the sphere is
X2 +y2 +72 = g2
Standard Form of the equation of a Sphere

The equation 2+ y; + 722 oux + 2vy + 2wz + d = 0 is called the standard equation of a sphere

with centre (-u, -v, -w) and radius — J wrviewt—d
Note

1.  Inthestandard equation of the sphere, the coefficient of xz, _}’1~ z? are all equal

2. The product terms xy, yz, zx are absent

3. The equation a(x®+y*+2z%)+2ux+2vy+2wz+d =0 also representsa sphere with

2 2 7
—U —v W u voow o d
centre | — »» and radius =4|—5 +—5t—5——
a

a a a v a” 1

Diameter form of the sphere

Let the extremities of a diameter be A(X1, y1, 1) B(X2, Y2, 22). If P( X, y, ) be any point on the
sphere, then the equation of the sphere is

(x—x)Nx—x)+(y—yNy—m)+(z—z)z—2,)=0.



Problems
1. Find the equation of the sphere with centre (-1, 2, -3) and radius 3 units.

Solution:
The equation of the sphere is
(x—a) +(y=b)Y +(z—c)* =+
Here(a, b,c)is(-1,2,-3)and r=3
(x+1)* +(y-2) +(z+3)* =3
e, x*+2x+1+y’—4p+4+27462+9=9
.. The equation of the sphere is
x +y2 +z° 4 2x—4y+6z4+5=0.
2. Find the equation of the sphere with centre at (1, 1, 1) and passing through the point (1, 2, 5)
Solution
Let C (1, 1, 1) be the centre and P (1, 2, 5) be the given point

CP=Radius= \[(1-1)' +(2-1 +(5-1)* =17

The equation of the sphere with centre (a, b, ¢) and radius r is given by

{x—ﬂf)z+|:y—b}l2+(,2'—:::)1 = y?

The equation of the sphere is
(x=1)+(y=1}+(z-1)* =17

X -2x 1y 2yl -2z 41=17
=x'+y +2-2x-2y-2z+3-17=0

The equation of the sphere is
Kyt -2x—2y—2z-14=0

3. Find the equation of the sphere described on the line joining the points (2, -1, 4) and (-2, 2, -2)
as diameter.
Solution:

Equation of the sphere with (x,,¥,,7) and (x,, y,,z,) as the end points of a diameter is
(=)= )+ (=3 y =23+ (2=2z-2)=0

Here (x,1.z)is(2 -1, 4)and (x,,¥,,2,) is(-2, 2,-2)
The required equation of the sphere is



(x=2)x+2)+(y+1)(y—-2)+(z—4)(z+2)=0

X —4+y'—y-2+47-2:-8=0

— x2+y3+zl—y—22—l4:0

4. Find the equation of the sphere through the points (2, 0, 1) (1, -5, -1), (0, -2, 3) and (4, -1, 2)
Solution:
Let the equation of the sphere be

o —|-y2 + 720+ 2ux + 2vy+2wz+d =0 (1)
(1) Passes through the point (2, 0, 1)
SA4+0+1+4u+0-v+2w+d =0
= 4v+2w+d=-5
(1) Passes through the point (1, -5, -1)
S+ 254+14 2u—-10v-2w+d =0
=2u—10v-2w+d =-27
(1) Passes through (0, -2, 3)

S0+4+9+0-u—dv+6w+d=0

— —du+6w+d=—13 (4)

(1) Passes through (4, -1, 2)

2164144+ 8u—2v+4w+d =0

=8u—2v+4w+d=-21
(2)- (3) gives
2u+10v+4w=22
(Le) u+5v+2w=11
(3) - (4) gives
2u—6v—8w=-14
(ie) u—3v—4w=—7 — )

(6)

(4)-(5) gives

—8Bu—-2v+2w=2=8

(Le) du+v—w=—4 — &
(6)- (7) gives
Bv+o6w=18

*)

(1.e) 4u+3w=9



(8)- (7) x4 gives

13v+15w =24 o)
Solving (9) and (10)

(10)—(9)x5 gives—Tv=-21=>v=3

Substituting v in (9), we get

4(3)+3w=9

9-12

1243w=9= w= -1

= w=-1

Substituting v and win (8)
4u+3+1=-4
dqu=-4-4=>u=-2

Substituting u and w in (2)
H-2)+2(-)+d=-5
—8-2+d=-5
d=-5+10 =>d=5

The required equation of the sphere is
x4 yz +z° —4x+6y—-2z+5=0.

To find the point of contact if the two given spheres touch internally or externally
Let 5, be the sphere with centre C, (—24,—v;,—W;) and radius ,

Let 5, be the sphere with centre C, (—,, —v,, _-,_1;1) and radius r,

Let P be the point of contact.
Casel

Two spheres Touch externally

The point of contact is the point which divides the line joining the two points C, and C, in the ratio
m : n internally.

Hence the coordinates of the point of contact are

P[ m(—w, ) +n(—1) m(—vy)+n(—v,) m(—wy)+n(—w ]J
m+n  mtn m+n




Case Il

Two spheres touch internally

The point of contact is the point which divides the line joining the two points C;1 and C; in the
ratio m: n externally.

Hence the co-ordinates of the point of contact are
P[ m(—wy )+ n(—1) m(—v,)+n(—v) m(—w,)+n(-w ]J

»

m—-n m—Hn m—-n

Note:

(1) Two spheres S; and Sz whose radii are r1 and r2 touch externally if the distance between
their centres is equal to the sum of their radii (ie) d =ry + ra.

(2) (2) Two spheres S; and Sz whose radii are ry and r2 touch internally if the distance between
their centres is equal to the difference of the radii.

Problems
5. Prove that the two spheres

42 -2x+4y-4z=0and P4+ 421 10x+422410=0
touch each other and find the coordinates of the point of contact.

Solution:
Let S X4y 4z - 2x4+4y—4z=0, S, X+ 4+ 410X +422410=0

The centreof 5, is C, (1, -2, 2) ; The centre of 5,15 C, (-5, 0, -1)

Radiusof S is1, =[] +4+4 =3

Radiusof S is 1, = /25+1—-10 =4

Distance between C, and C,isd = /(1 +5)> +(-2+0)* + (2 +1)* =7

Lonrr,=3+4=7=d
The two spheres touch externally.
To find their point of contact:

The point of contact is the point which divides the line joining the two points Cy( 1, -2, 2) and
C2 (-5, 0, -1) in the ratio 3 : 4 internally. Hence the coordinates of the point of contact are

P 3(=5)+4(1) 3(0)+4(=2) 3(-D+4(2)
344 7 344 7 334

11 -8 5
- P —_——.—
(ie) [7 7 ’J



PLANE SECTION OF A SPHERE
Let § =x° +y2 +75 4 2ux +2vy+ 2wz + d = 0 be a sphere with centre at ‘C’ and radius R. Also

let P=ax+by+cz+d '=0 bea plane that intersects the sphere S as shown in the figure.

Clearly the curve of intersection of the sphere S and the plane P is a circle. This intersecting portion
of the sphere is called as plane section of the sphere.

Therefore in three dimensional spaces any circle can be represented as a plane section of a sphere
and a plane. i.e intersecting portion of a sphere and a plane. Its equation can be jointly represented
by the equation of the sphere and the plane.

ie, §=x’ +}12 +z* +2ux+ 2w+ 2wz +d =0
P=ax+by+cz+d =0
Represents a circle in three dimensional space.

The centre of the above circle is the foot of the perpendicular drawn from centre of the sphere S on
the plane P and radius of the circle is given by

r:\J'RE—@E

Note

If the intersecting plane passes through the centre of the sphere then such a circle is called a
GREAT CIRCLE of the sphere.

For any sphere there are infinitely many great circles that can be identified on its boundary.
Equation of sphere through a given circle

Equation of a sphere that passes through a given circle represented by

S=x"+y" +2" +2ux+ 2w+ 2wz +d =0

PEﬂv"C+fJ_]f'+CZ+d1=0 }Eoftheform

S+AP=0

ie, X+ v+ 20+ 2ux+ 2wy + 2wz + d + Aax + by +(cz+d") =0

By applying any given additional information about the sphere in the above equation, the value of A
can be found and hence the equation of the sphere can also be found.

Problems
1. Find the equation of the sphere for which the circle x* 4+ y* +z° +7y—-2z+2=0 and

2x+3y+4z =8 isagreatcircle.

Solution:

The given circle is
S=xt+3 422 +T7y-22+42=0 M
P=2x+3y+4z-8=0 @



Sphere through the above circle is of the form
S+AP=0

Sy 2 Ty 22424 A2x+3y+42z-8)=0
C+y + 2+ 2Ax+(T+3)y+(—2+44)z+2-84=0 (3)

Centre for (3) is given by
(_H‘.\ i _W)

(- 24N (7434 (2+44
2 ) 2 ) 2
i.e.,[—j,,_?_3/1,l—2iJ

2

If circle (1), (2) is a great circle for (3), then centre of (3) should lie on the plane (2)

::>2(—2}+3(_7_3A]+4(1—2.&)—8:U
DY SEELN U VR
2 2
29, 29 [
e [
2 2

Subsituting 4 in (3), x° +_],12 +z— 2x+4y—6z+10=0 is the required sphere.

2. Find the centre and radius of the circle in which the sphere x 2+ y? + z> + 2y + 4z - 11 = 0 is cut
by the plane x + 2y + 2z + 15 = 0.
Solution:

The centre and radius of the sphere
X +y+zZ+2y+4z-11=0 (1)

are C(0,-1,-2) and CP = VJ0* +1° +2° +11 =4
Let N be the foot of the perpendicular from C on the plane

x+2y+2z+15=0 (2)
I -
Then N = 2H2CDHAD+D _, :
JIE 420427
. The radius of the circle = +/CP* — CN”
=4 -3 =7 .

The centre of the circle is N v P
Now CN is perpendicular to plane (2).
o Its DRRCsare (1, 2, 2). Also CN passes through C (0, -1, -2).
x=0 y+1 z+2
2 2
Any point on this line is (r, 2r - 1, 2r - 2). If this point is N, it satisfies plane (2).

.. The equation of line CN is



r+2(2r-1)+2(2r-2)+15=10

i.e., O9r+9=10

1.e., r=-1.

.. The coordinates of N are (-1, 2(-1)-1, 2(-1)-2)
e, (-1.-3.-4)

Thus the centre and radius of the circle are (-1, -3, -4) and «,ﬁ

3. A sphere touches the plane x - 2y - 2z - 7 = 0 in the point (3, -1, -1) and passes through the point
(1,1,-3). Find its equation.
Solution:
The equation of the point sphere with centre at (3, -1,-1) is
(x-3F+(y+1Y+(@z+1Y =0

e, X+ty+z-6x+2yt2z+11=0 (1)
The required sphere touches the plane

x-2y-2z-7=0 (2)
at(3,-1,-1)

Therefore It contains the point circle of intersection of sphere (1) and plane (2).
Hence the equation of the required sphere is of the form.

X+y+2-6x+2y+2z+ 11 +0(x-2y-22-T)=0
and passes through (1, 1, -3)
12+ 124 (3P-6.1+ 21 +2(-3)+ 11+ A(1-2.1-2(-3)-7) = 0.
12+M-2)=0
L=6
.. The required sphere is
Xy +z-6x+2y+2z+ 11 +6(x-2y-22-7)=0
e, X +y+z-10y-10z-31=0
TANGENT LINE AND TANGENT PLANE
When a straight line intersects a sphere at exactly one point or when it touches a sphere at apoint P,
the line is called tangent line of the sphere at P and is perpendicular to the radius of the sphere
through P. There are many tangent lines through P which are perpendicular to the radius of the
sphere. All these tangent lines lie on a plane through P, which is perpendicular to the radius through
P. This plane is called the tangent plane of the sphere at P.

Equation of the tangent plane to a sphere at a given point.
Let the sphere x” + y* + 2> + 2ux + 2vv+ 2wz +d =0 (1)

have a point P(x,, ¥, 7;) onit. The centre of (1) is (-u, -, -w). As Plies on (1),

g + vy +zz ru(x+x) Hv(v+ ) +w(z+z,)+d =0

Equation of the tangent plane to (1) at the point (X1 ,y1,21) is




Orthogonal spheres

Two spheres are said to cut each other orthogonally if the tangent planes at a point of intersection
are at right angles.

If two spheres cut orthogonally at P, their radii through P, being perpendicular to the tangent planes
at P, will also be at right angles.

Consider the two spheres
Syt Fux+2vy+ 2wz +d =0 (1)
and X +y 428 +2ux+2vy+2wz+d, =0 (2)
Let (1) and (2) cut orthogonally at .

For (1), centre C, is (—1,—vy,—w,)

and radius 7 = J u’ +v +w’ —d, 3

For (2), centre C,is (—11y,—V,,—W,)

and radius r, = uzz + vf + wf -d, 4

GG, =d= \{(Hl _3‘1]2 +(v _"’2]2 +(wy —w,y )’

The condition for the two spheres to cut orthogonally is

2w, + 2vpv, + 2w, =d) + d,
Uiy Y2 Wy =4, Td,

4. Find the equation of the sphere that passes through the circle x 2+ y? + z2+ x -3y + 2z -1 =0,
2x + 5y —z + 7 = 0 and cuts orthogonally the sphere whose equation
X% +y?+72-3x+5y-72-6=0.
Solution:
The equation of any sphere passing through the given circle is
XAy +r+x-3y+2z-1+A2x+5y—z+7)=0
e, X +y+z+(1+20)x+(3+50)y+(2-A)z-1+TL=0 (1)
Sphere (1) cuts the sphere X Hy +-3x+5y-Tz-6=0 orthogonally.
2uug + 2w+ 2ww, =d +d;

ie. z[l ! 2}“]['_3] ; 2[' 3 *51}[5] - 2[2 . ’“J['_?J —147h-6
2 2 2 A2 2 2
Le, -3-6h-15+250-14+Th=-14+14A
1.e., 124 -18=0 e, A=3/2
. Equation of the required sphere is
XAy +Z+x-3y+22-1+(32)2x+5y-z+T)=0
e, 2(xX+y+z)+8x+%y+z+19=0
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5. Write the equation of the tangent plane at (1, 5, 7) to the sphere (x-2)%+ (y-3)*+ (z-4)?=14
Solution:

The equation of the tangent plane to the sphere

X'+ 3 + 20+ 2ux +2vy + 2wz +d = 0at(x,, y,,z, )is

xx + oz (x4 x ) +v(y+ ) +w(z+z) ) +d =0 (1)
Giw,f-.en:(x—E)2 +{;..«'—3)2 +(:—4)2 =14

(x* —4x+4)+(y" -6y +9)+(z* -8z +16) =14

X+ 4zt —4x—6y—82+29-14=0
Here2u=-4,2v=-6,2w=-8,d=15
x=l,y1=5,2,=7
()= x(1)+y(5)+z(7)+(-2)(x+1)+(=3)(y+5)+(-4)(z+7)+15=0
X+5y+T7z=2x=-2-3y-15-4z-28+15=0
-x+2y+3z-30=0
ie,x=2y=3z4+30=0
6. Test whether the plane x = 3 touches the sphere x? +y? +z? =9
Solution:
The condition that the plane Ix+ my + nz =p to touch the sphere
X+ 42+ 2ux+2vw+ 2wz +d =0 is
(—u)+m(=v)+n(-w)-p

NP +mt +n’

ie., (lu+mv+nw+ ,,t:.')2 =(.|"3 +m’ +n2)(:.f2 +v' +w —d) (1)
u=0v=0w=0,/=lm=0,n=0,p=3,d =-4

2

Hence (1)=(0+0+3) =(1+0+0)(0+0+0+9)

ie, 3=9
The plane x=3 touches the sphere x’+y*+z>=9.
7. Find the equation of the sphere which has its centre at (-1, 2, 3) and touches the plane

2X-y+22 =6

Solution:

Let the equation of the sphere be
Xy +z2 +2ux+ 2w+ 2wz +d =0 (1)
Given: —u=-1, —v=2, —w=3

= Juz vV +w —d

u=1, v==-2, w=-3

()= xP+y +27 +2x—dy—62+d =0 (2)
To find d: Since the plane 2x-y+2z = 6 touches the sphere whose centre is (-1, 2, 3). The radius
of the sphere is equal to the length of the perpendicular drawn from the centre (1, 2, 3) to the
plane 2x-y+2z =16
Length of the perpendicular

11



_ax,+by, +cz, +d

\fag +b +c
_(2)=D)+(=D(2)+(2)(3)-6
NfEsEwn
-2-2+6-6 -4
Z—Jﬁ ZTZF

We know that r =i’ +v* +w* —d
Fre=ut v ew —d
d=u>+v+w —r?

2 2 2 -4 :
(0 (2 (0 (T
16 16 M

=14+449-—=14——=
9 9 9

(2]:>x2+y2+:2+2x—4y—6:+¥=0

9(x*+)*+2")+18x 36y -54z+110=0
8. Find the equation of the sphere with centre at (2, 3, 5), which touches the XOY plane.
Solution: Let (x,,y,,7,)=(2,3,5)
Formula: Radius = perpendicular distance from(x,.y,.z, ) to the plane ax + by + cz +d =0
_ +by, +cz, +d

- Jaz +b' +¢’
Radius = perpendicular distance from (2, 3, 5) to the plane z= 0

—e O s

The required sphere is (x—x] )2 +(y—yl]2 +(:—' )' =y?
(+-2) +(y-3) +(2-5) =

X —4x+4+y —6y+9+z" —10z+25=25

x4y 4z —4x-6y-10z+13=0

12
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UNIT - 1V- VECTOR DIFFERENTIATION

Limit of a vector function — Continuity of vector functions — Derivative of a vector function —
Scalar and vector point functions — Gradient of a scalar point function — Directional derivative of
a scalar point function — Divergence and curl of a vector point function — Solenoidal vector —
Irrotational vector — Vector identities

Definitions:

Scalars

The quantities which have only magnitude and are not related to any direction in space are called
scalars. Examples of scalars are (i) mass of a particle (ii) pressure in the atmosphere (iii)
temperature of a heated body (iv) speed of a train.

Vectors
The quantities which have both magnitude and direction are called vectors.

Examples of vectors are (i) the gravitational force on a particle in space (ii) the velocity at any
point in a moving fluid.

Scalar point function

If to each point p(X, y, z) of a region R in space there corresponds a unique scalar f(p) then f is
called a scalar point function.

Example
Temperature distribution of a heated body, density of a body and potential due to gravity.
Vector point function

If to each point p(X, y, and z) of a region R in space there corresponds a unique vector f(p)then

f is called a vector point function.

Example
The velocity of a moving fluid, gravitational force.
Scalar and vector fields

When a point function is defined at every point of space or a portion of space, then we say that a
field is defined. The field is termed as a scalar field or vector field as the point function is a
scalar point function or a vector point function respectively.



Vector Differential Operator (V)

The vector differential operator Del, denoted by V is defined as

Gradient of a scalar point function

Let #(X,Y,z)be a scalar point function defined in a region R of space. Then the vector point

function given by V¢ = (72 + Tﬁ + E£)¢
OX oz

oy
:T%+I%+R% is defined as the gradient of ¢gand denoted by
OX oy oz

grad ¢
Directional Derivative (D.D)

The directional derivative of a scalar point function ¢ at point (x,y,z) in the direction of a vector

aisgivenby D.D = V;zﬁ.i (or)yD.D=V¢g.4a

al
The unit normal vector

The unit vector normal to the surface ¢(X,y,z)=cis given by i = %

Angle between two surfaces

V.V,
NANA

Angle between the surfaces ¢, (X, y,z)=c, and ¢,(X, Y, z)=c,is given by cos@ =

Problems

1. Find V¢ if ¢(x,y,2)=xy—y’z at the point (1,1,1)
Solution:
-0 -0 -0
V=L +]2+Kk <
¢= 8X+J8y+ aZ)¢

78 78 *6
V=0 —+ ] —+k =)(xy-y?z
¢ (6x+Jay+ az)(y y°z)

0
= G_(Xy yz)+15(xy yz)+k—(xy y*z)



—yi+(x-2y2)]-y’k .~ Vé=yi+(x-2y2)j-yk.
At(L,1,1), Vg=TQ+jL-@QOWO) -k®* =T -]~k

2. Find Vg if ¢(x,y,z)=x*y + 2xz* —8 at the point (1, 0, 1)
Solution:

9.9

& el

T’a g
V=@ —
¢ (IaX+J

78 —.-8 —*8
V=0 —+ ] —+k =)x?y+2xz> -8
¢ (ax Jay az)( y )

:iﬁg(x2y+2xz2 —8)+ J7£(x2y+2xz2 —8)+I22(x2y+2xz2 -8)
OX oy 0z

= (2xy + 2220 + (x2)] + 4xzk
At (1,0, 1), Vg =11)(0)+2(1%) + j1?) + k4@
=27 +]+4k

3. Find the unit normal vector to the surface ¢(x,y,z)=xyz?® at the point (1,1,1)
Solution:

-0 -0 ~0
V¢:(I&+15+k§)¢

ra —:6 *a 7*6 —.*6 -'8
Vo= —+ | —+k =) (x?yz®) =1 — (x?yz®) + ] — (x®yz®) + k —(x°yz®
¢(axjay az)(y)ax(y)Jay(y)az(y)
=2xyz°T +x%2°] + 3x%yz%k

At(1,1,1), Vg=T20)O@) + j@*)@°) +k3@*)Q)(1?)
=20 +j+3k
Vg|=v22 +12 +3% = 14

V¢

V)

2i + J+3K
J14

Unit normal to the surface is A =

A=



4. Find the unit normal vector to the surface ¢(x, y,z) = x> + y* —z at the point (1,-1,-2)
Solution:

i 2470,¢2
Vo=(i 6x+18y+kaz)¢

V¢:(Ti+]%+ﬁg)(x2 +y?-72)

0
= &(x +y? —z)+15(x +y? —z)+k—(x +y?—12)

=2Xi +2Yj —
At(1-1,-2), Vg=i2(0)+ j2(-1) -k

Vo= 2+ (C2F (1 =3
V¢

Unit normal to the surface is i = ——
i
. 2 2] -k
3

>

5. Find the angle between the surfaces xyz and x’yz at the point (1,1,-2)
Solution:

Given the surface ¢ (X,Y,z)=Xyz

-0 -0 ~0
V¢1=(|&+Ja+k§)¢l

-0 -0 -0
Vg =(i &"‘ J E‘F k E)(Xyz)
-~ 0 = 0 ~ 0
= &(XYZ) + ] E(XYZ) +k E(Xyz)
= yzi + XZ] + Xyk
AY(1,1,-2), Ve =T (1)(-2) + JD)(-2) + DDk
=2 -2]+k



Va|=y(-2 + (27 +1> =3
Given the surface ¢,(x,y,z)=x>yz

~0 -0 ~0
V¢z=(|&+15+ka)¢z

-0 =0 ~0,, 4
V¢2=(I&+Ja+k§)(xy2)

3 =0 3 -0 3
(x°yz) + Ja(x y2)+k§(x yz)

~ 0
=3x%yzi + X% + x°yKk ' o

At (1,1,-2), Vo, =i 312)A)(-2) + J@*)(-2) + @*) Dk =-6i —2] +k

V=6 + (2 1 =i

V.V,
AT

Angle between the surfaces is given by cosé =

(=21 =27 +K).(-6i —2] +k)

341
_12+4+1_ 17
3J41 3441

=0= cos‘l[ij
3V/41

6. Find the angle between the normal to the surface xy - z2 at the point (1,4,-2) and (1,2,3)
Solution:

i 2470,¢2
Vo=(i 6x+Jay+kaz)¢

-0 0 0 ~ 0
Vo=l 472k Dyxy—22) =72
¢ (I8X+Jay+ az)(Xy z?) —
= Vi +Xj —2zk
At(1,4,2), Vo=T( @+ -2(-2)k =4i +]+4k

2 = 0 2 *2 2
(XY—Z)+JE(XV z)+k82(xy z%)
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V=47 +17 +4> =33

At (1,2.3), Vg,=i(2)+ 1) -2k =2i +] -6k

Ve =2? +1° +(-6)° = a1

V4.V,
ALA

Angle between the surfaces is given by cosé =

(47 + ] +4k).21 + ] -6k)
V3341

8+1-24  -15

V3341 V3341

= 0= cosl(_—BJ
V33441

7. Find the directional derivative of ¢(x,y,z) = xy® + yz* at the point (2,-1,1) in the direction of
i+2]+2k
Solution:

i 2470,¢2
Vo=(i 6x+18y+kaz)¢

.—-6 78 _'8 .—*8 75 "a
V=0 —+]—+k )Xy +yz®) =1 —(xy* +yz°) + ] — (xy* + yz*) + kK —(xy* + yz°
¢(8x15 az)(y yz*) ax(y Y)Js(y yz*) az(y yz*)
=y +(2xy+2%)] +3yz%k

At (2,-11), Vg=1(-12)+ j(2(2)(-1) +1®) +3(-D)(1*)k = T —3] -3k

To find the directional derivative of ¢ in the direction of the vector T + 2] + 2k
find the unit vector along the direction
a=T+2]+2k =a| =12 +2% +22 =3

Directional derivative of ¢ in the direction & at the point (2,-1,1) is V;zﬁ.i

g



= (7 -3 —3K). WL;ZK)

1-6-6 _ -11
= 3 - 3 units.

g Find the directional derivative of ¢(x,y,z)=xyz+ yz’ at the point (1, 1, 1) in the direction
of i +j+k
Solution:

i 2470,¢2
Vo=(i 6x+18y+kaz)¢

O a - a e (3 g 5 g 8 e 5
V=0 —+ ] —+k =)xyz+yz?) =1 — (xyz+ yz°) + j — (xyz + yz°) + kK — (xyz + yz°
¢(6x Jay az)(y yz°©) 8X(y Y)Jay(y yz°©) 6Z(y yz°©)
= yzi + (xz+ 22)] + (xy + 2yz)k

At(1,1,1) Vg=TD)D)+ J(OD) +1%) + (D) +20)ADk =T +2]+3k

To find the directional derivative of ¢ in the direction of the vector i + j+k

find the unit vector along the direction

a=0+]+k=]a=v1*+1* +1* =/3

Directional derivative of ¢ in the direction a at the point (1,1,1) = V¢.i

4

e o ([+]+k) 14243 6
= (0 +2]+3k). _ =
(1+21+30) J3 T 3 J3units

Divergence of a differentiable vector point function F

The divergence of a differentiable vector point function F is denoted by div F and is defined by

DivF = v. F—(|—+J£+Eﬁ) S

OX oy
-0 =0 -0 - - .
=(l —+]J—+k—=)-(Ri +F,J+Fk
(axjay o) (Rl + Rl + Rk
_OR  OF,  OF

ox oy oz



Curl of a vector point function
The curl of a differentiable vector point function F is denoted by curl F and is defined by

Curlﬁ:vXﬁ:(Ti+ji+gﬁ)xﬁ
OX oy oz

If F = Fi +F,j+Fk,then Curl F =

M| =

w

TR =
ﬂ%|Q)w—.1

N

Vector Identities

Let ¢ be a scalar point function and U and V be vector point functions. Then

1) v-0+V)=v.U+V.V

2 Vx(Ui\7)=VinV><\7

(3) V-(4U)=V¢-U+¢v-U

(4) Vx(@U)=VgxU + ¢V xU

(5) V- (U xV)=V - (VxU)-U - (VxV)

(6) Vx(U xV)=(V-VI)U - (V-UN +UNV -V)-VU -V)
(7) V(U V) =(V-VIU +(V-UWN +U x(VxV) = (VxU)xV

Solenoidal and Irrotational vectors
A vector point function is solenoidal if div F = 0 and it is irrotational if curl F = 0.

Note:
If F is irrotational, then there exists a scalar function called Scalar Potential ¢ such that F =

Vg

Problems

9. Find divFand curl F if F=Xi + yj +zk
Solution:

‘—1

i i Eg)
ax oy oz

+k—) (XI +yj+zk)



=%+Q+g:3.
ox oy oz

Curl = =i(0-0)-j(0-0)+k(0-0)=0.

N ,Q,)|Q) =~

j
9
oy

y

< Q| =

10. Find the divergence and curl of the vector V =xyzi +3xy?j +(xz® — yzz)lz at the

point (1,-1, 1)
Solution:

Given V = xyzi +3xy?] + (xz% — y?z)k
DivV = V.V = (TE+ ]£+ Eﬁ) vV
OX oy oz

(T£+J£+IZ—) (xyzi +3xy?] + (xz% — y?2)k)

ox "oy

2 2 2
_o(xyz)  oBxy”)  o(xz" ~yz) = yz+6Xy+2xZ-y?
OX oy 0z

At (1-1,1), V-V = (=1).1+ 6(0)(=1) + 2()(1) - (~1)

=-1-6+2-1 = -6.
Curl V = V><V—(I—+Ii Eﬂ)xv
OX oy oz
i ] k
|2 o 9
ox oy 0z

xyz 3xy> xz° -y’z

= T(-2y2) - J(2* - yx) +k(3y* - x2) .

=0 , 2 0 o 7,0 ;o2 2 0 ~ 0 2y O
I(E(XZ —Y' )~ () — I (27 —y77) = — (xy2)) + k(= (3xy )_E(Xyz»'

At (1,-1,1), VxV =T (=2(-)@D) - j@? = (<)) + k((3(-D? -1(1)) =27 -2]+2k
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11. Find the constants a, b, ¢ so that given wvector field is irrotational, where
F=(x+2y+ax)i + (bx—3y—2)] + (4x+cy + 22)k

Solution:

Given V x F =0
i j K
0 0 0

= — — — =0
OX oy 0z

(x+2y+az) (bx—3y—-z) (4x+cy+2z)

T(£(4x+cy+22)—g(bx—3y—z))—](£(4x+cy+22)—£(x+2y+az)+
oy 0z OX 0z
= 5 5 =0.
k(—(bx-3y—z)——(x+2y+az
(ax( y-1) ay( y +az)
=i(c+1)-j@d-a)+k(b-2)=0.
c+1=0,4-a=0,b-2=0
Hencec=-1,a=4,b=2.

12. Prove that F = (2x + yz)i + (4y + 2x) ] — (62 — xy)IZ is both solenoidal and irrotational.
Solution:

+ E%)- ((2x + y2)i + (4y + 2x)] — (62 — xy)K)

_ o(2x + yz) N o4y +2x)  9(6z —xy)
OX oy oz

= 2+4-6 = 0 for all points (X,y,2)

. E is solenoidal vector.

Now, V x F = 9
OX

2X+yz 4y+zx —(6z—xy)

%’|Q)~—-¢
Q| =

11



- 0 0 ~, 0 0
i l (5 (=62 =xy)) = — (4y + 1) = (= (=(62 = xy)) = — (2x+ yz) +

RIP, 0
k(&(4y+zx)—5(2x+ yz)

=i (x=x)—j(y—-y)+k(z—z)=0forall points (X, y, 2)

-. Fis irrotational vector.

13. Prove that F = (y2 —z% +3yz — 2X)i + (3xz+2xy) j + (3xy—2xz+ 22)K is both solenoidal and
irrotational and find its scalar potential.

Solution:
V-If:(iﬁi+17£+lzﬁ)-lE
OX oy 0z
— 6 = a e 6 2 2 = = —
=i —+j—+k—=)-((y" —z° +3yz - 2x)i +(3xz+2xy) ] + (3xy — 2xz + 22)k)
x oy oz
_o(y? —z% +3yz-2x) | 0Bxz+2xy)  0(3xy—2xz+22)
OX oy 0z

= -2+2x-2x+2 = 0 for all points (x,y,z2)

. E is solenoidal vector.

Q =

:

VxF = 9 —
OX oz

(y2—2° +3yz-2x) (Bxz+2xy) (3xy-—2xz+2z)

\%’|Q)~—-1

i*(i (3xy — 2Xz + 22) —£(3xz + 2XYy)) — ](i (3Xy — 2xz + 22) —g(y2 — 2% +3y7-2X) +
oy 0z OX 0z

-~ 0 0
k(= (3xz+ 2xy) — —(y% — z? +3yz — 2x
(ax( y) ay(y y )

= (3x—3X)— j(8y—2z+2z-3y)+k(3z+2y—2y—3z) = 0for all points (X,y,z)

-. F is irrotational vector.
Since F is irrotational, F = V¢

12



—

= (y2 — 22 +3yz — 2X)i + (3xz+ 2xy) ] + (3xy — 2xz + 22)k 79, f%+ K0
OX oy oz

Equating the coefficients of 1, j,k , we get

o¢

—=y2—22+3y2—2X ............................................................................ (1)
OX
0B gy 4 gy +reeeeeeee e @)
oy
%ngy_zxz_{_zz ................................................................................... (3)
0z

Integrating (1) with respect to ‘x’ treating ‘y’ and ‘z’ as constants, we get

2

¢=Xy2—XZZ+3xyZ—2X?+f(y,z) ............................................................ 4)
Integrating (2) with respect to ‘y’ treating ‘x” and ‘z’ as
constants, we get
Xy’ (5)
¢=3Xyz+27+ f (X, Z) ............................................................................

Integrating (3) with respect to ‘z’ treating ‘x’ and ‘y’ as constants, we get

2 2

¢:3xyz—2xz?+2%+f(x,y) .................................................................... (6)

Hence from equations (4), (5), (6), we get

= ay2,,27 3 H N
14. Prove that © =3XY1 + (2x"y +cosz) | - ysin Zk is irrotational and find its scalar potential.

Solution:
i j k
VX IE = i i E
OX oy 0z

3x’y? 2x®y+cosz —ysinz

13



RN I VR I
|(@(—ysm Z)—E(ZX Yy + C0S 2)) j(@x( ysin z) P (3x°y9))
- 0 3 _i 2,,2
k(&(Zx y +C0S2z) 8y(3x y°))
=i (~sin z—(=sin z)) = J(0—0) + k(6x?y —6x?y) = 0 for all points (x,y,2)

-. Fis irrotational vector.

Since F is irrotational, F = V¢

3x2y2 + (2x° y+cosz)J—ysmzk—|—¢+ o¢ *%
OX 8y 0z
Equating the coefficients of T, j,k , we get
% 3X2 yz ............................................................................ (1)
OX
4 DXTY 4 QASZ  Hre e )
08 o _ygin g -ovrreeesssie e 3)
0z
Integrating (1) with respect to ‘x’ treating ‘y’ and ‘z’ as constants, we get
3,2
¢:3xy Oy, g) T s 4)
Integrating (2) with respect to ‘y’ treating ‘x’ and ‘z’ as constants, we get
XY (5)

+ycosz+ f(x,2)

$=2

Integrating (3) with respect to ‘z’ treating ‘x’ and ‘y’ as constants, we get

P =Y COSZ+ F (X, Y e, (6)

Hence from equations (4), (5), (6), we get

14



p=x>y* +ycosz+c

15. Prove that = div( grad ¢ )= V2

Solution:

divigrad ¢) =V.V

:v[ﬂgﬂﬁﬂ]
ax oy e

il il i 22
cx ox az

=V,

16. Prove that div (curlﬁ) =0

Solution
i j ok
v(vxa)=v. S £ 2
dx oy o=
‘JI ‘JI AJ

_y.|7[ 8AL _2A, _}[EAS_E'A,] L[ AL _8A
oy 74 dx &= dx oy

[EAE A, J

o oy

Il
|
o
2|5
|
R >
S
|
\Eu-'l in] ]
] ]
& L;w-
|
|
S
+
"-}*| al}

15



(A, F'A, . A, A, N g°A, A
dxdy  xoz dyéz  dvox ) | ézéx  ézdy

codiv (cm‘!ﬁ] =1

17. 1f A and B are irrotational show that A x B is solenoidal.
Solution:

Given A is irrotational i.e., Vx .4 =0
B is irrotational i.e.. Vx B =0
?(Exﬁ]:ﬁ.(?xﬁ}—ﬁ.(?xgj
=B.0-A40=0
. Ax B is solenoidal.
18.1f r= |7#|, where # is the position vector of the point P(x, y, z)then prove that
V") =n(n+1)-r?

Solution:
V(") =V-(Vr")

V' = Ei(r")ﬁi(r”)%’ﬁ(r”)
ox dy ot

5 _ - 2r—=2x

=mr" " [xi +yj + zk ] &x
or y or =
-1 g X Similarl —y—=—
=nr r ox r Yov r’oz

Now o o o
VeVt =i —+j—+k— |-(mr"(xi +yj + 2k
L . a:J( (X7 +j +2k))

-

0 n-2 0 n-2 0 n-2
=—Inr "x)+—1(nr +—(nr
SO0 ) Loy

16



= r{r”"z +x.(n-2y"" (Eﬂ + r{r”'2 +y.(n—-2)" (ZJ] + r{r”'z +z.(n-2)r"> (EH
r r 7

=3t a(n—2)r"H (xF + v+ 2
=3 +nn-2"" -t
= 3" 4 n(n—2)r"

=" [3+n—-2]=n(n+1)r"?

17
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UNIT -V -VECTOR INTEGRATION

Vector integration — Line integral — Application of line integral. Surface and Volume integrals —
Applications - Gauss Divergence theorem. Stoke’s theorem — Green’s theorem.

Introduction:
Line Integrals
A line integral (sometimes called a path integral) is the integral of some function along a curve.

(i.e) an integral which is to be evaluated along a curve is called a line integral. One can integrate
a scalar-valued function along a curve, obtaining for example, the mass of a wire from its density.
One can also integrate a certain type of vector-valued functions along a curve.

Let F (X, y, z) be a vector point function defined at all points in some region of space and let C be a
curve in that region. The integral fC F . d# is defined as the line integral of F along the curve C.

Note:

(1) Physically, .[ F.dy denotes the total work done by the force [ in displacing a particle
c

from A to B along the curve C.

B
2)

_[ F.dr depends not only on the curve C but also on the terminal points A and B.
A

(3) If the path of integration Cis a closed curve, the line integral is denoted as Cj? F.dr .

C
B _
(4) If the value of [ F.dr doesnot depend on the curve C, but only on the terminal points
A

A and B, than F is called a conservative vector or conservative force.

(5) If F isirrotational (conservative) and Cis a closed curve then I Fdr =0.
c

(6) It _[ F.dr is independent of the path C then curl F —=().
c

Problems:

1. IfF = 3xyl —y?], evaluate Je F.d# ,where C is the arc of the parabola y=2x? from
(0,0)to (1, 2).

Solution:
Given ﬁ - 3x.1:?—.1§

dr = dxi +dyj +d-k



F.dr =3xydx— y'dy
Given y=2x"
dy = 4xdx
. F.dr =3x(2x%)dx —(2x?)* (4xdk)

= (6x° —16x°)dx

1
5 o P
lF.dF—!(ﬁx 16x7 )dx

2. IfF =x*+y?, evaluate [ F.d# ,along the straight liine y=x from (0, 0) to (1, 1).
Solution:

Fdr=(x"i+y" | dxi+dy)

1 1 3 1
= [xabx+xdx :2_[x3dx=2|:x?} _
] i

2
. 3

3. Find [, F.d# for F = (x2 + y?)T — 2xyj where C is the rectangle in the xoy plane bounded
by x=0,y=0, x=a, y=Db.
Solution:
Grven Fl{xj +y° ]E—Ery}
dr = dvi+dv]+dsk
Fdr=(x*+v)de—2xydy
C is the rectangle OABC and C consists of four different paths.



AB (x =a)

BC (y =b)

CO (x=0)
[Far=[+[+[+]
C Q4 AR BC OO

Along

04,  y=0 =0

AR, x=a de=10

BC. y=b dv=0

co, x=10, de=0

~C[Fdr=|xdc| 2aydy+ [ (x*+5" e+ [ 0
c o4 AE BC o0

=jx2dx—2aj}u§:+jf|{xl +5" )dx
0 a

4. If F = (4xy — 3x222)T + 2x2] — 2x3zk check whether the integral J. F.d# independent of
the path C.

Solution:

Given:

F = (4xy —3x77° }E+ 2x2 - 212k

dr = dxi + dy} +dzk

jf.d; = I(4xy —3x'z* )dr + I 2xdy — j2x3 zdz
[ C

c C
This integral is independent of path of integration if

F=V$=>VxF=0

i ok
VXF: E i i
ax oy oz

4xy-3x'z¢  2x? 2x:z
=E(D.D}—j(—6x22 +6xzz)+£(4.x—4.t)

—0i-0i—0+0k=0.
Hence the line integral is independent of path.



5. Find the work done in moving a particle in the force field F= (Bx*T+ (2xz —y)] — zk from
t =0to t = 1 along the curve x=2t2, y=t, z= 4t3
Solution:
Work done = fC F.dr ,
Given F = (3x27 + (2xz — y)j — zk;
dr = dxU +dyj + dzk
F -d7v=3x*dc+(2xz— y)dy — zd=
Given x=2¢ y=t - =47

dx = 4tdt dy = dt d- =12¢%dt

Fudr=|| 48t +(161° —1)—48¢ |dt
C

Sy

) rﬁ /2
(161‘)—-')01-’ =|:I'GE_E:|O =% Units

o —

6. Find the work done by the force F = y(3x%y — z2)T + x(2x%y — z2)] — 2xyzk when it moves
a particle around a closed curve C.
Solution:

To evaluate the work done by a force, the equation of the path C and the terminal points must be
given.

Since C is a closed curve and the particle moves around this curve completely, any point

(Xo, Yo, Zo) can be taken as the initial as well as the final point.

But the equation of C is not given. Hence we verify when the given force F is conservative,

i.e. irrotational.

J k

-
M 7

3yPxt —yzt 2%y —zix 2xyz

= (2xz+2x2)i —(2yz +2y:)} +(6x2y—6x2y +7 —:z)ﬁ -0



Since Vxﬁ':(}

— F is irrotational
=§F-dr=0
c

SURFACE INTEGRAL

Introduction A surface integral is a definite integral taken over a surface. It can be thought of as the
double integral analogue of the line integrand. Given the surface, one may integrate over its scalar
field (i.e., functions which return scalars as value) and vector field ((i.e.) functions which return
vectors as value). Surface integrals have applications in physics, particularly with the classical
theory of electromagnetism. Various useful results for surface integrals can be derived using
differential geometry and vector calculus, such as the divergence theorem and its generalization
stokes theorem.

Consider any surface (planar, curved, closed or open) and let ﬁ' = F(x, V,2) be a vector point

function, defined and continuous on a region S of the surface. Then where ds denotes an

[F-ds
S

element of the surface S is called the surface intgral of F overS.
Note:

(i) IfSisa closed surface, the outer surface is usually chosen as the positive side

(i1) Iqﬂﬂ' S and I F x s , where ¢ is a scalar point function, are also surface integrals.

5 s
(iii) To evaluate a surface integral in the scalar form, we convert it into a double integral and then

evaluate. Hence the surface integral I ]_4"' . ds is also denoted as II ﬁ' ds .
5 S
(iv) The area of the region Sis JI ds -
s

Problems:

7. Obtain [, F.AdS , where F = (x? + y2)T — 2x] + 2yzk over the surface of the plane
2X +y + 2z = 6 in the first octant.
Solution:

Let the given surfacebe ¢ = 2x+ y+22 -6

Vo  2i+j+2k
Vo 3




Let 5’ bethe projection of 5 in the XOY plane

Iﬁ .fids:ﬂﬁ .ﬁ—dm?
: & -k
. e a o~ 204 j42k 2(x" +y°)—2x +4yz
Foi = ()i = 2 2yc) 202K 200D vty
6-2x—
Since = = i)

:g(ﬁc2 + ¥t —x+6y—2xy—y?)

:%{x2 —2xy—x+6V)

Since the equation of the line ABis 2x+y=6 (or) y=6-2x. In the region §' as x varies from Oto 3,y

varies from 0 to 6-2x.

dxdy

J‘ﬁ-ﬁd&’:jj%(xl—ny—x-FGy)
5 5

L |

6-2x

-2
j (x> —2xy—x+6y)dxdy
0

!

y=6-2x
(y—xy" —xy+3y° )}_=O dx

=k

3
:I(108—114x+44x2 —6x°)dx
0

8. IfF = 2xyl + yz?] + xzk and S is the rectangle parallelepiped bounded x =0,y =0,z =0,
x=1,y=2z=3calculate [, F.AdS



Solution:

x=1

X A

There are six faces of the paralleleplped and we calculate the mtegral over each of these

faces. We denote the values of F on these faces byF; ,F,. ..., Fs
Face i Equation ds F
ABEF i x=1 dydz 1'3:2y1+y_ Jr+'k
COGD 2] x=0 dydz F,=yz"]
BCDE ki y=2 dzdx F, = dxi +222 ]+ xzk
GOAE —j y=0 dzdx 44 = xzk
EDGE i z=3 dxdy F, = 2xpi +9vj + 3xk
AOCB 1 -=0 dxdy F, =2xyi

| F-a's:AlLE.ﬁdHC!J;Dﬁﬁds+B££Eﬁ3.ﬁds

+ | Epads+ ([ Foads+ [ Foads

GOA4E EDGF AQCE
:fl+fz+f3+f4+fs+fé (say) (M
Consider
L= [[ Fads

ABEF

}3‘1 =2yl + vz + zky-i
. Y

On the surface ABEF, z varies from 0 to 3 and y varies from 0 to 2

2
vl =of yah(z]
0



Consider.". Iz = IJ‘ Fz.ﬁdf

COGD
Fy-fi=yz"j (i)
-0

On the surface COGD, z varies from 0 to 3 and y varies from 0 to 2.

iOafyd:

Consider.". I; = [[ F.fds

BCDE
Fy-ii=(4xi +222 ] + xzk)- ]
= 2"2

On the surface BCDE z varies from 0 to 3 and x varies from 0 to 1

o= I_L jﬂ 2x*dxd-=

x=0
1
=18 dx
0
- 18
Consider [, = [[ F,.ids
GOAE

Fy-f=xzk-(-))
=0

On the surface GOAE, z varies from 0 to 3, x varies from 0 to 1.

f[ 0-dxd=



Consider IJ- = II ﬁ;ﬁds
EDGF

F. i = (2xyi +9y) +3xk)-k
= 3x

On the surface EDGE, y varies from 0 to 2, x varies from 0 to 1.

3xdxdy

0

‘-—-’I—ﬁ
e

S =

bl

x=0z

1
2
= 3J (y)ﬂ xdx
0

=3x 2jl'xafr
]

]
2 0

=3

Consider I = J.J‘ }:‘;’3 Tds

AOCB
Fy-ii=2xyi)- (~k)
=0
On the surface AOCB, y varies from 0 to 2, x varies from 0 to 1.

1 2
s :_;L };[D(Jdrdy
=0
(1):>jﬁ-d§:12+0+18+0+3+0
) =33
Volume Integral

In multivariable calculus, a volume integral refers to an integral over a 3-dimensional domain. Let
V denote the volume enclosed by some closed surfaces and F , a vector function defined

throughout V. ThenfJf,, F.dV where dV denotes an element of the volume V, is called

the volume integral F over V.

10



Remark

A volume integral is a triple integral of the constant function 1 which gives the volume of the
region D (ie) the integral Vol(D) = [ff, dxdydzA triple integral within a region D in R® of a
function f(x y , z) is usually written as fff ) f(x,y, z)dxdydz

Problems
1. If }::‘ :2;;—3(}-1-};)':7, evaluate H ﬁ-dV where V is the region bounded by the
D
surfaces x=0,y=0,x=2,y=4,z=x",2=2
Solution:

([} F-av <[] 25—+ s

_mF dV = j j j’(z i —xj + vk )d=chvex

y=0x=0;:

(z 21—X.j+ v.k) dydx

o‘—-—,ru
Oy,

(4 =20 + 29k —x*F +x° f — x*vF)dydx

Il
= L
=

2.2
[4}.’}:—2xy}'+_v3k—x4yf+x3}§— x; k] dx

[l
= e L

= [(167 8] +16% — 4xF + 4x°] — 8x%k ) v

o‘—-—.ru

5 2
:[lﬁxr 4r]+163rk—4T3+ }'—%k]

0

. . ~ 128 . . 64 - 32,. 32k 32 . .
— y N _ 0 ‘_ — 3 5
321 16 +32k s 1+167 3 k —5 +—3 —15( 1+57)

11



2) Evaluate ﬂj(vﬁw if JE' e xz; + yz; + :2; and if V is the volume of the region enclosed by
7

the cube 6 < x,y,z <1

Solution

m(v F)dV = 2m(x+y+ 2)dv

x=0 y=0z=0

11 ERY
=2 (r:+y:+—]dvdx

Il 0

11 1 j Vo !
=2 r—i—y—|——]q’ydx =2 (rv-l— +—]dr

([l JSaEae!

1 1 2 1
:2I(,r}’+i+i] dx =2 LJri:«:Jrix

: 2 2, 2 2 2 )
2(l+l+l)

2 2 2
=3

Problem 3 If S is any closed surface enclosing a volume ¥ and » is the position

vector of a point, prove _”[;_;;] ds=3V
AN

Solution:

Let 7= JC?+J.—'}+ZE

By Gauss divergence theorem

[[Fnds=[[[V FaV Hewe F=Vr

3 ¥

[[7-nds=[[[V-raV

5 ¥
=[[j[;§+}§+£§“|_{x?+}-}+z£]dv
e Ty é) /
=[[[(1+1+1)aV

”;-;sds:fib’_

Gauss Divergence Theorem

If F beavector point function having continuous partial derivation in the region bounded
by a closed surface S, then Ijj K }_F')dV = -U F fids where 7} is the unit outward normal at any
14 5
point of the surface.
Problems

1. Verify divergence theorem for F = (x2 — yz)i — (y% — x2)] + (2% — xy)k taken
over the rectangular parallelepiped 0 <x<a,0<y<b,0<z<c.

12



Solution:
For verification of divergence theorem, we shall evaluate the volume and surface separately and

show that they are equal.

Given F = (x% — yz)T — (v% — x2)] + (2% — xy)k
0 0 0| =

V.F=divF =|i—+ j—+k— |- F
ox ~ oy oz
=2X+2y+22=2(x+y +2)
dV = dxdydz or dV = dzdydx
x varies fromQOtoa, yvariesfromOtob, zvariesfromOtoc

c | (0oc) N
L P
Yy
S B(o, b, 0)
(a,0,0) M

=2be| X +§ + & =abcda+b+c]
2 2 2
To evaluate the surface integral, divide the closed surface S of the rectangular parallopiped into
6 parts.

S1 = face OAMB; S, = face CLPN; Sz = face OBNC;
S4 = face AMPL; Ss = face OALC; Sg = face BNPM

jcj F fids = j;j F ids + QF.ﬁds + Lj F Ads
+ j;j F iids + gFﬁds + Qﬁ.ﬁds

13



Face Si: z=0;ds=dxdy; n = —k
F=x%+y]—xvk
F-ﬁ:xy

~ ab ‘{2 a x2 b
SN Fads = dedv =1 =— | | =——
fran=ffosa{S]|5]
4
Face S,: z =c¢;ni = k;ds = dxdy
Fi=(c*—xy)

ab
o N[ Ffds = 2 —xv)dvd
g nds _!!(c xy)dydx

- -8

=a SO dx
!_c‘v 7
:j— 2b—x;)2 dx
oL _
=I_cz—x—;}dvc
oL

—

F=—yii+yj+2k

Ty
=,
[
hs

b

gF hds = '! 0 yzdyd=

3151

=lb2C2
4

Face S,: x =0;7t =i ;ds = dyd-=

F = (a2 —y:)f+(y2 - a:)} +(:2 —ay)f

14



S, 0
c[ 2 b
=j azy—y—:} d-
0 2 0

Face SG;'V: byn= };ds =d-=dx

F=(x*—bz)i +(b* —=x) +(z* —bx)k

F-fi=b?—zx
= I[bzz—z—r] dx
0 0

j j‘ Fds = ﬁ(!ﬁ — =x)d=dx
Ss 00

= [f)!{‘r— < ¥ J
2 (]

= ac(.bz - lr.'r:)
4

15



J.jlf} fids = abc* + ab*c + a*be

5

=abc(a+b+c)

_gﬁ'-ﬁds:ji[j'dlf

Hence Gauss divergence theorem is verified.

2. Using divergence theorem evaluate [f. Vr?.Aids where S in a closed surface.
Solution:

- o — o] — 2 2 2
Let F = Vr?, where 7 = xi +yj +zk &"—M-m
By Gauss Divergence Theorem,

[ 7 s = [[[v-Frav =jj:jV‘(Vr2)a’V
- g [viriav = jﬂ [_Z ;; J(xz +yi+2hav
:m(2+2+2)dV

= 6_@] dv

= 6 x volume of closed surfaces.

Stoke’s Theorem
If S be an open surface bounded by a closed curve C and F be a continuous and differentiable

vector function then .. F.d = I CurlF.Ads , where 7 is the unit outward normal at any
point of the surfaces.

Problems:

3. Verify stoke’s theorem for the vector field F = (x2 — y2)+ 2xyj , in the rectangular
region in the xy plane bounded by the lines x=0, x=a, y=0, y=b.
Solution:

By stoke’s theorem, |, F.d7# = I CurlF.Ads
Tofind J, F.d7

Now Fodr =[(x> = v")i +2xv7 |- [dxi + ] +d=k]

=(x* =y )dx +2xy dy
Along AB:y=0,dy=0;

16



y=b

0 y=0

Along BC: x =4, dx = 0;
J— b )2 b
I ﬁ'-drzj2aydxf :2a[y—J = ab’
BC 0 2 0
Along CD: y=a, dx = 0;
0
[ Frdr=[(x* by
b

Along DA: x=0, dx = 0;
j Fedr=0
D4
3

3
Iﬁ-dr:i+abz—a—+abl+0
- 3 3

= 2ab’ @

Tofind ff, CurlF.Ads

i ik

- 5 0 5,

N curlF =| — — —
o ox oy o-
=y 2xy 0

=1(0)= j(0)+k(2y+2y)
= 4y!?

Surface S is the rectangle ABCD in xy plane.

17



dxdy  dxdy

A=k and ds=
|n k| ‘k k\

= dxdy
H curlF - fids = H 4 yf? -k dxdy
S

4y dxdy

= L=
(= =

=2b°(x),

= 2ab*
From equation (1) and (2).

“mwﬁimﬁzjﬁi§
5 c

)

Hence stoke’s theorem is verified.

4. Verify Stoke’s theorem for FE = (y — z)7 + yzJ — xzk, where S is the surface bounded by the
planesand 1 x=0,x=1, y=0, y=1, z=0, z =1 above the XOY plane.

Solution:

Stoke's theorem 1s J-F'.:f = H V % F nds
c 3

-tcoo F
i7 ok
ﬁ?x}$:: ji. ji. .Ei D G
& o & 5 |
V—z 1z —Xxz ’ .
=—yi+(z-1)j—k 20:L0)
Hvxﬁﬁ =[[=[[+[[+]]+]] P /RS0 E 1O
5 5. 5, 5, 5

H 1s not applicable, since the given condition 1s above the XOY plane.

H H[ w+{-—1 j- A]:dv 2

5, AEGD

18



= ” —ydydz

AEGD

fj va’vdd—j[ ];d..
k=3

[[- ] [+t~ e

S, EBFG

19



L.H.S:J‘F.E:I+I+I+I
C o4 A4AE EB BO
I: .[(y—:)dx + yzdy — xzd:z
04 04
:ff}:ﬁ [ ¥=0,2=0,dy=0,d==0]

I = I(y—:)dx + yzdy — xzd-=

iE E
= [o=0 [wx=1, z=0,dx=0,dz=0]
- I(y—:)a’x + yzdy — xzd=
£B  EB
0
~[1d =1, z=0,
‘1[1 x (y=1 0,)
=[«], =0-1=-1
I: I(y—:)dx + vady — xzd=
BO EBO
[o=0 [x=0, z=0]
BO
=0
LA
=0+0-1+0=-1

Therefore L.HS = R.HS. Hence Stoke’s theorem is verified.
5. Evaluate by stoke’s theorem [ (e* dx + 2ydy — dz), where C is the curve x* +y?=4
2=2
Solution:
= H curlF fds
5

By Stoke’s Theorem l

Here F =¢%f +2y] —k

i j Kk
curlF = E E i

ox oy oz

e 2y -1

20



=7(0—0)— j(0—0)+k(0—0)
-0

= IF 7.
£ ";:[CW nds

I(exdﬂ:+2_}f —dz)=0
C

Green’s Theorem

If C is a regular closed curve in the xy-plane and R be the region bounded by C, then

der Fydy = ﬂ[aF Zi?]cirdy

Where F1(X, y) and F2( X, y) are continuously differentiable functions inside and on C.

Problems

6. Verify Green’s Theorem in a plane for[. (x*(1 + y)dx + (y° + x*)dy) where C is the square
bounded by x = +a,y = *a

Solution:

Let P=x*(1+v)

apr 5
—=x
0=y +x°
E_Q =3x?
ox

By green’s theorem in a plane

I Pdx + Qdy) II[E—Q—a—P]d‘fd}
c

Now [ 222

= :’f ji(_’)xz —xz)dxd_'y

a 2x3 :
‘("')-G[TJ_R
8a*

:(a+a)§(a3+a3) =——(1)
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Now I(Pd\'+de)= I+I +I +I

AB BC CD DA
Along AB, y=-a,dy =0

X wvaries from —a to «a

I (Pdx+Qdy) = j‘: (x2 (1+y)dx +(;c3 +y3)dy)

AB -a

:le(l—a)dr+0

—a

Along BC
x=a,dc=0
Y varies from =—a to a

a

(e 00 ()i ()0

BC —a

= [ (@ +y)dv

—a

4 o
= a3v+y—
arys
4 4
—lat+ o et | =24t
4 4

Along CD
v=a,dv=0
X varies from a to —a

j (Pdx + Qdy) = _f[(x2 (1+y)dx +(x3 +y3)dy)

cD a

= j x*(1+a)dx

22



3 2a° 2d*
3 3
Along DA,
x=-a,dx=0

Y Varies from a to —a
j (Pdx+Qdy) = j (x2 (1+y)dx+ (x3 +‘v3)afv)
DA a

- j (az(l+y)dx+(y3 —as)dy)

+da

2a° 2a* 288 24
fracom- 225 a2 2
c

:404_£a4

3

8a’
:T .(2)

Hence Green’s Theorem is verified.

7. By the use of Green’s theorem, show that area bounded by a simple closed curve C is given
by%f xdy — ydy. Hence find the area of an ellipse.

Solution:

By Green’s theorem in planes,

Jries ) = []| -
(& R

Ja{rd}—’
x O
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Put F=-y and F,=x

A Jana
oy Ox

j —ydx + xdy = j‘ j (1+ )dxdy
= 2“ dxdy
= ZAK

Where A is the required area.

= éi(mﬁ: ~ ydx)

Any point (x,y) on the ellipse is given by,
x=qacosd, y=>bsin6 where @ is the parameter.
dx = —asin0do dv =Dbcos0doO

', Area of the ellipse — ljl('tta‘l! — vdx)
27

acos0(bcos0dB)—bsin B(—asin6)do

Cv'——-;b

L
2

:% I (abcos® @ + absin® 6)d6
0

n
= % (ab)f (cos® 6 +sin” 0)d6
0

b [ 3 =8y*)ev +(4y ~6xy)dy
:?{G)OF =mab O

8. Verify Green’s theorem in the plane for [, ((3x* — 8y?)dx + (4y — 6xy)dy), where C is the

boundary of the region defined by y = v/x,y = x?
Solution: The Green’s theorem is

oF, OF,
I(Fdx+Fd‘t) ﬂ( @Ja’d»
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Here F| = 3x* -8y’ F, =4y —6xy

Y 1'2=y

y=x
K A(1,1)

Cis y:\/;’ _v:x2

ie 2:x, V=X
Given ) '

o[ Fdx+ Fydy = [ (3" =8y )dx + (4y — 6x3)dy
c c

= j‘(3x2 —8%)dx + (4y — 6xy)dy + j (3x> —8y%)dx + (4y — 63y
A0

o4

=1 +1, @D
I = j (3x> —8y%)dx + (4y — 6x1)dy
04

AlongOA, y=x :
dy = 2xdx

x varies from Oto 1

1
A J(3x2 —8xH)dx + (4x* — 6x° )(2xdx)
0

1
= j(sx2 +8x* —20x*)dx
0

= (X +2x* —4x);
=1+2-4
Sl =-1

Along AO, x= y2

dx = 2ydy

y varies from 1 to 0
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L= [ (3x* =8y%)dx + (4y - 6x)dly
A0

0
= [(6y> =22y" +4y)dy
1

R CIRES]

5
f..lﬁ = Ei
. from (1),

[Fact Fay=1,+1,
[

142
2
_3 )
5 )
Now, Fl:3x1—8y3,Fz=4y—6xy
fzﬁi — lﬁJ; 6&2 =:__6
oy ToOx

J}_.-
Lj[%—@]dmy: j j (—6y +16v)dxdy

y=0x=y?

N
:J‘ IlOydmj;

v=0x= }.-2

1
=10 [ ¥ .dy
y=0

=10 j y(Vy —2* )y
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=10

>
L 2 =0

1021

3 3
=10 — |=—

20) 2 —
From (2) and (3), we see that

OF, OF
frace = - e

(i.e) Green’s theorem is verified.



