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EHING MATHEMAT EMATICS 
1.21 Section: II TRIGONOMETRY 

Expansion of sin (n 8) and cos (n 9) in powers of sin 6 and cos where n is a positive integer. 
Expansion of tan tn 8) in powers of tan 6 

tan (n 0)= SIn in G 
cos (n 6) 

By De-Moivre's theorem 

cos (n 6)+i sin (n 0)= (cos 6 +i sin 8 cos"0 sin 0 -n ca cos"6 sin 9 

+n c5 cos°9 sin° e- (cos 6+n c (cos (i sin 0) 
cos "0-n ca cos0 sin 0+n c^ cos" *e sin* e-.. 

+n c2 (cos (i sin 0) 
nc cos "0 sin 6/cos" 6 -n ca cos"sin " 8/cos"e 

tn cg cos-°0 sin° 0/cos" 6 -. 
Cg (cos 0 -* (i sin 93 

= 

I-ncgcosf0 sin'9/cos" 0+ n c cos"- e sint 0/cos" e +n c (cos 9 (i sin 0+. .. . by Binomial result 

tan n A-C-tan 8n c3 tan 0+n cs tan e -

1- n ez tan* 0+n c tan *e - . 

(x+-+ ne* y+ neg-+ 
= cos" 0+inci cos 0 sin 0 

Note: In working our problems on expansion, we often use the 
following results - ncocos"0 sine -nc3 i cos-3 sin'e 

+n c cos"** 0 sin* 0+ i) sin =1-cos 0 

i) sin = (l - cos e. 
cos n 8= Real part of R.H.S 

= 1-2 cos 0+ cos* e cos" 0-n ez cos-0 sin e 

(ii) sin =(1- cos e 
+n C4 Cos"*0 sin* e . 

= 1-3 cos 0+3 cose- cos® e 
sin (n 8) =Im part of R.H.S 

iv) sin =(1 - cos 0 
=n c cos"*0 sin 0 -n ca cos" -* 0 sin 0 

= 1- 4 cose+6 cos e 

+n cs cos"°0 sin' 6- ... 
-4 cos + cos* e 
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ENGINEERING NG MATHEMATI 1.22 
1.23 

TRIGONOMETRY 

(a) cos 0 =1- sin 0 

Eg: Express cos 40 interms of sin 0 and cos 9. 

(b) cos" = (1-sin* 9 
Solution 

=1-2 sin0+ sin' e 

cos 40= cos* 0-4 co cos 0 sin 0+4 c� sin* 

(c) cos 9= (1- sin e 
= cos" -6 cos 0 sin 0+sin* e 

= 1 -3 sin e+3 sin' - sin e 

cos'e 6 cos 0+6 cos*e+1+ cos* 0 -2 cose 
d) cos = (1 - sin 9) 

=1-4 sin 0+6 sin" 0 4 sin° 0+ sin* e 
= 8 cos - 8 cos 0 +1 

Bg: Show that CoS 30 
cos 0 

= 4 cos -3 = 1 -4 sin e 
cos 40 cos* -6 cos 0 sin 0 + sin e 

38 cOs 8-3 c2 cos 0 sin 
= (l - sin* 8)- 6 (1 - sin 6) sin 0+ sin" 6 

Solution : 
cos COs 8 

= 1-2 sine+ sin*e -6 sine+6 sin*e + sin^ 

cos 2 
0-3 sin 0 = (1 - sin e) -3 sin

= 8 sin* 0- 8 sin 0+1. 
= 1-4 sin0 = cos 0-3(1- cos 9) 
=4 cos -3 

Eg: Show that Sin 50 = 16 cos e -12 cos 0++1 
sin 0 

Bg: Express Sin 48. sin terms of cos 6. 
= 16 sin 6- 20 sine+5 

4c1 cos 0 sin 0-4 cg cos e sin 8 Solution Sin 40 
sin Solution: sin 6 

4 cos -4 sin 0 cos sin 5 0 5 C1 cos* 0 sin -5 cg cos 0 sin* e+5 cs sin* e 

sin 8 sin 8 
= 4 (cos e -cos e (1 - cos 8) 

=6 cos - 10 cos 0 sin 0+ sin' 0 
= 4 [cos e- cos + cos* 8] 

8 cos' -4 cos 
5 cos e- 10 cos e (1 - cos* 0) + (1- cos 0 
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9 ENG 

MATHEMATK 1.24 
1.25 TRIGONOME TAY 

5 cos e 10 cos 0+ 10 cos" 0+1 2 cos2a. 

= 1 - 3 sin9+3 =in' - sin y - 15 sin 91- 2 in 9 - in" 9) 

= 16 cos" e- 12 cos0+1 

+ 15 in' 4- 15 *in" 9- sin"9 

sin 505 (1- sin 0)-10 (1 - sin 6) sin 64s Similarly sin 0 
= 1 - 3 sin 9 +3 sin' - sin° 9 - 15 sin 9 30 sin 4- 15 sin 9 

= 5 (1 2 sin 0+ sin e) 
+15 sin9- 15 sin° 9- sin 9 

- (10) sin0+10 sin' e+ sin' a 
= 1 - 18 sin 0 + 48 sin" 9 - 32 sin° 9 

16 sin e- 20 sin 0+5 
sin 

Eg: Express cos 60 interms of cos e. Eg: S.T. = 32 cos° e 32 cos* 9 + 6 cos 6 

Solution: cos 60= cos° -6 c2 cos* 0 sin^ e Solutionn: 

+6 C cos 0 sin" 0 6 c6 sin° e LHS -sin 66 bC1 COS Hsine - 6 C3 Cos 0sin'e 6c5 cos9 sin°s 

sine sin 6 

cos e 15 cos* 0 sin^ 0 + 15 cos 0 sine-sine = 6 cos e - 20 cose sin e +6 cos sin* 6 

= cos e - 15 cos 0 (1- cos e)+15 cos e (1 - cos e 
= 6 cos e 20 cos° 0 (1 - cos 0) +6 cos (1 - cos 0) 

-(1 cos e)3 
= cos e - 15 cos* 0+ 15 cos° 0+ 15 cos e (1 - 2 cos e+ cos' 

= 6 cos e 20 cos* e +20 cose 

+6 cos 6 (1 - 2 cos 8 + cos* 6) 

- (1- 3 cos 0+3 cos* e -cos e) 6 cos° e- 20 cos° 0+ 20 cos° 0 + 6 cos 
= cos e 15 cos* + 15 coss 0 + 15 cos e 

- 12 cos e +6 cos e 
- 30 cos 0+ 15 cos e-1+3 cose -3 cos* 9+ cos'8 

32 cos e - 48 cost e+ 18 cos e-1 
32 cos°0-32 cos° 0+6 cos

Eg: Express cos (60) interms of sin . Eg Sin =7 - 56 sin2 e+112 sin^ e - 64 sin e sin Solution 

Solution : Given expression cos (66) = cos° - 15 cost e sin0+ 15 cos2 e sin 0- sin" 
7c1cos°e sin 7cgcos*e sin'e + 7cz cos-e sin°e - 7c7sin 'e by the previous e 

sin = (1 - sin e- 15 (1 -sin e sin2 
= 7 cos e 35 cose sin^ 0 +2 cos 0 sin* e sin e +15 (1 sin 0) sin* e - sin6 

6



cHING MATHEMATI 1.26 

1.27 
TRIGONOMETRY 

= 7(1 -sin 0) - 35 (1 - sin 0) sin 0 + 21 (1-si-2 

)-si4 
Eg: Express cos 79 in powers of cos 9. 

sin Bain Soiution : 
6 = 7(1 -3 sin 0+3 sin'd - sin" 6)- 35 (1-2 sin?6. 

+21 (1 - sin 6) sin" 0 - sin® e 
cos 7 cos' 9- 7 c2 cos e sin g 7c4 cos 9 sin e 

35 sin' 
= 7-21 sin'e +21 sin'e -7 sin 0- 35 sine+ 70 sina 

-7 cs cos 9 sin° 9 

+21 sin e -21 sin° 0- sin e 

C 
cos' -21l cos° 0 (1 - cos 9) 

= 7 - 56 sin 0+112 sin' 0- 64 sin e 

35 cose(1- cos e-7 cos 9(1- cos 9 
cos 76 
cos 

powers of cos . Eg. Find 

= cos' e-21 cos'e +21 cos'e+35 cos'e (1 - 2 cos-e+ cos*9) 

Solution we now 
- 7 cos 6 (1 -3 cos e+3 cos* e- cos° 8) 

sin 70 
sin 7-56 sin" + 112 sin* 6- 64 sin e 

= cos'e+21 cos°0 +21 cos'0 + 35 cos'e- 70 cos°9+35 cos'e 

Substituting- instead of , 
7 cos +21 cos° - 21 cos e+7 cos'e 

sin 2. - -
= 64 cos' e- 112 cos 6 + 56 cos° 0- 7 cos 

sin 
Eg: Express cos (88) interms of sin 0. 

Solution: 
-64 sin2-0|| 

cos 8 0 = cos° 0 8 c2 cos° 8 sin 0 +8 c4 cos* 0 sin*e 

sin-7 
=7 - 56 cos e+ 112 cost e-64 cos° 0 - 8 c6 cose sin° 0+ 8 cg sin" e 

COs 6 

cos 70 
7 56 cos 0+ 112 cos 6-64 cos°e = (1 - sin e)* - 28 (1 - sin~ e sin2e 

Cos 6 

Cos 76 +70 (1 - sin e sin* e-28 (1- sin^ 6) sin° e + sin* e = 64 cos e 112 cos e+56 cos e 7 cos 6 
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ENGINEERING MATHE HEtMATK 1.28 1.29 
TRIGONOMETRY 

= (l - 4 sin^0 + 6 sin" 0-4 sin°0+ sin* o) 

4 (2 cmd -12-2 
28 sin o (1 -3 sin 0 +3 sin" 0- sin" e) 

=4 (4 cos 9-4 cos 9 +1) - 2 

+sin' 
70 sino (1 - 2 sin*9 + sin "6) - 28 sin°9+28 sin'a, 

= (16 cos9- 16 cos9+ 2 

= I - I rin 0+ 6 sin" 0- 4 sin° 0+ sin* 
2 

since cos 9 = 

- 28 sin 0+ 84 sin' 0- 84 sine 

28 sin't 
+28 sin'e + 70 sin'e - 140 sin e + 70 sin'e - 28 sin'e+ 2 . = (-4 2+ 22 

1+ cos 7 6=3-x - 2x+ 1) 
1cos 8 

+Sin° 0 Eg. If x =2 cos 0, Prove that 

= 128 sin* 6-256 sin e+ 160 sin' 6 - 32 sin e +1 70 
cOS 

2 
2 76 

2 cos 2 1+cos 70 

1+ cos 
Solution: L.H.S. 

Eg: Express tan (60) interms of tan 6. 2 cos cos 2 
Solution 

cos 70 2 
where o = 

cos 

tan 6 0 =Sn (68) 
cos (60) 

6c tan 6 6 cg tan °0+6 cs tan°e 

1 6 c2 tan 0 +6 ca tan* e- 6 cs tane =64 cos o- 112 cos o+ 56 cos o -7 

Given that 2 cos 6 =x cos 6= 6 tan -20 tan 0+6 tan e 
1 15 tan0+ 15 tan 0 - tan° e 

1+ cos e=l+
Eg. If x =2 cos 0. Prove that 2 (1+ cos 80) = (-4+2 

2 cos22 Solution: 2(1+cos 88) = 2 2 cos (40) 

= (2 cos 40) cos 
Substituting this in (1), 

-2(2 co8 (28)- 1) 
2 

L.H.S 
= (4 cos 20-2) 
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ENGINEERING ATHEMATIC 1.32 33 

27T 
TRIGONOMETRY 

Henee (1) has root t sin t sin t sin 
7 (2) 

= 2i sin 9 

Put y in (1). 
=e'" - 1 

Then 7 56y+ 112y - 64 = 0 

(6) 64 - 112+56y - 70 sin 9 21 

2 4Tin2 6t has the roots sin sin , sin 2 T 
Also r" = (cos 0 +i sin 9," = (e" = 

nsi

= cos (n9) + i sin (n9) 

EXERCISES (nb 

= Cos tn8) - i sin (n6) = e 

Ifecos (), sin 6, Prove that 

(i) cos 6 6= 1 - 18s+ 48 s - 32 s + 2 2 cos (n9) 

(2) sin 5 () = 5s 20 "+ 16s 2i sin in 

(3) Sin 79 13) = 7 - 56 s+112 -64 
Sin 

(4) cos 56= 16 :" - 20 c+5c From (1), (2 cos " 

(5) cos 4 0 8 -8c+1 = " +n C1 a" +n cy r" 

I+cOs 9 =--3+2x +1 1+ cos 9 
(6) If x = 2 cos 9, then 

Section: Ill EXPANSION IN SERIES 
+n Cn -3 x tn Cn -2 -

Expansion of sin " 
e and cos" e interms of sines and 

cosines of multiples of 6,n being a positive integer. 
+1 Cn -1 -1 

Let = cos 6 + i sin 9 = e 

Cos G- i sin 0 = e (2 cos e"="|+"c1 - 16 

-6 
x*2 cos 6 

=e e 
- t6 (A) 

Cos 
e+e - i6 

2 
From (2), (2i sin 8)" =x"+ n cj x 
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ENGINEE EERING MATHEM 1.34 

1.35 TRIGONOMETRY 
+n C-3* +n C3 *" 

.2 isin6=2 cos 49- 4 (2 cos 28) +6 

-1 2 (1) sin9= cos 49- 4 cos 29 +3. 
n Cn +n Cn-2 

cos 49-4 cos 29 +31 

(2i sin 8"= -1"|-"ea|"-2,1i-ag 
Eg. 

Solution 

Expand 

: Using 
cos e 

the 

in 

result 

a series 

(A) (n 

cosines 

= 5), 

of multiples of . 

"eg 44 -1" |-"e3| " (-1 (2 cos )= 

2 cos = 2 cos 50 + 5 (2 cos 30) + (10) (2 cos 0) 

2 cos 0 = cos 5e + 5 cos 30+10 cosse Remark : The expression for a power of a sine ill be in series of sizes (or) cosines according as the power is odd lor cos° I cos 50+5 cos 30+ 10 cos 0 
16 even 

Eg. Express sin°e in a series of sines of multiples of 6. 
for all egs, * = cos 6+ i sin 0 

Solution : Using the result (B) (n = 5 , and (-1)° = -1, 

Eg. Expand cos* e in a series of cosines of multiples of (2i sin )°=|: 8. 

255 sin e=2i sin 50 - 5 (2i sin 30) + 10 (2i sin 0) 
Solution : Using result (A) (n = 4),

2 sin 0= sin 50 5 sin 30+ 10 sin 0 (since i = i) (2 cos 0=|x+ 4 C2 
sin l sin 50 - 5 sin 30+10 sin 8 

2 cos 40+4 (2 cos 20) + 6 

Eg. Express sin°e in a series of cosines of multiples of 2 cos e= (2 cos 40+8 cos 20+6) . 

cos =(cos 40 + 4 cos 20 +3) Solution Using the result (B) (n = 6) and (-1° = 1, 23 

(2i sin 05= 
6 c3 

Eg. Expand sin'e in a series of cosines of multiples o of & 

2 sin0= 2 cos 60 - 6 (2 cos 48) +15 (2 cos 20) -20 

Solution: (-1)' = 1. 
Using result (B) ( 4). 2 sin e = cos 66 - 6 cos 40+ 15 cos 20- 10 

sins e32 ;( cos 66- 6 cos 4+15 cos 20 10) 
(2i sin 0)' =| 
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INEERING MATHEMAtr TRIC 
1.36 MAT, TAIGONOMETH 1.37 

Eg. Express cos" (0 in a series of cosines of 

PEg. Express sin°9 in a series of cosines of multiples of multip 
Solution : Using the result (A) tn = 6), 

9. 

(6e )a +6ce, Solution: Using the result (E n = 8), and ( - 1° = 1, 

2 cos 9" 

(2i sin o- 
cOs = 2 cos 60 +6 (2 cos 40) + 15 (2 cos 20)+ 20 

2 cos 0 = cos 69 + 6 cos 46 + 15 cos 20+ 10 - 8c +8 C4 

cOs =-I cos 6t)+ 6 cOs 40 + 15 cos 20 + 10| 

2" sin* e = 2® (1) sin* e 

Eg. Express sin' 9 in a series of sines of multiples of = 2 cos (80) - 8 (2 cos 69) + 28 (2 cos 40) 

-1, 
Solution : Using the result (B) (n = 7), and(- 1' 

- 56 (2 cos 29) + 70 

(2isin 0) 2' sins 9 = cos (80) - 8 cos 60 +28 cos 40- 56 cos 20+35 

sin 8-cos 80-8 cos 69+28 cos 48 56 cos 20+35 
-i2 sin' 6=2i" sin' 9 = (2 i sin 78) 

- 7 (2i sin 50) + 21 (2 i sin 30) - 35 (2i sin e 
Eg. Express cos° 0 in a series of cosines of multiples of . 

2 sin'= sin 7 7 sin 50+ 21 sin 30- 35 sin 
Solution : Using the result (A) (n = 8), 

sin' =- Isin 76- 7 sin 50 +21 sin 36 -35 sin 8| 
Eg. Express cos e in a series of cosines of multiples oft2 cos 0y" = 

Solution: Using the result (A) (n = 7), 

+8 Ca 8 C4 (2 cos 0 (+ 1/7 c, (+ 1 

+7 cz (x + 1/x) + 7 c3 (x+ 1/t) 2 cos 0 =2 cos 80 + 8 (2 cos 60) + 28 (2 cos 48) +56 (2 cos 20) + 70 

2 cos' 2 cos 70+7 (2 cos 50) 2' cos 0= cos 80 +8 cos 69+28 cos 40 + 56 cos 20+35 
+(21) (2 cos 36)+ 35 (2 eos #) 

2 cos' = cos (70)+ 7 cos (50) +21 cos (30)+ 35 cos cos* e = cos 80+8 cos 66 + 28 cos 40+ 56 cos 20+35 ] 2 
1 cos' =e l cos (7e) + 7 cos (50) + 21 cos (30) +35 C0s 64 
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HING MATHEMAT 1.38 

1.39 IGONOMETRY 
of multiple Eg. Expand sin° 0 cos 0 in a series of sines 
ae 

. Expand sin 9 cos° 9 in a series of cosines of multiples of 

6. 
Solution: Let x = cos 6 + I sin 8== COs - i sin & 

lution : Let x = cos 9+i sin 9 

Then x+2 cos 6, *-= 2i sin 

x-2 cos 6, x - = 2i sin 9. 

(2i sin 0)" (2 cos 9) = 

sin 6 (2 cos 6 = 

23sin3 2cos 

(using the result (B) (n = 3) and replace instead a 

-2' i sin' e. cos = 

-++3(x)-3 

sin'e 2cos°e= | 
-a 

2i sin 70 +2i sin 50 -3 (2i sin 30) 

-3 (2i sin 8) 

2'(1Jsin e cos* = 2cos 70 2 cos 50 3 (2cos 30) +3 (2cos ) 
- 2 sin' e cos = sin 79+ sin 5e -3 sin 30-3 sin 

2 sin e cosa 0 = cos 70- cos 50 -3 cos 30+3 cos . sin* e cos 8= - lsin 70+ sin (58) 64 
sin* 0 cos 6 = (cos 70 cos 5 3 cos 30+3 cos 64 - 3 sin 30-3 sin ) 
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ENGINEE ERING MATH 40 

1.41 in a series of sine of mulk 
GONOME TRY Eg. Expand sin° e cos" 6 

of . 

(2i sin'2cos 6 = 

=21 Solution: Let x = cos 6+1 S1n b, x + =2 cos 9,1 

(2i sin 0)'(2cos 0*= *ij-*| 
sin o z cos' o = 2 |[u0-1/2, 

- 5 c 1/)+5c2 (-1/) 

2 sin' o-2'cos* 0=x 
+10 ( 1) 212 sin e cos 0 -

(using the result (B) (n 
substituting r insteat 

|+6x 29isin e cos 0 = + 

- x-- 

- + 10 
5 (20) 

2i sin (120) - 2 (2i sin (100)) ' 

2i sin 90 2i sin 70-4 (2i sin 58) 
-4 (2i sin 86) + 10 (2i sin 68) 

+4 (2i sin 30) + 6(2i sin 8) 
+5 (2i sin 48) 20 (2i sin 20) 

2 sin°e cos 6 = sin 90- sin 70 -4 sin 58 + 4Sin " - 2 sin e cos° 0 = sin (120) - 2 sin (100) - 4 sin 86 

+10 sin (68) +5 sin (46) 20 sin (20). Bg. Expand sin' e cos 6 in a series of sines of of 6. 

sin° 0 cos° 0 in a series of cosines of multiples of 6. Solution : Let x = cos 6 + i sin 6. lution Let 

X 2 cos 8, x- =2i sin , =2i sin x = cos +i sin 6 s x+=2 cos e, x - =2i sin 0 

13



ENGINEERI EAING 1.42 

MATHELIGONOMETRY 1.43 

" 2 cos n 0 

Co= Co 59 + 5 cos 39+ 10 co 9 16 

1 12i sin62cost)=- cos' 6= cos 79+ 7 cos 54 +21 cm 39 35 cos 9 

in"o 2 cos e= x- sin' 9=I cos 40- 4 cos +3 j 

-211 sin e cos$ - sin' 0 e sin 7e - 7 sin (56) + 21 sin (39) -3 sin 9 
64 

256 sin'e = sin90 -9sin 70+36sin5h - 84sin (39) + 126sin4. 

to 2 cose sin' e = cos 6 -2 cos 46 - cos 26+2 
I 

sin cos 9 = - (sin 40 -2 sin 20) 
+ (10 

2 sin e cos 0 = sin 70 3 sin 50+ sin 130) 5 sin 6 

D) If cos 0 = A cos + B cos 30 +C cos 56, Prove that 

Isin 6= A sin 6- B sin 38+C sin (5). 

1) cos sin*0 = A1 cos 0 + Bgcos 30 + Ascos (50) +A7 cos (7 6). 

s then P.7. Ay-4as-4, 
= 2 cos (110) - 2 cos (90) - 5 (2 cOs782) Express sin' 0 cos° 0 as the sum of sines if multiples of 

6. 
+5 (2cos 56) + 10 (2cos 36) - 10(2 

3) Express sin 0 cos° 0 interms of sines of multiples of 0. 

-2 sin° e cos° 6 = cos (110) - cos (96)-5 cos (76) 4) Express sin^ e cos interms of cosines of multiples of . 

+5 (cos (50) + 10 cos (30) - 10 cas5) Express sin'6 cos0 interms of cosines of multiples of e. 

ction: IV Expansion of sin , cos and tan 0 in powers 
. 

EXERCISES sult. When 0 is expressed in radians, Prove that 

Prove that the following sin 6-0- .to 
(1) cost e=cos 4 +4 cos 2 0+3) 
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ENGINEERING MATH THEMATICS 1.56 TRIGONOMETRY 1.57 

tan 0 + sec 6- 1 
- ' (13) Find Li 

sinh tan 6- sec 0 + 1 
in( ) = 

2 

(14) 
Evaluate Lt CoS Cos (cos x) 

0 
2 = - ( - i) sinh 6 =i sinh 

sin 2 x-2 sin x 

(15) Evaluate Lt 
0 

-1 

Section : V HYPERBOLIC FUNCTIONS 

COs (i 0) = cosh - e +e7 1g cos 1 2! 4! 
sin (i 6) =i sinh 0, sinh e-e-e-a- 

3 5 
sin - 5 cosh (i e) = 

e+e-ie .. 

s0-1-2 

sinh (i )= -e 

cos 6+i sin 6 = e', cos 0 - i sin 6 = eid = i sin 6 

sin t5 2 cos 0 =e'+e 
-i0 

3 

Cos 0 
e+e 

i6 

tan (i 8)= Sin (16) 
cos (ie) 

2 sin e=e 
= i tanb 6 

cot (i e)=COS (2 6) cosh 6 

The expressione+e"*) and e-e") are defind sin (i 6) isinh 6=(-) coth e 

cosec (i 6) =- 1 

hyperbolic cosine and sine respectively of the angle 6. sin (i 0) isinh A (-i) cosech 6 

sec (i 6) 

hx - Cos (i 0) coshASech 6 

cos h G= 
ete~6 

, sinh xx=
2 

Using these relations, we can derive relations between hyperbolic functions corresponding to relations between circular functions. Put 6= ix. 1 Thus tanh x = Smh x_ 
Cosh -8coth x = 

-tanh x 
i) sin e+cos 6 = 1 

cosech x = 1 sin (ix) 1+l cos (ix) ] = 1ei sinh x) + (cosh xj = 1 
sech x = sinh x' Cosh x 

isinhx+ cosh x = 1 | coshx -sinh x = 1| 
e(26)4p - i (i6) 

Further cos (i0) = * cosh 6 
2 

15



1.58 
ENGINEERING MATHEMATICS 

1.59 
(ii) cos 20 = cos 0- sin 0. 

TRIGONOMETAY 

Then cos (2ix) = | cos (ix) | - [ sin(ix) ]' = (cosh x - ti sinh x 
(vii) cos (A t B) = cos A cos B 8in A sin B 

cosh x-i sinh2x 
Put A = ix, B = iy 

cos (i x tiy) = cos (ix) cos (LY) + sin (ix) sin (iy) 

cosh 2r = coshx + sinhx cos li (x ty)) = cosh x coshy + (i sinh x) (i sinh y) 

(iii) sin 29 2 sin cos cosh (x ty) = cosh x cosh y +(i) (sinh x sinhy) 

sin (2ix) = 2 sin (ix) cos (ix) 

i sinh (2x) = 2 (i sinhx) (coshx) 
cosh (x ty) = cosh x coshy t sinhx sinh y 

We can express sinh'x, cosh 'x, tanh'x interm of 

logarithmic functions. sinh (2x) = 2 sinhx coshx| 

(iv) 1+ tan0 = sece (viii) Let y = sinh'x 

1+[ tan (ix) | = [sec (ix)]2 

1+(i tanh x = (sechx)1+i2 tanh = sechx 
x = sinh yy= 

l_e-1 

2 e 1 tanh'x = sechx| 2 xe=e" - 1 ee" - 2r e - 1 = 0 

(v) 1+ cot 0 = cosec e 

2 V4x-4(1)(- 1) 2+2 v+1 1+ lcot(ix|" = [cosec (ix)2 2 (1) 

l+(-i cothx)" = (-i cosech a) 

l+i cothx = icosechx 
e=x+ V2+1 

1- cothr = - cosech x y= logx+ ¥a +1 j= sinhx 

cothx - 1 = cosech x ix) y = coshx =x = cosh y >* = 

(vi) sin (A tB) = sin A cos Bt cos A sin B 

2 xe=e2+1 Put A =ix, B = iy 

sin (i xtiy)= sin (i x) cos (i y) t cos (i x) sin (i y) 

sin (i) (x ty)) = (i sinh x) (cosh y) t (cosh x) (i sinh y) 

Thus e - 2xe + 1 = 0 

_2x4x-4110) r. V-1 2 
i sinh (x ty) =i sinh x cosh yti cosh x sinh y 

y= logx+ Vx*- 
1 = coshx 

sinh (r ty) = sinh x coshy t cosh x sinh y| 
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ENGINEERING MATHEM 1.60 TFHIGONOMETR 

c- e e-1 In Z 

(x) Let r= tan h 'rs x = tan hy = 
cosh2 

- Co 
12rm 

Par 

Real part 

2 sin (- 
2 sin (z+ 17) 3n t -r7 

21 e+1 +e -1| V Coseci * y in (r + Iy) 

e+1) -(e- 1) 
2 sin x cos (LY)-cos sin (iy 

COs (t 2y) - cos (2x) 
t_2eY 

2 
,2y 

2 sin COs (1y)-cOs Sin (?) 

.cos (i 2y) - cos (Zx) 

lo log 2y e tanh 
2 sin r cosh y - 2 cosx (t Sinh vi 

cosh 2y - cos 2x 

cosh 2y - cos 2x 
Im. Part = < cos z sinh y 

2 cos (- ty) 

Eg: Separate into real and imaginary parts t 

(i) sin (x + iy) (ii) cos (r+ iy) ii) tan ( + iy) (iv) cot 
(vi) 

2 sin x COSn y Im. Part cosh 2y - cos 2x Real part ti 
sec (x+ iy) (vii) sinh (rt 

tanh (x +iy) (x) coth(lt 
cosec (*+iy) (v) 

(viii) cosh (* + iy) 

(xi) cosech (x + iy) (xii) sech (*+iy) 
(ix) 

(V1) sec (r + V) 
cos (x+1) 2 cos (x +iy) cos (x - tr) 

2 cos x cos (i1')+ sin x Sin (1y ) 

cos 2x +COs (12y) Solution: 
(i) sin (x + iy) = sin x cos (i y) + cos x sin (i y) 

2 cos cosh y + 2 (sin x) (i sinh y) 
cos (2x) + cosh (2y) sin x coshy +cos x (i sinhy) 

2 cos x cosh y: Im Part = 

cos 2x + cosh 2 
2 sin sinh y 
cOs 2x cosh 2y 

sin x coshy +i cos x sinhy 
Real part 

Real part = sin cosh y, Im. Part = coS x sinhy 

(vii) we have sin (x + iy) = sin x cosh y +i cos * sinh y 
(ii) cos (r + iy) = cos * cos (y) sin x sin (1y) 

'sin () (x + iy) = sin (i x) cosh (y)+i cos ( x) sinh (iy) 

cos coshy sin x (i sinh y) 
Sinh (x +iv) =i sinh x cos y + i cosh x (i sin v) 

Real part = cos x cosh y, Im. Part - sin x Sinh 
sinh (x + iy) = sinh x cos y +i coshr sin y 

(ii) tan (r +i y) =S ( tLY)_2 sin (x +iy) cos (-iy) 
cos (x+ iy) 2 cos (r +i y) cos (r -1 

Real Part = sinh x cos y; I m . Part = cosh x sin v 
(viui) cos (r +iy) = cos x coshy - i sn r sinh y 

sin (2x) + sin (i2y) sin 2 +i sinh 2y 
cos (2x)+cos (2iy) 

Cos () (x + iy) = cos (z x) cosh (y) - i sin (Lx) sinh (1y) cos 2r + COsh 2y 

cosh (x + iy) = cosh x cos y - i (i sinh x) (i sin y) sin 2x 
cos 2x + cosh 2y 

Sinh 2y 
Im. Part cas 2 + COsh 4 Real part 

cosh x cos y + i sinh x sin y 
In cosh (x +iy), Real part is cos x cos y, COS (x+)_2 cos (x + iy) Sin ( = 

2 sin (r ++ iy) sin (x - ty) 

sin 2x-sin (2iy) _ sin (2)-i sinh (2) 

(iv) cot (x + )sin (x + y) 
Im. Part = sinh x sin y 

cos (i2y) - cos (2x) Cosh (2y) 
- cos (27) 
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- 2 sinhz cos y 

Cy 2- cosh 2x 
sin 2x + i sinh 2y hy iii 

(ix an (r N) cOs 2 + cOsh (21) 
In cosec (x +y). Kesl part = 

sin (i2) +i sinh (2iy) 
cOs (i2x) + cosh ti2y) 

2 coshz siny 
Im Part cOs (2y) - cosh (27) 

i sinh 2x+i i sin (2) 
cosh 2x + cOs 2y 

2 cos x cosh y + i 2 sin z sinh y 
cOs 2x +COsh 2y i tan h tr + iy) = 

(xii) sec (x + iy) = 

sinh 2x +i sin 2y 
tan h (X * 1Y) = 

cosh 2x + cos 2y 
2 cos (iz) cosh (iy) +i 2 sin ix) sinh (iy) 

cos (i2x) + cosh (i2y) 
sec (i) (x + iy) = 

2 cosh cos y + i2 (i sinhx) (i sin 1) 

cosh (2x) + cos 2y 
sinh 2x 

In lnh (r iv) Ral part. is Im 
cosh 2x + cos 2y sech (x + 1y) = 

7T 
Sin 12y 

cosh 2x +cos 2y 

2 cosh X cos 
In sech (x + iy), Real part 15 cosh (2x) + cos (2y) Part 

2 sinh x sin y 
Im Part cOsh (2x) + c0s (2) sin 2x- i sinh ( by (iv) (x) cot x + 4}) = 

cUsh 2y - cos 2x 

sin i2x)i sinh (i2y 
ite:Cosh (i2y)-cos (i2x) 

'. Cot (t) (x + ty) =* Eg: If tanh= tan 

i sinh (2x)-i:i sin (2) 
cos (2y)- cosh (2x) 

Show that 
i) coth (x + iy) = 

i) cos x cosh v = 1 

Sin 2y+i sinh 2x 
cos (2y)- cosh (2x) 

coth (x t y) = ii) tanx = sinh y 

i3 y =log tan- sin (2y) 

cOs (2y) - cosh (2x) 
Im cot h (x + iy), Real part is 

Proof 
sinh (2t) 

cos 2y cosh 2 
Im. Part 

1- tan 1-tanh 
2 

cosh y 
(1) cos x = Cos r cosh y = 1 

(xi) cosec (x + iy) = <Sinx: cosh y =i 2 cos x sinhy 
cosh 2y cos 2x 

1+tan 1+ tanh 

cosec i (r + iy) = 2Sin (t x) cosh (iy) - i2 cos (ix) sinh () 2 tan 2 tanh 2tanh cosh (i2y) - cos (i2x) 2 2 ii) tan x = = 

2i sinhx cos y -i 2 cosh x (i sin y) 
cos 2y cosh (2x) 

1 - tan tanh2sech3 -i) cosech (x 4 iy) = * 
2 

cosech (x+ iy) = C2)i sinh x cos y + 2 cosh x siny =2 sinh cosh sinh y 
cos (2y)- cosh (2x) 
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e2 - 2 

Eg: If sin (A + i B) = * + iy, Prove that

i tanh , t 2+ey/2 
2 

(i) +tan 
2 cosh B sinh B 

e)-(-e*v*)1- tan 
(ii) =1 

sinA cos A 
tan+tan, 

2 
2 Proof x +iy = sin (A +i B) = sin A cosh B +i cos A sinh B 

2 1-| tan tan 2 .x = sin A cosh B 

y = coS A sinh B d tanlay=log tan 
= cosh B; 

sin A 
= sinh B 

Eg: If sin 6= tanh «, Prove that tan 6 = sinh r. 
COS A 

Solution: 
= cosh B - sinh B =1 

Cosh 
COSsh x = 

tanh * 
sec h (x) 

Sinh x=Sh = (sin6) sinA cos A 

V1- tanh'x 

1 cosh B = Sin A sinh B cos A 
= (sin 6) - sin aSin Bcos tan 6 

COs 6 

Eg: If y= log tan show that tanh , = tan cosh B sinh B 
sin A+ cos B = i 

Solution Eg: If sin (A + i B) = cos 0 + i sin 6, show that 

y= log tan i) cos A = sinh^ B., (ii) cos A = t sin 6. 

Proof 

tan 1+ tan cos + i sin = sin iA+ i B) = sin A cosh B + i cos A sinh B 

1-tantan 1-tan .1) cos 6 = sin A cosh B; sin 6 = cos A sinh B. 

1+ tan 1- tan2tan 
e+ 1+ tan 1-tan 

1 cos 0+ sin e 

tan 
= sin A cosh B+ cos A sinh B 

2 

' 2 p ^/2 
I2 -y/2 tan tanh= tan 

= (1 - cos A) (1+ sinh B) + cos A sinh BB 
Le V/22 

1 =1+ sinh* B - cosA - cos* A sinh B+ cos A sinh B 
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0 sinh B - cos A4 
cosh 2B - cos 2A4 

2 
cos* A = sinh B This proves ti), 

r sin 6 _cOs A sinh B 

sin A cosh B cos 6 from (1) 
tan r cos 6 cosh B sin A 

sinh B= Sn e 
COs4 A 

l = cosh B - sinh2 B = COS 6 sine 
sin A 

= tanh B cot A 

Eg: If cos (x +iy) = cos +i sin 6, show that 

cos 2x+ cosh 2y =2.
cos A 

sin A cos A = cos A cos 6- sin- A sin2 e 

Proof 1- cos A) cos A = cos(1 - sin* 0) (1 - cosA) sin? g 

cos +i sin ) = CU8 X COsh y - i sin x sinh y 

cos2 A-cos A = cos A - cos A sin 6- sin0+ cos A sin 
cos e= cos cosh y; Sin 6 = - sin x sinh y 

cos* A = sin^ e 
1 cos e+ sins 6 = cos* a cosh* y + sinx sinh y. 

-cos 2x cosh 2y- 
2 

cos A = t sin 6 

2 2 
Eg: If sin (A + i B) =r (cos 6+i sin ), show that 

1+ cosh 2y + cos 2x + cos 2x cosh 2y) 

+(COsh 2y- 1- cos 2x cosh 2y -cos 2x) 
4 

4) (cosh 2B -cos 24) 

ii) tan 0 = tanh B cot A .2 (cosh 2y+ cos 2x) 
Proof 

rcos + i rsin 6 = sin (A + iB) = sin A cosh B + i cos A sinhB 2 = cosh 2y + cos 2x 

'rcos e = sin A cosh B; r sin 6 = cos A sinh B. Eg: If cos (x+ iy) = r (cos 6+i sin 8), Prove that 

Sin (a- 8) y og sin (* +08) r=cos 0+r sin e 
sin A cosh B+ cos A + sinh B Proof: r cos 0 + ir sin 6 = cos x cosh y - i sinx sinh y 
= cos 2A) (1+ cosh 2B) (1 + cos 2A) (1+cosn D r Cos 6 = cos x cosh y; r sin 6 = sin x sinh y 

2 2 2 2 
r sin 6 - Sin x S1nn y tan 6 = - tan * tanh y. 

COS x cosh y r cos e 
(-1+ cosh B - cos 2A + cosh 2B) + 

tcosh 2B- cos A - cos 2A - eosh 28) 
e+e J tanh y = - tan 6 

tan: 
sin 6 cos x - tan 6 cot x = 

4 cos 6 sin x 

2 (cosh 2B- cos 2A) )+(-e 
(+e)-e-e 

sin x cos 6- sin 6 cos x 
sin x cos x + sin cos x 

4 
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1.69
2 sin (x - ) 

sin (r + 06) 1-x = 1 -cos u cosheis+ sin u sinh'r 2e 

sin (-6) - y Osin r +0) 
= i - 2 cos u cosh r + cos*u co»hs 

Sin (r+ 0) 

(1 cos u) tcosh v - 1) 
Eg: If cUs i.x + iy) = cos 0 +i sin 6, prove that sin? =t sin4 

cos . sin 2y sin
6 
x 

= cosh v - 2 cos u cosh t + cos u 
Proof: cos 6 = cOs x CcOsh y; sin 66= Sin x sinh y 

= (cosh u - cos u) 
COsh y =E 

COS Eg: If x+ iy = tan (A + iB), prove that 

rslrsinlhy= COS sins 9 i)+y + 2r cot 24 = 1 
2 cos x sin x 

(i) +y-2r coth 2B+1 = 0 COs x sin x = cos 2 A sin*x - sin 9 cos6 2 

Proof 
(1 - sin a) sinx = (1 - sin 6) sins x - (sin* 6)(1 - sin t xtiy = tan tA + ik1. 21 = tA +iB) - (A -iB) 
sin- sin'r = sin*x - sin 0 sin x sin 9+ sin6 sin? 2A (A -iB) + 1. iB 
sin sin 0c sin x =t sin 6 

X - iy = tan (A - iB) »x +y' = tan (A + iB) tan (A - iB) 
Eg: If cos (u + v) =x + iy where u, v, 2, y as real, Prove that tan (2A) = tan [lA + iB) + (A - iB)] 

i) (+a +y = (cosh u + cos u) tan (A+iB) + tan (A - iB) rt iy) + (-iy) 2x 1- tan (A + iB) tan tA -iB) 1- (x+y) 
2x 

(ii) (1 - x* +y^ = (cosho - cos u 1 (+y 
Proof : x + ty = cUs (u + iv) = cos u cosh v - i sin u sinhv Cot 24 = 1-+y)2r cot 2A = 1 - (t+y) = COS tu cOsh v; y = - sin u sinhhv 

2r 

(+x+y = (1 + cos u cosh u+ sin u sinhs u 
+ +2r cot 2A = 1 

=1 +2 cosu cosh u + cos u cosh u + sin u sinh v 
we have tan (i2B) = tan ( (A + iB) - (A - iB) ) 

=l +2 cos u coshu + cos u cosh" i tanh 2B = -lan (A +iB)-tan (A iB) 
1+ tan (A + iB) tan (A -iB) 

+(l- cosu) (cosh v - 1) 

(+iy)--iy) 12y 
+(a+ y 1++y2 

tanh 2B coth 28 -

=I+2 cOs u cosh v + cos u cosh* u 

+COsh° v - 1 - cos u cosh v + cos" 
cosh' v +2 cos u cosh u + cos 2 

u 

I+a242coth 
28 = l+ t 

2y 
(cosh u +cos u) 2y coth (2B) = 1 +2+ye+y2- 2y coth (2B) +1 =0 
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1.71

Eg: If tan (0 + io) = sin (x t iy), prove that 

20 
coth sinh 20 = cot.x sin 20 

1 (a+B 
Proof: tan (0 + 1¢) = Sin (r + iy) 

2a 
sinh (20) 2x = tann 

sin 20 
cos (20) + cosh 20)cos (20) + cosh (20) 

2a 
Real part =x= tan 1-P= sin x cosh y +i cos u sinh y 

(by earlier result) tan (i2y) = tan [(« + iy) - (x - iy) 

sin 20 

cos 20+ cosh 20 
tan (x+ iy)- tan (x-iy)_ 

i tanh 1+ tan (x + iy) tan (r - 1y) 
sin x cosh y 

sinh (20) and cos 20 + cosh (20¢) 
-(a+iß)-(-iß) 

1+a+2 
CoS X sinhy 

sin x cosh y(sin 26) | (cos 20+ cosh 20) sin (26) 
cos sinh y (sinh 20)| (cos 20 + cosh 20) sinh (20) 

2B 
1+a+ B2 

sin26 
sinh (20) 

2 tanh (2y) =- 
1+a+2 

tan x coth y = 

sin 26 sinh (20) coth y = (sin 20) cot x. 2= tanh| 2a 
tan x 

Eg: Separate into real and 2a 
Im part =y = tanh 2 

I+a+B 
imaginary part of 

tan (a + iB). 

Solution : Let tan *' (a + iß) =x +iy 
EXERCISES 

i)2 ccosh B csinh2B 

a+iß = tan (x + iy)
(1 If (x + iy) = c cos (A - iB). show that 

a-iß = tan (x -iy) 
To find x &y, we use first 2 (ii) 1 2x (x +iy) + (x - iy) ccosA csin A 

i2y = (x +iy) - (x - iy) (2) If cosh u = sec 0, prove that u = log tan 

tan 2x = tan (x + iy)+ (x + iy)] 3) If tan y = tan a tanh B, tan 2 = cot a tanh p 

tan (x + iy)+ tan (x-iy) 1- tan (x+ iy) tan (x - iy) 
Prove that tan (y + 2) = sinh (2 B) cosec(2") 

(4) If cos(a+ iB) = 0 + io, show that

(a+ip)+(0-iB) 1-(a-iß) (a- iß) asech+p2 cosecho=1 
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UNIT I  TRIGONOMETRY 

 

PART - A 
 
1. Prove that Cotix = –i.cothx 

  

 

2. If tanh
2

y
= tan

2

x
 then  evaluate Cosx . Coshy  =  ---------- 

 

 

3. If Sin   =  tanhx, then  Prove that Sinhx = tan  

 

 

4. Prove that Sinh-1x = log  12  xx    

 

5. tanh-1x = log
x

x





1

1
 

 

6. Find the Real Part of Cosech(x+iy)  

 

7. Evaluate 




Cos

Cos3
 

 

8. Find the expansion of Cos2  in terms of Cos is ----------- 

 

 

9. Find the  expansion of Sin2  in terms of Sin  and Cos    

 

10. Evaluate  Cos3  in terms of Sin  and Cos  

 

PART- B 

 

11. Express Sin 6 in a series of Cosines of multiples of   . 

 

12. Express Cos 8 in a series of cosines of multiples of  . 

 

13. Expand Sin  56 .Cos  in a series of cosines of multiples of  . 

 

14. If Cos(x+iy) = r(Cos +iSin ), Prove that y = 
)(

)(
log

2

1









xSin

xSin
. 

 

15. If x+iy = tan(A+iB), prove that 

    (i)  x 12222  AxCoty  

   (ii) 2x + y2-2yCoth2B+1 = 0 

 

16. Separate into real and imaginary part of tan-1( ) i  
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17. If Cos(x+iy) = cos +isin , Prove that sin2x = .sin  

 

18. If y=log tan 









24

x
, Show that tanh

2

y
= tan

2

x
. 

 

19. If Sin(A+iB) = Cos +iSin , Show that 

(i) Cos 2 A = Sinh 2 B, (ii) Cos2A = .Sin  

 

20. If Cos(x+iy) = Cos +iSin , Show that Cos2x+Cosh2y = 2 
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COURSE MATERIAL 

ENGINEERING MATHEMATICS IV 

SMTX1010 

UNIT II –FOURIER SERIES 

TOPICS IN FOURIER SERIES 

Eulers Formula -Dirichlets Conditions – Statement only – change of interval – odd and even 

functions – half range series – RMS value – Parseval’s formula – complex form of Fourier 

series- Harmonic Analysis. 

INTRODUCTION 

The Fourier series is named in honour of Jean-Baptiste Joseph Fourier (1768–1830), 

who made important contributions to the study of trigonometric series, after preliminary 

investigations by Leonhard Euler, Jean le Rond d'Alembert, and Daniel Bernoulli.Fourier 

introduced the series for the purpose of solving the heat equation in a metal plate. Although the 

original motivation was to solve the heat equation, it later became obvious that the same 

techniques could be applied to a wide array of mathematical and physical problems, and 

especially those involving linear differential equations with constant coefficients, for which the 

eigen solutions are sinusoids.Fourier series has many such applications in electrical 

engineering, vibration analysis,  acoustics, optics, signal processing, image 

processing, quantum mechanics, econometrics.  

PRELIMINARIES 

Definitions : 

A function y = f(x) is said to be even,  if  f(-x) = f(x).  The graph of the even function is always 

symmetrical about the y-axis. 

A function y=f(x) is said to be odd,  if f(-x) = - f(x). The graph of the odd function is always 

symmetrical about the origin. 

For example, the function f(x) = x  in [-1,1] is even as f(-x) = xx =−  = f(x) and the function 

f(x) = x in [-1,1] is odd as f(-x) = -x = -f(x).  The graphs of these functions are shown below : 

26



           
 

             Graph of f(x) = x      Graph of f(x) = x 

Note that the graph of f(x) =  x  is symmetrical about the y-axis and the graph of f(x) = x is 

symmetrical about the origin. 

1. If f(x) is even and g(x) is odd, then  
 

• h(x) = f(x) . g(x) is odd 

• h(x) = f(x) . f(x) is even 

• h(x) = g(x) .g(x) is even 
 

For example, 

1. h(x) = x2 cosx is even, since both  x2 and cosx are even functions 

2. h(x) = xsinx is even, since x and sinx are odd functions 

3. h(x) = x2 sinx is odd, since x2 is even and sinx is odd. 

 

2. If f(x) is even, then   ∫ ∫
−

=
a

a

a

dxxfdxxf
0

)(2)(  

 

3. If  f(x) is odd, then  ∫
−

=
a

a

dxxf 0)(  

For example, 
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∫ ∫
−

=
a

a

a

xdxxdx
0

,cos2cos    as cosx is even 

and      ∫
−

=
a

a

xdx ,0sin  as sinx is odd 

PERIODIC FUNCTIONS  

A periodic function has a basic shape which is repeated over and over again.  The 

fundamental range is the time (or sometimes distance) over which the basic shape is defined.  

The length of the fundamental range is called the period. 

A general periodic function f(x) of period T satisfies the condition f(x+T) = f(x) 

Here f(x) is a real-valued function and T is a positive real number. 

As a consequence, it follows that 

f(x) = f(x+T) = f(x+2T) = f(x+3T) = >.. = f(x+nT) 

 Thus,  f(x) = f(x+nT), n=1,2,3,>.. 

The function f(x) = sinx is periodic of period 2π since 

Sin(x+2nπ) = sinx,   n=1,2,3,>>..    

The graph of the function is shown below  : 
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FOURIER SERIES 

A Fourier series of a periodic function  consists of a sum of sine and cosine terms.  

Sines and cosines are the most fundamental periodic functions. 

The Fourier series is named after the French Mathematician and Physicist Jacques 

Fourier (1768 – 1830).  Fourier series has its application in problems pertaining to Heat 

conduction, acoustics, etc. The subject matter may be divided into the following sub topics. 

 

FORMULA FOR FOURIER SERIES 

Dirichlet conditions  

Dirichlet conditions are sufficient conditions for a real-valued, periodic function f(x) to be 

equal to the sum of its Fourier series at each point where f is continuous. Moreover, the 

behavior of the Fourier series at points of discontinuity is determined as well (it is the midpoint of 

the values of the discontinuity). These conditions are named after Peter Gustav Lejeune 

Dirichlet. 

The conditions are: 

• f(x) must be absolutely  integrable over a period. 

• f(x) must have a finite number of   extrema  in any given bounded interval, i.e. there must 

be a finite number of maxima and minima in the interval. 

• f(x) must have a finite number of discontinuities in any given bounded interval, however 

the discontinuity cannot be infinite. 

Let 

∫
+

=
la

a

dxxf
l

a

2

0 )(
1

    (1) 

∫
+








=
la

a

n xdx
l

n
xf

l
a

2

,cos)(
1 π

    ,.....3,2,1=n   (2) 
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∫
+








=
la

a

n xdx
l

n
xf

l
b

2

,sin)(
1 π

    ,......3,2,1=n  (3) 

Then, the infinite series   f(x)= ∑
∞

=








+






+
1

0 sincos
2 n

nn x
l

n
bx

l

n
a

a ππ
  (4) 

is called the Fourier series of f(x) in the interval (a,a+2l).  Also, the real numbers a0,  a1, a2, 

>.an, and b1, b2 , >.bn  are called the Fourier coefficients of f(x).  The formulae (1), (2) and (3) 

are called Euler’s formulae. 

It can be proved that the sum of the series (4) is f(x) if f(x) is continuous at x.  Thus we have                

f(x) = ∑
∞

=








+






+
1

0 sincos
2 n

nn x
l

n
bx

l

n
a

a ππ
>>. (5) 

Suppose f(x) is discontinuous at x, then the sum of the series (4) would be  

[ ])()(
2

1 −+ + xfxf  

where f(x+) and f(x-)  are the values of f(x) immediately to the right and to the left of f(x) 

respectively. 

Some useful results : 

1.   The following rule called Bernoulli’s generalized rule of integration by parts is useful in  

       evaluating the Fourier coefficients. 

  ∫ ++−= .......3

''

2

'

1 vuvuuvuvdx  

Here uu ′′′, ,>..  are the successive derivatives of u and  

  ∫ ∫== ,......, 121 dxvvvdxv  

We illustrate the rule, through the following examples : 
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


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+
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2.    The following integrals are also useful : 
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∫

∫

=bxdxe

bxdxe

ax

ax

sin

cos

3.    If ‘n’ is integer, then 

sin nπ = 0 ,       cosn

Examples  for the interval  (0,2π) and (

1.Expand  ( )
0 0

f x
x xπ π


= 

− ≤ < +
series. 

( )0

01 1 1
0a f x dx dx x dx

π π

π ππ π π− −
= = + −∫ ∫ ∫

 

( )2

0

1
0

2 2

x
π

π π
π

 −
= + = 

−  

 

( )

( )
2 2

1 1
cos 0 cos

sin cos 1 11

na f x nx dx x nx dx

n x nx nx

n n

π π

ππ π

π
π π

−
= = + −

− − − − 
= = 

 

∫ ∫

( )

( )
2

1 1
sin 0 sin

cos sin1 1

nb f x nx dx x nx dx

n x nx nx

n n

π π

ππ π

π
π

−
= = + −

− + 
= = − 

∫ ∫

Therefore the Fourier series for  

( ) ( )
2

1

1 1
cos sin

4
n

n

f x nx nx x
n n

π
π

∞

=

 − −
= + + − < < + 

 
 

∑
 

[ ]

[ ]−
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=

+
+

=
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e

bxbbxa
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e

ax

ax
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sincos

22
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= 0 ,       cosnπ = (-1)n ,        sin2nπ = 0,         cos2nπ=1 

) and (-π, π) 

( )
( )

0 0

0

x

x x

π
π π

− < <

− ≤ < +
  in a Fourier 

( )
0

1 1 1
0a f x dx dx x dx

π π
π

π π π
= = + −∫ ∫ ∫  

2 2

π
 

( )

( )
2 2

0

0

1 1
cos 0 cos

sin cos 1 1
n

a f x nx dx x nx dx

n x nx nx

n n

π

π π
π

π π

π π
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− − − − 
= = 

 

∫ ∫
 

( )

0

0

1 1
sin 0 sin

cos sin1 1

b f x nx dx x nx dx

n x nx nx

n n

π

π π
π

π π
= = + −

 
= = 

 

∫ ∫
 

Therefore the Fourier series for  f (x) is  

( )
1 1 1

cos sin

n

f x nx nx x
n n

π π
 

= + + − < < + 
 
 
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2. Obtain the Fourier expansion of  f(x) = ( )x−π
2

1
 in -π < x < π 

We have, 

 ∫ ∫−
−

−==
π

π

π

π

π
ππ

dxxdxxfa )(
2

11
)(

1
0  

       = ππ
π

π

π

=




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1 2x
x  

 ∫ ∫
− −
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π
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1
 

Here we use integration by parts, so that 
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Using the values of a0 , an and bn in the Fourier expansion 

  ∑ ∑
∞

=

∞

=
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1 1
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n n

nn nxbnxa
a

xf  

we get, ∑
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−
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2
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This is the required Fourier expansion of the given function. 
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3. Obtain the Fourier expansion of f(x)=e-ax  in the interval (-π, π).  Deduce that

 ∑
∞

= +

−
=

2
2 1

)1(2
cos

n

n

n
ech

π
π  

Here, 
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
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
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 bn = ∫
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Thus, 
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=

∞
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−
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−
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For  x=0, a=1, the series reduces to  

 f(0)=1 = ∑
∞
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−
+

1
2 1

)1(sinh2sinh
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π
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or   1 =  ∑
∞

= +

−

2
2 1

)1(sinh2

n

n

nπ
π

  

Thus,  

 ∑
∞

= +

−
=

2
2 1

)1(
2cos
n

n

n
echππ  

 This is the desired deduction. 

 

4. Obtain the Fourier expansion of f(x) = x2 over the interval (-π, π).  Deduce that

∞++++= ......
3

1

2

1
1

6 22

2π
 

Sol: 

The function f(x) is even.  Hence 

 a0 = ∫
−

π

ππ
dxxf )(

1
= ∫

π

π
0

)(
2

dxxf  

 = ∫ 







=

π π

ππ
0 0

3
2

3

22 x
dxx  
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3
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 ∫
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=
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ππ
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1
 

 = ∫
π

π
0

,cos)(
2

nxdxxf    since f(x)cosnx is even 

 = ∫
π

π
0

2 cos
2

nxdxx  

Integrating by parts, we get 
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Also,    ∫
−
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π

ππ
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1
nxdxxfbn        since f(x).sinnx is odd.  
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5.   Obtain the Fourier expansion of   




≤≤−

≤≤
=

πππ
π

2,2

0,
)(

xx
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xf  

Deduce that  ......
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The graph of f(x) is  shown below.    

 

 

Here OA represents the line f(x)=x, AB represents the 

line f(x)=(2π-x) and AC represents the line x=π.  Note 

that the graph is symmetrical about the line AC, which 

in turn is parallel to y-axis.  Hence the function f(x) is an 

even function. 

Here, a0 = ∫
−

π

ππ
dxxf )(

1
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π
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dxxf  
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 since f(x)cosnx is even. 
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 = ∫
π

π
0
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Also, 

 ∫
−
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ππ
0sin)(

1
nxdxxfbn ,  since f(x)sinnx is odd 

Thus the Fourier series of f(x) is  

 [ ] nx
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This is the series as required. 

6. Obtain the Fourier expansion of  

 f(x) = 



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<<−−

π
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0,
 

Deduce that  
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Here,  
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Fourier series is 

 f(x) = [ ] [ ]
∑∑
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Note that the point x=0 is a point of discontinuity of f(x).  Here f(x+) =0, f(x-)=-π at x=0.  Hence 

 ( )
2

0
2

1
)]()([

2

1 π
π

−
=−=+ −+ xfxf  

The Fourier expansion of f(x) at x=0 becomes 
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Simplifying we get, 
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 Change of interval 

7.. Obtain the Fourier series of f(x) = 1-x2 over the interval (-1,1). 

Sol: 

The given function is even,  as f(-x) = f(x). Also period of f(x) is 1-(-1)=2 
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as f(x) cos(nπx) is even  

Here  a0 = ∫
−
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1
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)(2 dxxf  

 = 2 ∫ 
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Integrating by parts, we get 
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dxxnxfbn π     =0,  since f(x)sin(nπx) is odd. 

The Fourier series of f(x) is f(x) = ∑
∞

=
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1
2

1

2
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8.Find the Fourier series expansion for the standard square wave, ( )
( )
( )

1 1 0

1 0 1

x
f x

x

− − < <
= 

+ ≤ < +
 

Sol:    l = 1. 

The function is odd (f (–x) =  – f (x)  for all x). 

Therefore  an = 0  for all n.   We will have a Fourier sine series only. 
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( )( )

0 1

1 0

0 1

1 0

1

1

1
sin sin sin

1

2 1 1cos cos

n

n

b f x n x dx n x dx n x dx
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∫ ∫ ∫
   (can use symmetry) 

9.  Obtain the Fourier expansion of  
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Sol: 

The period of f(x) is 3
2

3

2

3
=







 −−  

Also       f(-x) = f(x).    Hence f(x) is even. Thus nb =0. 
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Also,  ∫
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putting x=0, we get 

 f(0) = [ ]∑
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( ) ( ) ( )
1 1

1 12 4 1
sin sin 2 1

2 1
n k

n

f x n x k x
n k

π π
π π

∞

= =

∞  − −  ⇒ = = −     −  
∑ ∑  

10. Find a Fourier series for f (x) = x, 0 < x < 4, f (x + 4) = f (x).  

Sol: 
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HALF-RANGE FOURIER SERIES 

The Fourier expansion of the periodic function f(x) of period 2l may contain both sine and 

cosine terms.  Many a time it is required to obtain the Fourier expansion of f(x) in the interval 

(0,l) which is regarded as half interval.  The definition can be extended to the other half in such 

a manner that the function becomes even or odd.  This will result in cosine series or sine series 

only. 

Half Range Sine series : 

Suppose f(x)  is given in the interval (0,l).  Then Half range sine series of f(x) over (0,l) is given 

by 

∑
∞

=








=
1

sin)(
n

n
l

xn
bxf

π
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





=
l
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l
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xf

l
b

0

sin)(
2 π

 

The half-range sine series of f(x) over (0,π) given by 

∑
∞

=

=
1

sin)(
n

n nxbxf

 

                    ∫=
π

π
0

sin)(
2

           where nxdxxfbn  
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Half Range cosine series : 

The half-range cosine series of f(x) over (0,

= 0

2
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∫
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  Sol: 

Evaluating the Fourier cosine coefficients, 
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range cosine series over (0, π) I given by 

 

 

 

 

 

 

|in  [–1, 1]  . 

Evaluating the Fourier cosine coefficients,  
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and 
1

2
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1

0
0

2
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1
a x dx x = = = ∫  

 

Evaluating the first few terms,  
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Therefore the Fourier cosine series for  f (x) = x  on [0, 1] (which is also the Fourier series for  f 

(x) = | x |  on [–1, 1] ) is  
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Problems 

1. Expand f(x) = x(π-x) as half-range sine series over the interval (0,π). 

Sol: 

We have, 

∫

∫
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π
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Integrating by parts, we get 
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The sine series of f(x) is 
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2. Obtain the cosine series of 










<<−

<<
=

π
π

π

π

xx

xx

xf

2
,

2
0,

)(  ),0( πover  

Sol: 

Here 














−+=

=













−+=

∫ ∫

∫ ∫

2

0
2

2

0
2

0

cos)(cos
2

2
)(

2

π
π

π

π
π

π

π
π

π
π

π

nxdxxnxdxxa

dxxxdxa

n

 

Performing integration by parts and simplifying, we get 
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Thus, the Fourier cosine series is 
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
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3. Obtain the half-range cosine series of f(x) = c-x in 0<x<c 

Sol: 
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Here  ∫ −=
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Integrating by parts and simplifying we get,

[n
n

c
a 1(1

2
22

−−=
π

The cosine series is given by  f(x) = 

4.Find the Fourier sine series and the Fourier cosine series for  

Sol: 

f (x) = x  happens to be an odd function of 

extension of  f (x)  to the interval  [

 

Evaluating the Fourier sine coefficients, 

(
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Find the Fourier sine series and the Fourier cosine series for  f (x) = x  on [0, 1

happens to be an odd function of x for any domain centred on x

)  to the interval  [–1, 1]  is  f (x)  itself. 

Evaluating the Fourier sine coefficients,  
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Therefore the Fourier sine series for  f (x) = x  on [0, 1] (which is also the Fourier series for  
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x = 0.   The odd 

on [0, 1] (which is also the Fourier series for  f 
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or 
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2 3 4
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π π π
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π
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4.Find Fourier sine and cosine series of  f(t) = t; 0 <t<π. 

Sol: 

Fourier sine series of f(x) is given by  
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5. Expand  f(x) = cos x,  0 < x < π  in a Fourier sine series.   
     Sol.    Fourier sine series is  
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Root Mean Square Value(RMS value) 
 

The RMS value of a function  f(x)  in  (a,b)  is defined by    
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 Parseval’s Identity For Fourier Series 
 

The Parseval’s identity for Fourier series in the interval (c, c + 2l) is 
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          The Parseval’s identity for Fourier series in the interval (c, c + 2π) is 
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 Where ao,an,bn are Fourier coefficients. 

 
1. Expand   f(x) = x – x2   as a Fourier series in  –l < x < l  and using this series find the root 
square mean value of  f(x) in the interval.  

Sol.   Fourier series is  
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                       Using Parseval’s identity for half range Fourier cosine series we have 
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Question Bank 
FOURIER SERIES 

UNIT II 

PART A 

 

1. What is the value of  bn when the function f(x)=cosax is expanded as a Fourier series  

in (-, )? 

2. State Dirichlet conditions for a function to be expanded as a Fourier series. 

3. If  f(x) = x2 in -  x  , find nb  

4. Write the complex form of Fourier series of f(x) in 0<x<2. 

5. Find the Fourier sine series for the function f(x)=k, 0<x< 

6. Find  a0 in the Fourier series corresponding to f(x) =x in 0  x  2              

7. If f(x) = 
inx

nec




 is the complex form of the Fourier series corresponding to f(x) in  

(0,2 ), write the formula for cn. 

8. Write the formulas for finding the Euler’s constants in the Fourier series expansion of  

f(x) in (-, ). 

9. Find  a0 in the Fourier series corresponding to f(x) =x2 in 0  x  2             

10. find the Fourier series for the function f(x) =k in 0  x  2            What is the value of  bn 

when the function f(x)=x2  expanded as a Fourier series  

in (-, )? 

11. State Dirichlet conditions for a function to be expanded as a Fourier series. 

12. If  f(x) = sinx in -  x  , find an 

13. Write the complex form of Fourier series of f(x) in 0<x<l. 

14. Find the Fourier cosine series for the function f(x)=k, 0<x< 

15. State parseval’s identity on Fourier series  

16. If f(x) = 
inx

nec




 is the complex form of the Fourier series corresponding to f(x) in  

(0,2 ), Write the formula for Cn. 

17. Write the formulas for finding the Euler’s constants in the Fourier series expansion of  

f(x) in (-, ). 

18. Find  the root mean square value of the function f(x) = x in the interval (0,1).    

19.  Define Harmonic analysis. 

  

 PART B 

1. Obtain the Fourier Series for 2)( xxxf   in (-, ). Deduce that 
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2. Expand the function xxxf sin)(   as a Fourier series in the interval 20  x . 
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3. Express f(x) = x in half range cosine series in the range 0 < x < 1 and deduce 

the value of 

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4. Obtain the Fourier series of xxf cos)(   in -  x   

5. (a) Find the complex form of Fourier series for f(x) = e-ax in the interval 

      – 1 ≤ x ≤ 1. 

     (b) Expand f(x) = 2x – x2, 0 < x < 3 as a half range sine series. 
 

6. Find the Fourier series expansion of the periodic function f(x) of period 2, defined by 

f(x)=





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 Deduce that




1

2

2 8)12(

1 

n
  

 

7. Obtain Fourier series for f(x)=








lxl

lxxl

2,0

0,
  . Hence deduce that        

 
8

.......
7

1

5

1

3

1
1)(


i       

8
..........

5

1

3

1

1

1
)(

2

222


ii

           

8. Compute the first two harmonics of the Fourier series of f(x) given by the following table.

  

X 0 
3

  
3

2  π 
3

4  
3

5  π 

f(x) 10. 1.4 1.9 1.7 1.5 1.2 1.0 

  

9. Find the Fourier series of f(x) = x2 in the interval (-≤X≤)  and deduce 6/
1 2

1
2




n
 

10. Obtain the first two harmonics in the Fourier series expansion in (0,6) for the function 

y = f(x) defined by the table given below. 

X 0 1 2 3 4 5 

Y 9 18 24 28 26 20 
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UNIT III PARTIAL DIFFERENTIAL EQUATIONS 
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SUBJECT NAME: ENGINEERING MATHEMATICS III 

(Common to ALL branches except BIO GROUPS, CSE & IT) 

SUBJECT CODE: SMT1201 

COURSE MATERIAL 

UNIT IV PARTIAL DIFFERENTIAL EQUATIONS 

 

 

Formation of equations by elimination of arbitrary constants and arbitrary functions - Solutions 

of PDE - general, particular and complete integrals - Solutions of First order Linear PDE ( 

Lagrange’s linear equation ) - Solution of Linear Homogeneous PDE of higher order with 

constant coefficients. 

 

INTRODUCTION 

 A partial differential equation is an equation involving a function of two or more 

variables and some of its partial derivatives. Therefore a partial differential equation contains one 

dependent variable and more than one independent variable 

Notations in PDE 

p = ∂z/∂x     q = ∂z/∂y     r = ∂2z/∂x2        s = ∂2z/∂x∂y     t = ∂2z/∂y2         

Formation of partial differential equations: 

There are two methods to form a partial differential equation. 

(i) By elimination of arbitrary constants. 

(ii) By elimination of arbitrary functions. 

 

Formation of partial differential equations by elimination of arbitrary constants: 

1. Form a p.d.e  by eliminating the arbitrary constants a and b from   Z=(x+a)2+(y-b)2 

       Solution: 

                Given Z= (x+a)2+(y-b)2    
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                           P =
x

z




 = 2(x+a)  ,       ie)  x+a = 

2

p
 

               q =
y

z




 = 2(y-b)   ,       ie)  y-b =

2

q
 

    

22

22
)1( 



















qp
z  

                      z  = 
44

22 qp
  

                        4z = p2+q2       

                which is the required p.d.e. 

 

2. Find the p.d.e of all planes having equal intercepts on the X and Y axis. 

     Solution: 

     Intercept form of the plane equation is  1
c

z

b

y

a

x
. 

          Given :  a=b.  [Equal intercepts on the x and y axis] 

 
1

c

z

b

y

a

x

..   (1) 

         Here a   and c are the two arbitrary constants. 

          Differentiating (1) p.w.r.to ‘x’ we get 

           0
1

0
1







x

z

ca
 

               0
11

 p
ca

. 

                         p
ca

11
 .    (2) 

          Diff (1) p.w.r.to. ‘y’ we get  
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        0
11

0 





y

z

ca
. 

                0
11

 q
ca

 

                 q
ca

11


    
(3) 

            From    (2) and (3)   - q
c

p
c

11
  

                        p = q   ,which is the required p.d e.     

 

3. Form the p.d.e by eliminating the constants a and b from z = axn+byn. 

    Solution:          

          Given:   z = axn+byn.     (1) 

                  P =
x

z




 = anxn-1 

                            

n

p
= axn-1 

              Multiply ‘ x’ we get, n

px
= axn     (2) 

                  q  = 
y

z




= bnyn-1 

                    n

q
 = byn-1 

            Multiply  ‘ y’   we get , n

qy
 =byn    (3) 

           Substitute (2) and (3) in (1) we get the required p.d.e   z = n

px
+ n

qy
 

             zn = px+qy. 
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Formation of partial differential equations by elimination of arbitrary functions: 

1. Eliminate the arbitrary function f from z= 








x

y
f   and   form a partial differential 

equation. 

         Solution: 

                 Given  z =  








x

y
f       (1) 

             Differentiating   (1) p.w.r.to   ‘x’  we get 

                  P  =
x

z




= 







 










2x

y

x

y
f       (2) 

              Differentiating  (1)  p.w.r.to  y  we get 

            q = 
y

z




= 


















xx

y
f

1

    

(3) 

      
x

y

q

p 


)3(

)2(
 

                       px = -qy 

             ie)      px+qy =  0  is the required   p.d.e. 

 

2. Eliminate the arbitrary functions f  and g from  z = f(x+iy)+g(x-iy)  to obtain a partial 

        differential equation involving z,x,y. 

       Solution: 

   Given :  z = f(x+iy)+g(x-iy)        (1) 

    P =
x

z




= f ′(x+iy)+g ′(x-iy)       (2) 

q = 
y

z




=i f ′(x+iy)-ig ′(x-iy)     (3) 
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r =
2

2

x

z




 = f″(x+iy)+g″(x-iy)    (4) 

        t = 
2

2

y

z




= -f″(x+iy)-g″(x-iy)    (5) 

              r + t = 0    is the required p.d.e. 

3. Form the p.d.e by eliminating arbitrary function  from the relation  

0),( 222  zyxxyz  

Solution: 

The pde is obtained from 0
















y

v

y

u
x

v

x

u

 

0
22

22






zqyxyqxz

zpxxypyz
 

(yz+xyp)(2y+2zq)-(xz+xyq)(2x+2zp)=0   

 

SOLUTION OF PDE 

Complete solution: A solution which contains as many arbitrary constants  as there  are 

independent   variables  is called a complete integral (or)complete  solution.(number of arbitrary 

constants=number of independent variables) 

Particular solution: A solution obtained by giving particular values to the arbitrary constants in 

a complete integral is called a particular integral (or) particular solution. 

General solution:  A solution of a p.d.e which contains the maximum possible number of 

arbitrary functions is called a general integral (or) general solution. 

1. Find the general solution of   
2

2

y

z




= 0 

      Solution: 

              Given     
2

2

y

z




= 0 
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              ie)  0
















y

z

y
 

        Integrating w.r.to ‘y’ on both sides  

            
y

z




= a (constants) 

            ie) 
y

z




=f(x) 

    Again integrating w.r.to ‘y’ on both sides. 

            z = f(x) y + b which is the required solution. 

Lagrange’s linear equations: 

The equation of the form     Pp + Qq = R  is known as Lagrange’s equation, where P, Q and R 

are functions of x, y and z. To solve this equation it is enough to solve the subsidiary equations. 

 dx/P = dy/Q = dz/R    

If the solution of the subsidiary equation is of the form u(x, y, z) = c1 and v(x, y, z) = c2 then the 

solution of the given Lagrange’s equation is Φ(u, v) = 0. 

To solve the subsidiary equations we have two methods: 

 1     Method of Grouping:               

                Consider the subsidiary equation dx/P = dy/Q = dz/R..Take any two members say first 

two or last two or first and last members. Now consider the first two members dx/P = dy/Q. If P 

and Q contain z (other than x and y) try to eliminate it. Now direct integration gives u(x, y) = c1. 

Similarly take another two members dy/Q = dz/R. If Q and R contain x(other than y and z) try to 

eliminate it. Now direct integration gives v(y, z) = c2 . Therefore solution of the given Lagrange’s 

equation is Φ(u, v) = 0. 

 

1. Solve px + qy = z 

Solution: 

      The Lagrange's eqn is Pp + Qq = R 

   and the auxilliary eqn. is
R

dz

Q

dy

P

dx
  

65



           ie
 z

dz

y

dy

x

dx
      (1) 

Taking the first two ratios, 

               
y

dy

x

dx
   

Integrating, logx = logy + loga 

   a
y

x
        (2) 

Similarly, taking last two ratios of eqn (1), 

             
z

dz

y

dy
  

Integrating, logy = logz + logb 

   b
z

y
        (3) 

Eqns (2) and (3) are independent solns of (1). 

Hence the complete soln of the given eqn. is φ(u,v)=0 

      ie;  0, 








z

y

y

x
  

Method of  multiplier’s             

                

  Choose any three multipliers l, m, n may be constants or function of x, y and z such that 

in
nRmQlP

ndzmdyldx

z

dz

y

dy

x

dx




       

the expression lP + mQ + nR = 0. Hence    ldx + mdy + ndz = 0    

[ since each of the above ratios equal to a constant )(sayk
nRmQlP

ndzmdyldx

z

dz

y

dy

x

dx





  

)( nRmQlPkndzmdyldx   
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If  0 nRmQlP  then 0 ndzmdyldx ] 

Now direct integration gives u(x, y, z) = c1. 

similarly choose another set of multipliers l′, m′, n′ 

RnQmPl

dzndymdxl

z

dz

y

dy

x

dx




  

  the expression RnQmPl   = 0 

therefore dzndymdxl   = 0 (as explained earlier) 

Now direct integration gives v(x, y, z) = c2. 

Therefore solution of the given Lagrange’s equation is Φ(u, v) = 0. 

 

1. Solve )()()( 222222 yxzqxzypzyx   

Solution: 

The Lagrange's eqn is Pp + Qq = R 

   and the auxilliary eqn. is
R

dz

Q

dy

P

dx
  

)()()( 222222 yxz

dz

xzy

dy

zyx

dx








 

Taking multpliers as x,y,z;  

 
)(

)()()()()( 222222222222222
sayk

yxzxzyzyx

zdzydyxdx

yxz

dz

xzy

dy

zyx

dx















 

))()()(( 222222222 yxzxzyzyxkzdzydyxdx   

zdzydyxdx  =0                                                          

Integrating , 
2222

222 czyx
                                                     

ie;  x2 + y2 + z2 = c      
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u = x2 + y2 + z2        (1) 

Again taking the multipliers as 1/x,-1/y,-1/z,  

 
)(

)()()(

111

)()( 222222222222
sayk

yxxzzy

dz
z

dy
y

dx
x

yxz

dz

xzy

dy

zyx

dx

















  

)()()(
111 222222 yxxzzykdz

z
dy

y
dx

x








 

dz
z

dy
y

dx
x

111 



 =0 

            Integrating, log x- log y- log z= log C’ 

               c
yz

x
     

  v = 
yz

x
         (2) 

  solution is 0),( 222 
yz

x
zyx  

Homogeneous Linear partial differential equations: 

Equation of the form ),(.........
1

1

10 yxF
y

z
a

yx

z
a

x

z
a

n

n

nn

n

n

n



















 

F (x, y) = [a0 D
n + a1 D

n-1 D′ + a2 D
n-2 D′2 + ……. + anD′n]z   

where D = ∂/∂x and D′ = ∂/∂y 

 

Solution of Homogeneous Linear partial differential equations: 

 The Complete solution consists of two parts namely complementary function and 

particular integral.  

i.e ) Z = C.F + P.I                                          
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To find the Complementary function (C.F.): 

The complementary function is the solution of the equation 

                        a0 D
n + a1 D

n-1 D′ + a2 D
n-2 D′2 + ……. + anD′n = 0. 

In this equation, put D = m and D′ = 1 then we get an equation, which is called auxiliary 

equation.Hence the auxiliary equation is  

a0 m
n + a1 m

n-1  + a2 m
n-2 + ……. + an  

 = 0. 

Let the root of this equation be m1, m2, m3,……….. mn. 

Case 1: If the roots are real or imaginary and different say m1 ≠ m2 ≠  m3 ≠……..  ≠ mn. then the  

 C.F. is Z = f1 (y + m1x) + f2 (y + m2x) +……… + fn (y + mnx)  

Case 2: If any two roots are equal, say m1 = m2 = m, and others are different then the C.F. is 

                          Z = f1 (y + mx) + xf2 (y + mx) + f3 (y + m3x) +……… + fn (y + mnx)  

Case 3: If three roots are equal, say m1 = m2 = m3 = m,  then the C.F. is 

                          Z = f1 (y + mx) + xf2 (y + mx) + x2f3 (y + mx) +……… + fn (y + mnx) . 

  

To find the Particular Integral: 

Rule1: If F(x, y) = eax+by  then 

           P.I.  = 
 

byaxe
DD



,

1


  

                   = 1 / Φ (a, b). eax+by   provided Φ (a, b) ≠ 0 [Replace D by a and D′ by b] 

           If   Φ (a, b) = 0 refer rule 4. 

  

Rule2: If F(x, y) = sin (mx + ny) or cos (mx + ny) then  

           P.I.  = 
 

)cos(         )sin(
,

1
nymxornymx

DD



  

         Replace D2 by –m2, D′2 by –n2 and DD′ by –mn in provided the denominator is 

not equal to zero. If the denominator is zero refer rule 4. 
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Rule3: If F(x, y) = xm yn 

           P.I.  = 
 

nm yx
DD ,

1


 

                           =  [Φ (D, D′)]-1 xm yn 

Expand [Φ (D, D′)]-1    by using binomial theorem and then operate on xm yn 

Note: 1/ D denotes integration w.r.t x, 1/ D′ denotes integration w.r.t y. 

  

Rule4: If F(x, y) is any other function, resolve Φ (D, D′) in to linear factor say (D – m1 D′) 

 (D – m2 D′) etc. then the P.I. = 
  

),(
1

21

yxF
DmDDmD 

 

Note:1 

 
 

),(
1

yxF
mDD 

  =  ∫ F(x, c-mx) dx, where y = c-mx. 

Note:2 

If the denominator is zero in rule (1) and (2) then apply Rule (4) 

 

1. Solve  (D2-2DD′+ D′2)z = 0 

       Solution: 

              Given   (D2-2DD′+ D′2) z = 0 

            The auxiliary eqn is m2-2m+1=0 

             ie) (m-1)2 =0 

        m =1,1 

   The roots are equal. 

       C.F = f1(y+x)+xf2(y+x) 

Hence    z = C.F 

    z  = f1(y+x)+xf2(y+x). 
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2. Solve   (D4-D′4)z = 0 

       Solution: 

             Given   (D4-D′4) z = 0 

             The auxiliary equation is   m4-1= 0 

            [Replace D  by m  and D′  by 1] 

            Solving   (m2-1) (m2+1) = 0 

                 m2-1=0     ,          m2+1 =0 

                   m2 =1        ,           m2 = -1 

                      m =±1     ,             m = ± 1 = ± i 

                     ie)m =1,-1,i,-i 

                     The solution is  z = f1(y+x)+ f2(y-x)+f3(y+ix)+f4(y-ix). 

3. Find the P.I of   
xeyDDD  ]4[ 2
 

       Solution: 

         P.I = 
xe

DDD  4

1
2

 

            =  
yxe

DDD

0

2 4

1 


 

             = 








 )0)(1(41

1xe   Replace D  by 1 and  D by 0 

              = ex . 

 Solution is y = ex . 

4. Solve yxe
y

z

yx

z

x

z 2

3

3

2

3

3

3

43 













 

Solution: 

             The symbolic form is yxezDDDD 2323 )43(                                                                                                                                                         
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            A.E is m3 – 3m2 +4 =0 

            m = -1 , 2 ,2 

            C.F is z =  f1(y-x) + f2(y+2x) +x f3(y+2x) 

  P.I  =   yxe
DDDD

2

3123 43

1 


         

   = yxe 2

)8)(4()2)(1)(3(1

1 



                       

   = 
yxe 2

27

1 
           

The complete solution is  

                z =    f1(y-x) + f2(y+2x) +x f3(y+2x) + 
yxe 2

27

1                               

                                                 

5. Solve ]2[ 22 DDDD   z = cos(x-3y). 

       Solution: 

           Given  ]2[ 22 DDDD  z = cos(x-3y). 

           The auxiliary  equation  is  m2-2m+1=0 

          (m-1)2 = 0 

          m =1,1 

           C.F = f1(y+x)  + xf2(y+x). 

                     P.I  = )3cos(
2

1
22

yx
DDDD




 

                           = 
9)3(21

)3cos(



 yx
 

                        = )3cos(
16

1
yx 


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         The complete solution is   Z = f1(y+x) + xf2(y+x) - 
16

1
cos(x-3y) . 

6. Solve  yx
y

z

yx

z

x

z















2

22

2

2

23  

Solution: 

           The symbolic form is yxzDDDD  ]23[ 22
  

                A.E is m2 + 3m +2 =0 

                 m = -1 , -2 

                 C.F is z =  f1(y-x) + f2(y-2x)  

 

                              P.I  =   yx
DDDD


 22 23

1
                                    

 

                          =     yx

D

D

D

D
D










 




2

2
2 23

1

1
    

   = yx
D

D

D

D

D








 





1

2

2

2

23
1

1
 

     

   = yx
D

D

D

D

D















 .......)
23

(1
1

2

2

2
 

   = 
yx

D

D

D








 


3
1

1
2

 

                                                                                          

                                             = 










 )(

3
)(

1
2

yx
D

D
yx

D  
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   = 
 xyx

D
3)(

1
2


 

   = 
 xy

D
2

1
2


 

   = 
 xyx

D
3)(

1
2


 

   = 
 xy

D
2

1
2


 

 

   = 
32

32
xyx

  

The complete solution is  

                               z =  f1(y-x) + f2(y-2x) + 
32

32
xyx

  

7. Solve xy
y

z

yx

z

x

z
cos6

2

22

2

2















 

Solution: 

The symbolic form is xyzDDDD cos]6[ 22   

             A.E is m2 + m -6 =0 

                        m = -3 , 2 

                  C.F is z =  f1(y-3x) + f2(y+2x)  

  P.I = xy
DDDD

cos
6

1
22   

   = 
xy

DDDD
cos

)2)(3(

1

  

   = 
  dxxxc

DD
  cos2

)3(

1
 

  
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   = 
  dxxxxc

DD
  ]sin2sin2[

)3(

1
 

  

   = 
  ]cos2sin)22[(

)3(

1
xxxxy

DD


  

   = 
  ]cos2sin[

)3(

1
xxy

DD



 

                                     =     ]cos2sin)3[( dxxxxc   

   = 2sinx  -3sinx3x)cosx3x-(y   

                            = -ycosx + sinx 

                          The complete solution is  

                               z =    f1(y-3x) + f2(y+2x) – ycosx+sinx 
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UNIT III 

PARTIAL DIFFERENTIAL EQUATIONS 

PART A 

1. Form the partial differential equation from z = (x-a)2 + (y-b)2 +1 by eliminating  

 a and b. 

2. Find the partial differential equation by eliminating arbitrary constants a & b . 

 from z = (x+a)(y+b) 

3. Write the complete integral for the partial differential equation  z = px +qy +pq . 

4. Find the complete solution of z = px + qy + p2q2 

5. Form the p.d.e by eliminating the arbitrary function from  z = f(x2 + y2). 

6. Find the particular integral of  ( D2- 6DD′ +9D′2)z = cos (3x+y). 

7. Solve ( D4 – D′4 )z = 0. 

8. Find the particular integral of (D2 – DD’)z = sinxcos2y. 

9. Find the complete integral of p + q = pq. 

10. Solve   .023 323  zDDDD  

 

 

 

 

PART B 

 

1.  Find the singular integral of the PDE z  =  px + qy + p2- q2. 

 

2.    Form the partial differential equation by eliminating the arbitrary functions ‘f ’                                                                

and ‘g’ in z = f(2x + y)  +  g(3x-y) 

 

3.   Solve( D2 + DD’– 2 D’2 )z = e 2x + y   + sin(x+y). 

4. Solve : (x2-yz)p + (y2- zx) q = z2 – xy. 

5. Solve : x(y2 +z2 )p + y( z2 +x2 )q = z(y2 – x2 ) . 

6. Solve (D2 – 6DD’ + 5D’2)z = ex sinhy. 

7. Solve (mz – ny) p + (nx – lz) q = ly – mx. 

8. Solve (D2 + 4DD’ – 5D’2)z = x + y2 + . 

9. Solve .cos6
2

22

2

2

xy
y

z

yx

z

x

z















 

10. Find the general solution  of  x(z2 – y2) p + y (x2 – z2)q = z(y2 – x2)  
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UNIT IV NUMERICAL INTERPOLATION 
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NUMERICAL METHODS 

5.1  Difference Operators  

5.2 Newton’s Forward Interpolation Formula 

5.3 Lagrange’s Interpolation  

5.4  Numerical Integration 

5.5  Difference Equations  
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5.1 DIFFERENCE OPERATORS 

FORWARD DIFFERENCE OPERATOR (Δ): 

Δf(x) = f(x+h) – f(x) 

SHIFTING OPERATOR(E): 

Ef(x)=f(x+h) 

RELATIONS BETWEEN DIFFERENCE OPERATORS  

We note that  

 

Thus,  

 

 

5.2 NEWTON FORWARD INTERPOLATION FORMULA 
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PROBLEM 1 
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PROBLEM 2 
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PROBLEM 3 

Apply third degree polynomial  for the set of values given by to estimate the value of f(10.3) by 

taking  
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5.3 LAGRANGES INTERPOLATION FORMULA 
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PROBLEM 1 

 

 

SOLUTION: 

 

 

5.4 NUMERICAL INTEGRATION 

TRAPEZOIDAL RULE FOR INTEGRATION: 
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UNIT   IV 

             NUMERICAL INTERPOLATION 

PART A 

1. Using Newton-Raphson’s formula find an iterative formula To find n  , where n is a  

      positive  number. 

2.   Show that a root of x 3  – 6x – 13 = 0 lies between 3 and 4 and give the first approximation 

      by N-R method. 

3.  Write Newton’s Forward difference formula to find dy/dx, d2y/dx2, for y = f(x). 

4. Write Simpson’s 1/3rd  rule and Simpson’s 3/8th  rule to integrate 
b

a
dxxy )(  

 

5.  Write the order of converge for the Newton Raphson Method. 

6.  What is the condition for convergence in solving systems of equations using iterative 

methods? 

7. Form the difference table for the sequence 2, 9, 28, 65, 126, 217. 

8.  State Newton – Raphson formula for iteration. 

9.   State the condition for convergence of Gauss – Seidel method. 

10.  State Newton’s backward difference interpolation formula. 

11.   State Trapezoidal rule. 

12.  State the Criteria for the convergence conditions for Newton’s method. 

13.   Write the Newton’s forward Interpolation formula. 

14.  Define Simpson’s 3/8th  rule in Numerical Integration. 

15.  Write an iterative formula for finding a root of an equation by Newton Raphson’s 

method. 

16.  State Newton’s forward formula for first and second derivatives at x = x
0
. 

 17. Why is Trapezoidal rule so called? 

 

 

PART B 

 

1.Solve by Gauss elimination method x – 3y – z = -30, 2x – y – 3z = 5, 5x – y – 2z = 142. 

2.. Solve by Gauss Seidal method 3x + y – z - w = 0, x + 3y - z + 2w +3= 0, -2x + 2y + 3z -

2w = 4, 

      x + 2y + z -5w + 1 = 0. 

3.. Find the first and second derivative of the function at x = 15 from the 

table given below 

X:  15  17  19      21    23   25 

Y:        3.873        4.123   4.359  4.583   4.796    5.000 

4. The velocity of a train which starts from rest is given by the following table time being 

reckoned in minutes from the start and speed in miles per hour. 

  Minutes   : 2  4  6  8  10  12  14  16  18  20 

Miles / hr :        10  18  25  29  32  20  11  5  2  0 

5. Find the negative root of x
3
 – 4x +9 = 0 by Regula falsi method. 

6. Solve 8x - 3y + 2z = 20, 4x + 11y – z = 33, 6x + 3y + 12z =35 by Gauss Seidel Method.  

7. From the following table estimate y value at x = 46. 

X :    45     50     55    60  65 

y : 114.84   96.16  83.32    74.48   68.48 
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8. Evaluate 


0

sin dxx  using Simpsons 1/3rd   rule by taking ten equal intervals. 

9.  Evaluate 
2.5

4

log dxxe  by  

   (a) Trapezoidal rule 

 (b) Simpson’s rule taking h=0.2 

10. Find the positive root of x3 - x = 1 correct to four decimal places by N-R method. 

 

11. Solve the following system by Gauss – Jacobi method: 

       10x - 5y - 2z = 3; 4x -10 y + 3z = -3; x + 6 y +10z = -3 

12.Using Newton’s interpolation formulae find the values of y at x = 21 and x = 28 from the 

following  

X     20      23      26     29 

 Y 0.3420  0.3907  0.4384  0.4848 

  

13. Evaluate
x

dx

 1

6

0
 

  a) Trapezoidal rule  (b) Simpson’s rules by dividing the range in to six equal parts. 

14.  Find a real root of 2x3 + 3x – 10 = 0 correct to four decimal place using Newton’s 

method 

15. Solve 2x + 3y + 3z = 10 3x – y + 2z = 13, x + 2y + z = 3 by Gauss Jordan method. 

 

16. Find a positive root of xex = cos x  correct to 3 decimal places using Newton’s method. 

17. Solve the equations : 4x – 2y + z = 3 3x + 9y – 2z = 10 4x + 2y + 13z = 19 

      by using Gauss Seidel method. 

18.   Construct a polynomial for the data given below. Also find the value of y(x = 5) 

 

     X  4  6  8  10 

 Y  1  3  8  16 

19.  Find  

1

0 21 x

dx
by Trapezoidal rule by taking h = 0.25 and hence find the approximate 

value of  . 

20.  Find the rate of change of pressure corresponding volume when V = 2 from the 

following table 

      V  2      4  6     8  10 

 P  105 42.7  25.3  16.7  13 

21. Find a real root of 2x3 + 3x – 10 = 0 correct to four decimal place using Newton’s 

method 

 22. Find a positive root of xex = cos x correct to 3 decimal places using Newton’s method. 

 23.Solve the equations : 4x – 2y + z = 3;  3x + 9y – 2z = 10; 4x + 2y + 13z = 19 

 by using Gauss Seidel method. 

24. Construct a polynomial for the data given below. Also find the value of y(x = 5) 

 X  4  6  8  10 

 Y  1  3  8  16 

25.Find a root of the equation x3 – 4x – 9 = 0 using the  Regula falsi method in four stages. 

(4) 

26. Solve the equation x + 2y + z = 3; 2x + 3y + 3z = 10 and 3x – y + 2z = 13 by using 

     Gauss – Jacobi’s   method. 
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27.  Find the root of cosx – xex = 0 by N-R method correct to three decimal places. 

28. Using   Gauss Seidel method, solve the system of equations 

 2x – 6y + 8z = 24, 5x + 4y – 3z = 2, 3x + y + 2z = 16 

29. Using Newton’s forward and backward interpolation formula, 

     find y(43) and y(84) from the following data: 

 x     40  50    60   70    80   90 

 y  184 204 226 250 276 304 
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UNIT V NUMERICAL DIFFERENTIATION AND INTEGRATION 
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5.5 DIFFERENCE EQUATION 

It is the relation between the dependent variable, independent variables and successive 

terms of the dependent variable. 

Order & Degree of the Difference Equation: 

Order of the difference equation is the difference between the highest and lowest subscript. 

Degree is the highest power in the difference equation. 
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Linear Difference Equation: 
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Example 1: 

Form the difference equation given yn=(An+B)3n 
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Example 2: 

Solve yx+3  - 2yx+2 - yx+1  + 2yx=0 
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Example 3: 

Solve yx+2 - yx+1  + yx=0   
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Example 4: 
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Example 5: 
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Example 6: 
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UNIT-V 
NUMERICAL DIFFERENTIATION AND INTEGRATION 

 
      PART-A 
 

1.Write down the Crank-Nicholson difference formula. 
 

2.Write down the Explicit scheme to solve one dimensional wave  

Equation. 
    
3.Define a difference quotient. 

 
4.Write down standard five point formula in solving Laplace equation over a region. 

 

5.Classify the following partial differential equation 042  yyxyxx fff . 

 
6. Write down the difference scheme for poisson equation. 

 

7.Express xxu  and  yyu  in terms of difference quotient. 

 

8.Classify the partial differential equation 0 yyxx yfxf ,x>0 ,y>0. 

 
9.Write down diagonal five point formula in solving laplace equation over a region. 

 
10.Write Bender-Schmidt recurrence equation. 
 

 
 

 

PART-B 
 
 

11.Solve 0 yyxx uu  over the square mesh of side 4 units satisfying the following 

boundary conditions. 

(i) u(0,y)=0 for 0y4    (iii) u(x,0)=3x for 0x4 

(ii) u(4,y)=12+y for 0y4  (iv) u(x,4)=
2x  for 0x4 

 

12a)  Solve 025  ttxx uu  for u at the pivotal points given u(0,t)=u(5,t)=0 

     0)0,( xut and u(x,0)= 








55.2,210

5.20,2

xx

xx
  

for one half period of vibration. 
 

b) Using Bender-Schmidt method ,solve 02
2

2











t

u

x

u
 given     

u(0,t)=u(4,t)=0,u(x,0)=x(4-x).Assume h=1.Find the values of ‘u’ upto t=5. 
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40 

50 

20 

30 

u1 

u3 

u2 

u4 

40 

50 

20 

30 

    

40 

60 
 

60 

50 40 

3. Solve )10(10 222  yxu  over the square mesh with sides x=0, y=0, x=3, 

y=3 with u=0 on the boundary and mesh length 1 unit. 
 

4.Solve the laplace equation 02  u at the interior points of the square mesh given 

below. 

      
                 20         30 

 

     
 

5.Apply Crank Nicholson method with h=0.2 and =1 and find u(x,t) in the rod by 

considering two time steps of the heat equation txx uu   given u(x,0)=sinx, u(0,t)=0, 

u(1,t)=0. 
 

6.Solve 0
2

2

2

2











y

u

x

u
 at the nodal points for the following square region given the 

boundary conditions. 

 
 

0            10            20            30 

 
 
 

 
 
 

  
 

               60              60 
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