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Section : If

Expansion of sin (
€0s 8 where p is

By De-Moivre's th

n 6) and COS (n B i
g N powers of sin
A positive integer. " tod

eorem

€08 (n 8) + i sin (n §) = (cos 0 + i sin g)"

=(cos B)" + ¢ (cos 8)" ~1 (; sin 8)

+n ey (cos 8" 2 sin 8)*

+n ¢y (cos )" -3 (i sin 8)°

*+ncy (cos )" 4 (i sin ot +.. by Binomial result

\: (x+y)'=x"+ nep" L negx ~ 2)12+ ]

=cos" O+incycos” ' Hsin@

- negeos” " %9 5in®0 - ney 1 cos™ ~3. sin

+ncycos" *8sint 0+

cosn 6= Real part of RH.S

=cos" §-n ¢y cos™ %@ sin? §

tncgcos" 49 sinto- ..
sin(n6)=Im part of R.H.S

- . - . 3
=ncy cos" 10.-sin8-ncycos” 36 sin’0

+necscos" 59 sin®0-
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Expansion of tan (n 6) in powers of tan 6

sin (n 0)

tan (0 B) = n 8

- . 3 . i3
ney cos’ 10sin@-ncycos” Yo sin’e

+ncgeos”" 20 -sin° B

= L - . n-dg - dn
cos"O-nc, cos” 28-sin?@+ncycos” 'O sin*6- ...

- . -3 .3,
ney cos’ 'O sinB/cos” O—ncycos” sin *6/cos” B

+ncscos" 20 - sin® 0/cos” O -

| - negeos” ~20 - sin%8/cos™ 0+ n cqcos™ " * 0 sin® 8/cos™ 0

nc, tane—ncatan39+nc5tan59—......
tann 6=

l—ncztan26+nc4 tan‘o- ..

Note : In working our problems on expansion, we often use the
following results

(i) sin® =1 - cos? 8
(i) sin* 6 = 1- cos? 9)2

=1—2c0529+cos49

(i) sin® 8 = (1 - cos? 6]3

=1—3c0529+3c0546—c0566

(iv) sin® 8 = (1 - cos? g)?

=1—4cos26+6cos46

-4 cos® 0+ cosBG
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2 2 ! TRIGONOMETRY
(a) cos"8=1-sin"0
(b) cos? 0= (1- sin? 0)2 Eg: Express cos 40 interms of sin 6 and cos 6.
Solution :
=1-2sin’6+sin* 6
cos49=cos48—4c2c0529-sin29+4c4 sin® @
(c) cos® 0= 1- sin® 9)3
= cos“e—\‘jcos2 g sin@+sin’ 6

=1-3sin?0+3sin*0-sinfp

(d) cos” 8= (1 -sin® 0)* = cos*8-6cos’B+6 cos?+1+cos’ -2 cos’®

4 2
=1-4sin’0+6sin’0 - 45in®0+sindg =8cos" 8-8cos"B+1

Eg: Show that __c:s 399 =4cos®0-3=1-4sin2p cos 48 = cos? "= 6 cos? @ sin® 8+ sin* 0
os
Solution : <2538 _ cos®0-3c,cos 0 sin’g =(1-sin28)? -6 (1 -sin®6) sin’ B +sin* 0
" cos® cos B -

2 =1—2sin29+sin49—65in29+65in49+sin49
=Cos 9—3sin29=(1_sin29)_38m29

: =8sin*0-8sin’0+ L.
=1—4sm29=c0529—3(1-c0326) §

= 4 cos? 0-3 in 50
sin 40 Eg: Show that —w—ssl; 5 - 16 cos®6-12cos” 0 +1
Eg: sin 4y .
g Express sing M terms of cos 6.
=16sin*B8-20sin?8+5
Solution : M:iﬂ@ifin B-4cgcos - sin’ g
sin 8 ? Solution :
= 3 .2
4 cos” 6 - 4 sin BEse sin 50 _5c1-cos4esin9—5c3c052esin39+5c5sin59
sin® sin 8

_ 3

=4 [cos 6~ cos 0 (1 - cos? 9))
- 3 =5cos*0-10cos*0 sin0+sin'0
=4 [cos® B - cos B + cogd 6]

=8 cogd T =5cos'0-10 c0526(1 — cos® E-))+(1—cos2 (-))2
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) cos? 0 - 890+ 1-2cng?
= m.d 0-10cos“0+10co 2 cog? g o . | ( — L L
. =1 _3sin%0+Y “in' o n W -15=n""% Z <15 )
=16 cos? @ -12¢0os“ 0+ 1 !
L+ 15 =intH-15=n" 98 —-%0 Y
' sin 89 _ 5 (1 —sin® 0)* - 10 (1 - sin? g) ;2 : - . 8 30 sin° 8- 15 =in” 8
Similarly - 5(1 ) (1 - sin® ) gjp 0+ gjp? _1-3sin?0+3sint 8 -=in® @ 153in? 6+ 30 3in" Y
=5(1—25m29+5m49) +15:~'in’8—1551n"9—5m 5
. » .,
= (10) sin® 6 + 10 sin? B4ty = 1-18sin”@+a48sin’§-32sin” 6
= 16sin*0-20sin’0+ 5 ' - 3
i Eg: S.T Sl]ﬁ:?.zcos"G—SZcos'f:*:-t:"»cosb
Eg: Express cos 6 6 interms of cos 6. g: S.T. -5
Solution : cos 66 = cos®0-6 Co cos? 0 - sin? 0 Solution s

sin 608 6¢) cos’0sind — 6 c3 cosaasin'g? + 605 cosb - sjnje
LHS =Z—=—"- i e AT

% ol
+6cqcos”0sin” 0 -6c; gipb 1
6 Sin"8 sin@ sin 8

=cos® 8 - 15 cos? B sin 6 + 15 cos® 0 - sin? g —sin69 —6cos®0-20cos°0 sinO+6cosB sin’ 6
=cos® 0 - 15 cos? @ (1 - cos? ) + 15 cos® @ (1 - cos? 9)2 =6 cos’® 0 -20cos30 (1 - cosZ 8)+6cos 0 (1 - cos? )2
- (1-cos? 6)3 =6 c0s° 8 - 20 cos> 0 + 20 cos® 8
=cos® 0 - 15 cos? 0+ 15 cos® 0 + 15 cos20 (1-2 cos26+cos4eu +6cos 0 (1 -2cos?0 +cos? 9)
—(1—300529+3cos46—c0569) — B eos® 8~20- cosd 0 + 20 . cos> 6 +6 cos B
=  co.s6 8-15cos*0+ 15 cos® 0 + 15 cosl2 9 ~ 12 c0s%6 + 6 cos® 8
-30cos* 0+ 15 cos® g - 1+3cos?@ -3cost0+costd

6 4 =32c0559—32cos39+6c056
=32c0s° 6 -48 cos* 0+ 18 cos2 g - |
Eg: Express cos (60) interms of sin 6. 5in 79

Eg: ——— =7-56sin20+ 112 sin® 6 - 64 sin® 6
Solution : sin 9

& Solution : Given expression
€05 (66) = cos® § - 15 cos @ gin? 8+ 15 cos? 0 sin? 0 - sin® 0 6n . 4 3 9 5 7
_ 7cycos”8 sin 6 - Tegcos0 - sine + Tc5- €os™8 - sin” - 7c4sin'®

evious €
by the pr sin 6

=(l-sin26)3-15 1 —gin2 02 cin2
( SIn” 6)” sin” 6 =7c0569—35 cos4esin28+2cos2esin48—sinE’B
+15 (1 - sin? 6) sin* 6 - sin® 0
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o8 ; g . 1
=] - ain’ (J)d - 35(1 - sin” ) sin? 0 + 21 (1 - gjp2 )
‘Riﬂﬂg

701 -3sin? 0+ 3sin0 -5in°8) - 35 (1 - 2 Sin® 6 4 gint,
+21(1 -sin?6) sinf 0 -sinf g i
-7-21sin%0+21 sin?0 - 7 sin®0 - 35 sin + 70 Sin49_35 y
+21sin?8-21 sin® 8 — sin g "

_7_56sin0+112sin? 0 - 64sin® 6

Eg. Find (i;ss 66 in powers of cos 6.

Solution : we now

sin 76 _ 2 . 4
- =7-56sin" 0+ 112 sin® 6 - 645in® g

Substituting g—ﬁ instead- of 0,

.- n_
bln7{2 0

afie) o[ e a5
wffi]]

[ ]

sin[g—_'?g
T eosn =7-56cos?0+ 112 cos* 6 - 64 cos
_Cos 78 _ 9
cos 6 =7-56cos°0+ 112 cos® 6 - 64 cos®
cos 70

6
SonE =64 cos” 9 - 112 cos* 8 + 56 cos2 - 7

" TRIGOMNOMETRY

Eg: Express cos 79 in powers of cos 4.

Soiution :

cos 7@ =cos’ B-T¢y cos’ 9sin“ B+ Tcy os? 6 sin® 6
-Tcgeos B sin” 6
=cos7 8-21 c055 el —cosz 8)
+35cos> 0(1- cos® 9)2 —7cosB(1-cos”B)

= cosT 6-21 c0556 +21 c0579 +35 co-339 (1-2 cos°8 + cos49)
- TcosB (1 —-3c0529+3 cos*9- cos® 8)

— 070 + 21 c0s®8 + 21 cos’0 + 35 cos°6— 70 cos’8 + 35 cos'0
—Tcos 8+21 cos38-21-cos®B+7 cos’' @

=64 cos’ 8- 112 cos® 0 + 56 cos> B -7 cos 8

Eg: Express cos (88) interms of sin 6.

Solution :

cn588=c0589—8c2 cosse-sin28+8c4cos"'9 sin* ©
—8c5c0529-sin69+8635in89
= (1 - sin? 8)* - 28 (1 - sin” 8)” sin® @

+70 (1 -sin?0)?sin? 8- 28 (1 - sin §) sin® 8 + sin® @
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(1-4 ~:i|120+65in‘| 0-4 sin® 0 + sin® 0)
= — 4 B ,
y 6 :[4fzcr,a‘e—1,2—2J
98 «inZ 0 (1-3 «in® 0+ 3 sin” B —sin® O) Z
| 6 =[4¢4cos49—4c0329+1)-2J
i w . ,
L0 sin'0 (1 - 2sin70 + 810 0) - 28 sin”8 + 28 sip* st | ,
=(16cos? - 16 cos? 9+ 2)*
=1 sin“0+6 sinf0-4 sin 0+ sin® 0

4 2 .,
(. %
x f x ’ - sp=%
: i =| 16| = - (16 (— +2‘r since cos J
o8 sinZ0+ 84 sin' 0-84sin®8 [ (2] )ZJ [ 5
+28 sin’0 + 70 sin0 — 140 sin°0 + 70 - sin% - 28 siny , o o ot 4x?e )
1+cos76 3 2
+Sinse Eg. If x=2cos 6, Prove that —i—EST:(I —x-2x+1)
2
. . 8 . 6 Caindg ) _ .2
=128sin” 8 —256 sin° 8 + 160 - sin” 6 - 32 - sin“ @ + | o2 - . 5
; 1+ cos 76 2 2
- Solution : L.H.S. =3 8~ ~ Y A
Eg: Express tan (60) interms of tan 6. OO 5 cos? C ot
Solution : J
3 _[ Cc(:::s/oo ] where o—g
tan 66 = sin(66) 6cytanB®-6cztan6+6¢5- tanﬁg

[§V]

COS(GG)-1—6c2tan28+6c4tan49—6c6tan66

6tan 6 — 20 tan> 6 + 6 tan® 6 Given that 2cos8=x < cos 8=
1-15tan®6+ 15 tan? 6 - tan® 6

1+cosB=1+§
Eg. If x =2 cos 6. Prove that 2 (1 + cos 86)=(x4—4-‘~'2+2'2 28 2+
2cos” ==
Solution : 2 (1 + cos 86) =2 . 2. cos? (46) i )
coes 2+
=(2 cos 4(3)2 o 4
, 2 Substituting this in (1),
=[ 22 cos 20)-1) ]
3 2 2
2+x 2+x 24 x
LHS. = - 56| =15 |7
=('4c:05229—2)2 e {64( 4 J 112( 4 ) +DG( 4 ]_[J




ENGINEERING
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. 2n . dn . 6n
[ence (1) has root £ 8 El RER 7 +sin -
Put 2=y in (1)
e 7 GGy + 112y - 64 =0
(6) 6475 -112y* +56y-7=0

o y2nmn . 24m . 26m
has Lhe roots sin? 7 sin ‘,’7',hlﬂ 7

EXERCISES
If ¢« cos s sin#, Prove that
(i) cos60=1- 1852 +485" - 325
(2) sinh0=5hys- 20 st 168”

o ST g mee?i 11257 - 64 5°
sin 6

(4) cos b 0= 161:5—20c3+5c
(5) (21;54(!:8('4~8C2+]

]‘_+ cos 90

(6) Il x=2cos 0, then = R N B A SRR T
T+cosH (" " =32+ 2x+1)

Section : [I1 EXPANSION IN SERIES

Expansion of sin” 8 and cos” 0 interms of sines and

cosines of multiples of 6,n being a positive integer.

Let x =cos 0+ sin 0 = e'?

1
:\_=cns(-)~isin9=e"9

1
-"x+;=2cose

4 0

:e‘ +e‘l

0 -1
cosg=2_te

LA

TRIGONOMETH Y

) H_E'
sin v = 2

. n
Also x" = (cos 8+ ¢5in )

= (g )

— cos (nB) + [ sin (n8)

P 1(n9i
% >

Pa— -t nBo
——=c0.cmﬂ!—zsmm61=e
n 1
1+ —=2cos(nb)
2t
n 1 ..
- —=21i sinnY
1

1
From (1), (2 cos e)"=[x+; ]

n
=x"+ncyx

n
TNnCzX

n

11 -2 1
=+ neyn 5
pa X' -

'3—13'4» -

X
1

3 1 . 52
+nc,_3x n_a‘rH(’,,_-_)__\ n o3

X ) X

+HC“,1I-n‘_i+nL‘“ %
Ry

(2cos®)”=| =" +

+"c2[x""4+

1

xn

xn—4

-9 1
+y | 2" T
x

|
S —

n n-6 1
+ c3| X +1)'I-G + aveee

From (2), (2i sinB)":x"+nclx"“l{ —%J+nc2x"_2[;xl

I T £ (W TF W e = SR 5 o e——— . ™

-
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3 n
-3
n=3l = 4 +nc G =1
+NCq X . n-3-
’ [ % ) x 2 sin*9=2cos40-4(2c0s520)+6

-2 =
o 1Y . ) 1Y 7! ‘. 27 (1) sin* B = cos 48 - 4 cos 26 + 3.
+nec,-2%x -; +nc, _1x —J—c /

"TRIGOMOMETRY

JJ sin4e=§[cos49-4c0529+31

1
(2i sin 6)" ={x" +=(-1"
X

] n 2 T““\ Eg. Expand cos’ 8 in a series cosines of multiples of 6.
- cl[x"_ e Gl

Solution : Using the result (A) (n = 55,

n—

+"(?2[1ﬂ_4+ ,la(_ 1)" ]

5 5
5 1 _ : 1 = 1
(2C059)5:(X+%]=(1’°+;3 ]+(ac1)(x3+—3 ]+(Dcz)(x+; ]

X ) \

25 cos® B = 2 cos 50+ 5 (2 cos 38) + (10) (2 cos 9)

B
; . - 2% c0s® B = cos 580+ 5c0os 30+ 10cos B
Remark : The expression for a power of a sine wil] be in, 1
series of sizes (or) cosines according as the power is odd (y cos® 0 = 16 [ cos 58 +5 cos 38 + 10 cos 9 |
even.

Eg. Express sin® 0 in a series of sines of multiples of 6.
for all egs, x =cos 0+ i sin 0

Solution : Using the result (B) (n = 5 ), and (-1)°= -1,

5
glg. Expand cos?6 in a series of cosines of multiples of (2 ; sin 9)5=(x_l ]—[3;5_ 1 J_5c1( 3_1 ]+5ca[r—%)
3 x 2

— —_— x° —-——

e

25i55in58=2i-sin59—5(2[51'.1136)-:—10(21’51116)

ID

Solution : Using result (A) (n=4),

4

4 g 4 . 5 . . . < 5
. 2" sin B=sm56—55m36+1051n9(smcea =1)
(26059)4={x+%]=lx4+i4 +(4cq) Jc‘2+i2 +dey 1
X X sin58=—4[sin56—55ij}38+105in9]
=2c0s40+4 (2 cos 20) + 6 2
. B - X . 5
o cos4e=(2 c0s 40 + 8 cos 20 + 6) gl.g. Express sin® 0 in a series of cosines of multiples of

4g_1
Cos™.0 = o3 (cos 48 + 4 cos 26 + 3) Solution : Using the result (B) (n = 6) and (-18=1,

. a6 [ 6.1 4,1 2,1
in a series of cosines of multiples of A _[l * 2 ]-BCI[l +;Z }*6‘?2[1 +;§ ]_663

Solution : (- 1)* -

Eg. Expand sin%g

2° % in® 0 = 2 cos 60 - 6 (2 cos 48) + 15 (2 cos 26) - 20
Usi = 4 ;
Sing result (B) (n= 4). -2%5inf 9= cos 66 — 6 cos 48 + 15 cos 26 — 10
f 4
(217 sin e)“=£xﬁlJ

infoo_ 1
=[x4+i4]—4c1[x2+i2}+402 Sin 9——32(cosGG—Gcos49+15cosZG—10)
x

10

e ——————
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THIGOMOMETH ¢ 1.37
Express oS () in a series of cosines of "“'“im
l\g

result (A) (n = 6),

O LN -y, P . - 2 5 y
g o Eg. Express 4in” 9 in a series of cosines of multiples of

Solution ¢ Using the 0.
G ,
| : 11 . [T " yin = 8), and (-1°=1.
6 e o) (H ]_ ) = (\-' + .ii]+ (6(,)[1' —j]+6f'g 4] Solution : Using the result (B) (n = %). and 1°=1
K ' | 1 [ 6. 1 [ 4 1
: " (21 sin §)° = x3+—5 —SCiir +5 |[*8cz| T+ |
06 cos® 8=2 cos 60 +6 (2 cos 40) + 15 (2 cos 26) + 2 x x| { x }
[ ) 3 ) (
95 cosb 6 = cos 68 + 6 cos 46 + 15 cos 20+ 10 e :gﬂ_% l+ 8¢,
‘ x
(‘,,56 0 =1r [ cos 60+ 6 cos 40 + 15 ¢cos 20 + 10 | )
) .
gt P sinH8=28(1)sin89
h] 3 T 1 ‘ series f 1 .
Eg. Express sin g in a series of sines of multipeg ofg ~ 2 cos (88) — 8 (2 cos 68) + 28 (2 cos 46)
Solution : Using the result (B) (n = 7), and (- 1)’ < — 56 (2 cos 20) + 70
7
(Bisin 9)7=(x_ IJ: % - le‘7"l(15‘ 15]+ 7c?{x-"_ qu,7(.1(1> | 27 sin® 8 = cos (80) — 8 cos 66 + 28 cos 46 — 56 cos 28 + 35
x X x _, Al
‘ .8 1 _ _
o g . 8= [ cos 88 — 8 cos 68 + 28 cos 46 — 56 cos 20 +
—i2"sin"9=2""sin' 8=(2isin 79) sin o7 [ cos Cos b0 + 206 cos 56 cos 35

~-T7(217sin 50) + 21 (2 sin 36) - 35 (2/ sin 6)
& . ) ' . ‘ Eg. Express cos® 0 in a series of cosines of multiples of 6.
-2"sin' B=sin 70 - 7 sin 50 + 21 sin 30 - 35 sin 0
1 Solution : Using the result (A) (n = 8 ),
sin’ 8=~ - | sin 76 - 7 sin 56 + 21 sin 30 - 35 sin 4|

| bt

Tq - . : ; Deos =l B+ = |+ 8 6, 1 8 4 1
Eg. Express cos’ 0 in a series of cosines of multiples ft!= 05" =) ¥ + "5 1+ 8¢y v+ 5 t8cy| X+~
g P

-

Solution : Using the result (A) (n = 7);
(2 cos 9)7=[.r t i ]7 = ( P J+ 7c; (" + 175 e [ o xlz ]+ o
+7¢y (_\,3 " l/xa) +7cg(x+1/x) 28c0s%0 = 2 cos 86 + 8 (2 cos 66) + 28 (2 cos 48) + 56 (2 cos 20) + 70
27 c0s” 0= 2 cos 70 + 7 (2 cos 56)
+(21) (2 cos 30) + 35 (2 cos )

27 cost 0 =cos 80 + 8 cos 60 + 28 cos 40 + 56 cos 26 + 35
6 7
2" cos’ B =cos (76) + 7 cos (50) + 21 cos (36) + 35 cos 6  costo= ;17 [ cos 86 + 8 cos 66 + 28 cos 46+ 56 cos 20 + 35 |

N PR ‘
- €08" 8= | cos (76) + 7 cos (56) + 21 cos (36) + 35 0¥

11
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HGOHOMETRY

Eg Expand sin 0 -cos’ 10 in a series of sineg of my, "I
og. I p

of 0. 1. Expand sin® 0 cos

3 9+i%ina:}l:€059—isi g .“'
Solution : Let x=¢08 ¢ . .

3

§ in a series of cosines of multiples

lution : Let y=cos8+/3n9H

1 -
1 c--=21sn0
-4 - =2cosb,x
Then x+ 7 x x+l_=2cosglx_l:2,sm&
4 X s
3 l 21
- (21sin 0)” (2 cos 9) . 5 y
3 'sin9J4(2cose)3=(x__ (:c+—
( 1]( ) "
- = X+=
X xJ X
= x_!' x__];l
2 L sl = .
2 x
1 9
1 (L 1) 2
93 3 sin® 2* cos* 0 = Utﬁ——lé}—sc.i[ 2“2“[“!] {.1 il |E:
x X X
(using the result (B) (n = 3) and replace x2 instead of; _ ( x—l '( 6
x
- 1 1 1 i
-27isin39rcos40=[x'——5}—3(3:3—;]4.(355_—7]
X ' _[ ] 1J ( . 1)
=l X -—'5 -3 x’-=
x \ X

1y i*sine - 2%cos’0
3( )
X

= 2i sin 70 + 2i sin 50 — 3 (2i sin 36)
—3(2isind
- 25 5in3 0 cos* @ = sin 70 + sin 58 — 3 sin 36 - 3 sin 0
~sin’Bcosto= - Glfi (sin 76 + sin (56)

— 3 sin 30 - 3sin |

12

Ao

Bt

o

6 .
2 sxn46cos36=cos79-cos56—3cos36+3c056

|

Loy 1
- 8in Gcosa():a[cos?@—c0559—3c0530+3cosB]

1.39

74 .
2'(1)sin"@ cos® B = 2cos 76 - 2 cos 56 - 3 (2cos 36) + 3 (2cos 9)

S BT

- L R

R st B Rl g

o ————————————
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1.40
6g.cost0 i i .
Eg. Expand sin® 0 cos” O in a series of gjp,, of p GONOMETH Y 1.41
of 6. Ul
g 1 - ; 71 1f 1P a1y
Solution : Let x =cos 0+ 80 6’x+;=2C059,.t51:? (20 =10’ (2co8 ‘“'J:!'I_;) 727" ,Ir-/ ' -/T) 1)
xe ‘ ’
; 5 4 z 2
1 1 1) { 2 1
RRRTRIPORY S & (W B U A AT (2-17(e-1
- (2 sin 8)"(2cos 0 [x xJ(J' x} (x x)( ‘;lNrJ (x x} = J
1

’i7 sin’ ® 25 c0559=(1;+i2-2 J[ l.‘cm— l/xw;
x

-5¢ (xs—l/xauA—ﬁczlrz—l/zz)]

1 1)
25i5sin59-24cos49=(x—;][(x8+-§J—4c1[x4 1
x o 7 5 \ (
‘ 14’1 -2, 5in" 0 cos‘je:[xlz—"ng—iw x"‘*—% (+10a*-1)
(using the result (B) (ns x { x J
substituting 2 Isteg + IS_i >_5(x4_—1— -+ 10(1——1—
9 1 1 112) = = J
291'sin59-cos49=.1‘ + '7—4(x5+*3J+6:c » , \
x x =2 x1°-—15J+(10,{x5—i6 - 20 x-%i
xJ x"J
_.17 = +4 3,1 1 ’ .
gt X+ -6 (21 ) _[0_ 1 |
X x ! 212 me
[ e 1 7 1 3 1)
el A e I = \
[ xQJ ( 7 {r laJ —4[1 —r—ISJ-HlO)' rs—lsJ
p X
1

S X
b el ko)

=21isin (128) - 2 (2z sin (108))

" =21 sin 90 - 2/ sin 760 - 4 (2i sin 56)
—4 (2 sin 86) + 10 (2: sin 66)

+ 4 (2i sin 38) + 6 (2isinfl
+ 5 (2¢ sin 46) - 20 (2; sin 28)

8. 5 4 ; = in 30468
27sin"0 cos® 6 = sin 96 ~ sin 76 — 4 sin 56 + 4sin3+F _ 511 sin’ 8 - cos® 6 = sin (126) - 2 sin (106
s . = - 2 sin ( ) — 4 sin 86

Eg. . 7 . . . [
g- Expand sin’ 6 cos® ® in a series of sines of mulli + 10 sin (68) + 5 sin (40) — 20 sin (20)

of o,
. =6 5 .
» SIn” B cos” B in a series of cosine i
i . . s of mult
Solution : Let X=cos 8+ sin 6. fution © Let iples of 6.
: Le
1
S X+ —=2cos I a1 _oiainm o .
x 0, x x~2151n9,.1 —xn_2:sm( ,l—C059+l51119¢:>x+%=2c059‘_\-_l:2’Sine
e X

13




1.42 FHGINEERING |,

WeGotomeTr ¢ -
W ] =2cosn@
o) ] ) cos’ ) = 116 (cos 58+ 5 c08 48+ 10 co= H)
) NG
RSP W S 5 I SRS O N " _
(2i win0)’(2cos8)= | ¥ x] v x] ‘[I - ;}[x_ L1 cos™ 0= 2 | cos 70+ 7 o8 58+ 21 com 25+ 35 cas 8|
IJ t 2

) v r 1 0 , ) 1
2"" ;0 Hin(’ 0 2 (:(J.‘i5 O=|x-— ( . —IE sin* @ = 3 | cos 40 -4 cos + 3 |
X

S————

0 1 A . )
] 1 ) 'g= —— (sin 78-Tsin (50) + 21 s5in (28)-35In 9 |
—2”sin69c0559= x-- [xwhﬁ)]"sf][r“. sin 64[51 )-35s

)} 256 - sin”0 = sin96 — 9sin 70 + 36sin3H — 84sin (38) + 126sin6.
+ 5 02

- ) 29 c0s2 0 - sin? 8 = cos 68 — 2 cos 46 — cos 26 + 2
I

1 . 80 = L e
[Ill_ ] J_5[x7_1§ J*“U) r‘])s.ln 0 cosH 8(sm49 2 sin 20)

) 28 sin° 6 cos? @ =sin 70 - 3 sin 50 + =in (38) + 5 sin 8

- xg—'J"' +5 J:5—— -(10
£ £ 1) If cos® @ =A cos 8+ B cos 38 + C cos 38, Prove that

T
1) cos®@ sin* @ = A cos 6 + Bzcos 36 + Ascos (58) + A7 cos (7 0),

(5,1 3 1 1 1 1 2
+5lx +x5}+(10) [xd+ -x—s}-(lm[_r- then PT. A; -3 Ag+ - As - A=

50 . _ . -
--[.r” + 1 J_[xg_lg]_s[T | sin”8=Asin 6 - Bsin 36 + C sin (56).
X

X

=2 ¢os (118) — 2 cos (98) - 5 (2cos ) Express sin’ 8 cos® @ as the sum of sines if multiples of
6.

+ 5 (2cos 58)'+ 10 (2cos 36) - 102 _ s _ .
3) Express sin 0 - cos® 8 interms of sines of multiples of 6.

-2 5in® 0 cos® 6 = cos (118) — cos (98) - 5 cos (M) 4) Express sin” 8 cos @ interms of cosines of multiples of 8,

+5 (cos (58) + 10 cos (30) _10sPD) Express sin®8  cos®0 interms of cosines of multiples of 6.

ction : IV Expansion of sin 6, cos 8 and tan 6 in powers

0.
EXERCISES 'sult. When 6 is expressed in radians, Prove that
Prove that the following : g o’
sin9=6—:—3?+§— . tooo

1
(1) cos49=§(cos46+4cus29+3)

14
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tan 0 + sec 6 -1
(13) Find L.'“ tan 0 - scc B+ 1
(=

te Lt 2
(14) Evalua e

sin 2_5:_2}1_11{
(15) Evaluate Lt — 3

=0

Section : V HYPERBOLIC FUNCTIONS

o e

C059=]_2!+4!

g 0

sin9=9‘3! +g!—— .....

. -8
B = = '
cosO+isin@=e' ", cos@—isinB=e

~

; —ie
~2cosB=¢e%+e

-8
e

21

: -i® i8_
e+e ! e

cos 6 = -, sin 8=—

- 1 g -4
The expression %(e6+e % and §(e —e ") are defined

hyperbolic cosine and sine respectively of the angle 6.

_ -
potte’ sinhx=‘—“—eé_
cosh 6= 5 5
. 0 -8
sinhx e -e 1
¢ = = ;eothx = ——-
Thus tanh x cosha 0, ,-8 _—
cosech x = .—1—; sechx =
sinh x cosh x
1(19)+e—:’uu)._ -8 0

Further cos (ig) = £ =& € _cosh®

2 2

THIGONOMETHY

\f‘l"]/_'. roHy p —*v_‘{‘-" 1 .
sin it B = — % = 2 = ——<inh ¥4
=—(-¢)=mh®8=r:2nh8
h 6 o - 5 Bk
SRS A TS CRtETE .
G -5 2 4
. e +e B Ciy
cos (1t 8) = cosh 8 = 72——7:1.—5-.:-;-
L] -8 3 5
. . s = - Y
sm(_tejzts-mhe,sxnh9=e——2i—=9,%—5’
i9 -i8 92 4
e " +e 5]
hi0)=*—"F — _cosp=1-L .9
cosh (i 8) cosB=1 o1+ 41
8 -0k [ ie _ -6
sinh (i@ =%—F__;|l€ —€ " . 4
2 2i
3 5
. 8" 6
sme=9—§T5~_,m
tan (i = S0U0 ;0 he
cos (i8)

2 cos (i 9) cosh 6

cot (£8)=—"—————_ e
(=6 sin (i 8) ~ i sinh 8 (—t)coth s

1 __ X .
sin(i8) isinhg | ! cosechs

. 1
sec (1 9) = —_— = _

) cos (t 8) coshf sech 6

cosec (i 0) =

Using these relations,
hyperbolic functions correspo
functions. Put 6= x;

. 9
(1) 31n‘6+c0526=1

[Sin (ll) ]2+[COS(

. 2 ¢
)] = lm(isinpx)2+(coshx)2=1

2, . :
=3 s1nh2x+cosh2x=1c:>

cosh? x — sinh®x =)

we can derive relations betw
nding to relations between circular

1.57

een
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(n _
) c03 20 = cos? 0 - sin? g THIGONOMETHAY
(vii) cos (A + By=cos A co8 E+=inAsnB

Put A=ix, B=1ty

Then cos (2ix) = ) |2 ’
S (2ix) = [ cos (ix) |~ [ sin(ix) ]Z = (cosh x)? - (i sinh x)?

= cosh? x - i? ginh? x
(ix) sin (1Y)

cos ({x iy)=cos (ix) coz (1¥) + 511

cos [i (x +y)) =coshx cosh v + (i sinh x) (£ 3inh ¥)

cosh 2v = cosh® x + sinh? x

(111) sin 29 = 2 gj . . .
29=2sin 6 cos 6 cosh (x ty) =cosh x coshy + (i%) (sinh x - sinh ¥)

~ 8in (2ix) = 2 sin (ix} cos (i
) (x) [cosh (x+y)=coshx coshy= sinh x Si”hll

= isinh (2x)=2( sinhx) (coshx)
We can express sinh ! ¢.cosh™ 'x tanh~ "' interm= of

sinh (2x) = 2 sinhx -
(2x) sin COSh;l logarithmic functions.

: 2 2
(iv) 1+ tan“ @ =sec” @ (viii) Let y=sinh'1x

. - 5
- 1+ tan (ix) | =[se¢:_(m¢)]2 x=~'inhy:i;e:—-l X
L+ 15311}‘13)2=(SG(:hx)24iv1+i2 tanh? = sech? x . 2 2 e’
5 > :lle"-e"—ll_ez-_l
~. 1 -tanh“x =sech®x 2 & Y
(v) 1+ cot? @ =cosec’ 0 2x&=e¥-loe? -2re' -1=0
2
- 1+ [cot(ix})? = [cosec (ix)}2 L2 V4 xg- 41 (-1 _ 2c+2vVx%+1
2 (1) = >
a1+ (-1 coth.ac)2 =( -1 cosech x)2 ,
5 ) p 5 e =x+VxZ+1
& 1+ % coth® x =i” cosech® x
9
1 - coth® x = - cosech® x _‘,zlog( CpNE ST )zsinh 1
2. _ 1 - cosech? x . _
coth a- Lochen 2 (ix) ."=COSh‘1.\'::x=coshr:;_tzf\*e—‘ _L1 >t
. ; 2 =57
(vi) sin (AiB)=sinAcothcosAsmB o 2 -
PutA=ix,B=iy o2y =e2¥ 1
. o e 2y ;
- sin (i x £ y)=sin (i x) cos (i y) * cos (i x)sin(y) Thus e -2xe'+1=0
sin [() (x £)] = (i sinh x) (cosh y) * (cosh x) (i sinh y) :;Q':zri\/m
< 2 =X+ Vxm -1

¢ sinh (xiy)=isinhx-coshyiicoshxnsinhy
. sinh (x +y)=sinhx - coshyicoshxsinhyl , 4 =log(x+m)=005h-1x




ENGINEERING 1y,
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1.60
] y ) oV g™ "z\‘
(x) Lot v=tanh = yex=1anil _<--‘4;4:'_; :r-'z‘“]
S
Lol ltx_ ePrleet o
: 1“0-2.\,*_1 1.3 (e2y+1)—(€2'\‘-l}
'lif_Zez"zeL’y
. ]—.1'— 2
1 4% 1 1+x
1051 =2y<—':> y=§lOge[1_x ]:tanh‘lr

Eg: Separate into real and imaginary pyy,
(i) sin (x +iy) (ii) cos (x +iy) (iii) tan (x+iy) (iv) co (I‘Inf
(v) cosec (x+1iy) (vi) sec (x+iy) (vii) sinh (17‘.?:
(viii) cosh (x +ty) (ix)  tanh (x+iy) (x) coth M:
(xi) cosech (x +iy) (xii) sech (x +iy) !

Solution :
(i) sin (x + i y) =sin x cos (i y) + cOS x - sin (I y)
= sin x coshy + cos x (i sinhy)
= sin x coshy + i cos x - sinhy
Real part =sincoshy, Im. Part =cosx- sinhy
(ii) cos (x + iy) = cos x - cos (y) — sin x - sin (iy)
= cos x - coshy — sin x - (i sinh y)

Real part =cosx-coshy, Im. Part = -sinx sinhy

_sin(x+iy)  2sin(x+iy)cos(x-ty)

(i11) tan (v +1v) = = : :
( A cos(x+1y) 2 cos (x +1y)cos(x-ty

_ sin (2x) + sin (i2y) _ sin 2c+isith &

= cos (2x) + cos (20y)  cos 2x +cosh 2y
sin 2x __sinh i) 2
cos 2x + cosh 2y’ = cos 2 +cosh?

Im. Part

Real part .
cos (x +1y) 2cos (x+1 )sin(x”‘:”
sin (x + fy) 2 sin (x +iy)sin (*~ 1)

_ 8in 2x —sin (2fy) _ sin(2v) - i sinh(z%)
cos (i2y) - cos (2x)  cosh (2y) —cos (

(iv) cot (x + iy) =

”'“l_,fjf If)f‘/‘E ref

Z
In Z¢ [m Part=- _— s
Real part = . L2 cra 20
1 2 sin (£ =1
(v) cosecle ¥ DT o sy ZsiniZ T 3171 =

2| sin x ¢os (£LY) — cosx 31N 1Y
- T cos (1 2}/)—(:05:’21:,

2| sin x cus (L) — cosx Sin (v
- cos (¢ 2yJ—cr)s(2xJ

2 «in x coshy —2cos x (£ sinh v
= cosh 2y — cos Zx
" Zsinxlcoshzllm P
I = A art
Real pa cosh 2y — cos 2x’
; 1 __ 2cos (x=—)
(vi) sec (x +tV) = cOS (x + i,'\'J - 2 cos (x + l_‘./) COS (X — V)

- 2cosx S0 ¥
~ cosh 2y —eos 2x

2 ( cos x cos (iy) +sinx  sin (2y) )
- cos 2x + cos (12v)

_2cosx cosh vy + 2 (sin x) (z sinh v)
- cos (2x) + cosh (2v)

2 cos x - coshy Im Part

Real part =
P cos 2x + cosh 2y cos 2x

(vii) we have sin(x+iv)=sinxcoshv+icosx
. sin ({) (x + iv) =sin (Z x) cosh (zy) + £ cos (1 x) sinh (zv)
t sinh (x + iv) =/ sinh x cos y + ¢ cosh x (z sin v)
» sinh (x +¢y)=sinh x cosy+icoshx sinv

Real Part =sinhx cosy, Im . Part =coshx sinv
(vill) cos (x +éy) = cos x coshy —i sinx sinhy
. cos (L V) = cos 1 ]
S (1) (x + 2y) = cos (¢ x) cosh (iy) — i sin (tx) sinh (zv)

cosh (x + iy) = cosh x cos y — 1 (Z sinh x) (Z sin y)

= cosh x CosSy +1 sinh x - sin Yy
. 5
In cosh (x FLV)' Rea] pa:t IS cos X COos v
-

Im. Part =sinhx - siny
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‘ gin 2¢ +isinh 2y oL
(x) tan (VYT g9 4 cosh (2y)
vin (i2x) + i sinh (20y)
Ltand o VIS Ge(2x) + cosh (£2)
‘ , i sinh 2x + 1 - i sin (2y)
ftan (v 4 ) = cosh 2x + cos 2y
: sinh 2x + i sin 2y
ctan b )= ek 2x + cos 2y
: sinh 2x
; vy Real part 1s ——o 0 - In
In tanh v 4 vy Real p Eorl T 4 s 2 Im
Part =  Sin2
cosh2x+cos2y
(x) col (x +uy)= sin 2x - £ ginh (2y) by (iv)

cosh 2y — cos 2x

sin (i2x) — ¢ sinh (i2y)
cosh (i2y) — cos (12x)

ool (n)y(x+y) =

i sinh (2x) - i - i sin (2y)

(- i)coth (x + fv) =
. : cos (2y) — cosh (2x)

cutﬂ b + iy) = - sin 2y + ¢ sinh 2x
B cos (2y) — cosh (2x)

Im cot & (x + iv), Real part is ——.= 310 (2y)
K cos (2v) - cosh (2x)’

Im. Part = - sinh(2g
cos 2y - cosh 2
(x1) cosec (x 4 iy) = ?_,Si_') x - coshy —i-2cosx - sinhy

cosh 2y - cos 2x

“. cosec i (x + i) = 251N (£ x) cosh (iy) - i 2 cos (ix) sinh (y)
cosh (i2y) - cos (i2x)
(—1) cosech (x + iy) = 2t sinh x Ccosy —i-2coshx (isiny)
cos 2y — cosh (2x)

cosech (x + iy) = (=2)isinhx cosy+2coshx siny
cos (2y) - cosh (2x)

TF”(_,O”QfAETH 4

_ 2 xinhx €08

jn cosec (x +1¥) Real part = . 2, - cosh 2x
Zcoshz Sy
ln”‘ Paﬁ = ;"/‘ ’Z_.I’) = CDS‘r‘ (ZI‘

2 cos x cosh v

(xil) sec (x 1Y) = cos 2x + cosh 2y
cosh (iy)+1-2- sin ‘{’E)_ﬂ&h,,”‘,

2 cos fix) COS2 VP77~ - —————

s osec()x+)=""  cos (i2x)+cosh (i2Y)

; 2 cosh x cos '\'iﬁ.?._iisinhx)lz;—'jll V)
sech (x+i)=" —  cosh (2x) + €05 2¥

_ . _2coshx coS¥
. In sech (x +iy), Real part 18 04 o0 + cos (2y)

Im Part = h (2x) + cos (2v)
. Y _ x
Eg: If tanh 5 tan
Show that
(i) cosx -coshv=1
(i1) tan x = sinh v
(i) v =log tan & ’; T‘—z \
Proof :
1 - tan® \2 | - tanh? ‘-;
M cosx = —--— ~— = - — = & cos x - coshy=
« ¢ S ) )' - 1
1+tan® S 1 +tanh?Y coshey
2 2
B 2 tan xé 2 tanh '! 2 tanh <
(ii) tan x = I 2 _ 2
1-tan’Y 1-tanh’2 2y
5 5 sech >
| =251nh%cosh'é=sinhy

-2 sinh x siny
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. _ye  tan 9
,‘ “ ¢
§ 8 — = — L : i ) =x + iy, Prove th
= =" /2 ] 20 If sin (A + i B) ty, Prove that
! lmh Sty 2y e Eg
2 7
i v
y /2 _,-v2 ) 1tan s (1 = tig
L"“ 2,07 ¥ ¢l &0-e T )_ Sy cosh? B T einb? B
b} 9 - 2 : I/2 - _"'/2 X i
..,LC‘_“‘ \ W_(e) e ) 1 - tan 2 42 2 1
) —— ===
: sin cos
o in?A  cos”A
: tan - +tan 2 ) ) . .
DY, S 5 Proof : x+iy=sin(A+iB)=sinA coshB+icosA sinhB
—v2 E )3
2e 1‘[""“4)[%“2) - x=sin A cosh B
n = 1
nLx t t y =cos A sinh B
~¢»—tan(4+2)¢3y log an[4 2J
Eg: If sin 6= tanh x, Prove that tan 0 = sinh x. ﬁ—A = cosh B; —7 =sinh B
Solution : 2 )'2
ok ( ) g - —cosh’B -sinh®B=1
sinhx = sinh x coshx = bamih x =(sin ) —— 1 ‘ sin2A cos® A
cosh x sec h (x) m 1
X
) 1 . 1 =sln A, =cosA
=(sin @) p=—=—=58In6- —— =t cosh B nh B
V1-sin® 0 cos 6 ban @
2 2
X v s, 2
Eg: If y =1 L) X - +—= =sin“A+cos"B=1
g: If y =log tan 1 2 } show that tanh 2 9 =tan % cosh? B sinh®B
Solution : Eg: If sin (A + i B)=cos 6 + i sin 6, show that
v = log tan [ n . e i I }‘ ‘ (1) cos? A = sinh® B, (i) cos® A =+ sin 8.
' ¢ 2 | Proof
v roof :
e'\' t-al) E + tan l 1 + tan '_‘\: ll
= T= .4 2 _ 2 cosB+isin®=sin(A+iB)=sinAcoshB +icosA sinhB
i |
tan 4 tan = l-tan% l cos 0=sinA coshB;sin8=cosAsinthB. . (1)
1 x [ — 2 . 2
¢ -1 [ +tan1)— l—tangj o o l 1=cos“ 8 +sin“ 0
) X o x \ = sin® A cosh? B + cos® A sinh® B

=(1-cos’A) (1+sinh®B)+cos® A sinh® B

1=1+sinh?B -cos’A - cos® A sinh? B + cos® A sinh® B

19
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%)

. 2
0= sinh’) B-cos A

. costA= sinth This proves (i),

cos 9. - 23 from (1)
cosh B = gl;';, sinh B -

g, . o 2p_coss@ sin’@
—cosh?B-sinh*B=—""75""~
sin“ A

cos® A
sinZA . coSZA = c052 A cos2 0-sinA sin? 0
(1- coszA) coszA = cos2 (1- si112 0)-(1- cosZA) Sin29
cos® A - costA = cos? A —cos® A sin® @ — sin? 8+ cos’4 sing
~costA= sin® @
cos’A=+sin @
Eg: If sin (A +iB)=r (cos 6 + i sin 8), show that
..o92 1
(i) r°= 3 (cosh 2B - cos 2A)
(i1) tan @ =tanh B - cot A
Proof :

reos 6 + i rsin 8 = sin (A + iB) = sin A cosh B + i cos A sinh B
<1 cos B=sin A - cosh B; r sin 0 = cos A - sinh B.

.2 2 v p :
r =1’ cos? @ + 2 sin @

a2

=sin” A cosh? B + cos2 A +sinh®’B

= 1 =~ cos 24) (1 + cosh 2B) (1 + cos 24) (- 1 + cosh 2B)
S Lreshal) (rema ¢ Leenh

&

( =1+ cosh? B - cos 24 + cosh 2B) +

= 2(cosh 2B - cos 24
s 24)

, 1.67
TRIGONOMETHY
cozh 2B - cos 2A
= 2
Fsin® _cosA _sinh B
tan 8 = rc;)S g sinA coshB
—tanh B - cot A
Eg: If cos(x+ iy) = cos 8 + i sin 6, show that
cos 2x + cosh 2y =2.
Proof :
cos B+ sin O = cos X cosh v - i sinxsinhy
. cos B8 =cos x coshy;sin8= - sin x - sinh ¥
1= cosZ 0 + «inZ 6 = cos> x cosh? v+ sin®x sinh? .
1+cos2¢ | 1 1+cosh2y + 1-cos2xc | [cosh2y-1"
=[ —= || 2 2 2
1 + cosh 2y + cos 2x + cos 2x - cosh 2y)
_ + (cosh 2y — 1 — cos 2x cosh 2y — cos 2x)
- 4
_ 2 (cosh 2y + cos 2x)
B 4
. 2 =cosh 2v + cos 2x
Eg: If cos (x + iy) =r (cos 6 + I sin 8), Prove that
y=1og Sinx -0
2 sin (x + 6)
Proof : rcos®+irsin®=cosx coshy—-i¢sinx sinhy
" rcos@=cosxcoshy;rsin®= -sinx-sinhy
rsin® -sinx-sinhy
rcos® cosx coshy kit
& —eY tan 6 i
— e tanhys 288 conboeptus 208 cosx
e te Y 3 tan x an s cotx cos® sinx

€@ +e Y 4@ —eY) _sinxcosB-sin B cos x
€ +e"Y)_ (¥ —¢~7) sinxcosx+sin 6 cosx

20
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‘ 9! hil] (v - H_) ; ” Z Z
¢ Vosin (v +6) (1 - x) +vi =il -cosu coshei®+sin“y «nh?,
2t '
sin - 0) Y= -1 lowe f,i“ (v “9’ =1=2coru gosht+eos” 2 o™
e log sinv+8) 2 T sin i+ 0)

-, ]
+(1-cos”u (cosh2 v-1y

. . . - . 9
- s (v +iy)=cos U +Isin b, prove that sjp U= o 2 z
Fg: M cos v+ * = £5ip =cosh™ v -2cosu - coshr+cos?y

Proof : cos 8 =cosx - coshy;sinB= —sinx sinh y ) )
. =(coshv -cosu)
cosl, .o, _SINB
Sl el sin x Eg: If x +iy=tan (A + i B), prove that
. - c
; 9 cos® ¢ s~ 0 (i) x2 +)") +2vcot 24 =1
ooy ~amhSy="—=" -

a2 :
cos“x  sin®x (i) x> +y% - 2v coth 2B +1=0

- iie? @ sin®x=cos? 0. sin2 x - sin’ @ cos® g Proof : .
(1- sinz.x).s'in‘l‘r:(l —sin® ) sin v - (stn” 0)(1 _smzﬂ x+iv=tan A+ B 28 =(A +iB)- (A - /B
sin? x - sin? x = sin®x - sin2 0 sin’y. sin? o+ Sin29-sin2r 2A=A-1B)+11 - /H)
sin x = sin® § ¢» sin? x=*sin@ L x-iy=tan (A - iB) = x2 +y2 =tan (A +iB) - tan (A - (B)
Eg: If cos (u +iv) =x + iy where u, v, x, ¥ as real, Prove thy tan (24) = tan [(A + (B) + (A - (B)]
G (1 +2x)% 4 3% = (cosh v + cos wy? _ tan(A+iB)+1an (A - iB) Wty 2
1 -tan (A +iB) tan (4 - (B) 1-(x%+y? 1-?+y?)

(i) (1 - x)z 4 _yz = (cosh v - cos u)2

2 P
. o , U 3 y ; N N 1 = ‘l— a
Proof : v + iy = cos (u + V)=cosu - cosh v - sinu sinhe ol 24 = =7 (‘ )

& 2ccot 24 =1 - (12 444
2x )
M=ok ucoshv;y = ~sing - sinh o 29
ol W ; p ; SXTHENYT+ 2v cot 24 = ]
(I+x)" +9%=(1 + €0s u cosh 0)2 +sin°u sinh?o :
\ . . , we have tan (i2B) = tan ( (A+iB)-(A-iB))
=1+2cosu coshy+ cos“ u - cosh? v + sin® 1 - sinh?v . .
{ tanh 2B = _tan (A +:B)-tan (A - (B)

I +tan (A +(B) tan(A -iB)

= {; a :
=1+2cosu coshy + cos?y . cosh? o

+(1 - cos® 1) (cosh?v - 1) Wty - -iy) 12y

oy ; 2, .2~ 2.2
=1+2¢0sy cosh v + cos? i - cosh? y 1+ (x%+39 1+x°+y
2 9 2 2y , 2, 2
+cosh®v -1 - cos? i - cosh? v +cos ot N _l+x74y”
= cogh? . anh 2B = Lexte s < coth 2B = %
5 U+2cusu»coshv+coszu )
=(cosh v + cos )2 2y coth (2B) = 1+2%+3? = x% 432 _ 9y coth (2B) + 1= 0

21
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1.70
i¢) = sin (v + iy), prove that

Eg: If tan (0+
¥ . sin 20

coth v - sinh 2¢ = cot ¥

Proof : tan (A +19) = sin (x +1y)

sin20 . sinh (2¢)

= “os (20) + cosh (29) * cos (260) + cosh (2¢)

_sinxcoshy +icosu -sinhy

(by earlier resuly

. ___—SEEQ - =sin x cosh y
** cos 26 + cosh 2¢
sinh (2¢) _ )
cos 20 + cosh (2¢) ~ €05 ¥ Sinhy

sinx coshy ~ (sin 26) | (cos 26 + cosh 2¢) sin (20)
“cosx sinhy (sinh 2¢) | (cos 20 + cosh 2¢) ~ sinh (20)

sin 20

tan x - coth y = sinh (20)

sinh (2¢) coth y = L (sin 20) cot x.
tan x

Eg: Separate into real and imaginary part of
tan ! (a + ip).
Solution : Let tan "1(a+iB) =x+1y
S 0+ iB = tan (x + iy)
e -if=tan (x -jy)
To find x & Y, We use first
21=(x+iy)+(x—iy)
2y =(x+iy) - (x - iy)
tan 2v =tan [(x + 1y) + (x + iy))
= tan (x +iy) 4 tan x - iy)
1 -tan (x + iy) tan (x - iy)

= (@) + (o~ i)
1-(@- i) (o= ip)

ENGINEERING MATHgy,

TRIGONOMETRY
20
1+ g%
2:1.':tan'1(——ﬁ22(Z 5 }
1-0°-8 )
1 ~1f 2 )
Real part =x =5 tan t 1—#??}

tan (i2y) = tan [(x + iy) — (x — iy)]
tan (x + iy) — tan (x — iy)

i tanh 2y = 1+tan (x +iy) tan (x — iy)
_ (a+if)— (x—iP)
1+o?+ B2
_ 28
1+0+p2
2B
o tanh (2y)=————
Taes B2
_ 20
2y = tanh 1 e
1+a”“+P
1 -1 2x
Im part =y ==tanh . S
2 ( 1+o2+ (32 )
EXERCISES
(1) If (x +iv) = ¢ cos (A - (B). show that
2 2
(1) 2 + "‘, = 1
c®cosh®B  ¢Zsinh?B
2 2
(i) 5—=——_—Y -

5 . 2
c?cos? A c?sin® A

n 6
(2) If cosh u = sec 8, prove that u =log tan(z +§J

(3) If tan y = tan « tanh B, tan z = cot a tanh
Prove that tan (y +2) = sinh (2 B) cosec(2x)

(4) If cos =1 (ot + iB) = @ + i, show that

o® sech? ¢ + p2 cosech? ¢ = 1

22
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UNIT I TRIGONOMETRY

PART - A

1. Prove that Cotix = —i.cothx

N

. Iftanh% = tan% then evaluate Cosx . Coshy = ----------

3. If Sin@ = tanhx, then Prove that Sinhx =tan @

4. Prove that Sinh*x = log (x ++/x? +1)

. tanh*x = log ‘/1+—X
1-x

6. Find the Real Part of Cosech(x+iy)

(621

Cos30

\l

. Evaluate

oo

. Find the expansion of Cos2 @ in terms of Cos @is -----------

9. Find the expansion of Sin2 @ in terms of Sin@ and Cos @

10. Evaluate Cos3¢ in terms of Sin@ and Cosé

PART- B

11. Express Sin®@ in a series of Cosines of multiples of 4.

12. Express Cos® @ in a series of cosines of multiples of 4.

13. Expand Sin®#.Cos°@ in a series of cosines of multiples of 4.

14. If Cos(x+iy) = r(Cos 6-+iSin §), Prove that y = ~ log Sin(x=0)
2 7 Sin(x+6)

15. If x+iy = tan(A+iB), prove that
(i) x*+y? +2xCot2A=1
(i) x?+ y>-2yCoth2B+1=0

16. Separate into real and imaginary part of tan*( & + i)

23



17. If Cos(x+iy) = cos &+isin @, Prove that sin?x = +sin 6.
18. If y=log tan z.X , Show that tanh Y = tan> .
4 2 2 2

19. If Sin(A+iB) = Cos #+iSin @, Show that
(i) Cos® A = Sinh? B, (ii) Cos?A = +Siné.

20. If Cos(x+iy) = Cos @ +iSin @, Show that Cos2x+Cosh2y = 2
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COURSE MATERIAL

UNIT Il -FOURIER SERIES
TOPICS IN FOURIER SERIES

Eulers Formula -Dirichlets Conditions — Statement only — change of interval — odd and even
functions — half range series — RMS value — Parseval’s formula — complex form of Fourier
series- Harmonic Analysis.

INTRODUCTION

The Fourier series is named in honour of Jean-Baptiste Joseph Fourier (1768—-1830),
who made important contributions to the study of trigonometric series, after preliminary
investigations by Leonhard Euler, Jean le Rond d'Alembert, and Daniel Bernoulli.Fourier
introduced the series for the purpose of solving the heat equation in a metal plate. Although the
original motivation was to solve the heat equation, it later became obvious that the same
techniques could be applied to a wide array of mathematical and physical problems, and
especially those involving linear differential equations with constant coefficients, for which the
eigen solutions are sinusoids.Fourier series has many such applications in electrical
engineering, vibration analysis, acoustics, optics, signal processing, image
processing, quantum mechanics, econometrics.

PRELIMINARIES
Definitions :

A function y = f(x) is said to be even, if f(-x) = f(x). The graph of the even function is always
symmetrical about the y-axis.

A function y=f(x) is said to be odd, if f(-x) = - f(x). The graph of the odd function is always
symmetrical about the origin.

For example, the function f(x) = |x| in [-1,1] is even as f(-x) = |— x| = |x| = f(x) and the function

f(x) = xin [-1,1] is odd as f(-x) = -x = -f(x). The graphs of these functions are shown below :

26



S

0.0
-100 =008 0ROt 02 U\'U 072 0470 0.% 1.0

Graph of f(x) = || Graph of f(x) = x
Note that the graph of f(x) = |x| is symmetrical about the y-axis and the graph of f(x) = x is
symmetrical about the origin.
1. Iff(x) is even and g(x) is odd, then
e h(x)=f(x).g(x)is odd
h(x) = f(x) . f(x) is even
e h(x) =g(x) .g(x) is even
For example,
1. h(x) = x* cosx is even, since both x? and cosx are even functions
2. h(x) = xsinx is even, since x and sinx are odd functions

3. h(x) = x* sinx is odd, since x? is even and sinx is odd.

2. Iff(x) is even, then If(x)dx = ZIf(x)dx
—a 0
3. If f(x)is odd, then j F(x)dx=0
For example,

27



a a
J. cosxdx = ZIcos xdx, as cosx is even
—a 0

a

Isin xdx =0, as sinx is odd

—a

and
PERIODIC FUNCTIONS

A periodic function has a basic shape which is repeated over and over again. The

fundamental range is the time (or sometimes distance) over which the basic shape is defined
The length of the fundamental range is called the period.

A general periodic function f(x) of period T satisfies the condition f(x+T) = f(x)
Here f(x) is a real-valued function and T is a positive real number.

As a consequence, it follows that

f(x) = f(x+T) = f(x+2T) = f(x+3T) =
Thus, f(x) = f(x+nT), n=1,2,3,

The function f(x) = sinx is periodic of period 2r since

Sin(x+2n7) = sinx,

n=1,2,3,
The graph of the function is shown below
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FOURIER SERIES

A Fourier series of a periodic function consists of a sum of sine and cosine terms.
Sines and cosines are the most fundamental periodic functions.

The Fourier series is named after the French Mathematician and Physicist Jacques
Fourier (1768 — 1830). Fourier series has its application in problems pertaining to Heat
conduction, acoustics, etc. The subject matter may be divided into the following sub topics.

FOURIER SERIES

Y Y Y Y

Series with Half-range series Complex series Harmonic Analysis
arbitrary period

FORMULA FOR FOURIER SERIES

Dirichlet conditions

Dirichlet conditions are sufficient conditions for a real-valued, periodic function f(x) to be
equal to the sum of its Fourier series at each point where fis continuous. Moreover, the
behavior of the Fourier series at points of discontinuity is determined as well (it is the midpoint of
the values of the discontinuity). These conditions are named after Peter Gustav Lejeune
Dirichlet.

The conditions are:
e f(x) must be absolutely integrable over a period.

e f(x) must have a finite number of extrema in any given bounded interval, i.e. there must
be a finite number of maxima and minima in the interval.

e f(x) must have a finite number of discontinuities in any given bounded interval, however
the discontinuity cannot be infinite.

Let

a+2l

1
a=7 j f(x)dx (1)

a+21[
anz% | f(x)cos(%]xdx, n=123,... (2)
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a]_ f(x) sm( jxdx n=12.3,...... (3)

Then, the infinite series f( x) — + Za cos( jx +b, sin(%}x (4)

is called the Fourier series of f(x) in the interval (a,a+2/). Also, the real numbers ay, as, ay,
...an, and by, bo, ....b, are called the Fourier coefficients of f(x). The formulae (1), (2) and (3)
are called Euler’s formulae.

It can be proved that the sum of the series (4) is f(x) if f(x) is continuous at x. Thus we have

f(x) = % + Z a, cos[%}x +b, sin[%)x ....... (5)
n=1

Suppose f(x) is discontinuous at x, then the sum of the series (4) would be
1 . _
Sre+re)]

where f(x") and f(x) are the values of f(x) immediately to the right and to the left of f(x)
respectively.

Some useful results :
1. The following rule called Bernoulli’'s generalized rule of integration by parts is useful in

evaluating the Fourier coefficients.
Iuvdx = UV, — UV, + UV F
Here u',u",..... are the successive derivatives of u and
v, = jvdx,vz = Ivldx, ......

We illustrate the rule, through the following examples :
J-xz i o xz[_ cosnxj ~ Zx[_ sir; nxj . 2[c0s3nxj
n n n

2x 2x 2x 2x
Ix3ezxdx=x3 ¢ —3x? ¢ +6x ¢ -6 ¢
2 4 8 16

2. The following integrals are also useful :
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ax

Ie‘”‘ cosbxdx = ——— [acosbx + bsinbx]
a +b
Ie‘”‘ sinbxdx = ——— [asinbx —bcosbx]
a +b
3. If‘n’is integer, then
sinnt =0, cosnrt = (-1)", sin2nn = 0, cos2nn=1

Examples for the interval (0,2xn) and (-x, 7)

0 (—7[<x<0) ) )
1.Expand f(x) = in a Fourier
r-x (0<x<+7)
z
series.
bra
1¢”7 10 |
a, = —J. f(x)dx = —J. O0dx + —J. (7—x)dx
JCéY—T1 JTé—T1 T YO0
e T X
2 T
=0+ 1 (ﬁ_x) =z
o2 ] 2 D 7
m-x CosRY
AN
+
A
17 1¢”7 -1 = sin xx
- - dx = 0 + —J' - d
a, ”j_ﬁf(x)cosnx x -1, (7 —x)cosnx dx W
. s n =
_ l{n(n—x)smnx - cosnx} _ - (-1) ) \‘\_1
2 2 — Coi HY
r n . n’r 2
7 T D f
b, = 1 f(x)sinaxdx = 0 + lj (7 —x)sin nx dx
7 d-n rdo T-x nx
B l{n(ﬁ—x)cosnx + sinnx]z 1 \‘.|.
= — 3 = — -\\
d " 0 " -1 _lcosm:
\\ H
Therefore the Fourier series for f(x) is -\\
o0 0 —L sinwx
P 1-(-1)" 1 n
x) == + ——2cosnx + —sinnx —T<X<+7
flx) =74 Z{ : ( }
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2. Obtain the Fourier expansion of f(x) = (7r - x) iNn-t<x<mn

| =

We have,

a, = % j F(x)dx = %j% (77 — x)dx

1 x? ’
= —\ X —— =T
2 2]

17 1¢1
a, =— jf(x)cosnxdx =— j—(ﬂ — Xx)cosnxdx
7T 2

Here we use integration by parts, so that

o

1 71
b = —(7 — x)sin nxdx
_jﬂz( )

n

_ L{(” ) cosnx (_1)(— sin nxﬂ

27 n n’

D"

n

Using the values of ay , a, and b, in the Fourier expansion

a = = .
f(x)= ?°+ Zan cos nx + an sin nx
n=1 n=l1

o0 _1 n .
we get, f(x) =%+z( ) sin nx
n=1 n

This is the required Fourier expansion of the given function.
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3. Obtain the Fourier expansion of f(x)=e™ in the interval (-r, ). Deduce that

cosech;z— o D
TN 241

1% e ]
a, :_J.e_axdx=—|:e :|
7T Tl —a]

a

e’ —e ™ 2sinhar

ar

Here,

v

|
a, ——Ie “ cosnxdx
7

a +n

:2_a{(—1)” sinhaﬂ}

_ V2
B e ax { . }
a, =—| ——{—acosnx + nsin nx
-
| a+n’

1 T
b,= — _[ " sin nxdx
7Z. -7

1

_ v
Clas }
—| 2—as1nnx—ncosnx
-

Trla +n

2_1{ (=1)"sinh aﬂ}

T a+n’

Thus,

51nha7z 2asinhar & (=1)" 2 -1

S Cosnx + — sinh a;zz

sin nx
ar ~at+n’ T

,,la +7’l

For x=0, a=1, the series reduces to

sinhz  2sinh 7z - (—1)"
f(0)=1 = + or
© V4 T ,,Z::‘n2+1

sinhz  2sinhxz

1 D
+ ——+
V4 V4 { 2 ;nz—i-l

1=




2sinh 7 i D"

or =
T =nt+l
Thus,
0 (_1)71
mwcosechm =2
; n*+1

This is the desired deduction.

4. Obtain the Fourier expansion of f(x) = x* over the interval (-r, ©). Deduce that

2

Sol:
The function f(x) is even. Hence
17 2%
2= — j f(x)dx== j F(x)dx
T Ty

r 371"
=2J.x2dx =£{x—}
Ty 7|3

0

or a, =

a, =l J.f(x)cosnxdx
4 -

2 T
=— J' f(x)cosnxdx, since f(x)cosnx is even
4 0

Vi

2
= —J.xz cos nxdx
T 0

Integrating by parts, we get

a = z{xz(mnnxj_zx(—cozsnxj_'_ 2(—511;nxﬂ
T n n n 0
41"

2
n

34



Also, b, = 1 J-f(x) sinnxdx =0 since f(x).sinnx is odd.
7Z. =T
Thus
7t & (=1)" cosnx
f()C) = T + 42%
n=1

2 o0
n’ :%+4Zi2

n=1n
ii_ﬂ_z
=n* 6
2 1 1
Hence, %=1+?+—2+ .....

x,0<x<rx

5. Obtain the Fourier expansion of f(x) =
2r—x, 7t <x<2rxw

2

Deduce that 7[—:1+—2+i2+ ......
8 3 5

The graph of f(x) is shown below.

Equation of OAisY =X (0,7)
3.5 o Equation of ABisY =2x-X (z,2x)
A Equation of AC is X =x (0, x)

Here OA represents the line f(x)=x, AB represents the

line f(x)=(2n-x) and AC represents the line x=n. Note
= that the graph is symmetrical about the line AC, which
o in turn is parallel to y-axis. Hence the function f(x) is an

< AV even function.
00 1 2 3 X” 4 5 6 27 7
17 2%
Here, 2= — j f(x)dx== j F(x)dx
T Ty
= 2jxa’x =7

s

a, :l J'f(x)cosnxdx :zjf(x)cosnxdx
ﬂ-—/r T 0

35
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k\lw

V4
I cos nxdx
0

]

-1y 1]

k\IN

Also,
17 . . L
b =— If(x) sinnxdx =0, since f(x)sinnx is odd
7[ =TT

Thus the Fourier series of f(x) is

f(x) = %+ 72[ nlz [ = 1]cos nx

For x=n , we get

n=1 N
2 & —2cos(2n—1
or ﬂ:£+_z cos(2n : )V
2 mia (2n-1)

or

This is the series as required.

6. Obtain the Fourier expansion of
-~ <x<0
f(x) = {

Deduce that
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Here,

1_0 V4
a, =— I—ﬂdx+jxdx}:——
0

p/a
1 B VA
a,=— j—ﬁcosnxdx+ .[xcosnxdx
7
| -7 0

-]
nrm

0 zz'
b, = l{j— 7T sin nxdx + jxsin nxdx}
p/a

- 0

= i-2cay]
n

Fourier series is

2

f(x) = % - %ii[(—l)” - l]cos nx + i[l_+_l)n]sin nx

Note that the point x=0 is a point of discontinuity of f(x). Here f(x") =0, f(x)=-n at x=0. Hence

S+ £ = (0-7) ="

The Fourier expansion of f(x) at x=0 becomes

/4 =1
=—— —[(-D" -1
2 4 ﬂzlnz (=D ]

n

Simplifying we get,

Change of interval
7.. Obtain the Fourier series of f(x) = 1-x* over the interval (-1,1).
Sol:

The given function is even, as f(-x) = f(x). Also period of f(x) is 1-(-1)=2
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Here a0 = %jl F(x)dx=2 ! F(x)dx

O |
—2!:(1 x7)dx Z{X 3}

0

3
= % j £ (x) cos(nmx)dx

= ZJ' f(x)cos(nmx)dx as f(x) cos(nnx) is even

1
= 2j (1-x*) cos(nmx)dx
0
Integrating by parts, we get

,Y sinnmx COS M TX sin nmx 1
an—Z{(l—x{ - j (2)( s J - )( o H

_ 4(_1)n+1

2_2
nrnw

1
b = % j f(x)sin(nm)dx =0, since f(x)sin(nnx) is odd.
-1

n+1

2 4 &
The Fourier series of f(x) is  f(x) = = —22 cos(n7x)
=l

3

-1 (—1<x<0)

8.Find the Fourier series expansion for the standard square wave, f(x) = { | (0 < 1)
+ <x<+

Sol: ¢=1.
The function is odd (f (—x) = — f(x) for all x).

Therefore a, =0 foralln. We will have a Fourier sine series only.
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1

—sinnzx dx + I sin nzx dx
0

0

1

b, = Ij_llf(x)sinnﬁx dx = I

{cosmT ) {M} 20 (1))

nrw 0 nrw

-1
(can use symmetry)

niw

9. Obtain the Fourier expansion of

1+ﬂm—§<xso
3 2

) = 4 3
1——xin0 <x<—
3 2
x’ 1 1
And hence deduce that ? = 1+3—2+5—2 + o

Sol:
The period of f(x) is 3 (_—j =3
2 2

Also f(-x) = f(x). Hence f(x) is even. Thus b, =0.

312 3/2
1

j f(x)dxzyzz j F(x)dx

-3/2

a,

“32
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7

Also, b,,:% | f(x)sinn?)—ﬂxdsz
3 B
4 &1 2nx
Thus f(x)=—>» —|1-(-1)"[cos
0= 2=y [J

Toaan
8 1 1
or 1=?{1+3—2+5—2+ ...... }
2
Thus, %:H S+t
0 n 0
22 1-(-1)" . 42( 1. )
= x) =— ————sinnrx | = — sin(2k—1)7zx
f( ) Vd [ n V4 2k -1 ( )
n=1 k=
10. Find a Fourier series for f(x) = x, 0 < x <4, f(x + 4) = f(x).
Sol:
4 L4
1 s [k s
aﬂzﬂaxm_:j =—(8-0)=4
2 22], 2
Forn=1,2.3,.
4
a, g | X cos = iy
T AR 2
2x N 4 et
=] 5N +———0C05 |
2\ nm 2 nm 2 |D |
4 |{J-|- . ,ms(]n.ﬂ|—fﬂ+ ,4,1:‘05([?}”:0
AN o E i 100 et 1)
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1{=2x nmx 4 17X
=— cos + ———sin
3 i o) — . |
iy ) [ L L A = o
L | -4
=— —c‘m[lr:] -L“J,—H}—D:I|=—
+ 2 | il
LN A / 1
Consequently,
. 1 NTX . ATX irae
f(x)= ‘T , COS +b sin =2+ —‘T
J 2] !
* X g N 2

HALF-RANGE FOURIER SERIES

The Fourier expansion of the periodic function f(x) of period 2/ may contain both sine and
cosine terms. Many a time it is required to obtain the Fourier expansion of f(x) in the interval
(0,/) which is regarded as half interval. The definition can be extended to the other half in such
a manner that the function becomes even or odd. This will result in cosine series or sine series
only.

Half Range Sine series :

Suppose f(x) is given in the interval (0,/). Then Half range sine series of f(x) over (0,/) is given
by

f(x) = ib,, sin(%)

2 :
where b =— J. f(x) sm(ﬂ]dx
[y /
The half-range sine series of f(x) over (0,n) given by

f(x)= ibn sin nx

where b, _2 [ £ (o)sinnxdx
T 0

41



Half Range cosine series :

The half-range cosine series of f(x) over (0,/) is given by

L A
f(x)—?+n2=;ancos( 7 j

where,
a, = gj- f(x)dx
0 l )
a, = gj‘f(x) cos[ﬂde
S [
The half-range cosine series over (0, =) | given by

f(x) :%+Zan cos nx
n=1

where
2 T

a, == j £ (x)dx
7 0

a, =£If(x)cosnxdx n=1,23,.....
ﬂ.O

The Fourier series of f(x)=|x|in [-1, 1] .
Sol:

Evaluating the Fourier cosine coefficients,

1
a, = %J xcos(nTﬂxjdx, (n=1,2,3,...)

0

1

X . 1
= 2| =
= a, {”lﬂ sm(n;rx) + — 5 cos(n;rx)}

0

42
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and q, :%J‘lxdx:[xz]l =1

—4 —4 -4
a =1, ag=—, a, =0, a3=ﬁ, a, = ,as—zsﬂz,%:o,
1 (n=0)
o a, =12  (n=135,...)
(n7)
0 (n=2,4,6,...)

Therefore the Fourier cosine series for f(x) = x on [0, 1] (which is also the Fourier series for f
x)=]x| on[-1,1])is

f( 1 4 Z‘O: 2k 1 ﬂx)
T2 7 = (2k-1)
or
1 4 cos3mx cosSrx cos7rwx
f(x) == - —|coszx + + + + ...
2 T 25 49
Problems

1. Expand f(x) = x(n-x) as half-range sine series over the interval (0,n).
Sol:

We have,
2% :
b, = —If(x)sm nxdx
2 0
= EJ-(ﬂx — x*)sin nxdx

0

Integrating by parts, we get

43



-]

nr
The sine series of f(x) is

431 .
‘ﬂm—;zzﬂ—Ekam

n=1

Vs
x0<x<—
2. Obtain the cosine series of f(x) = 2 over(0,7)

Vs
H—L5<x<ﬂ

Sol:
Here
e )
aO:3 jxdx+j(7z—x)dx _
72'_0 7 2
2 7 T
a,=— .[XCOSﬂde+ j(zr—x)cosnxdx
Tl 7

Performing integration by parts and simplifying, we get

a, =-— f {1+(—1)" —2COS[EJ:|
nr 2

-8 a=2400....
nmw

Thus, the Fourier cosine series is

7 2|cos2x cos6bx coslOx
= + + + .0
1? 3? 5°

3. Obtain the half-range cosine series of f(x) = ¢c-x in 0<x<c

Sol:
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2 c
Here a, = —J-(c —-x)dx =c
¢ 0

2 c
a, =— J. (c—x) cos[ﬂjdx
¢y c
Integrating by parts and simplifying we get,
2c
a =——[[1-(-1)"
=]
The cosine series is given by f(x) =

4.Find the Fourier sine series and the Fourier cosine series for f(x) = x on [0, 1].

Sol:
f (x) = x happens to be an odd function of x for any domain centred on x=0. The odd
extension of f(x) tothe interval [-1, 1] is f(x) itself. D 7
x it BT
N
Evaluating the Fourier sine coefficients, '|‘\\
5 ¢! - 1 %cosnﬂx
b, = —J xsin| — |dx, (n=12,3,...) S
1Jo 1 —
R
0 -1 2sirm;?T:Jr
(T

Therefore the Fourier sine series for f(x) = x on [0, 1] (which is also the Fourier series for f
(x)=x on

-1, 1]) is

CEDYC A

n
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or

2( . sin2xzx sin37x sindrx
f(x) = =|sinzx - + - + ...
s 2 3 4

4.Find Fourier sine and cosine series of f(t) =t; 0 <t<m.

Sol:

Fourier sine series of f(x) is given by

f()= ibn sin nt

N — 2t cos nt g JF i yrd
by, = — / tsmnt dt = —— || +— cosnt di = —)
T fo nw nmw Jo n
Therefore
= 2(—1)""!
= sin it O<t<nw
D

Fourter Cosine sertes.

2 [ QUsnnt . 2 [F . 2(—-1)" —1
G = — / tcosnt dt = —— | — / sinnt df = Hf
T fy ni nw Jo n4m

forn =1 and ag = %ﬁ;f dt = w, so
T 4 cos(2j — 1)t
t=——— E : D<ctam
2 w = (25 —1)2

5. Expand f(x) = cos x, 0 <x <1 in a Fourier sine series.
Sol. Fourier sine series is

f(x)= ibn sin nx
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cos x sin nx dx

SN N

O"—;N O'—.;‘

b, zzjf(x)sinnxdx =
7 0

2sin nx cos x dx

N[

=lj [sin(n+1)x+sin(n—1)x]dx, n=#l
4 0

1 [—cos(n+l)x +(—cos(n—l)x) "
- n+l n—1 0

T
1 G VA OO (R | 2SinACosB = Sin(A+B) + Sin(A-B
T n+1 n-—1 n+l n-1 nACosB = Sin( ) in(A-B)
=—i(1) e N A (R B -
Vs n+l n-1 n+l n-1]] cos(n+ 1)z =(-1)

1

H cos(n -z =(-1)""

(—1)”{ 1 + 1 }+{ ! + !

n+l n-1 n+l n-1
.| 2n 2n

=D {nz—l}Jr{nz—lH

2n ;
b =m[(—1) +1], n=l

When n =1, we have

b, =3jf(x)sinxdx :zjcosxsinxdx
T T 0

|
3
[ B e

T

=l Isin2xdx
7 0

:l[—cosbc} :—L(l—l):O
T 2 0 2r

f(x)=> b, sinnx = b sinx+ ) b, sinnx

n=2

o 2n[(=D)"+1]
z 20 1) sin nx

=2

n=1
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8sin4x

12sin 6x

=£[4Sln2x+0+ +0+ FO0+ }
V4 3 15 35
8 [sin 2x 2sin4x 3sin6x }
=— + + F e eereens
7| 3 15 35
Interv Fourier series ao an b,
al of f(x)=
(0,2/) 0 . 21 21 21
%%‘,ﬂn CO{?}%SI{%} a, =% { fxdx | a, =% ! £(x) cos[%jxdx, b, =% { (%) sin(%)xdx
(-1, 1) ! ; ;
a, = %:[ f(x)dx | a,= % :[1 f(x) cos(%jxdx b, = %:[ f(x) sin(%)xdx
(0,27-5) a o . 2 2 2z
_0+zan cosnx+b,sinnx | g _1 _[f(x)dx a, 1 If(x)cosnxdx b, 1 If(x)sin nxdx
n=1 T 0 T 0 T 0
-7, TE) b4 4 z
a, = 1 If(x)dx a, = 1 jf(x) cos nxdx b, = 1 If(x) sin nxdx
T - T - T -
Half Range sine series
(0.)) . (nm - - !
f(x)=>b, sm(—] b =2 [r) sin(@jdx
n=1 l l 0 l
©.) o - — .
f(x)=2"b,sin(nx) h =2 [ £ @) sin(nx)dx
n=1 T 0
Half Range cosine series
(0,0) a, & nix 24 24 nmx )
f(x)= ?0 + ;an COS[T] a, = 7_([f(x)dx a,= 7£f(x) cos[Tjdx
(0,m) a3 27 27
f(x)=—+ Z a, cos(nx) a, = —If(x)dx a, = —jf(x) cos(rx )dx
2 n=1 T 0 T 0
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Root Mean Square Value(RMS value)

The RMS value of a function f(x) in (a,b) is defined by

_ 1 % )
y=&:;ﬂHMMh

—, lb ,
y—gzivwnw

Parseval’s Identity For Fourier Series

The Parseval’s identity for Fourier series in the interval (c, ¢ + 2/) is
c+21 2

1 2, @ N2 2
;yﬂmhu—2+;}%+m>

The Parseval’s identity for Fourier series in the interval (c, ¢ + 21) is
c+2rx 2

1 1, _ 4 N 2 2
;yﬂmw—2+;m+m)

Where a,,an,b, are Fourier coefficients.

1. Expand f(x) = x—x° as a Fourier series in —/ < x </ and using this series find the root
square mean value of f(x) in the interval.
Sol. Fourier series is

(x)=a—°+ a cos’X 4 b sin Y
f 2 n l n l

n=1

a, :%_Jif(x)dx :%:[i(x—xz)dx

1| x? xﬂl

1_2 3 »
e el e

l_ 2 3 2 3
_l -2 _—212

/ 3 3
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1¢ nx 1¢ ) nx
a, =7_jlf(x)cosde =;:|.l(x—x )cos == dx

nnx nix nnx
SIn —— — COS T —Sin T
=2 (x—x* -(1-2 +(=2)| ———
l(x x7) nz (1-2x) I (-2) NENE
i l 12 13
1l (=1)" 1 (=11
=—(10+(A-2D)| —5—— [+ 0 =10+ 1+ 2])| —— [+0
n w
(_1)n12
=i [1-21-1-21]
(-1)"1 477 (="
= —4]|=— L —
nzﬂz [ ] nzﬂ_z

! !
b, =%jlf(x)sin%dx =%jl(x—x2)sin%dx

1

X . namx nix
1 —COS— —Sin T COS—
=5 (x—x%) —(1-2x) — |+ (-2)| ——5
i 12 r y
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{{: (-1 )(( " ’J 0-g£3§2;£i}-—{-0—1—12)((‘1)"1J4_0__2(‘5)213}}
n’r ni pEpe

_ - lb I+ 1+1°]

I nr

_ n+l _ n+l
_(D [21]:21( 1)

nw nrw

f(x)——0 i(a cos +b n?}

0 4 1n+1 2 _1 n+l )
:%( ] Z( r ( ) cosn7;x+ 1= smm;x]
1 nmw
—12 47’1 rx 1 2rx 1 3zx 1 47 x

(ie) f(x)= — 1_20057_2_2005_+3_2005__4_2005_+ ....................

21[1.7rx 1. 2zx 1. 3zx 1 . 4rx
+ | sin—— ——SIN—— 4+ —SIN—— ——SIN——F eeerrrrrrererrrenns

7|1 [ 2 [ 3 [ 4 [

RMS value of f(x)in (-, 1)is
2
2

- a, I & 2 2
=——+— > (a, +b
y = 2)Z§ . +0,7)

B 1 _212 2 1 0 1614 (_1)2n+2 412 (_1)2n+2
S *52 T

n'r n°rx
— 0 4 2]2
(ie.) =—+
4 ,Z n ‘r’
2. Find the half range cosine series for f(x) =x (m—x) in 0 <x<Tm.
1 1 1 7
Deduce that —-+—F 4+ +.....coc. =—
12 3 90

Sol. Half range fourier cosine series is

f(x) =a—2°+2an CoS nx
n=1
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x(m—x)dx

a =2 [ fyax =
T 0

N
o'—.=1

(8]

_2[nx _ '
_72'

21«
7(7‘—] . ‘”}
27
_72_6
_z
3

a =£ J.f(x)cosnxdx =
V4

T
) Ix(ﬂ X)cos nx dx
0 0

2

T
_2 (ﬁx_xz)(sinnxj_( oy )( cosnxj (2)( smnxﬂ
T n n .
2

T

2

{0 +w + O} - {0 + (”)2(1) + OH
n n

]
Tn

%[”sz 2 2 [0 +1)eos nx
2

2
=”——2{0+ Cojzx 0+20024x+0+2coj6x+0+ ............... }
6 2 4 6
r’ [cos 2x cosdx cos6x }
== — + + F e,
6 22 42 6’
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Parseval’s identity for half range fourier cosine series is

2 f 2 02 S 2
= j L/ ()] dx=“7+ >a,

n=1

—j[m x]dx-( J i =D +1P

=1

—j(ﬂ2x2+x4—27rx3)dx :—+ 4{ —+O+i4+0+ .............. }
Ty, 6

2 22 X 2z2x* T 2t 16[ 1 1 1

- - - = +_4 _4 _4 _4 ..............

| 3 5 4 |, 1B 2°[1" 2" 3

N |
N\
w\ﬁh
u]hm
|
w‘*‘m
N
|
()
1
I
= |
+
1
==
Y
IS
KR~
| I

LA AR S
15 18 7 ph TgE e
(ie) 00 1 Tor T T

0, I <x<2l

Hence deduce the value of the series (i) l—l+l —l+ .......... (i) iz +L2+i2 ..............
3 5 7 1 5
Sol.  Fourier seriesis f(x) =—>+ Z(a cos X b, sin nilrxj

:% ff(x)dx :%I[(l—x)dx+% !(O)dx

REE)
1L -2

.
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1 ¢ nrwx
=;Jf(x)cos
0

/
=%J.(l—x)cosn7[xdx+0
0
/
1 sinnﬁx —cosml[x
=—|(l-x (- ————
|09 = o)
[ I*

_l_ O_(_l)nlz oo 2
B l_ n’r? n’r’
— e )

ﬁk—l)"“ +1]

n
1 nrw
:;If(x)sin j(z x)sin 2o dx + 0
0
1
nwx . NTX
1 —COS ] —Ssin ;
=—|(-x)) ———— |- (- ———
l( x) i (1) gl
L ! r 0
B 2
l_ nrw
_
nrw
f(x):@+z(ancos””+bnsin””j
2 o~ / /
n+l
=i+z [[(- 1) +1]cosnﬂx+Lsinnﬂx
4 “~ n’r? / nr /
[ 112 TX 2 3 x 2 S5 x
=—+—| 5 cos —+0+—cos—+0+—cos—+0+ .................
4 7|1 / 3? /
11 1 2rx 1 kY1
+—|=sSin— +—SIN——+—SIN——+F eeeeernnnn.
AR! 2 / 3 /
211 1 zx 1 RY/4 1 Y4
ie. X _—+—— OS—+—CO0S—+— e
/1 1 27x 1 . 3«
+—|=Sin—+—8IN——+ —SIN——F eeeereeeernn.... -———
AR 2 / 3 /
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Put x = é (which is point of continuity) in equation (1), we get

121 1. o~ 1. 1. 37 1. 1 . 5x
—=—+—(0) +—|-sin—+_sinz +_—sin——+—sindz +—sin— +
2 4 |1 2 2 3
L=L+L 1+0—1+0+1+0—1+ .................
2 4 3 5 7
/A 1 1 1
— ===l =4
2 4 3 57
[ 1 I 1 1
—=— |l ===t
4 7« 3 57
V2 I 1 1
— =l =4
4 3 57
Put x =/in equation (1) we get
[ 21 I 1 1
D=—t— |~ — = s | e 2
/@) 4 ;zz{ 1 3 5 } @)

But x =/is the point of discontinuity. So we have
=)+ f(+ 0)+(0
Fy =L _©+O

2 2
Hence equation (2) becomes

_1_2_1F+L+L }
4 72_2 12 32 52 ............

4.Find the half range cosine series for the function f(x) =x in0<x</.
Hence deduce the value of the series ;4
o1 (2n—1)

nwx

a o0
\ . \ . 0
Sol. Half range Fourier cosine series is f(x) =—+ Zan cos

n=1

2 ¢ 2 ¢ o[ x2]" 2[2
a0=7J.f(x)dx =7J-de=7|:7j| =7|:?—0:|=l
0

0 0

95

fix) =1-x
f(l-) =1-1=0

Jx) =0
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24 nwTx 2 nwx
a, :7£f(x)cos dszIxcos dx
nTx nwTx l
) sin —CoS ;
=— 1
; (x) nz M nir?
/ /2 o
2 (-n"7? I?
=—[70+ -0+
l_{ n’r? } { n’r?
21 ;
= 2[(_1) _1]
f(x)——+Zancosn7rx
l 21 (— 1) —1]
ot T
21 2—2 —zcosﬂ+O—£cos3ﬂ—x+0—30055”—x+0— ...................
2 1? / 32 / 52 /
471 1 zx 1 3zx 1 St x
ie. X)=———| —=COS—— +—=COS——— +—=COS——— F ervrreeerrerrnarcr.
(te) f(2) {12 / 3? / 52 / }

Usmg Parseval s identity for half range Fourier cosine series we have

21 ) _‘102 =
7£[f(x)] dx—7+;an

2forunt g

37! 2 2
2z Zl +4l4[4 +0+ i+O+i+0+ .................. }
I3, 2 =1 3¢ 54
g E_O —£+1612 i.}.L_Fi_i_
l 3 2 4 14 34 54 ..................
20 17 1612 1 1
T_? 14+3—4+5—4+ ..................
ro 1612[ Lo }
6 72_4 14 34 54 ..................
1 1 1 e
— =ttt le) —= -
9% 1' 3" 5 () 56 = 2 Gy
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N ook

10.

11.

12.
13.
14.
15.

16.

17.

18.
19.

Question Bank
FOURIER SERIES

UNIT Il
PART A

What is the value of bn when the function f(x)=cosax is expanded as a Fourier series
in (-w, m)?

State Dirichlet conditions for a function to be expanded as a Fourier series.

If f(x) =x?in-nt<x<mr,find b,

Write the complex form of Fourier series of f(x) in 0<x<2r.

Find the Fourier sine series for the function f(x)=k, 0<x<n

Find ag in the Fourier series corresponding to f(x) =x in 0 < x < 2n

If f(x) = Z CneinX is the complex form of the Fourier series corresponding to f(x) in

—00

(0,2 ), write the formula for cy.

Write the formulas for finding the Euler’s constants in the Fourier series expansion of
f(x) in (-x, w).

Find ao in the Fourier series corresponding to f(x) =x? in 0 < x < 2n

find the Fourier series for the function f(x) =k in0 < x < 2xn What is the value of bn
when the function f(x)=x? expanded as a Fourier series

in (-, m)?

State Dirichlet conditions for a function to be expanded as a Fourier series.

If f(X) =sinx in-n <x <, find an

Write the complex form of Fourier series of f(x) in 0<x<I.
Find the Fourier cosine series for the function f(x)=k, 0<x<n
State parseval’s identity on Fourier series

If f(x) = Z c,e™ isthe complex form of the Fourier series corresponding to f(x) in

(0,2w ), Write the formula for C,.
Write the formulas for finding the Euler’s constants in the Fourier series expansion of

f(x) in (-, 7).

Find the root mean square value of the function f(x) = x in the interval (0,1).
Define Harmonic analysis.
PART B
Obtain the Fourier Series for f(x)=x+x? in (-x, ©). Deduce that
e AT

Expand the function f(x) = xsin x as a Fourier series in the interval 0 <x<2rx.

Y



9.

10. Obtain the first two harmonics in the Fourier series expansion in (0,6) for the function

Express f(x) = x in half range cosine series in the range 0 < x < 1 and deduce

the value of (%} + (3%) + (éj +...10

Obtain the Fourier series of f(x)=|cosx in -n<x<mn

(a) Find the complex form of Fourier series for f(x) = e in the interval
-1<x<1.

(b) Expand f(x) = 2x — x2, 0 < x < 3 as a half range sine series.

Find the Fourier series expansion of the periodic function f(x) of period 2, defined by
2

1+%x, —-1<x<0 7z
f(x)= ' Deduce that —— =
Obtain Fourier series for f(x)= {I -% O<xsl . Hence deduce that
0, |<x<2l
. 1 1 1 z o1 1 1 7?
(|) 1—§+g—7+ ....... :§ (||)_2+—2+5—2+ .......... OO:T

Compute the first two harmonics of the Fourier series of f(x) given by the following table.

X

0

75

i

T

%

74

T

f(x)

10.

1.4

1.9

1.7

1.5

1.2

1.0

Find the Fourier series of f(x) = x2 in the interval (-7<X<7) and deduce iiz =716
1

y = f(x) defined by the table given below.

X

0

1

2

3

4

5

Y

9

18

24

28

26

20
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UNIT Il PARTIAL DIFFERENTIAL EQUATIONS
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COURSE MATERIAL

PARTIAL DIFFERENTIAL EQUATIONS

Formation of equations by elimination of arbitrary constants and arbitrary functions - Solutions
of PDE - general, particular and complete integrals - Solutions of First order Linear PDE (
Lagrange’s linear equation ) - Solution of Linear Homogeneous PDE of higher order with
constant coefficients.

INTRODUCTION

A partial differential equation is an equation involving a function of two or more
variables and some of its partial derivatives. Therefore a partial differential equation contains one
dependent variable and more than one independent variable

Notations in PDE
p=0z/0x q=0z/0y 1=0%2/0x> s=0%°2/0x0y t=0°z/0y?
Formation of partial differential equations:
There are two methods to form a partial differential equation.
(i) By elimination of arbitrary constants.

(i) By elimination of arbitrary functions.

Formation of partial differential equations by elimination of arbitrary constants:
1. Form ap.d.e by eliminating the arbitrary constants a and b from Z=(x+a)?+(y-b)?
Solution:

Given Z= (x+a)?+(y-b)?
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0z . p
P=— =2(x+a) , ie) x+ta= —
OX (+a) ) 2
0z . q
=—=2(y-b) , ie) y-b=—
q oy (y-b) ) yb=3
pY (aY
)=z =+ 2
W= @ @
2 2
4 4
4z = p*+q?
which is the required p.d.e.
2. Find the p.d.e of all planes having equal intercepts on the X and Y axis.
Solution:
Xy z
mmmqnmmﬂﬁmeMMmaNanB-a+E+E:L

Given : a=b. [Equal intercepts on the x and y axis]

LR S|
a b c (1)

Here a and c are the two arbitrary constants.

Differentiating (1) p.w.r.to ‘x’ we get

1+0+l§:O

a C OX

1+lp:0.

a c

1 1

—=—-=—p. 2
=P @

Diff (1) p.w.r.to. ‘y’ we get
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Sy 3
C

From (2) and (3) :-%pz—%q

p=q ,which is the required p.d e.

3. Form the p.d.e by eliminating the constants a and b from z = ax"+by".
Solution:
Given: z =ax"+by". (1)

p=L _ anxmt
0

o= axt
px

Multiply © x* we get, " = ax" (2

oz

= 2= =pny™!

q oy y
H = byn-l

: LV
Multiply “y* we get, |~ =by"  (3)

- : : Px oy
Substitute (2) and (3) in (1) we get the required p.de z= "+,

zn = px+qy.
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Formation of partial differential equations by elimination of arbitrary functions:

1. Eliminate the arbitrary function f from z= f[%} and form a partial differential
equation.
Solution:
Given z = f(%] @

Differentiating (1) p.w.r.to ‘x’ we get

_oz_ [y -Y
== 37 @

Differentiating (1) p.w.r.to y we get

_oz_.(y)\1l
vl @@ ®)

@ a x
SpX =-qy

ie) px+qy = 0 istherequired p.d.e.

2. Eliminate the arbitrary functions f and g from z = f(x+iy)+g(x-iy) to obtain a partial

differential equation involving z,x,y.

Solution:
Given : z = f(x+iy)+g(x-iy) Q)
0z ) .
pP= a_X = f'(x+iy)+g '(x-1y) 2

- f(x-+iy)-ig '(x-iy) @)
oy
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2

r =% = Pl(cty) g (x-ly) @)

2

(o))

t= L= prxtiy)-g(x-iy) (5)

2

r+t=0 istherequired p.d.e.

3. Form the p.d.e by eliminating arbitrary function ¢ from the relation
d(xyz, x> +y® +12%)=0

Solution:
o
The pde is obtained from [2¥ X/ =0
o o
oy oy

YZ+Xyp 2X+2zp

XZ+Xyq 2y+2zq

(yz+xyp)(2y+220)-(xz+xyq)(2x+2zp)=0

SOLUTION OF PDE

Complete solution: A solution which contains as many arbitrary constants as there are
independent variables is called a complete integral (or)complete solution.(number of arbitrary
constants=number of independent variables)

Particular solution: A solution obtained by giving particular values to the arbitrary constants in
a complete integral is called a particular integral (or) particular solution.

General solution: A solution of a p.d.e which contains the maximum possible number of
arbitrary functions is called a general integral (or) general solution.

2
1. Find the general solution of E: 0
ayZ
Solution:
2
Given % =0
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ie) ﬁ(@j ~0
oy \ o
Integrating w.r.to ‘y’ on both sides

a_ a (constants)
oy

ie) g—;:f(x)

Again integrating w.r.to ‘y’ on both sides.
z = f(x) y + b which is the required solution.
Lagrange’s linear equations:

The equation of the form  Pp + Qq =R is known as Lagrange’s equation, where P, Q and R
are functions of x, y and z. To solve this equation it is enough to solve the subsidiary equations.

dx/P = dy/Q = dz/R

If the solution of the subsidiary equation is of the form u(x, y, z) = ¢1 and v(X, Yy, z) = ¢z then the
solution of the given Lagrange’s equation is ®(u, v) = 0.

To solve the subsidiary equations we have two methods:

1 Method of Grouping:

Consider the subsidiary equation dx/P = dy/Q = dz/R..Take any two members say first
two or last two or first and last members. Now consider the first two members dx/P = dy/Q. If P
and Q contain z (other than x and y) try to eliminate it. Now direct integration gives u(x, y) = c1.
Similarly take another two members dy/Q = dz/R. If Q and R contain x(other than y and z) try to
eliminate it. Now direct integration gives v(y, z) = c2. Therefore solution of the given Lagrange’s
equation is ®(u, v) = 0.

1. Solvepx+qy=z
Solution:
The Lagrange'segnisPp+ Qg =R

and the auxilliary eqn. is% Y &
P Q R
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ie dx _dy_az (1)

X 'y z
Taking the first two ratios,

dx _dy

Xy

Integrating, logx = logy + loga
>=a 2)
y

Similarly, taking last two ratios of eqn (1),

2-b ®)
z

Eqgns (2) and (3) are independent solns of (1).

Hence the complete soln of the given eqgn. is ¢(u,v)=0

ie; ¢[5,¥j=0
y Z

Method of multiplier’s

Choose any three multipliers I, m, n may be constants or function of x, y and z such that
in%_ﬂ_g_ldx+mdy+ndz
X 'y z IP+mQ+nR

the expression IP + mQ + nR =0. Hence ldx + mdy + ndz=0

. . I
[ since each of the above ratios equal to a constant X = ady = gz = dx + mdy + ndz
X 'y z IP+mQ+nR

=k(say)

ldx + mdy + ndz =k(IP + mQ + nR)
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If IP+mQ+nR=0 then Idx + mdy + ndz=0]
Now direct integration gives u(X, y, z) = c1.
similarly choose another set of multipliers 1’, m’, n’

dx dy dz Il'dx+m'dy+n'dz

y z I'P+m'Q+n'R

the expression I'P+m'Q+n'R =0
therefore I'dx+m'dy+n'dz =0 (as explained earlier)

Now direct integration gives v(X, Y, z) = C2.

Therefore solution of the given Lagrange’s equation is ®(u, v) = 0.

1. Solve x(y? —z?)p—y(z® + x*)q=z(x* + y?)
Solution:

The Lagrange'seqnis Pp+ Qg =R

and the auxilliary eqgn. is% Yy &
P Q R
dx dy dz

X(y?—27) —y(z?+x%) 2(x’+y?)

Taking multpliers as x,y,z;
dx dy dz Xdx + ydy + zdz

x(yz—zz) —y(z® +x3) z(x*+y?) xX*(y*-z3) -y (2 +x)+ 2% (x> +y?) (say)

xdx+ ydy + zdz =k(x*(y* —z%) — y*(z® + x*) + 2*(x* + y?))

xdx+ ydy + zdz =0

2 2 2
Integrating , X? B y7 + Z? :%

ie; X2+y’+z%=¢
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u=x2+y*+ 27 1)
Again taking the multipliers as 1/x,-1/y,-1/z,

d q d 1dx+_—1dy+_—1dz
2X 2 = 2y 2 = 2Z 2 = 2 X2 Z 2 : 2 2 =k(3ay)
x(y —z) —y(z°+x%) z(x*+y°) (Y -z)+(z°+x)=-(x"+y°)

1dx+_—ldy+_—1dz=k(y2 1)+ (@27 +x) - (X2 +y?)
X y z

1dx+_—1dy+_—1dz=0
X y z

Integrating, log x- log y- log z= log C’

_:C'
yZ
V= % @

solution is ¢(x* + y* + zz,i) =0
yz
Homogeneous Linear partial differential equations:

n n-1 n
Equation of the form a, 0z +a, 0 712 + E =
ox" ox" oy

F(X,y)=[ao D"+ a1 D™D’ +a, D" D%+ ....... +anD"z

where D = 0/0x and D' = 0/0y

Solution of Homogeneous Linear partial differential equations:

The Complete solution consists of two parts namely complementary function and
particular integral.

i.e)Z=CF+Pl
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To find the Complementary function (C.F.):
The complementary function is the solution of the equation
aoD"+a; D™ D' +a; D"?D?+ ....... +a,D" = 0.

In this equation, put D = m and D’ = 1 then we get an equation, which is called auxiliary
equation.Hence the auxiliary equation is

aom"+arm™ +a;mv2+ +an =0.

Let the root of this equation be my, mz ms ... M,

Case 1: If the roots are real or imaginary and different say my #mz # Mz #........ # mp. then the
CFiszZ=fi(y+mx)+fo(y+mx)+......... + fn (Y + MnX)

Case 2: If any two roots are equal, say m: = m2 = m, and others are different then the C.F. is
Z="f1 (y+mx)+xfa(y+mx)+fz(y+msx)+......... + fn (y + mnX)
Case 3: If three roots are equal, say mi = mz = mz=m, then the C.F. is

Z="f(y+mx)+xf(y+mx)+ x4 (y+mx) +......... + o (Y + mnX) .

To find the Particular Integral:
Rulel: If F(x, y) = e then

1

P | = e ax+by

¢(D,D")
=1/® (a, b). ™™™ provided @ (a, b) # 0 [Replace D by a and D’ by b]

If @ (a, b) =0 refer rule 4.

Rule2: If F(X, y) = sin (mx + ny) or cos (mx + ny) then

P.I. = ;sin( mx+ny) or cos(mx+ ny)

¢(D,D’)

Replace D? by -m?, D2 by —n? and DD’ by —mn in provided the denominator is
not equal to zero. If the denominator is zero refer rule 4.
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Rule3: If F(x, y) =x™y"

1
Pl = ——x"y"
4(D.D’)

= [® (D, D))]*x™y"
Expand [® (D, D")]*! by using binomial theorem and then operate on x™ y"

Note: 1/ D denotes integration w.r.t x, 1/ D’ denotes integration w.r.t y.

Rule4: If F(x, y) is any other function, resolve @ (D, D’) in to linear factor say (D — mz D)

1

(D —m2 D’) etc. then the P.I. =
(D-mD'\D-m,D’

)ka

Note:1

1
—F(x, = ] F(x, c-mx) dX, where y = c-mX.
(D_mD)( y) = JF(x, c-mx) y
Note:2

If the denominator is zero in rule (1) and (2) then apply Rule (4)

1. Solve (D%-2DD+D?)z =0
Solution:

Given (D?-2DD'+D"?)z=0
The auxiliary eqn is m?-2m+1=0
ie) (m-1)?=0
m=1,1
The roots are equal.
. C.F = fi(y+x)+xfa(y+x)
Hence z=C.F

z = fi(y+x)+xf2(y+x).
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2. Solve (D*D"*z=0
Solution:
Given (D*D"*)z=0
The auxiliary equation is m*-1=0
[Replace D by m and D" by 1]

Solving (m?-1) (m?+1) =0

m?-1=0 m?+1 =0

m?=1 , m?=-1

m=+1 , m= i\/—_l ==
ie)m =1,-1,i,-i

The solution is z = fi(y+X)+ f2(y-x)+f3(y+ix)+fa(y-ix).

3. Findthe P.1of [D?+4DD’]y=¢*

Solution:

SR N
D +4DD’

_ 1 x+0y

D? +4DD’

= ex{;} Replace D byland D’ byO

1+ 4(2)(0)
= ex.

Solution isy = e*.

3 3 3
4. Solve 0 5—3 622 +4a fze”zy
ax® oxdy oy

Solution:

The symbolic form is (D® —3D°D’ +4D"%)z =e***
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A.E is m®—3m? +4 =0
m=-1,2,2
C.Fisz = fi(y-x) + fa(y+2x) +x f3(y+2x)

1

PI — eX+2y

D® -3D?D* +4D"

— 1 X+2y

1-)M(2) + (4)(®)

1

_ X+2
Xty

27

The complete solution is

z=fi(y-x) + f2(y+2x) +x fa(y+2x) + 2—17eX+2y

5. Solve [D® —2DD’ + D'?] z = cos(x-3y).
Solution:
Given [D*-2DD'+D"?]z = cos(x-3y).
The auxiliary equation is m2-2m+1=0
(m-1)2=0
m=11

C.F= fi(y+x) + xfa(y+x).

1
P.1 = cos(x—3
D?-2DD'+D" ( 2

cos(x —3y)
-1-2(3)-9

-1
= —cos(x—3
1 (x—=3y)
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.. The complete solution is  Z = fi(y+x) + xfo(y+x) - % cos(x-3y) .

2 2 2
82_3az+28 Z=x+y

6. Solve
ox2  oxoy  oy?

Solution:
The symbolic form is [D® +3DD’ + 2D"*Jz =x +y
A.Eism?+3m +2 =0
m=-1,-2

C.Fisz= fi(y-x) + f2(y-2x)

1
2 ' /ZX
D +3DD'+2D

+Yy

1 X+y
’ 12
D{“sD , 2D }
D

D2

1[. 3D 2p0?2]"
— 1+ + X+Y
D D

DZ

1] 3D 2D

= — | 1-(—+—)+....... X +
o? | 5 D2 ) } y
1 3D’

_ o7 1- }x+y

1 3D’
F{(XJr Y)—F(XJr Y)}

73



_ —ly-2x]
o X
2 3

The complete solution is

2 3
2= fily) + faly-29 + -7

3

2 2 2
7. Solve 0 f+ 0’z —6a zzycosx
OX®  OXoy oy

Solution:
The symbolic form is [D? + DD’ —6D’*]z = y cos X
AEism?+m-6=0
m=-3,2
C.Fisz = fi(y-3x) + fo(y+2x)

P.l = L Yy COS X

D? +DD’'-6D"

1

y COS X
_ (D +3D')(D - 2D’)

1

mj(c —2x)cos x dx
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1 j[(c—Zx)sin x—j—25in x] dx

_  (D+3D)

_ m[(y'i'ZX—ZX)Sin X—ZCOSX]
;[ sin X —2cos X]

= (D+3D,) y

B I[(c+3x)sin X —2cos x] dx

= (Y - 3x + 3X)cosx + 3sinx - 2sinx

= -yCOSX + Sinx
The complete solution is

z= fi(y-3x) + f2(y+2x) - ycosx+sinx
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UNIT 111
PARTIAL DIFFERENTIAL EQUATIONS
PART A
Form the partial differential equation from z = (x-a)? + (y-b)? +1 by eliminating
aand b.
Find the partial differential equation by eliminating arbitrary constantsa & b .
from z = (x+a)(y+b)
Write the complete integral for the partial differential equation z = px +qy +pq .
Find the complete solution of z = px + qy + p%g?
Form the p.d.e by eliminating the arbitrary function from z = f(x? + y?).
Find the particular integral of ( D% 6DD’ +9D'?)z = cos (3x+Y).
Solve (D*-D")z=0.
Find the particular integral of (D? — DD”)z = sinxcos2y.
Find the complete integral of p + q = pq.

Solve (D* —-3DD™* +2D")z =0.

PART B

1. Find the singular integral of the PDE z = px + qy + p?- ¢

2. Form the partial differential equation by eliminating the arbitrary functions ‘f’
and ‘g’ inz=f(2x +y) + g(3x-y)

3. Solve(D?+DD-2D’2)z  =e?*Y +sin(x+y).
4. Solve : (x>-yz)p + (y* zX) q = 22 — xy.

5. Solve : x(y? +z2)p + y(z% +x2)q = z(y?* — x?).

6. Solve (D? - 6DD’ + 5D’%)z = € sinhy.

7. Solve (mz—ny)p + (nx—12) g =ly —mx.

8. Solve (D?+4DD’ —5D’)z=x+Vy* + .

0%z + 0%z —6622 = Y COSX
9. Solve .2 " oxay oy2 '

10. Find the general solution of x(z2—y?) p +y (x> — z2%)q = z(y? — x?)
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UNIT IV NUMERICAL INTERPOLATION
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Difference Operators
Newton’s Forward Interpolation Formula
Lagrange’s Interpolation

Numerical Integration
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" * DIFFERENCE OPERATORS
FORWARD DIFFERENCE OPERATOR (A):
Af(x) = f(x+h) — f(x)
SHIFTING OPERATOR(E):
Ef(x)=f(x+h)
RELATIONS BETWEEN DIFFERENCE OPERATORS

We note that

Ef(z)=f(z+k) =[flz+k)—fz)]+f(z) =Af(z)+f(z)=(A+1)f(=z)

Thus,

E=14+A or A=FE—1.

5.2 NEWTON FORWARD INTERPOLATION FORMULA

A A? AF
Py(z) =w+ EQEI—IG)+ 2”?:[1—10)[1—11]+'“+ k!EEET_IU)"'[I_Ik—l)
jlﬂ'r'?;l"l::n
+W[I—Iu)...[$—IN_1).

FACULTY OF SCIENCE AND HUMANITIES
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z— 1z =hutzg—(zo+kh)=k(u—1),z —z2=ku—-2),...,z —zx = k{u— k), etc.

With this transformation the above forward interpolation formula is simplified to the following form:

/ A2 Ak, Bk
Pn(u) =w + J;?’u (Pu) + _;::;{(ku)(h(u— M+ + _\tk!y;;:a [ufu—1) (u—k+1)]
AN
+o 4 i!;ﬂ [{.Fm)(h{u—l)] ---(h{u—N+1}|]] :
A2 Ak
= yo + Ayolu) + A2?°{u(u—1))+---+lk?° {u{u—l)---[u—k—l—l}

ﬂlN'yn
N

{u[u —1)..(u— N+ 1)} .

If N =1, we have a linear interpolation given by
flu) = yo + Ayo(u).
For N = 2, we get a quadratic interpolating polynomial-

a3

F(u) 90+ Ago(w) + 2P fufu— 1)

PROBLEM 1

FACULTY OF SCIENCE AND HUMANITIES
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Obtain the Newton's forward interpolating polynomial, Fs(z) for the following tabular data and iterpolate the
vale of the function at = = 0.0045,

x 0 0001 0002 0.005 0.004 0.005
v 1.121 1.123 1.1255 1.127 1.128 1.1285

Solution: For this data, we have the Forward difference difference table

T L Ay | APys | Ay | Aty | Ay

0 |1.121 | 0.002 |0.0005 -0.0015| 0.002 '-.0025
001 1.123 |0.0025 |-0.0010  0.0005 -0.0005

2002 1.1255 |/0.0015 -0.0005 | 0.0

2003 1.127 | 0.001 -0.0005

004 | 1.128 |0.0005

Thus, for £ = zg + hu, where zp =0, R = 0.001 and u = z 01 we get

FACULTY OF SCIENCE AND HUMANITIES
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Py(z) = 1.121 +u x 002 + @

u—1)(u—2
( )IE ) x (—.0015)

(.0005) + 2 e

I ufu —1)(u —2)(u—3)

wlw— 1) fu— 2 u—3)|u—4
- (u— 1) (u—2)(u—3)( ) o

(.002) + 4

(—.0025).

P4(0.0045) = F(0 +0.001 x 4.5)

0.0005 0.0015
=11214+0.002 x 45 4+ x4 5x 35— x4db5x35x25
0.002 0.0025
7 wdBbx35x2bx1lb— 170 wdbhx3bx2bx1b5x05
= 1.12840045,

PROBLEM 2

Using the following table for tan z, approximate its value at 0.71. Also, find an error estimate (Note

tan(0.71) = 0.85953 ).
Zi | 070 72 074 | 076 | 0.78

tanze (84229 0.87707 0.91309 |0.95045 0.98926

Solution: As the point £ = 0.71 lies towards the initial tabular values, we shall use Newton's Forward formula. The
forward difference table is:

FACULTY OF SCIENCE AND HUMANITIES
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Tt L Ay; Aly; Aly; Aty;

0.70 |0.84229 |0.03478 |0.00124 | 0.0001 |0.00001
0.72 |0.87707 |0.03602 |0.00134 |0.00011

0.74 |0.91309 |0.03736 |0.00145

0.76 |0.95045 |0.03881

0.78 |0.98926

In the above table, we note that A®¥ is almost constant, so we shall attempt grd degree polynomial interpolation.

Note that zg = 0.70, = = 0.02 gives u = % = 0.5. Thus, using forward interpolating polynomial of
degree 3, we get

0.00124 0.0001
Psu) = 0.84229 4 0.03478u + ——ufu — 1) + ufuw—1)(u—2).

2l 3!

0.00124

Thus,  tan(0.71) ~ 0.84220 +0.03478(0.5) + —— x 05 x (~0.5)
0.0001
+—g— X 0.5 x (~05) x (~15)

= 0.859535.

FACULTY OF SCIENCE AND HUMANITIES
83



SATHYABAMA

INSTITUTE OF SCIENCE AND TECHNOLOGY
DEPARTMENT OF MATHEMATICS

COURSE MATERIAL

Subject Name :Ancillary Mathematics Il

An error estimate for the approximate value is

354'_!;0
4!

u(u — 1) (u—2)(u—3) = 0.00000039.

u=05

Note that exact value of tan(0.71) (upto 5 decimal place) is 0.85953. and the approximate value. obtained using

the Newton's interpolating polynomial is very close to this valie. This is also reflected by the error estimate given
above.

PROBLEM 3

Apply third degree polynomial for the set of values given by to estimate the value of f(10.3) by
taking

() zo = 9.0, (43) zo = 10.0.

Also. find approximate valie of f(13.5).

Solution: Note that £ = 10.3 is closer to the valies lying in the beginning of tabular vales, while z = 13.5 is
towards the end of tabular values. Therefore, we shall use forward difference formula for £ = 10.3 and the
backward difference formula for = = 13.5. Recall that the interpolating polynomial of degree 3 is given by

32 AE
F(zo + ) = yo + Ayou + —ulu — 1)+ —Pufu—1)(u—2),
Therefore,
103 —-19.0
1. for zg =90, h=1.0and z =103, wehave u = — = 1.3. This gives,

2 0 ~
f(10.3) =5+ 4x 13 +§{1.3} x .3 +§|[1.3]| x .3 x (—0.7)

= 5.550.

FACULTY OF SCIENCE AND HUMANITIES
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103 —-10.0

2. for 2 =10.0, h=1.0 and =z = 10.3, we have u = ]

= .3. This gives,

F(10.3) = 544 6x 3+ '2—9![.3) X (—0.7) + #[.3) % (=0.7) % (=1.7)

= 5.54115.

Note: as = = 10.3 is closer to z = 10.0, we may expect estimate calculated using zp = 10.0 tobe a

better approximation.
for o = 13.5, we use the backward interpolating polynomial, which gives,

2 33
Flow + ) ~ 9o+ Vowu a1 1) + 20y 1w 1)
. 135 —14 .
Therefore, taking zpr = 14, . = 1.0 and = = 13.5, we have u = I = —0.5. This gives,

-01 0.0
f(13.5) ® 81+ .6 (=0.5) + ——(=05) x 05 + 2~ (~0.5) x 0.5 x (L5)

= 7.8125.

5.3 LAGRANGES INTERPOLATION FORMULA

flz) = [z—zl][ﬂ:—zg)---[z—zﬂ)ftzu)_F (z—zo)(z—z2) (22— Zn) f(zy)

(g —z1) (2o — Z,) (21 — zp)(z1 — 2Z2) (1 — T,.)

+ o+

(z—zo)(z—21) (2= Zn-1)
(Zn — Zo)(Zn — 1)+ (Zp — Tn—1) f(zn)

FACULTY OF SCIENCE AND HUMANITIES
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PROBLEM 1

Using the following data, find by Lagrange's formula, the value of f(z) at z =10 :

z 0 1 2 3 4

T 9.3 96 |10.2 |10.4 | 10.8
w = f(Z:) |11.40 |12.80 14.70 17.00 |19.80
Also find the value of = where f(z) = 16.00.

SOLUTION:

1140 12.80 N 14.70
0.7 x 04455 © 0.4 x (—0.1728) ~ (—0.2) x 0.0648

F(10) ~ —0.01792 x [

N 17.00 N 19.80
(—0.4) x (—0.0704) ~ (—0.8) x 0.4320

= 13.197845.

Now to find the value of z such that f(z) = 16, we interchange the roles of = and Yy and calculate the

Sfollowing products:

5.4 NUMERICAL INTEGRATION

TRAPEZOIDAL RULE FOR INTEGRATION:

FACULTY OF SCIENCE AND HUMANITIES
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UNIT 1V
NUMERICAL INTERPOLATION
PART A

1. Using Newton-Raphson’s formula find an iterative formula To find +/n , where n is a
positive number.

2. Show that a root of x* — 6x — 13 = 0 lies between 3 and 4 and give the first approximation
by N-R method.
3. Write Newton’s Forward difference formula to find dy/dx, d?y/dx?, for y = f(x).

4. Write Simpson’s 1/3™ rule and Simpson’s 3/8" rule to integrate Ib y(x)dx
a

5. Write the order of converge for the Newton Raphson Method.

6. What is the condition for convergence in solving systems of equations using iterative
methods?

7. Form the difference table for the sequence 2, 9, 28, 65, 126, 217.

8. State Newton — Raphson formula for iteration.

9. State the condition for convergence of Gauss — Seidel method.

10. State Newton’s backward difference interpolation formula.

11. State Trapezoidal rule.

12. State the Criteria for the convergence conditions for Newton’s method.

13. Write the Newton’s forward Interpolation formula.

14. Define Simpson’s 3/8" rule in Numerical Integration.

15. Write an iterative formula for finding a root of an equation by Newton Raphson’s
method.

16. State Newton’s forward formula for first and second derivatives at x = x .

17. Why is Trapezoidal rule so called?

PART B

1.Solve by Gauss elimination method x — 3y —z =-30, 2x -y -3z =5, 5x -y — 2z = 142,
2.. Solve by Gauss Seidal method 3x +y—z-w=0,x+3y-z+2w +3=0, -2x + 2y + 3z -
2w =4,
X+2y+z-5w+1=0.
3.. Find the first and second derivative of the function at x = 15 from the
table given below
X: 15 17 19 21 23 25
Y: 3.873 4.123 4.359 4583 4.796 5.000
4. The velocity of a train which starts from rest is given by the following table time being
reckoned in minutes from the start and speed in miles per hour.
Minutes : 2 4 6 8 10 12 14 16 18 20
Miles / hr : 10 18 25 29 32 20 11 5 2 0
5. Find the negative root of x* — 4x +9 = 0 by Regula falsi method.
6. Solve 8x - 3y + 2z = 20, 4x + 11y — z = 33, 6x + 3y + 12z =35 by Gauss Seidel Method.
7. From the following table estimate y value at x = 46.
X: 45 50 5 60 65
y: 114.84 96.16 83.32 74.48 68.48
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8. Evaluate j sin x dx using Simpsons 1/3" rule by taking ten equal intervals.
0

5.2
9. Evaluate Iloge x dx by
4

(a) Trapezoidal rule
(b) Simpson’s rule taking h=0.2
10. Find the positive root of x3 - x = 1 correct to four decimal places by N-R method.

11. Solve the following system by Gauss — Jacobi method:
10x -5y -2z=3;4x-10y+3z=-3;x+ 6y +10z = -3
12.Using Newton’s interpolation formulae find the values of y at x = 21 and x = 28 from the

following
X 20 23 26 29
Y 0.3420 0.3907 0.4384 0.4848
13. Evaluatej6 i
0 1+X

a) Trapezoidal rule (b) Simpson’s rules by dividing the range in to six equal parts.
14. Find a real root of 2x3 + 3x — 10 = 0 correct to four decimal place using Newton’s
method
15. Solve 2x + 3y + 3z =10 3x —y + 2z = 13, x + 2y + z = 3 by Gauss Jordan method.

16. Find a positive root of xe* = cos x correct to 3 decimal places using Newton’s method.
17. Solve the equations : 4x —2y +z=33x +9y - 22=104x + 2y + 132 =19

by using Gauss Seidel method.
18. Construct a polynomial for the data given below. Also find the value of y(x = 5)

X 4 6 8 10
Y 1 3 8 16

19. Find j:l ox_
+ X

by Trapezoidal rule by taking h = 0.25 and hence find the approximate

value of 7.
20. Find the rate of change of pressure corresponding volume when V = 2 from the
following table

\ 2 4 6 8 10

P 105 42.7 253 16.7 13
21. Find a real root of 2x® + 3x — 10 = 0 correct to four decimal place using Newton’s
method
22. Find a positive root of xe* = cos x correct to 3 decimal places using Newton’s method.
23.Solve the equations : 4x —2y +z=3; 3x +9y -2z =10; 4x + 2y + 13z =19

by using Gauss Seidel method.
24. Construct a polynomial for the data given below. Also find the value of y(x = 5)

X 4 6 8 10

Y 1 3 8 16
25.Find a root of the equation x3— 4x — 9 = 0 using the Regula falsi method in four stages.
(4)
26. Solve the equation x + 2y + z = 3; 2x + 3y + 3z = 10 and 3x — y + 2z = 13 by using

Gauss — Jacobi’s  method.
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27. Find the root of cosx — xe* = 0 by N-R method correct to three decimal places.
28. Using Gauss Seidel method, solve the system of equations
2X—6y+8z2=24,5x+4y—-32=2,3x+y+22=16
29. Using Newton’s forward and backward interpolation formula,
find y(43) and y(84) from the following data:
X 40 50 60 70 80 90
y 184 204 226 250 276 304
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h
h h h h h
ff{z}dr = 3 [!I[I + y1] + 5 [y1 + yzl +---+ 3 [_T,H_- + yi.-+1] + -+ 3 [_rjn_z + yn—1] + 3 [y‘n—1 + yn]

i€,

b
h
ff{zlldr = E[M]"‘Ey]+2U2+"'+2Uk+"'+3yn—]+.Dfn]

(h/2) [ (sum of the first and last ordinates ) +
(Sum of the remaining ordinates) |

This is called TRAPEZOIDAL RULE. It is a simple quadrature formula, but is not very accurate.

Remark An estimate for the error E, in numerical integration using the Trapezoidal rule is

given by
—

.E]_ - 2 .’lzy.

where A2y is the average value of the second forward differences.

Recall that in the case of linear function, the second forward differences is zero, hence, the Trapezoidal

rule gives exact value of the integral if the integrand is a linear function.

Example 1 Using Trapezoidal rule compute the integral fﬁrzdi:._ where the table for the values of y =
o

= . T 0.0 0.1 0.2 0.3 0.4 0.5 0.6 07 0.8 0.9 10
€™ is given below:
y 100000 1.01005 104081 1.09417 1.17351 1.28402 1.43332 163231 1.B9648 22479 271828

Solution: Here, i =0.1. n = 1,

o+ Y 1.0+ 271828

— = 1.85914,
9 2 !

and
]

Z-’ﬁ = 12.8125T7.

i=1
Thus,

1
fﬁ‘!dz = 0.1 = [1.85914 + 12.81257] = 1467171
]

Simpson’s Rule
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If we are given odd mumber of tabular points.ie. n is even, then we can divide the given integral of
integration in even number of sub-intervals [rg;_.._ :r::z;_.+2]. Mote that for each of these snb-intervals, we have

the three tabular points rop, Tapsq. Topss and so the integrand is replaced with a quadratic interpolating
polynomial.

b

h
ff{:r:}dr = q[{!:fu‘i'l-fn}"'-iK(U1+y:s+"'+.t-f2k+1+"'+1-fn—1]
+2x (g2 +ya+- -yt Yn-z]
h n—1 n—23
= 3 |(+um)+dx Y wi|+2x > ow
- i=1, i—odd =2, 1—even

An estimate for the error E» in numerical integration using the Simpson’s rule

h—a—
Aty
T

By =—
Simpson’s one third Rule

Suppose the following table represents a set of values of x and v.

x: Xp Xy X2 X3 . Xn

LS Y M Yz Yi oo In

From the above values, we want to find the integration of y = fix) with the range xy and
h

Xpt+n

wo " fix)dx = (W3) [ (Vosyw T 200t 1ie )+ A0uayie )]

= (W/3) [ (sum of the first and last ordinates ) +
+ 2 (Sum of remaining even ordinates)
+4 ( sum of remaining odd ordinates) |
The above equation 1s called Simpson's one third rule and 1t 15 applicable only when
number of ordinates must be odd ( no. of pairs ).
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1 2
CALCULATE [ €™ dr, by Simpsen's rule.
0

Solution: Here, i = (1.1, n = 10, thus we have odd number of nodal points. Further,

=}
yo+y0=10+271828 = 371828, Dy =1 +us+ys + U7+ Y = 7.26845,
i=1, i—oudd

and
]

z ¥i =Yz + Y4 +ys + ys = 5.54412.

=2, i—even

Thus,

1
2 0.1
[rfr dr = 3 ® [3.T1828 4+ 4 x T.268361 + 2 x 5.54412] = 146267733
)

[
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1. Evaluate ° x* dx by using Trapezoidal rule. Verify result by
actual integration.

Step 1. We are given that f{x) = x°. Interval length (b—a) = (3—(-3) ) = 6. So we
divide 6 equal intervals with h= 6/6 = 1.0 And tabulate the values as below

x : & 2 49 i 2 -3
y 81 16 I 0 i 16 81

Step2. Write down the trapezoidal rule and put the respective values in that rule
A de = W2) [ Gosym + 2(1+y2ayse .. +¥p]

= (W/2) [ (sum of the first and last ordinates ) +
(Sum of the remaining ordinates) |

=(172) [ (81+81) + 2 (16+1+0+1+16) ]

=115
By actual integration 3° f{x) dx = 3° x* dx

=[(3°/5) -(-3/5) ]
=[ (243/5) + (243/5)]

=975
Evaluate o ' 1/(1+x°) dx by using Trapezoidal rule with h = (.2

3 de = W) [Gosyw + 200ty yse o Fhap]

= (h/2) [ (sum of the first and last ordinates ) +
(Sum of the remaining ordinates) |

= (0.2/2) [ (1+0.5) + 2 (0.96154+0.86207+0.73529+0.60976) ]
=(0.1) [ (1.05) + 6.33732 ]

=(.783732
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Evaluate 5 %1/ (1+x) dx by using Trapezoidal rule .

Step 1. We are given that f{x) = 1/{1+x). Interval length (b—a ) = (6-0) = 6. Sowe
divide 6 equal intervals with h= 1. And tabulate the values as below

x : 0 1 2 3 4 5 6
v/l +x°): ! 0.5 13 1/4 15 1/6 1/7

Step2. Write down the trapezoidal rule and put the respective values of y in that rule
3 ) dx = (W2 [ oy + 201y s oo FInp]

= (h/2) [ (sum of the first and last ordinates ) +
(Sum of the remaining ordinates) |

= (1/2) [ (1+1/7) + 2 (0.5+1/3 + 1/4 +1/5 +1/6)]

= (0.5) [ (1.05) + 6.33732 ]
32

Evaluate ; 7~ log. x dx by using Trapezoidal rule .

Step 1. We are given that fix) = log. x Interval length(b—a ) =(5.2-4) =12 Sowe
divide 6 equal intervals with h= 0.2. And tabulate the values as below

- : 4 42 44 46 48 50 52

¥ : 1.39 144 148 153 157 161 165

Step2. Write down the trapezoidal rule and put the respective values of y in that rule
S de = W2) [ osym + 200+ Ve yse . FIny]

= (W2) [ (sum of the first and last ordinates ) +

(Sum of the remaining ordinates) |

=(0.2/2) [ (1.39+1.65) + 2 (1.44 +1.48 + 1.53+ 1.57 +1.61) ]
= (0.1) [3.04+2(7.63)]

= [.83
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Evaluate oy ™ sin x dx by using Trapezoidal rule, by dividing the range

into ten equal parts .

Solution :

Step 1. We are given that fix) =sinx Interval length(b—a ) =(x-10) =x.
So we divide 10 equal intervals with h= n/10 (specified in the question itself),
and tabulate the values as below

x: 0 /10 210 310 /10

¥: 0.0 0.3090 0.5878 0.8090 0.9511

x: /10 6m/10 710 810 9r/10 T
¥Y: 1.0 0.9511 0.8090 (.5878 0.3090 (1

Step2. Write down the trapezoidal rule and put the respective values of y in that rule

i) de = W) [y + 2utpeyse o Fdey]
= (h/2) [ (sum of the first and last ordinates ) +

(Sum of the remaining ordinates) |

=(/20)[(0+0)+2(0.3090+0.5878+0.8090+0.951 1+ 1.0+
0.9511+0.8090+0.5878+0.309)]

= [.9543
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2. Evaluate o 2 1/(1+x°) dx by using Simpson's one third rule with h = 0.2
Solution:

Step 1. We are given that fix) = 1/(1 +x3)_ Interval length (b—a ) =(1.2-0) =1.2. 50
we divide 6 equal intervals with h= 0.2 And tabulate the values as below

X o0 0.2 0.4 0.6 0.8 1.0 1.2
yI/(1+x): 1 0.9615 0.8621 0.7353 0.6098 0.5000  0.4098

Step2. Write down the Simpson’s one third rule and put the respective values of v in that
rule

AP de= (W3) [ (vosve + 20m+ys ) « 4 (s yiys )]
= (W/3) [ (sum of the first and last ordinates ) +

+ 2 (Sum of remaining even ordinates)
+4 ( sum of remaining odd ordinates) |

=(0.2/3) [ (1+0.4098) + 2 (0.8621 +0.6098) + 4 (0.9615+0.7353+0.5) ]
= (0.0667) [ (1.4098) +2(1.4719) + 4 (2.1503) ]
= (0.0667) [ 1.4098 + 2.9438 + 8.6012]

=0.8641
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Evaluate 3 * x* dx by using Simpson's one third rule. Verify result
by actual integration.

Step 1. We are given that fix) = x* Interval length (b—a ) = (3 —-(-3) ) =6. Sowe
divide 6 equal intervals with h= 6/6 = 1.0 And tabulate the values as below

x : -3 -2 -1 0 1 2 3
¥ : 81 16 1 0 1 16 81

Step2. Write down the Simpson’s one third rule and put the respective values in that rule
3 3_[(.\’) dx ) = (W3)[(vo+yey + 22ty ) + 4(yi+y3+y5 )]
= (h/3) [ (sum of the first and last ordinates ) +
+ 2 (Sum of remaining even ordinates)
+4 ( sum of remaining odd ordinates) |

=(173) [ (81+81) + 2 (1+1) +4(16+1+16) ]

=98
By actual integration 3 ° fix) dx = 37 x" dx

= [ (3%/5) -(-3°/5) ]
=[(243/5) + (243/5)]

=97.5
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3. Evaluate ¢ °1/(1+x) dx by using Simpson's one third rule .

Solution:
Step 1. We are given that fix) = 1/{1+x). Interval length (b—a ) = (6 -0 ) = 6. 50 we

divide 6 equal intervals with h= 1. And tabulate the values as below

x : 0 1 2 3 4 5 6
v/l +x°): 1 0.5 173 1/4 75 1/6 /7

Step2. Write down the Simpson’s one third rule and put the respective values of v in that
rule

A 3f(x) dc = (h3)[(vo+ye + 2(v2+ys ) + 4 (i+y3+ys )]
= (h/3) [ (sum of the first and last ordinates ) +

+ 2 (Sum of remaining even ordinates)
+4 ( sum of remaining odd ordinates) |

=(13)[(1+1/7)+2(1/3+1/5) +405+1/4 +1/6)]

= 1.9587
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4. Evaluate ; ** log. x dx by using Simpson's one third rule .

Solution:

Step 1. We are given that fix) =log.x Interval length{(b—a ) =(5.2-4) =1.2. Sowe
divide 6 equal intervals with h=0.2. And tabulate the values as below

x : 4 42 44 46 48 50 52
b : 1.39 144 148 153 157 161 165

Step2. Write down the Simpson’s one third rule and put the respective values of y in that
rule

A dx = W3) [(vorye + 2+ ) « 4 (s yseys )]

= (W/3) [ (sum of the first and last ordinates ) +
+ 2 (Sum of remaining even ordinates)

+4 ( sum of remaining odd ordinates) |
=(0.2/3) [ (1.39+1.65) + 2 (1.48+ 1.57) + 4 {1.44+ 1.53++1.61) ]

= (0.0667) [3.04 + 2(3.05)+ 4 (4.58) ]

= 1.83

5. Evaluate o ™ sin x dx by using Simpson's one third rule, by dividing the range into
ten equal parts .

Solution :
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Step 1. We are given that fix) = sinx Interval length (b—a ) =(x-10) =n.
So we divide 10 equal intervals with h= x/10 (specified in the question itself),
and tabulate the values as below

x: 0 /10 210 3n/10 /10

¥: 0.0 (.3090 0.5878 (0.8090 0.9511

x: Sa/10) 6x/11) /10 8m/10 9x/11) T
Y: 1.0 0.9511 0.8090 0.5878 (0.3090 0

Step2. Write down the Simpson’s one third rule and put the respective values of vy in that
rule

a3 fi)dx =(3) [ (vo+vimp + 2+ ve + vs+s) + 4 (Vs yisvse 7+ ye )]

= (h/3) [ (sum of the first and last ordinates ) +
+ 2 (Sum of remaining even ordinates)
+4 ( sum of remaining odd ordinates

=(/20) [(0+0)+2(0.5878+ 0.9511+0.951 1 +0.5878) +
4(0.3090+0.8090+ 1+ 0.8090+0.3090)]

= 2.0009
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Simpson’s three-eighth Rule
Suppose the following table represents a set of values of x and y.

X X0 X1 X2 X3 . Xn
y: Yo yi y2 j & pme—s

From the above values, we want to find the integration of y = f{x) with the range xo and

xp +h

xo " JX)dx = (BW8) [(vo+yw + 23+ Yeryot.. )+3(ray2s yas+ Vs o Vnit )]

= (3h/8) [ (sum of the first and last ordinates ) +
+ 2 (Sum of multiples of three ordinates)

+3 ( sum of remaining ordinates)]

The above equation is called Simpson’s three-eighths rule which is applicable only when

n is multiple of 3.
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1. Evaluate 3 x* dx by using Simpson's three-eighth rule. Verify
result by actual integration.

Step 1. We are given that fix) = x*. Interval length (b—a ) = (3 —-(-3) ) =6. S0 we
divide 6 equal intervals with h= 6/6 = 1.0 And tabulate the values as below

x : -3 -2 -1 0 1 2 3
¥ : 81 16 1 0 1 16 81

Step2. Write down the Simpson’s three-eighth rule and put the respective values in that
rule

sfmde ) = GBS [(osye + 2(ns ) + 3 (132 yes ¥5)]
= (3h/8) [ (sum of the first and last ordinates ) +

+ 2 (Sum of multiples of three, other than last ordinates )
+3 ( sum of remaining ordinates) |

=(3/8) [ (81+81) + 2 () + 3(l6+1+1+16) ]

=99
By actual integration _3 4 fix)dx = 3 ot dx

= [(3°/5) -(-3/5) ]
=[ (243/5) + (243/5)]

=97.5

Evaluate o 2 1/(1+x°) dx by using Simpson's three-eighth rule with h = 0.2
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Step 1. We are given that fix) = 1/(1 +x° ). Interval length (b—a ) = (1 -10) = 1. 50 we

divide 6 equal intervals with h= 0.2 and tabulate the values as below

x o0 0.2 0.4 0.6 0.8 1.0 1.2
_}'Ifr’1+x3j: 1 0.9615 0.8621 0.7353 0.6098 0.5000 0.4098

Step2. Write down the Simpson’s three-eighth rule and put the respective values of y in
that rule

A dx = (W8 [(oye + 20 )+ 3 (1sy2 v vs )]

= (3h/8) [ (sum of the first and last ordinates ) +
+ 2 (Sum of multiples of three, other than last ordinates )
+3 ( sum of remaining ordinates) |

=(3x02/3) [ (1+0.4098) + 2 (0.7353 )
+ 3 (0.9615+0.8621+0.6098 + 0.5) ]

= (0.075) [1.4098 + 1.4706 + 3 (2.9334) ]
= (0.075) [ 1.4098 + 1.4706 + 8.8002]

=0.8760
7. Evaluate ¢ ®1/(1+x) dx by using Simpson 's three-eighth rule .

Solution:
Step 1. We are given that fix) = l/{1+x). Interval length (b—a ) = (6 —-10) = 6. 50 we

divide 6 equal intervals with h= 1. And tabulate the values as below

X , f 0 ! 2 3 4 5 6
v=1/1+x)x: 1 0.5 13 1/4 175 1/6 1/7

Step2. Write down the Simpson’s three-eighth rule and put the respective values of y in
that rule
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3 3f(x) dc = (W) [(vo+yy + 2(33 ) + 3 Vi+Y2+ Y4+ Y5 )]

= (3W/8) [ (sum of the first and last ordinates ) +
+ 2 (Sum of multiples of three, other than last ordinates )

+3 ( sum of remaining ordinates )]

=@38)[(1+U/H+2(1/4) + 3(05+13+1/5 +1/6)]

= 1.9661

8. Evaluate ; ** log. x dx by using Simpson s three-eighth rule .

Solution:

Step 1. We are given that fix) = log. x Interval length (b—a ) =(3.2-4) =1.2. Sowe
divide 6 equal intervals with h= 0.2, And tabulate the values as below

x : 4 42 44 46 48 50 5.2
1.39 144 148 153 157 1.61 165

Step2. Write down the Simpson’s three-eighth rule and put the respective values of y in

that rule

37 ffx) dx (BH8) [ vo+¥e + 2(¥3 ) + 3 Wi+ Y2+ Yas ¥5 )]

(3h/8) [ (sum of the first and last ordinates ) +
+ 2 (Sum of multiples of three, other than last ordinates )

+3 ( sum of remaining ordinates ) |
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=(3x 02 /8) [ (1.39+1.65) + 2(1.53) +3 (1.44+ 1.48 +1.57++1.61) ]
= (0.075) [3.04+3.06+3 (61)]

= 1.B3

9. Evaluate o ° x° dx by using Simpson s three-eighth rule, by dividing the range into
nine equal parts and verify your answer with actual integration.

Solution :

Step 1. We are given that fix) = ¥ Interval length(b—a)=(9-10) =9
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So, we divide 9 equal intervals with h=9/9 = | (specified in the question itself),

and tabulate the values as below

X 0 I 2 3 4
¥ =x7:0 1 4 9 16
x: 5 6 7 8 9

Y: 25 36 49 64 81

Step2. Write down the Simpson’s three-eighth rule and put the respective values of'y in
that rule

3 dx = (W8 [(vosyy + 2(vs+¥s ) + 3 (V1 Vs as Vse ¥re¥s )]
= (3h/8) [ (sum of the first and last ordinates ) +

+ 2 (Sum of multiples of three, other than last ordinates )
+3 ( sum of remaining ordinates ) |

=(3/8)[ (0O+81) +2(9+36) +3(1+4+16+25+49+64)]
=(375)[81+90+477]

=243

By actual integration g ! Jix)de =9 ‘¥ dx
=[(953)-(0°/3) ]
=[(729/3) + 0]

=243
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Thus,the required value of T is obtained as:
9.3 N 9.6 n 10.2
46x2173248  32x (—78.204) 1.3 x 73.0471

z = 217.3248 x [

N 10.40 N 10.80
(—10) x (—151.4688) " (—3.8) x 839,664

=~ 10.39123.
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Difference €quations
A2 Order Degree
uI-SAux"'?uI:O 2 l
yx+3_7}'_,;+1+8yx=[;05x 3 1
y("‘+3)“5’(-‘+2)+7y(x+1)+10y(.x)=0 3 1
(E2‘55+16)yx=ex 2 1
2
yxyx+l"}'x+2}7x+5yx=xz+7 2 2
Note: — .
ote: y .5 S¥x+2+ Ty =x%is of order 2 only since it can be written as

Uy 2= Sup, | + 7'414:}::.!:2 where y, . | = u,.
After getting the value of Uy, We can get y, using y, =u, _.

Note: In most of the physical situations, the interval of differencing A is

““il}': Hence, we take h = 1 and proceed unless otherwise specifically
mentioned.
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- A solution of a difference equation is a function which satisfies the
difference equation.

. A gener;al solution of a difference equation of order 7 is a solution
which contains n arbitrary constants or n arbitrary functions which are
periodic of period equal to the interval of differencing.

A particular solution of a difference equation is a solution got from
the general solution by giving particular values to the arbitrary constants.

For example, y, =A-3"+ B (- 3)" is the general solution of
Ye+2= 9, =0 ..(5)
while y, =3" or y', =(=3)" or y,=2-3"+5-(-3)" are particular solutions
of (5). |
Linear Difference Equation:

An equation of the form
aﬂ}"‘+"+al}.’t+"_1+a2y‘+”"2+m+an—lyz+l+ﬂqyx=¢(-r] (1)
(ﬂoE‘*'“iEﬂ_l"‘azﬁﬂ_z"’""*ﬂn))’x:‘b(ﬂ +(2)

.- a, and ¢ (x) are known functions of x is cajleqd a linear
In a linear difference equation.

ie.,

where ag. @;» @2 " @
difference equation in y,.

FACULTY OF SCIENCE AND HUMANITIES
110



SATHYABAMA

INSTITUTE OF SCIENCE AND TECHNOLOGY
DEPARTMENT OF MATHEMATICS

COURSE MATERIAL

Subject Name :Ancillary Mathematics Il UNIT 5 Subject Code : SMT1111

Let f(E) y,=¢ (x) be the linear equation.
Write down the auxiliary equation f(a)=0 and get the roots

o
|

s

1]! azv oA an.
Case 1. If the roots a,,a,, -a, are all real and distinct the

orresponding complementary function of (1) or complete solution of
(E)y,=0is
Ye=C Q)+ Cr a5+ -+, A
Case 2. If @, = a,, the corresponding C.F. is
(c;+cx)a)+c3a3+ - +¢, d.
Case 3. If g, =a+if, a;=a—if, and r=la+iBi=va + 5~

8 =amp. (a+iB)=tan"l[g]-

Complementary function is
r*(c,cos Bx+c,sinbx) +cya3+ -+ ¢, d .

Example 1:

Form the difference equation given y,=(An+B)3"
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yM,=(Au\v:+A+B)3'II+I
Yo.,=(An+2A+B)3"*?

y,=(An+ B) 3"

%y,,+,=(An+A+B)3"

1
_g-yn+1=(A"+2A+B)3n

(4) + (6) — 2 (-5) gives,
1 2
yn+§yn+2_§yn+|=0

Y4276 Yns 1 +9y,=0.

Example 2:

Solve yx+3 - 2yx+2 - Yxr1 + 2yx=0
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Solution. Writing in the shift operator form
(Ee 2F° - E + 2) Y=
The auxiliary equation is g’ -
@a-1@+1)(@-2)=0
e A= l. = l’ 2

2" -a+2=0

Since the equation is homogeneous equation, the complete solution is
Y,=A:- 1"+ B(-1)'+C2)
=A+B(-1)+C 2~
Example 3:

Solve yx+2 - Yx+1 + Yx=0

_ V3 4+ 1
given yo=1,y, =7
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Solution. The given equation becomes,
(E*~E+1)y =0

The auxiliary equation is a*—a+1=0

1,3,
a—2i 21
l 3 - E - 2 _TE. - - —
2+ > z—l(cos3+zsm3) % Fel 0=n/3

[Or,r=V(%)2+(%-)2 =1, 6=tan"'\/3=1t/3:|

Yy, = IX(A cos%x+Bsin§xJ

. . T
y,=A cos§x+Bsm§x.
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Since y,=1, A=1
n . V3+1
y =1 cos-3-+Bsm-3-= >
1 V3 V3+1
~+—B=
2 2 2
B=1

Hence, the solution is

sm+sinnx
R s i
Yx 3 3

Example 4:

o + T
Solve .v.n"“-"’n“””""z +7
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Solution. The equation reduces to o
(2 -4E+4)y,=2+3 +T
Auxiliary equation is a*-4a+4=0
a=2,2
C.P.is(A+Bn)-2"
n 2) s
2 A l=n(n-17
(E-2)° 2!
(Pnz= (E3 2)2 = 31 ’ rcplacingEby 3
n
Phy=—A T __p

(E-2° (1-2?
Hence, the complete solution is
Ya=(A+Bn)2"+n(n-1)-2"4+3"4+ ¢
Example 5:

Solvé y,,,— 4y, =9x°
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Solution. This equation becomes,
(E*-4) y,=9x

Auxiliary equation is a* -4 =0

a=12
CF.is A"+ B (~ 2y
2
PI = 9x
E*-4

__ 9% 9(H
(1+44)°-4 A4 3
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5
>
N
+
S
+
Y a—
<
+
S
N— s
o+
SN——
=
[

1 +% %A2+---:|(x(2)+xm)

x@ 4 O +% 2V +1) +-;- (2)]

14
9

L)c(Jut— 1)+x+—§-(2.x+l)+—:|
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I 2 14

==3| x(x-D+x+Z(2x+1)+—
| 3 9

2 4.I 20‘
==3| x+—+— |
3 9

Hence the complete solution is

9

Y, =A- 2"+B(—2)’—3[x2+4—;+g )
Aliter: To find the P.I., assume the particular integral

y1=ax2+bx+c
Substituting in (1),
a(x+2?+b(x+2)+c-4(a’+bx+c)=9x

—3ax* + x (4a — 3b) + 4a + 2b — 3¢ = 95
Equating the coefficients,

—3a=9; 4a-3b=0, 4a+2b-3c=0

20
a=-3;, b=—-4, c=—
4, ¢ —3

PL is -312—4.:—%-

Example 6:

L]
Solve: ¥, 0= 7y 41— 8y =X (X~ 1) 2"
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Solution. The given equation can be written a8
(E>-7E-8)y,=x(x-1):2
Auxiliary equation is a*-Ta-8=0
(@a-8)(a+1)=0

a=8,-1
CF.is A-8+B(-1)
pr=X=1-2
E*=JE-8
B x(x-1)
(2E)*-17(2E) -8
sy x(x-1)
" 4E*-14E-38
N x(x-1)

4(1+AP-14(1+4)-8
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x(x-1)
4A* - 6A-18
_ g1 x(x-1)
B 2A%2-3A-9
-1
-1 2 _
_-_2’—9—(“2%9—3-4] x(x=1)
_ 2
2 (A2 —
9 g 9 l
1 x—lr __A_+-1-A2+ x(z)
__1 2:-1' @ 2x<‘)+%(2)]
L
AN

Hence, the solution 18,

1
ysz . 8x+B ('— 1)1__

O |
[\
=
|
e
=
N
|
W
“’\x
+
W N
s SHRES
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UNIT-V
NUMERICAL DIFFERENTIATION AND INTEGRATION

PART-A
1.Write down the Crank-Nicholson difference formula.

2.Write down the Explicit scheme to solve one dimensional wave
Equation.

3.Define a difference quotient.
4 Write down standard five point formula in solving Laplace equation over a region.

5.Classify the following partial differential equation f,, +2f, +4f =0.

6. Write down the difference scheme for poisson equation.

7.Express u, and u, interms of difference quotient.
8.Classify the partial differential equation xf,, + yf,, =0,x>0 ,y>0.

9.Write down diagonal five point formula in solving laplace equation over a region.

10.Write Bender-Schmidt recurrence equation.

PART-B

11.Solve u,, +u,, =0 over the square mesh of side 4 units satisfying the following

boundary conditions.
0] u(0,y)=0 for O<y<4 @ii)  u(x,0)=3x for 0<x<4
(i) u(4,y)=12+y for O<y<4 (iv)  u(x,4)=x? for 0<x<4

12a) Solve 25u,, —u, =0 for u at the pivotal points given u(0,t)=u(5,t)=0
2X, 0<x<25
u, (x,0) = 0and u(x,0)=
10-2x, 25<x<5
for one half period of vibration.

o0%u

b) Using Bender-Schmidt method ,solve a—z—Z%U =0 given
X

u(0,t)=u(4,t)=0,u(x,0)=x(4-x).Assume h=1.Find the values of ‘U’ upto t=5.
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20

30

20

40

60

3. Solve V?u=-10(x* +y®+10) over the square mesh with sides x=0, y=0, x=3,
y=3 with u=0 on the boundary and mesh length 1 unit.

4.Solve the laplace equation V?u = Oat the interior points of the square mesh given
below.

20 30
U1 u» 40
50
Uz Ua
40 50

5.Apply Crank Nicholson method with h=0.2 and A=1 and find u(x,t) in the rod by
considering two time steps of the heat equation u,, =u, given u(x,0)=sinzx, u(0,t)=0,

u(1,t)=0.
o’u o%u : : o
6.Solve 5_2+W =0 at the nodal points for the following square region given the
X

boundary conditions.

0 10 20 30
40
50
60 60 60
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