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INTRODUCTION

Mechanics is that branch of science which deals with the behavior of a body when the body is at
root or in motion. Classification of engineering mechanics on a broad view:

Engineering Mechanics

Solid Mechanics Fluid Mechanics
Solid bodies Flexible bodies

[ | }

Ideal fluid vwviscous fluids compressed fluids

Statics Dynamics

Strength of material l Mechanics of plastic
bodies

Mechanics of elastics bodies

Kinematics Kinetics

Fig.1. Classification
The engineering mechanics is mainly classified into two branches. They are
1. Statics 2. Dynamics
1. Statics: Statics deals with the forces on a body at rest.

2. Dynamics: Dynamics deals with the forces acting on a body when the body is in motion.
Dynamics further subdivided in to two sub branches. They are:

(a) Kinematics: Deals the motion of a body without considering the forces causing the motion.
(b) Kinetics: Deals with the relation between the forces acting on the body and the resulting
motion

Rigid body: The rigid body means the body does not deform under the action of force.
Engineering Mechanics deals with Rigid body Dynamics.

Particle: It is an object with its mass concentrated at a point
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Force: force is defined as an agency which changes or tends to change the body at rest or in
motion. Force is a vector quantity. So we have to specify the magnitude, direction and point of
action. The unit of force is Newton.

1 N =1 kgm/s?

IMPORTANCE OF MECHANICS TO ENGINEERING:

1) For designing and manufacturing of various mechanical tools and equipments

2) For calculation and estimation of forces of bodies while they are in use.

3) For designing and construing to dams, roads, sheds, structure, building etc.

4) For designing a fabrication of rockets.

Units and dimensions
The following units are used mostly,

1. Centimeter-Gram Second system of unit.
2. Metre-kilogram-second system of units.
3. International system of units.

1. Length is expressed in centimeter, mass in gram and time in second. The unit of force in this
system is dyne. Dyne is defined as the force acting on a mass of one gram and producing an
acceleration of one centimeter per second square.

2. The length is expressed in metre(m), mass in kilogram and time in second. The unit of force is
expressed as kilogram force and is represented as kgf.

3. S.I is abbreviation for “The system International units®. It is also called the international system
of units,

The length is expressed in metre mass in kilogram and time in second. The unit of force in Newton
and is represented N. Newton which is the force acting on a mass of one kilogram and producing
as acceleration of one meter per second square. The relation between Newton (N) and dyne is
derived as follows,

One Newton =1 kilogram mass x 1 meter/S2
= 1000g x100 cm/S?
=1000x100 x gm x cm/S?

=105 dyne

MKS SYSTEM FORCE Unit is Kgf or kg(wt) or simply Kg. All referring the same.
1Kgf=9.81N

The unit of force, kilo-Newton and mega- Newton is used when the magnitude of forces is very
large.



1kN=10°N

And one Mega- Newton = 10° Newton

Kilo(K) = 103
Mega(M) = 10°
Giga(G) = 10°

Tera(T) =10

Basic Units

Physical quantity Notation or unit Dimension or symbals
Length Metre m

Mass Kilogram kg

Time Second S

Electric current Ampere A

Temperature Kelvin K

Luminous Intensity Candela cd
Supplementary units

Plane angle Radian rad

Setidangte Sterichan St

Derived units

Acceferation metrefsecond? mrs?
Angutarvetocity radian/second raars.

Angular _acceleration radian/s= rad/s*

Force Newton N T
Work, Energy Joule J=Nm=kg m-/s*
Torque Newton metre Nm

Power Watt W=J/s
Pressure Pascal Pa=N/m2
Frequency Hertz Hz=s-1




Laws of Mechanics:
Newton s first law of Motion:

Everybody continues in a state of root or uniform motion in a straight line unless it is compelled to
change that state by some external force acting on it.

Newton“s Second Law of Motion:

The net external force acting on a body in a direction is directly proportional to the rate of change
of momentum in that direction.

Newton s Third law of motion:

To every action there is always equal and opposite reaction. Law of Gravitation:

It states that two bodies will be attracted towards each other along their connecting line with a
force which is directly proportional to the product of their masses and inversely proportional to the
square of the distance between the centers.
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Fig.2 Attraction between bodies

According to law of gravitation
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F=0
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where G'Is the universal gravitational constant
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Parallelogram law of forces:

If two forces acting at a point be represented in magnitude and direction by the two adjacent sides
of a parallelogram, then their resultant is represented in magnitude and direction by the diagonal of
the parallelogram ram passing through that point.

B R
a is the angle ¥ >y _
between the forces Q [3 e 8 is the angle

Rand P S0 : between the forces

o

P A D
P and Q are two forces, meet at a point O

Fig.3 Parallelogram law of forces

Iw‘t=\/}"‘2 + @2 + 2P0 cos ©

PR ,,[Qsllle_l
P+Q cos ©

Triangular law of forces:

If two forces acting at a point are represented by the two sides of a triangle taken in order then
their resultant force is represented by the third side taken in opposite order.

Lame’s Theorem:

If three forces acting at a point are in equilibrium each force will be proportional to the sine of
angle between the other two forces.

Lami's Theorem

Fig. 4 Lami’s theorem

According to Lami’s theorem, the particle shall be in equilibrium if

A B _C
sin¢  sinf8  siny

Principle of transmissibility of forces

It states that “ if a force, acting at a point on a rigid body, is shifted to any other point which is on
the line of action of the force, the external effect of the force on the body remains unchanged.
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For example a force F is acting at point A on a rigid body along the line of action AB. At point B,
apply two equal and opposite forces F1 and F2 such that F1 and F2 are collinear and equal in
magnitude with F. Now, we can transfer F1from B to A such that F

and F1 are equal and opposite and accordingly they cancel each other. The net result is force F2 at
B. This implies that a force acting at any point on a body may also be considered to act at any
other point along its line of action without changing the equilibrium of the body.

fm\--_o <’f‘t‘—_-»o_fl‘
‘</:”_> = __/;D
— —~.. Q__:;"
W o S

o

Fig.5 Principle of transmissibility of forces
There is an important observation. If a force is transferred to a different line of action with the
force value a couple must be accompanied”
Polygon law of Forces:
If a number of forces acting simultaneously on a particle be represented in magnitude and

direction by the sides of a polygon taken in order then the resultant of all three forces may be
represented in magnitude and direction by the closing side of the polygon taken in opposite order.

Fig. 6 Polygon law of Forces
Force and Force system:

Force is defined as the agency which changes or tends to change the position of rest or motion of
the body. The number of forces acting at a point is called force system.



Force system

|
ﬁ |

Non-coplanar or

Gomtinee spatial forces
Collinear Concurrent Parallel General
{non-concurrent
| non-parallel)
Like Unlike
Concurrent Parallel General
{non-concurrent
non-parallel)

Fig. 7 Force Classification
Coplanar Force system:

Fig. 8 Coplanar force System

Non coplanar force system:- The system in which the forces do not lie on the same plane is called

non coplanar force system.
1/

Fig.9 Non coplanar force system
Collinear forces:- The system in which the forces whose line of action lie on the same line and in
same plane is called collinear force system.

Fig.10 Collinear force system



Concurrent force system:- The system in which the forces meet at one point and lie in the same
plane is called concurrent force system.

Fig. 11 Concurrent force system

Parallel force system:-

F3| F1 F2

Fig. 12 Parallel force system
In parallel force system the line of action of forces one parallel to each other.

Parallel forces acting in same direction are called like parallel forces and the parallel forces acting
in opposite direction are called unlike parallel force system.

Fig. 13 Parallel force System
Non concurrent force system:- The system in which the forces do not meet at one point but their
lines of action lie on same plane is called non concurrent force system.

Non-Pardllel
Fig 14 Non coplanar force system:-



NON COPLANNAR NON CONCURRENT FORCE SYSTEM

The forces which do not meet a point and their lines of action do not lie on the same plane , are
called non coplanar non con current force system.

Z /|

Fig. 15 Non coplanar non con current force system

NON COPLANNAR CONCURRENT FORCE SYSTEM

The forces which meet at a point but their lines of action lies on different planes , are known as
non coplanar concurrent force system.

A

Fig. 16 Non coplanar concurrent force system

Resultant force:

When a number if forces acting on a body are replaced by a single force which has the same effect
on the body as that of those number of forces then such a single force is called resultant force.

Composition of forces:

Combining several forces into a single force is called Composition of forces. The single force is
called Resultant. The effect by component forces and single force remains the same.

Resolution of a force:

Splitting up of a force into components along the fixed reference axis is called resolution of forces.
The effect by single force and component forces remains the same.
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Fig. 17 Resolving of forces
Algebraic sum of horizontal components

Y Fx=Flcos®1-F2cos®2-F3cos®3+F4cos®4
Algebraic sum of vertical components

> Fy =F1sin®1+F2sin®2-F3sin®@3-F4sin®4
Resultant R =V (YFx)2 + (Y Fy)2

Angle a mode by the resultant with x axis is given by
tan a = Y Fy/ > Fx

A vertical force has no horizontal component

®=900E

FX = Fcos® Fy = FSin®
= Fcos90 =Fsin90
=0 =F

A horizontal force has no vertical component

>
® =00

FXx = Fcos® Fy = FSin®
= Fcos0 =Fsin0

=F =0
NUMERICALS:

1. ForcesR, S, T, U are collinear. Forces R and T act from left to right. Forces S and U act from
right to left.
Magnitudes of the forces R, S, T, U are 40 N, 45 N, 50 N and 55 N respectively. Find the resultant
of R, S,
T, U.
Given data: R=40 N
S=45N
T=50 N U=55N
11



Resultant= -R-U+T=-40-55+45+50=0

2. Find the resultant of the force system shown in Fig

20kN
20KkN
60° &0’
- ~g-
6kN 26kN
t

Given data:
F1=20 KN ; ®1=60° F2=26 KN ; ®2=0° F3=6KN
®3=00° F4=20KN ; ®4=60° Solution:

Resolve the given forces horizontally and calculate the algebraic total of all the horizontal parts or
¥ H=-20c0s60°+26c0s0°-6c0s0°-20c0s60°=0

Resolve the given forces vertically and calculate the algebraic total of all the vertical parts or X V.
¥ V=-20sin60°+26sin0°+6sin0°+20 sin60=0

R = V( (CH) 2+ V)2 )=0

3.Determine the magnitude and direction of the resultant of forces acting on the hook shown

In fig
a0
\- 151
. ; i
fin " A ;".-‘ e 4'.?'_'
— 2
1701
Given data:
F1=250 N ; ®1=35° F2=200 N ; ®2=20° F3=110 N
®3=90°
F4=90 N ; ®4=65° Solution:

Resolve the given forces horizontally and calculate the algebraic total of all the horizontal parts or

2 H=250c0s35°+200c0s30°+110c0s90°-90c0s65°=170.38N
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Resolve the given forces vertically and calculate the algebraic total of all the vertical parts or X V.
¥ V=250sin35°-200sin20°-110sin90°+90sin65=46.55N

R =V( (TH)2HE V)2 )=176.62N

O=tan ( XV/>H)=15°

4.An electric light fixture weighting 200 N is supported as shown in Fig. Determine the tensile
forces in the wires and BA and BC

A

Solution:

Free body diagram(FBD):

TBC TAB

75°

130° 155°

W=200 N By using lami theorem
TAB/sin130°= TBC/sin155°=200/sin75°

TAB=206/s{n#5°*sin130°=158.61N TBC=200/sin75°* sin155°=87.50N
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5.A sphere weighing 200 N is tied to a smooth wall by a string as shown in Fig. Find the tension T
in the string and reaction R from the wall

Solution: TAC

Free body diagram(FBD): 120°
RB B >
160° 90° W=200N

By using lami theorem

v

TAC/Sin 90°=RB/Sin160°=200/Sin120° TAC=200/SIN120°* Sin 90°=230.94N
RB=200/Sin120°* Sin160°=78.98N

6. A metal guy rope tied to a peg at P shown in Fig.12 keeps an electric post in equilibrium. The
force in the guy rope is 1.25 kN. Find the components of the force at P and the angles of
inclination of the force with the three rectangular axes

14



\ 6m
10m -

Given data:
Tension in guy wire is 1250 N
1)Components Fx,Fy,Fz

Consider the tension in guy wire, acting at P. the force I directed from P to Q. Let it beTPQ
Co ordinates of P (x1,y1,z1)= (6,0,-2)

Co ordinates of Q (x2,y2,z2)= (0,10,0) Vector TPQ =TPQ *APQ
APQ =PQ/PQ= (X2-X1)i+(Y2-Y1)j+(Z2-ZkN((X2-X1)2+(Y2-Y1)2+(Z2-Z1) 2

= (0-6)i+(10-0)j+(0-(-2))k/N((6)2+(10)2+(2 ) 2

= -6i+10j+2k/11.382

Vector TPQ =TPQ *APQ

Vector TPQ = 1250 *-6i+10j+2k/11.382=-633i+1056j+211k from above equation
Fx=633i Fy=1056j Fz=211k

2)Angle ©X, @Y OZ

we know force vector F =-633i+1056j+211k

0X =COS [Fx/F]=633/1250=59° @Y =COS [FY/F]=1056/1250=32° ©Z =
COS [Fz/F]=211/1250=80°

7.Find the resultant of the force system shown in Fig.13 and its position from A. (Force in , kKN
and distance in ,,m")

SKN

BKN
|c D
B
TKN BKN
1m -] 4>-|—-7 0.7m
)--— i 0.8m ——|

=
i

15



Solution:

Magnitude of resultant of force R =-5+6-7-8 =-14KN

() sign shows that the resultant forces acts in the negative direction i.e., downwards
Location of the resultant force:

Lt us locate the resulting force with reference to the point A. Hence , taking the moments of given
forces and adding,

Algebraic sum of moments about A,

YMA = -(6*1)+(7*1.8)+(8*2.5)=26.6 KN-m(clockwise)

Hence acting downwards and to have clock moment, resultant force is taken on the right side of A
Let resultant force acts at a distance of “x” m from A

YMA = R*x

26.6= 14*x x =1.9m

8.Find the magnitude and position of the resultant of the system of forces shown in Fig.
<N Bl 4KN KN a3

Magnitude of resultant of force R =-6-6-4+5+6=-5N
(-) sign how that the resultant forces acts in the negative direction i.e., downwards
Location of the resultant force:

Lt us locate the resulting force with reference to the point A. Hence , taking the moments of given
forces and adding,

Algebraic sum of moments about A,

YMA = (6*3)+(4*5)-(5*9)-(6*12)= 38-117=-79 KN-m(Counter clockwise)

Hence acting downwards and to have counter clock moment, resultant force is taken on the right
side of A Let resultant force acts at a distance of “x” m from A

YMA = R*x

79=5*x

X =159 m

16



9. A system of four forces P, Q, R and S of magnitude 5 kN, 8 kN, 6 kN and 4 kN respectively
acting on a body are shown in rectangular coordinates as shown in Fig.2. Find the moments of the
forces about the origin O. Also find the resultant moment of the forces about O. The distances are
in metres.

R
6,10 %\
60
45° =-1-%10,8
P 9.7 3=
\@
S
0

Solution: Moment Of P:
Moment of force P about the origin, MP = Force*perpendicular distance from origin

Y Ar =5*0=0

v

Moment Of Q :

3

QCOS 45°

\J

Moment of force Q about the origin, MQ = sum of the moments of components of the force Q
about the origin

17



=-Q COS 45°*%10 +Q SIN 45°*6
=-8COS 45°*10 +8 SIN 45°*6

=-42.025N+40.84=-1.185 KN-m( counter clock wise moment)

Moment of force R about the origin, MR = sum of the moments of components of the force R
about the origin

R RHIN 60

RCPS60 ¥ (10,8)

=-6 COS 60°*10 —6 SIN 60°*8
=--57.14-14.63=-71.77 KN-m( counter clock wise moment)

Moment of force S about the origin, MS = sum of the moments of components of the force R
about the origin

9,7) S COS 70
S

S SIN70

v

=S COS 70°*7 +S SIN 45°*9
=4COS 70*7 +4 SIN 70°*9

=17.73+27.86=45.59 KN-m(clock wise moment)

18



10. A wire is fixed at two points A and D as shown in Fig.20.Two weights 10 KN and 30 kN are is
200and that of CD is 500 to the vertical. Determine the tension in the segments AB, BC and CD
of the wire and also the inclination of BC to the vertical. Take ® =300

TBA Free body diagram of joint B and C

20° TCB 50°
TCD

C

B

T Mc

10KN v v

At joint B

>H=-TBACo0s70+TBCCos ® =0
TBCCos ® = TBACos70

TBA =TBCCos 0 / Cos70

TBA =2.92 TBCCOS @ -------===-=- (1)
>V =-TBASIn70 - 10 - TBCSin® =0

TBASIn70 - TBCSin ® = 10 ----------- (2) Substitute TBA  we get
2.92 TBCCos @ Sin70 - TBCSin ® = 10

2.74 Cos ® TBC - TBCSin © =10

TBC(2.74 C0S @ - Sin @) = 10 =---xnmenm- (3) TBC = 10/2.74 Cos © - Sin ©

At Joint C

>H=-TCDCo0s40 - TCBCos® =0

19



TCDCos40 = TCBCos®

TCD =1.30 TCBCos® ------------ (4)
>V =-TCDSin40 + TCBSin® —30=0
Substitute TCD we get

1.30 TCBCos® Sin40 + TCBSin® = 30
0.835 TCBCos® + TCBSin® =30

TCB(0.835 Cos® + Sin®) = 30 =--------=--- (5) TCB = 30/0.835 Cos® + Sin®
Divide (3) / (5)

TBC(2.74 Cos® - Sin®) = 10/ TCB(0.835 Cos® + Sin®) = 30 (2.74 Cos® - Sin®) 30 = (0.835
Cos® + Sin®) 10
82.2 Cos® - 30Sin® = 8.35 Cos® + 10 Sin®

73.85 Cos® =40 Sin® Sin® / Cos® = 1.846 tan® = 1.846
® =61.540

TBC =10/ (2.74 Cos® - Sin®) TBC =23.44 N
TBA =2.92 TBC Cos®

=32.61 KN
TCD =1.30TCB Cos®

=14.52 KN
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UNIT 2 EQUILIBRIUM OF RIGID BODIES 9 Hrs
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EQUILIBRIUM OF RIGID BODIES

FREE BODY DIAGRAM
Free body diagram is a graphical illustration which shows all the forces acting at a rigid body
involving 1.Self weight, 2. Normal reactions, 3.frictional force, 4. Applied force and 5. External
moment applied. In a rigid body mechanics, the concept of free body diagram is very useful to solve
the problems.
PROCEDURE FOR DRAWING A FREE BODY DIAGRAM:
1. Draw outlined shape

> Isolate rigid body from its surroundings

2. Show all the forces

» Show all the external forces and couple moments. This includes Applied Loads, Support
reactions, the weight of the body, Identify each force.

» Known forces should be labeled with proper magnitude and direction.

> Letters are used to represent magnitude and directions of unknown forces.
Equilibrium of rigid bodies:
Static equilibrium:
A body or part of it which is currently stationary or moving with a constant velocity will
remain in its status, if the resultant force and resultant moment are zero for all the forces and couples
applied on it.
So:

Thus equations of equilibrium for a rigid body are:

ZFX:O

>¥Fy=0 and

>Many point = 0



VARIGNON’S THEOREM (OR PRINCIPAL OF MOMENTYS)
Varignon’s Theorem states that the moment of a force about any point is equal to the algebraic sum
of the moments of its components about that point.

Principal of moments states that the moment of the resultant of a number of forces about any point is
equal to the algebraic sum of the moments of all the forces of the system about the same point.

Proof of Varignon’s Theorem

| ot
o 0:'0 F o E 7

[
Fig. 2 Varignon’s Theorem explanation

Fig 1 shows two forces Fj and F2 acting at point O. These forces are represented in magnitude and
direction by OA and OB. Their resultant R is represented in magnitude and direction by OC which is
the diagonal of parallelogram OACB. Let O’ is the point in the plane about which moments of F1,

F2 and R are to be determined. From point O’, draw perpendiculars
on OA, OC and OB.

Let r1= Perpendicular distance between F1 and O’.

r2= Perpendicular distance between R and O’. r3= Perpendicular distance between F2 and O’. Then
according to Varignon’s principle;

Moment of R about O’ must be equal to algebraic sum of moments of F1 and F2 about O’.
Rxr=F1 xrl +F2 xr



Now refer to Fig (b). Join OO’ and produce it to D. From points C, A and B draw perpendiculars on
OD meeting at D, E and F respectively. From A and B also draw perpendiculars on CD meeting the
line CD at G and H respectively.

Let ®1 = Angle made by F; with OD, ® = Angle made by R with OD, and ®2 = Angle made by
F2 with OD.

In Fig. (b), OA = BC and also OA parallel to BC, hence the projection of OA and BC on the

same vertical line CD will be equal i.e., GD = CH as GD is the projection of OA on

CD and CH is the projection of BC on CD.

Then from Fig. 2.(b), we have

P1 sin®1 = AE=GD=CHFI cos ®1 =0E

F2 sin ®1 = BF=HD

F2 cos ®2 =OF =ED

(OB = AC and also OB || AC. Hence projections of OB and AC on the same horizontal line OD will
be equal i.e., OF = ED)

R sin ® =CD R cos ® =OD

Let the length OO’ = x.

Then xsin®1 =r,xsin® =r and x sin ®2 =r2

Now moment of R about O’

= R x (distance between O’ and R) =R x r

=R xxsin® ( r=xsin ®)

=(R sin ©®) x x

=CD x x ( R sin ® = CD)

= (CH +HD)x x

=(F1 sin®1 + F2sin ®2) x x ( CH=F1 sin®1 and HD =F2 sin ©2)
=F1 xxsin®1 +F2 X xsin ®2

=F1 xrl +F2x1r2 ( xsin ®1 =rl and x sin @2 =12)

= Moment of F1 about O’ + Moment of F2 about O’.

Hence moment of R about any point in the algebraic sum of moments of its

components i.e., F1 and F2) about the same point. Hence Varignon’s principle is proved. The
principle of moments (or Varignon’s principle) is not restricted to only two concurrent forces but is
also applicable to any coplanar force system, i.e., concurrent or non-concurrent or parallel force
system.

Couple
The moment produced by two equal, opposite and non-collinear forces is called a couple.
M=rxF

Resultant of the forces acting on the body
Let o the body on which three types of forces are acting. So the resultant force is

R=F1+F2+F3+........ 2F



o

(a) ()] (e)

Fig.3 Resultant of the forces acting on a body

For each force let the couple introduced to move the forces to the point O be M1, M2, M3.........
respectively. So the resultant couple is

M = M1+M2+M3..........
=(rlxF1) + (r2xF2) + (r3x F3).......
=2(r+F)

The point O selected as the point of concurrency for the forces is arbitrary, and the magnitude and
direction of M depend on the particular point O selected. The magnitude and direction of R,
however, are the same no matter which point is selected.

In general, any system of forces may be replaced by its resultant force R and the resultant couple M.
In dynamics we usually select the mass center as the reference point. The change in the linear
motion of the body is determined by the resultant force, and the change in the angular motion of the
body is determined by the resultant couple. In statics, the body is in complete equilibrium when
the resultant force R is zero and the resultant couple M is also zero. Thus, the
determination of resultants is essential in both statics and dynamics.

Resolution of forces

Resolution process is the reverse of addition process or resultant process. A force may be result into
several parts, such that addition of these forces provide the same force

Fig. 4 Resolution of forces



The most common two dimensional resolution of a force vector is into rectangular components. Let i
and j be the unit vectors in the direction of x and ,
F = Fxi+Fyj

Hence sum of the resolved components of several forces is equal to the resolved component of the
forces.

In general equilibrium means that there is no acceleration i.e., the body is moving with constant
velocity but in this special case we take this constant to be zero.

So if we take a point particle and apply a force on it, it will accelerate. Thus if we want
its acceleration to be zero, the sum of all forces applied on it must vanish. This is the condition for
equilibrium of a point particle. So for a point particle the equilibrium condition is

¥ F=0
P
)

-

F
Where ¢ ;i=1,2,3........ are the forces applied on the point particle.
Torque

Torque is defined as the vector product of the displacement vector form the reference point
where the force applied. Thus

T=Fy xF

This is also known as the moment of the force
Equilibrium of rigid bodies

Conditions for Equilibrium

The body should not accelerate (should not move) which, is ensured if LE=0

That is the sum of all forces acting on it must be zero no matter at what points on the body they are
applied. For example consider the beam in figure given. Let the forces applied by the supports S1
and S2 be F1 and F2, respectively. Then for equilibrium, it is required that the sum of all forces
acting on it must be zero no matter at what points on the body they are applied. For example
consider the beam in figure given. Let the forces applied by the supports S1 and S2 be F1 and F2,
respectively. Then for equilibrium, it is required that

-

B+F+W+L=0
Assuming the direction towards the top of the page to be y-direction, this translates to
Bi+Fi-Wi—-Li=0or A+F -W-L=0

The condition is sufficient to make sure that the net force on the rod is zero. But as we learned
earlier, and also our everyday experience tells us that even a zero net force can give rise to a turning
of the rod. So F1 and F2 must be applied at such points that the net torque on the beam is also zero.
This is given below as the second rule for equilibrium.

6



Zfso=0

Summation of moment of forces about any point in the body is zero i.e., where %o s the

B
torque due to the force @ about point O. One may ask at this point whether

Z’f,-c,:O
Should bé taken about many different points or is it sufficient to take it about any one convenient
point. The answer is that any one convenient point is sufficient because if condition (1)
above is satisfied, i.e. net force on the body is zero then the torque as is independent of point
about which it is taken. These two conditions are both necessary and sufficient condition for
equilibrium.

Torque due to a force

Torque about a point due to a for F? s obtained as the vector product
o =R F

= (yF, - F,z)i +(2F, — xF,)} + (xF, - yF )k

Where ‘@ is a vector from the point O to the point where the force is being applied. Actuall "2
could bEy’:l vector from O to any point along the line of action of the force. The magnitude of the
torque is given as

EAE |§“?O|sin 2

The unit of a torque is Newton-meter or simply Nm. This is known as Varignon's theorem.

Equilibrium of Rigid bodies in two dimensions

Forces are all in x-y plane

Thus F2 =0 Mx = My = 0 are automatic satisfied
Equations of equilibrium are reduced, i.e.

YFx=0 YFy=0 YMa= 0 (XMz) Where A is any point in the plane.

Equilibrium of Rigid bodies in three dimensions
Equation of equilibrium

YF=0 Mo = X(rxF) =0

le.XFx=0 XFy=0 ZXFz=0

XMx =0 XMy=0 XMz =0



Equilibrium of rigid bodies
The basics and important condition to be considered for the equilibrium of forces and moments is
taken as zero

When a body is acted by upon by some external forces the body starts to rotate or move about any
point. If the body does not move or rotate about any point the body said to be in equilibrium.

Moment of force

Moment of a force about a any point is defined as the product of magnitude of force and the
perpendicular distance between the forces the point.

The moment (M) of the force (F) about ‘o’ is given by

M =r*F

F-force acting on the body

r- perpendicular distance from the point O on the line of action of force

If the moment rotates the body in CW direction about ‘O’ then it is CW moment(+ve). if the
moment rotates the body in CCW direction about ‘O’ then it is CW moment(-ve)

Equilibrium of a particle:
If the resultant of a number of forces acting on a particle is zero then the particle is in equilibrium
Equilibrium and equilibrant:

The force E which brings the particle to equilibrium is called equilibrant(E).

Fig. 5 Equilibrium and equilibrant

Resultant force and equilibrant force both have same magnitude. But if resultant acts at say 0
then Equilibrant acts at 180%+ 6.

Conditions for equilibrium:



1) The algebraic sum of all the external force is zero.>, F=0 (.3 Fx=0; .>, Fy=0; .>. Fz=0)
2) The algebraic sum of all the Moments about any point in the plane is zero.> M =0

Couple:

Two forces F and —F having same magnitude, parallel lines of action and opposite sense are said to
forma couple.

Fig. 6 Couple

When 2 equal and opposite parallel forces act on a body at some distance apart the 2 forces form a
couple. Couple has a tendency to rotate the body . The perpendicular distance between the parallel
forces is called arm of the couple.

Moment of a couple = forces x Arm of the couple

M= Fxa

Equivalent Forces and couples:

The two forces having same magnitude, direction and line of action but acting at different points
producing the same external effect on the rigid body are said to be equivalent forces.

If two couples produce the same moment on the rigid body they are called equivalent couples.
Difference between moment and couple:

Couple is a pure turning effect which may be moved anywhere in its own plane or into a parallel
plane without change of its effect on the body.

Moment of force must include a description of the reference axis about which the moment is taken.

Resolution of force into a force and a couple at a point.(Force couple system) Figure
Resultant of coplanar non concurrent force system:-

R =V (TH)*HZ V)?)



O=tan ( XV/Y.H)
Resultant force vector R= formula
Equilibrium of rigid body in two dimensional

The equilibrium state will be achieved when the summation of all the external forces and the
moments of all the forces is zero.

Principle of equilibrium

> F=0 (force law of equilibrium)

> M=0(Moment law of equilibrium)

Force Law of equilibrium

> Fx=0 (with respect to horizontal components)
> Fy=0(with respect to horizontal components)
Equilibrium of particle in space

In three dimension of space if the forces acting on the particle are resolved into their respective i ,j,k
components the equilibrium equation is written as,

> Fit) Fi+> Fx=0
The equation for equilibrium of a particle in space is,

Y E=0 5 Y Fy=0 ; >’ F-=0;

EXAMPLE 1:

An adjustable shelving system consists of rod mounted to a shaft on the left and a
frictionless support on the right. Isolate the shelf brace and make a free body diagram of the system

Solution:

y
Shelf brace |
A B B

Fig. 7 free body diagram of given situation

10



Reactions and Support reactions

When a number of forces are acting on a body, and the first body is supported on another body, then
the second body exerts a force known as reactions on the first body at the points of contact so that
the first body is in equilibrium. The second body is known as support and the force, exerted
by the second body on the first body, is known as support reactions.

Types of supports

There are 5 most important supports. They are

X/
X4

L)

Simple supports or knife edged supports
Roller support

Pin-joint or hinged support

Smooth surface support

Fixed or built-in support

X/ X/
X ER X 4

X/
X4

L)

X/
°

Simple supports or knife edged support: in this case support will be normal to the surface of the
beam. If AB is a beam with knife edges A and B, then Ra and Re will be the reaction.

BEAM

AW VAL,

1. T

Fig.8 Simply Supported beam
Roller support: here beam AB is supported on the rollers. The reaction will be normal to the surface

on which rollers are placed.
J
Agy e

g F,

Fig. 9 Roller support

A

Pin joint (or hinged) support: here the beam AB is hinged at point A. the reaction at the hinged
end may be either vertical or inclined depending upon the type of loading. If load is vertical, then the
reaction will also be vertical. But if the load is inclined, then the reaction at the hinged end will also

be inclined.
F ]
A

Fig.10 Hinged Support
Fixed or built-in support: in this type of support the beam should be fixed. The reaction will be
inclined. Also the fixed support will provide a couple.

11



E!

— J

‘2

Fig.11 Fixed Support

Types of loading

There are 3 most important type of loading:

Concentrated or point load

Concentrated or point load: here beam AB is simply supported at the ends A and B. A load W is
acting at the point C. this load is known as point load or Concentrated load. Hence any load acting at
a point on a beam, is known as point load.

Fig.12 Point load
Uniformly distributed load

A uniformly distributed load (UDL) is a load that is distributed or spread across the whole region of
an element such as a beam or slab. In other words, the magnitude of
the load remains uniform throughout the whole element. While calculating support reactions the
UDL is converted as a point load which is equal to the area of the Rectangle and the load intensity
acts a CG point, G as shown.

oL N { N/m}x(m)=N
¥

6qo'*ov\lulln

)

L/2 | L/2
L

udl+ cantilever

B

\ \ ' \ ' ' ' ' '

e

l o N/m
I
|
i ( o N'm b
& l A

Lag ‘
udl another representation

(|
v .
|

udl+ simply salipponed

Fig. 13 Uniformly distributed load

Uniformly varying load
12



A UVL is one which is spread over the beam in such a manner that rate of loading varies from each
point along the beam, in which load is zero at one end and increase uniformly to the other end. This
type of load is known as triangular load. While calculating support reactions the UVL is converted
as a point load which is equal to the area of the triangle and the load intensity acts a CG point, G as
shown.

ON'm
S A% an S8 EK 2 Ol IR S B

B 5

- /

Load intensitys Area of
Triangle = V2(LXe k= L2 N wNm —T—
,.‘m 3
G 1o

0 Nr

/3
) enigllax NN B 9e ]re2:

= ="

e

- L o

Fig. 14 Uniformly varying load

Numerical Questions:

A simply supported beam AB of span 6m carries point loads of 3kN and 6kN at a distance of 2m
and 4m from the left end A as shown in fig. find the reactions at A and B analytically.

Solution

Given, span of beam = 6m

3kN 6kN
Af— l 1B
.E:Zm — I
4m ——'I
6m
Ra Rp
Fig

Let Ra = reaction at A; Rs = reaction at B

As the beam is in equilibrium, the moments of all the forces about any point should be zero. Now
taking the moment of all forces about A and equating the resultant moment to zero, we get
ReEx6-3x2-6x4=0

6Rg =6 +24 =30

Re =30/6 =5 kN

Also for equilibrium, XFy =0

Ra+Rg =3+6=9

13



" Ra=9-Rg =9-5=4kN
EXAMPLE 2:

A simply supported beam AB of span 5 mis loaded as shown in figure. Find the reactions
at A and B.

3 kN 4 kN 5 kN

Solution.

Given: Span (I) =5m

Let Ra = Reaction at A, and
Re = Reaction at B.

The example may be solved either analytically or graphically. But we shall solve analytically
only.

We know that anticlockwise moment due to RB about A
=Rg X I=Rg x5=5RgkN-m ()

and sum of the clockwise moments about A,

=(3%x2)+(4x3)+(5%x4)=38kN-m .. (i)

Now equating anticlockwise and clockwise moments given in (i) and (ii),
S5Rg =38

or Re=38/5=7.6 kN

and Ra = (3+4+5) — 7.6 = 4.4 kN

EXAMPLE 3:

Problem for Uniformly distributed load

A simply supported beam AB of length 9m, carries a uniformly distributed load of 10 kN/m for
distance of 6m from the left end. Calculate the reactions at A and B

14



10 kN/m

Solution

Given,

Length of beem =9

Rateof UD.L =10 kN/m

Lengthof U.D.L =6m

Total load due to U.D.L = (Length of U.D.L) x Rate of U.D.L

=6 x 10 =60 kN

This load of 60Kn will be acting at the middle point of AC i.e,at a distance of 6/2= 3 m from A. Let
Ra = Reaction at A and Re = reaction at B

Taking the moment of all forces about point A, and equating the resultant moment to zero, we

get

Rex9-(6x10)x3=0 or 9Rg —180=0

“ Re =180/9 =20kN.

Also for equilibrium, £Fy =0

Or Rat+ Rs =6 x10=60

“ Ra=60-Re =62-20 =40 kN.

EXAMPLE 4:

Problems for overhanging

A beam AB 5 m long, supported on two intermediate supports 3 m apart, carries a uniformly
distributed load of 0.6 kN/m. The beam also carries two concentrated loads of 3 kN at left

hand end A, and 5 kN at the right hand end B as shown in Figure. Determine the location
of the two supports, so that both the reactions are equal.

Solution.




Length of the beam AB (L) =5 mand span (I) =3 m

Let  Rc =Reactionat C,
Rp =Reaction at D, and
x =Distance of the support C from the left hand end
We know that total load on the beam
=3+ (0.6 x5) +5=11kN
Since the reactions Rc and Rp are equal, therefore reaction at support
=11/2 =5.5kN
We know that anticlockwise moment due to Rc and Rp about A
=55%xx+55(x+3)=55x+55x+16.5kN-m
= 11x + 16.5 kN-m ()
and sum of clockwise moment due to loads about A
= (0.6 x5) 2.5+5x 5=232.5kN-m ...(i)
Now equating anticlockwise and clockwise moments given in (i) and (ii)
11 x+16.5=325 or 11 x=16
11x=16 =1.45m
It is thus obvious that the first support will be located at distance of 1.45m from A and second
support at a distance of 1.45 + 3=4.45m from A.
EXAMPLE 5:

A beam AB of span 3m, overhanging on both sides is loaded as shown in Figure. Determine the
reactions at the support.

1 kN 3 kN

Z
A A A
| ’
< 2m > ‘
< |.5 m—pt 3Im )T—] m—>|

Solution.

16



Given:

Span (I) =3m

Let RA = Reaction at A, and

Re = Reaction at B.

We know that anticlockwise moment due to Rg and load at C about A

=Rg xI1+(1x15)=Rg x3+(1x15)=3Rs +1.5kN ..(i)

and sum of clockwise moments due to loads about A

=(2x2)1+(3x%x2)+(1x1)3.5=13.5kN-m ...(11) Now
equating anticlockwise and clockwise moments given in (i) and (i),

3Rg +1.5=135

or Re

=4 kN

17



and Ra=1+(2x2)+3+(1x1)—4=5kN

EXAMPLE 6:

A beam of AB of span 8m, overhanging on both sides is loded as show in figure. Calculate the
reactions at both ends.

800N 2000N {O00ON
| . £ e i
L —
‘-.— 5m ——.-l
L—3m—-a-~o——-——-— 8m
ﬁ‘ Ra
Solution
Given,

Span of beam = 8m

Let RA =reaction at A RB = reaction at B

Taking the moment of all foreces about point A and equating the resulant moment to zero, we get

Re x 8 +800 x 3—-2000x5—1000x (8+2)=0o0r
8Re+ 2400 — 10000 — 10000 = 0 or

8Rs = 2000 -2400 = 17600
~ Rs = 2200 N.

Ra + Rs =800 + 2000 + 1000 = 3800

~ Ra=3800-Rs =3800-2200 = 1600

EXAMPLE 7:

A beam AB of span 4m, overhanging on one side upto a length of 2m, carries a uniformaly
distributed load of 2kN/m over the entire length of 6m and a point load of 2kN/m as shown in figure.
Calculate the reactions at A and B.

18



Ra Ra
Solution
Given,
Span of beam =4m
Total length =6m
Rate of U.D.L =2 KkN/m

Total load dueto U.D.L =2 x 6 =12kN

The toad of 12 kN (i.e., due to U.D.L) will act at the middle point of AC, i.e, at a distance of 3m
from A.

Let Ra = reaction at A
and Re = reaction at B
taking the moment of all forces about point A and equating the resultant moment to zero, we get
Rex4—-(2x6)x3-2x(4+2)=0
Or 4Rg =36+ 12 =48
Re =48/4 = 12kN.

Also for equilibrium, XFy =0 or Ra+ Rg = 12+2 =14

“Ra=14-Rg =14 - 12 = 2kN
EXAMPLE 8:

Problem for Uniformly varying load

A simply supported beam of span 9m carries a uniformly varying load from zero at end a to 900
N/m at end B. calculate the reactions at end B. calculate the reaction at the two ends of the support.

Solution

19



Given,
Span of beam = 9m
Loadatend A=0

Load atend B =900 N/m

Total load the beam = Area of ABC = (AB x BC)/2 = (9x900)/2
= 4050N

Or 5Rg — (5 x 800) x 2.5 - {1/2 x 5 x 800} x {2/3 x5} =0

Or 5Rg — 1000 - 6666.66 = 0

Or 5RB = 1000 + 6666.66 = 16666.66

Or Re = 16666.66/5 = 3333.33 N.

Also for the equilibrium of the beam, ZFY =0
Ra + Rg =total load of the beam
= 6000 N (* Total load on beam = 6000 N)

RA = 6000 - RB =6000 — 3333.33 = 2666.67 N.

EXAMPLE 9:

A simply supported beam AB of 6 m span is subjected to loading as shown in Figure. Find the
support reactions at A and B.

4

2 kN/m

j\ SR Y u. e AR N AN i T T IR E D “ T
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Solution.
Given: Span (I) =6 m

Let Ra = Reaction at A, and

Re = Reaction at B.

We know that anticlockwise moment due to RB about A
=R x1=Rg x 6 =6Rs kN-m...(i)

and sum of clockwise moments due to loads about A
=(4x1)+(@4x2)+[(0+2)/2] x3x5=30KN-m

Now equating anticlockwise and clockwise moments given in (i) and (ii),

6 Rs =30
or Rs =30/6 =5Kn
and Ra=(4+2+4+3)-5=8kN

Hinged beams

In such a case, the end of a beam is hinged to the support as shown in Figure. The reaction on such
an end may be horizontal, vertical or inclined, depending upon the type of loading. All the steel
trusses of the bridges have one of their end roller supported, and the other hinged.

The main advantage of such a support is that the beam remains stable. A little consideration will

show that the beam cannot be stable, if both of its ends are supported on rollers. It is thus
obvious, that one of the supports is made roller supported and the other hinged.

EXAMPLE 10:
Problem for hinged beam

A beam AB of 6 m span is loaded as shown in Figure. Determine the reactions at A and B. Solution.

21



5kN 4 kN
1.5 kN/m

Given:
Span=6m

Let Ra = Reaction at A, and
Rg = Reaction at B.

We know that as the beam is supported on rollers at the right hand support (B), therefore the
reaction RB will be vertical (because of horizontal support). Moreover, as the beam is hinged at the
left support (A) and it is also carrying inclined load, therefore the reaction at this end will be the
resultant of horizontal and vertical forces, and thus will be inclined with the vertical.

Resolving the 4 kN load at D vertically

=45sin45° =4 x0.707 = 2.83 kN

and now resolving it horizontally

=4 cos 45° =4 x 0-707 = 2-83 kN We know that anticlockwise moment due to Rg about A

=Re x6=6RB kN-m ()

and sum of clockwise moments due to loads about A

=(5x2) + (1.5 x 2) 3+ 2.83 x 4=30.3 KN-m ...(ii)

Now equating the anticlockwise and clockwise moments in (i) and (ii),

6 Rs =30.3 kN
Re =5.05 kN.
We know that vertical component of the reaction RA

=[5+ (1.5 x 2) + 2.83] - 5.05 = 5.78 kN
22



~. Reaction at A,
Ra= {(5.78)? +(2.83)?}*2=6.44 kN
Let 6= Angle, which the reaction at A makes with vertical.

~ tan 0 = (2.83)/(5.78) = 0.4896 or  0=26.1°
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UNIT 3 PROPERTIES OF SURFACES AND SOLIDS 9 Hrs

Determination of Areas - First moment of Area and the centroid - simple problems involving composite figures.
Second moment of plane area-Parallel axis theorem and perpendicular axis theorem-Polar moment of Inertia —
Principal moments of Inertia of plane areas — Principle axes of inertia — relation to area moments of Inertia.
Second moment of plane area of simple sections like C,I,T,Z etc. - Basic Concept of Mass moment of Inertia.

PROPERTIES OF SURFACES AND SOLIDS
First moment of area and the centroid

Centroid, Centre of gravity, Centre of mass and moment of inertia are the important properties of a
section which are required frequently in the analysis of many engineering problems.

Centroid

It is the point at which the total area of the plane figure (namely rectangle, square, triangle, circle etc.) is
assumed to be concentrated.

Centre of gravity

It is a point through which the resultant of the distributed gravity forces (weights) act irrespective of the
orientation of the body.

Centre of mass

It is the point where the entire mass of the body may be assumed to be concentrated.
For all practical purposes the centroid and Centre of gravity are assumed to he the same.
Centroid of one dimensional body (Line)

Let us consider a homogeneous wire which is having length ‘L', uniform cross sectional area ‘a’ and
density p



The weight of the wire = W=pga X L
The wire is considered to be made up of a number of elemental lengthsLy,L5,...L,

Then to find the centroid, substitute for W in the following equation

EWI.‘i’]_

X =
W

(pg”)L'1X1+(ﬂga)ﬁzxz+(pﬂa )5 p— (bga)lnx,,
(pga)L

AP SER LS CEE} CEmmm— O
L

Similarly,

jolra
L

Centroid of two dimensional body (area)
Let us consider a rectangular plate P,Q,R,S of uniform thickness- t ,density- p and area -A

The weight of the plate= W=pgt x A



This body is considered to be made up of number of imaginary strips or particles of area
Ay Ay As .. LAy

(PIL)ALX 1 +(pgt YAz 5 +(pgt YAz g v (gt )Anx,
(pgt)A

Similarly,

?:fram
. |

The integral [xdA is known as the first moment of area with respect to the y axis and the
integral [ydA s known as the first moment of area with respect to the x axis.

Moment of Inertia
the concept which gives a quantitative estimate of the relative distribution of area or mass of a
body with respect to some reference axis is termed as the moment of inertia of the body.

The moment of inertia of a body about an axis is defined as the resistance offered by the body
to rotation about that axis.it s also defined as the product of the area and the square of the
distance of the center of gravity of the area from that axis. Moment of is denoted by I. Hence

the moment of inertia ahout the x axis is represented by L, and about the y axis is represented

by L,



The moment of inertia of an area is called as the area moment of inertia or the second moment
of area .the moment of inertia of the mass of a body is called as the mass moment of inertia

L, ~fy'dA
Ly =[x *dA

Parallel axis theorem

Parallel axis theorem states that, the moment of inertia of an area with respect to any axis in it
plane is equal to the moment of inertia of the area with to a parallel centroidal axis plus the
product of the area and the distance between the two axes

Perpendicular axis theorem (polar moment of inertia)

Perpendicular axis theorem states that the moment of inertia of an area with respect to an axis
perpendicular to the x-y plane (z axis) and passing through a pole 0'is equal to the sum of the
moment of inertia of the area about the other two axis (x&y axis) passing through the pole. It's
also called as polar moment of inertia and is denoted hy the letter |.

Pyl +1,



Radius of Gyration
L =k2A

III
kx = ?

K, is known as the radius of gyration of the area with respect to the X - axis and has the unit of
length m|

Radius of gyration with respect to the Y - axis
_1
Ly =kyA

fy 2

(zeneral : The Student is advised to take bottom most line and left most line as reference
axes for measuring the CG s of segments.

Problemns for finding centroidal axes

1. Locate the centrotd of T-section shown i Fig.



{m !

Divide the section in to two rectangles with their individual centroid
Top rectangle section 1

Bottom rectangle section 2

Section Area Xinmm Yinmm
1 300 x 40=12000 300/2 =150 200+40/2=220
) 40 x 200 = 8000 300/2=150 200/2 =100




_ Alx{4+4,X2
7o ZlxitAy
A14 4,

(12000 x 150)+(8000 x 150)
B 1200048000

_ 180000 +1200000
- 20000

_ 1380000
= 20000

=69 mm

}7 _Alyl—I—AgJ'Z
A144,

_ (12000 x 220)+(8000 x 100)
B 12000 +8000

2640000 +800000
20000

3440000
20000

=172 mm
Result :

The centroid of the given section is ( 69, 172 )

2. Determine the centre of gravity of the I-Section shown in Fig.



Divide the section in to two rectangles with their individual centroid
Top rectangle section 1
Middle rectangle section 2

Bottom rectangle section 3

section Area Xinmm Yinmm

1 200 x 30 =6000 200/2=100 30+200+30/2=245
) 20x200=4000 200/2=100 30+200/2=130

3 120 x 30= 3600 200/2=100 30/2=15




X _Alx +A49X24A3x4
A1y 4, T A3

_ (6000 x 100)+(4000 x 100)+(3600 x 100)
- 6000 +4000 +3600

_ 600000 +400000 +360000
- 13600

_ 1360000
~ 13600

=100 mm

Aly1+42Y2+ 43y,
A1449T A3

Y =

_ (6000 x 245)+(4000 x 130)+(3600 x 15)
- 6000 +4000 +3600

1470000 +520000 454000
13600

2044000
13600

=150.294 mm
Result :

The Centre of gravity of the given section is ( 100, 150.294 )

3. Locate the centroid of T-section shown in Fig.
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— 300 mm "

il B
i -
<>
=
=

200 mm

40 !

Divide the section in to two rectangles with their individual centroid

Top rectangle section 1

Bottom rectangle section 2

Section Area X in mm Y in mm

1 300 x 40 =12000 300/2 =150 200 +40/2 =220

2 40 x 200 = 8000 300/2 =150 200/2 = 100

11




5 Alxi+4,%2
X= 1 2
A1+ 4,

_ (12000 X150)+(8000 X 150)
- 12000 48000

_ 1800000 +1200000
B 20000

_ 3000000
= 20000

=150 mm

}—, =A1}=1+ A;V2
A1+ a5
_ (12000 x 220)+(8000 x 100)

12000 +8000

2640000 +800000
20000

3440000
20000

=172 mm
Result :

The Centre of gravity of the given section is ( 150, 172 )

4. Determine the centre of gravity of the channel section shown in Fig.

12



P 160 mm 4

A
- _*. 40 mm

—» = d0mm | 120 mm

j 40 mm

160 mm

Divide the section in to two rectangles with their individual centroid
Top rectangle section 1
Middle rectangle section 2

Bottom rectangle section 3

13



Section Area Xinmm Y in mm
1 160 x 40 =6400 160/2 =80 40/2=20
2 120 x 40 = 4800 40/2=20 40 +120/2=100
3 160 x40 = 6400 160/2=80 40 4120 +40/2 =180
X _ A1x1+A212+A3:{3
Aty 4yt As

(6400 1 80)+(4800 1 20)+(6400 1 80)
640044800 +6400

_ 512000-496000+512000
) 17600

_ 1120000

17600

=63.636 mm

14




A'1}=1+ 472V2+ A3}:3

Y=
Al 451 43

(6400 x 20)+(4800 x 100)+(6400 x 180)
6400+4800+6400

128000 +480000+1152000
17600

1760000
17600

=100 mm

Result :

The Centre of gravity of the given section is ( 63.636, 100

5. Locate the centroid of plane area shaded shown m Fig.

15



Divide the diagram in to three sections with their individual centroid

Bottom rectangle zection 1

Top triangle section 2

Bottom quarter circle section 3

Section Ares in mm* Xin mm Y inmm

1 60 x 30 =1800 60,2 =30 30/2 =15

2 % x30x30=450 30 + {2 X 30/3) =50 30-1x30/3=40

3 x X304/4=706.858 | 60-{4x30/3m) = (4 :30/37) =12.732
47.268

A‘; 22 Ah;' 42’2-"3:3

AHA;’AS

_ (1800 X 30)+(%50 ¥ 50)—(706.858 X 47.268)

1800 +450-706.858

16




_ 54000+22500-33411.764
) 1543142

_ 43088.236
" 1543,142

=27.922 mm

_AlrquYZ--Aayg

=

Ay ar—h

(1800 ¥ 15)4(4500 X 40)-(706,858 X 27.922)
1800 +450-706.858

_ 27000+18000-15736.889
) 1543142

_ 1526341
T 143442

=16.371 mm

Rezult:
The Centre of gravity of the given section iz | 27,922, 16.371
General : The Student is advised to take bottom most line and left most line as reference

axes for 102 the CG 5 of seements. Finding CG of total fiz. is done in accordance to
that,
Problems on MI

§ Find the moment of Inertia about the centroidal axes of the section in Fig.

17
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Divide the section in to two rectangles with their individual centroid

Top rectangle zection 1

Bottom rectangle zection 2

Section Ares X in mm Yinmm
1 300 x 40 =12000 300/2 =150 200 + £0/2 =220
2 40 x 200 = 8000 300/2 =150 200/2 = 100

4
= ~Alagr A X2
It L 2

Arjaz
_ (12000 X150)+(8000 X 150)
- 12000 8000

_ 1300000 +1200000
- 20000

_ 3000000
~ 20000

=150 mm

18




4 .
- "1“041)2
L
Aveas

_ (12000 x 220)+(8000 x 100)

12000 +23000

_ 2640000 +800000

20000

3220000

=172 mm

Rezunt:

The Centre of gravity of the given section is | 150, 172 )

~ 20000

Section |MizboutX |4, X MlaboutX | Mizbout |4, X Ml about y
avspazsing | (Yi-y )2 axis passing | y axis (X ¢ J" s
through throughf passing paszing )i
individual Ja through through ¥
centroid I, individual Iy
centroidl,
1 b A X Lo+Ax |8, A X I+ A X
31;1:«:‘ (¥-9)* ()'!v-')‘ :u..xmi (%15 | (% 9)*
12 =12000x | =1600000 - W = 12000 x | 90000000
= 1600000 | (220- 27648000 |= (150- |=0
172 8 =20243000 | 90000000 | 150)° | 50000000
=27648000 =0
E M A;X I+ L A I, + AN
J‘o‘.x 207 (F-1)* |AF - -:(i, o | Z2-z2 ¥ | (%5 )2
: =8000x | ¥y 32 =8000x | =10666667
= 26666667 |(172- =26666667+ | = (150- |=0
100)* 41272000 = | 10666667 | 150)° | =10666667
=41472000 | 68138667 =0
Sy = Shy=
97366667 100666667
Answer :

Moment of inertia sbout the centriodal X axis = 97366667 mm* = 97.387 X 10°mm*

Moment of inertia sbout the centriodal ¥ axiz = 100666667 mm* = 100.667 X 10°mm*
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7. Fimnd the moment of Inertia about the centroidal axes of the secton in Fig

~l - eH Y
 waay &)
130 mn 0 mm
L
Ry IT
‘e

Divide the zection in to two rectanglies with their individual centroid

left rectangle section 1

Bottom rectangle section 2

Section Ares X in mm Yinmm

1 100 x 20 =2000 20/2 =10 1002 =50
2 40 x 20 = 800 20 +40/2 =30 20/2=10

- Ah v A X2
1* A2%&
Yz

Alodz
_ (2000 X10)+(800 X 40)
- 2000 800

_ 20000 +32000
T 2800

_ 52000
~ 72800

=18571 mm

20




7 Alyy44,)2
Aveas
" (2000 x S0)+(800 x 10)
- 2000+800
100000 +8000
2800
_ 108000
2800
=38571 mm
Section | MisboutX |A, X Ml zout X | Mizbout | A, X M1 about y
avzpassing | (¥y.¢)° |avis y axis (X ¢)* | axis
through passing passing passing
individual through X [ throwgh through ¥
centroid [, I individual L
centrod
I,
1 _‘ﬁz A X . Ix.fﬁxx ﬁ:: A X Ip“.‘ixx
S R (5-7) |Oeg) | Beap | (Fs) [ (5-2P
= =2000x [=1666667 |~ — |[=2000x |=66667+
= 1666667 [ (50- +261284 |=66667 | (18571—| 146924
38571)° |=1927911 10y 213951
=261244 =145524
Z i‘,:w" m‘i A.-x I]=+ i‘: A‘-x I'z‘A)x
22667 | T B |AXP- 5 [(Re) | (Rg)
=800 x .y = | =800« =106667 <
(38571— | =26667+ |[=106667 |(40- 367362
10)¢ §53042= 18571)* | =474029
=653042 | g79700 =367362
e =
2607620 687580
Answer :

Moment of inertia about the centriodal X axiz = 2607620mm* = 2.608 X 10*mm*

Moment of inertis shout the centriodal ¥ 3z = 687880mm* = 6,85 X 10°mm*




8 Find the MI about the honzonral axes of the section shown mn Fig

oY

Moment of inert:a of section 1

1 _b? axad
WS e R
=864

Moment of inertia of zection 2

Moment of inertia of zection 3
= Ml of zemi-circle about itz Centre= A, X(F — ¥))*

=0.1097r‘+{-"2—'x)X(?- ¥,)* (find P and ¥, fike the previous problems |

=0.1087 % 24 415 X (11151 - 443)°



=1.7552+283.82

= 285578 cm*
Moment of inertia of whole zection
= II‘OIX) — lx;

= 864 <288 - 285.578

= §66.422 cm*
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Unit 4 FRICTION 9 Hrs

Frictional Force - Laws of Coulomb friction - Cone of friction-Angle of repose-relation between cone of friction and
angle of repose- limiting friction-Rolling resistance- Simple contact friction - Screw - Wedge— Ladder- Belt friction.

FRICTION

In the previous units, the surfaces in contact have been assumed to be frictionless. But practically, the
surfaces are rough in nature.

Friction gets developed because of surface irregularities between the contact surfaces.

\ surface 2
Let us say a block of weight W rests on a table. Let us further say a maximum of 20 N force it can
generate against the applied load which will always oppose motion.

If we apply say 1N the generated Frictional force is also 1 N.

If we apply say 5N the generated Frictional force is also 5 N.

If we apply say 10 N the generated Frictional force is also 10 N.

If we apply say 20 N the generated Frictional force is also 20 N.

It is sure that it will generate equal frictional force as above. Otherwise because of force imbalance the
object will move. It does not happen Hence the applied load= generated Frictional force.

Read the last case discussed above. i.e., If we apply say 20 N the generated Frictional force is also 20
N. This state is called impending motion state where motion is likely to occur but is in
equilibrium(i.e., not moving)

However if we apply more than to 20 N say 21 N then object can generate only a maximum of 20 N
in the opposite direction of applied force. Hence the object will move with 21 N- 20 N= 1N force in
the applied force direction.

Evaluation of Frictional force:

Let us consider a block of weight W rests on a table. Let the developed reaction to support the load
isR.



Ff Applied Force
VoS,

|23

Now W=R, Is it not?

Let us assume that an applied load P acts on the block to RHS.
Frictional force F; will act to the LHS to oppose motion.

The frictional force is directly proportional to the normal reaction
ie, FfaR

F¢= (aconstant) R

The constant is called the coefficient of Friction and is referred as p.

i.e., Fr=puR

Coefficient of Friction u is defined as the ratio of the frictional force to the normal reaction which
is dimensionless.

i.e., H=F¢/R

Types of friction:

1. Dry or Coulomb Friction: When friction occurs between two non-lubricated bodies in contact, it is
known as dry friction. The two surfaces of bodies may be at rest or one of the bodies is moving and
the other is at rest.

2. Fluid friction: When adjacent layers in a fluid are moving with different velocities, then the friction
is called fluid friction.



Classification of Dry friction

1.

Static Friction (F): Frictional force acting between two bodies which are in contact but are not
sliding with respect to each other is called static friction.

F=puN

a) Limiting Friction (Fna): The maximum frictional force that a body can exert on
the other body having contact with it is known as limiting friction.

I:max = lJ-sN

where, Fpa iS the maximum possible force of static friction, N is normal force and ps
is a constant known as coefficient of static friction. Always F, is smaller than pN and
its value depends on other forces acting on the body. The magnitude of frictional force is equal
to that required to keep the body at relative rest. Therefore

Fs < Fmax: lJ-sN

Dynamic or Kinetic Friction(F): When two bodies are in contact moving with respect to each
other experiences some friction and this force is known as dynamic or kinetic friction(fy).

Fk = |..lkN

where, Fis Kinetic friction, N is normal force and  is a constant known as coefficient
of kinetic friction.

a) Sliding Friction: If a body is moving over or within the other body experiences some
frictional force. This force is known as sliding friction.

b) Rolling Friction: This is the force experienced by a body when it is rolling on the other
body.

Laws of Coulomb friction:

1.
2.
3.
4

5.

The frictional force developed is equal to the external force applied to the surface, till
the maximum friction.

The frictional force is always acting in the opposite direction in which the surface tends to move.
The frictional force is independent to the surface area of contact.

Msand i are not depend upon the area of the surfaces but depends upon the nature of the surfaces
which are in contact.

s is always greater than .

Angle of friction (®): Angle of friction is defined as the angle made by the resultant and the normal to
the surface.



\\}

~—> Direction of
impending
motion

—>P

tan ® = (F/N) = (uN/N) =

where, @ is angle of friction and W is coefficient of friction.

Angle of repose (a): Angle of repose is the maximum angle of inclination of an inclined plane on which a
body remains in equilibrium or sleep over the inclined plane by the assistance of friction only.

(English Meaning of Repose is Sleep.)

&« \ 1
"\0 s
\X\l o\ " . lil,
g | )
1;1’ ra \
pa ‘
Y
. Wecosa
w

tan a =(Wsin a/Wcos a) = (Ff/RN)z(u RN/ RN)=u=tan(I)

(OR)

Cone of friction: When the direction of external force is changed gradually through 360°, the resultant
generates a right circular cone with semi central angle of cone about normal plane is equal to the angle of

friction.
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-
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Screw friction: It is a device used for lifting or lowering heavy load by applying comparatively smaller
efforts at the end of the lever. The thread of the screw jack can be considered as an inclined plane.

Pxa=Fxr

F = [(W (tan 0 + tan ¢)/ (1L —tan 6 tan ¢)]
For Lifting P=[(W r/a) tan (0 + ¢)]
For Lowering P=[(Wr/a)tan (¢ - 0)]

tan 8 ={ P (or) L 2nr}

For single start P = L and for multi start nP =L.
\).I

Pitch
or
lead

T
e L. 2nr

Wedge friction: A wedge is a small wooden or metal piece placed under the huge mass for lifting. This
wedge experiences friction at its contact surfaces.




Wedge

R R R R R S S A RS S SN ASSS SN

PIPIITEIIIIIZIIZIIIZIY,

Ladder friction: A ladder placed against a vertical wall and horizontal floor experiences friction at two
contact points, one with the wall and the other with the floor. This problem can be solved with
equilibrium conditions applicable to non-concurrent and coplanar system of forces (> Fx=0, > Fy=0 and

> M=0).

Fa
A
Ra 7
/
v
Vertical # O
A A& - Ladder
wall 7 "N
v’ O
/
/
v A C
B ’ \A
SVavrrrrzrrrrvererrr s ox— FC
Floor ‘
Rc

Belt friction: The friction experiences between the pulley and belt is called belt friction.

T2 (Slack)
Pitch
or
lead
Semmee 0 (
T1(Tight) 2mr

(TJ/T,) = " Torque
transmitted, T = (T, —T,) r Power

transmitted, P=(T;-T,)V



where, T; and T, are tension in tight and slack sides, r is radius of pulley , v is linear velocity and p is
coefficient of friction.

Rolling Resistance: When a wheel is made to roll freely with constant angular velocity over a horizontal
surface, the wheel slows down due to the deformation of the surface which causes the wheel to
have surface contact instead of line contact. This contact surface that resists the motion of wheel called
rolling resistance.

N

a5

Sample Solved Problems

1. An effort of 2000 N is required to move a certain body up a 25° inclined plane. The force
acting parallel to the plane. If the angle of inclination is changed from 25° to 30°, the effort
required to move the body increases to 2250 N. Determine the weight of the body and the
coefficient of friction.

‘4\0“0“, »

200 "

w

Eree Body Diagram of 2000 N weight:



&

€125 s

W cos 25

W
| : When ¢ =25°

Y Fx=0:
2000 - F-Wsina =0
2000-pR-—Wsina=0
2000 - pWcos25—-Wsin25=0
0.908 x u W + 0.4226 x W = 2000
W (0.908 x u + 0.4226) = 2000
W =2000/(0.908 x p + 0.4226) --------------

j— o —

> Fx=0:
2250 -y R-Wsina=0
2250 -y Wcosa—Wsina=0
2250 - W Wcos30-Wsin30=0
0.866 x u W + 0.5 x W = 2250
W x (0.866 x 1 + 0.5) = 2250
W =3000 / (0.866 x i + 0.5) -------------- 2
Equating Eq. 1 and 2
2000/ (0.908 x p + 0.4226) = 2250 / (0.866 x 1 + 0.5)

(0.866 x W + 0.5) / (0.908 x W + 0.4226) = 2250 / 2000

(0.866 X |1 + 0.5) / (0.908 X p + 0.4226) = 1.125
(0.866 X [ + 0.5) = 1.125 x (0.908 X  + 0.4226)

0.866 x g+ 0.5=1.0215 p + 0.475425
9



1.0215 P - 0.866 X W = 0.5 - 0. 475425
1 (1.0215 - 0.866) = 0.024575
1 (0.1555) = 0.024575

W =0.158

2. For the blocks shown in Fig. 1 Find the value of pull ‘P’. The coefficient of
friction
between blocks is 0.24 and the same between block and floor is 0.3.

Rope
2000N [A B

P
30°b '
3000N

LS AL ILLA A LA

MR T TS S

Free Body Diagram of 2000 N weight:

R12

Motion

P = 0.24R12 * » Tas

2000 N

10



> Fx=0:

TAB -0.24 R12 =0

YFy=0:
R12 —-2000=0
R12 = 2000 N
Therefore, Tag=0.24 x 2000
TAB =480 N

Eree B Diagram of N weiaght:

P sin 30 R21 = 2000N

! R1

» 0.24 R21

Peos3o -«

* 0.3R:1

3000 N

YFx=0:

-P cos 30 + 0.24 x 2000 + 0.3 R1=0
-Pcos30+0.3R;=-480 ------- 1

Y Fy=0:

Psin30+R; —2000-3000=0 ------ 2
Solving equations 1 & 2 we will get

P =1948.7 N

Ry =4025.6 N

3. What should be the value of a in Fig. which will make the motion of 900 N blocks down
the plane to impend? Take the coefficient of friction for all contact surfaces as 1/3.

11



7
W
';‘f/ 2
900“ e ="
t
Free B Diagram for N weight:
A \;\o\"oo 7
Ra1
\ \
",-‘ "II 4 T ? - \)'“
o0 §0%" \ } X
"‘l/ | — Il.'
- \ Qa ‘ a “,l

v 305 cosa
300N
YFx=0:

T-0.33 R21-300sina=0

YFy=0:

R»1 =300 cos a

_________________ 2
Eree Body Di For 900N weight:

12
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\‘ Re 9’7_.“-'?&.;
' T "1 \\g‘.
qgos'\““" I
Yo [@
v BOb cosa
900N
>Fx=0:
0.33 R»;+0.33R,-900sina=0 ------- 3
YFy=0:

R, -Ry; -900cosa=0
R, —300cosa-900cosa=0 [fromEq 2]
R, =1200 cos o 4

Substituting Eq 2 & 4 in Eq 3
0.33 (300 cos a) +0.33 (1200 coS a) — 900 sin o =0
0.33 x 1500 cos a. =900 Sin a

or, o=tan™ (495/900) = tan * 0.55

Therefore, a=29.05°

13



4. The force required to pull a block of weight 100 N on a rough plane is 25 N. Find the co-
efficient of friction if the force is applied at an angle of 20° with the horizontal.

> 25 N
20

Y Fx=0:

MR =25c0s20° - 1
YFy=0:
R + 25 sin 20° =100
R=9144N ---—--- 2

Substituting the value of R in Eq. 1

M=25c0s20°/R
M =2349/91.44
i =0.256

5. What is the value of P in the system shown in Fig.4 to cause the motion to impend?
Assume the pulley is smooth and coefficient of friction between other contact surfaces is
0.22.

AaBanaay S S TeTeRe

Solution:

14



EBD For N weight:

Psin 30

t R2

—— Motion

Pcos3o - > T

> F=pR2
00 N
YFx=0:
T+URy—Pcos30=0
T+022R,—Pcos30=0 --—----- 1
>Fy=0:

R, +Psin30-500=0
R, =500-Psin30 ------- 2

Substituting in Eq. 1

T +0.22 (500 — P sin 30) — P cos 30 =0
T+110-05P-0.866 P =0

T+110-1366P=0 ------- 3
et
\ R: <3
| AT ¥
o L e
1951
160 |60
i
¢ 750 c0s 60
750N

dYFx=0:

15



T-uRy—750sin60=0
T-022R; —64952=0 ------- 4
>Fy=0:
R1 + 750 cos 60 =0
Ry =750 cos 60
Ry =375 N
Substituting in Eq. 4
T=0.22 x 375 + 649.52
T=732N
Substituting in Eq. 3
732+ 110-1.336 P=0

P=630.239 N

6. A ladder of weight 1000 N and length 4m rests as shown in Fig.6. If a 750 N weight is
acting a distance of 3m from the bottom of ladder, it is at the point of sliding. Determine

the co-efficient of friction between ladder and the floor. Assume the co-efficient
of friction is same for all the contacting surfaces.

g\\\\\ OO 0

Solution:
dYFx=0
Rw- MR¢=0
M= Ry /R ------- 1
YFy= 0:

HMwRw-1000-750+ Rf =0
0-1000—-750+R¢=0

16



Rf=1750 N - 2

B
RW » ;
7
7
Z

7 2m
Motion Fw f
/
(Smooth wall) 7
Y,

; n

e 00

Motion —

Ff

Rf

ZMAz 0:

(1000 x 2 x cos 60) + (750 x 3 x cos 60) — (Ry X 4 x sin 60) — (Uw Rw X 4 x cos 60)=0
(1000 x 2 x cos 60) + (750 x 3 x cos 60) — (Ry x4 x sin 60) — (0) =0
(Rw X 4 xsin 60) = (1000 x 2 x cos 60) + (750 x 3 x cos 60)
3.464 x Ry, = 2125
Ry =613.45 N
From Eq. 1
M= Rw/ Ry =613.45/1750
Hs =0.35

17



7. For the block and wedge shown in Fig., determine the value of ‘P’ required for raising the
block. Weight of the wedge is 150N.

p- 01

batween all
surfaces of
contact \

é 12’
— P

i

1500 N

NARRNRRRERNNNSNNNNSSS

Solution:
FBD for Block of weight 1500 N:

Fsini12
Motion ]
Ri. _ Rizsin1z Fcos12
., Motion
| | ‘Rz - pR2
F=pR2 1590 N
Ri:cos12
YFx=0:
R; —R»5in12° -~ Fcos 12°=0
R1 — R218in 12° — pRy1c0s8 12° =0
R; — R»18in 12° — 0.3R»1c05 12° =0
Rl =0.501 R21 -------- 1

>Fy=0:
- Fsin 12° - 1500 + Ry;1€08 12° - R, =0
- UR215in 12° - 1500 + Rp;c0s 12° - R, =0

- 0.3 Ry18in 12° + Ry;€05 12° - uR, =1500 -------- 2

Substituting R; value in Eq. 2 we will get
R21 =1959.75 N

18



R; =981.8N

FBD for Wedge of weight 150 N:

0{\0(\ [ Fsin 12

v‘“ \12 R
Feosiz | (fR12¢os12

R12sin12

Motion

150N F=uR12
SFx = 0: |

MR21 €0s 12° + Ry;8in 12°—~P + uR, =0
0.3 x1959.75 cos 12° + 1959.75sin 12° —P + 0.3 R, =0
P-03R,=9825 e
YFy=0:
- R21 €05 12° + Ry + 0.3 R38in 12° - 150 =0

- 1959.75 cos 12° + Ry + 0.3x 1959.75 sin12° - 150 = 0

R, =1944.68 N

Substituting R, value in Eqg. 3 we will get

P =1565.9 N

19



8. The pitch of a single threaded screw jack is 6 mm and its mean diameter is 60 mm. If p is
0.1, determine the force required at the end of lever 250 mm long measure from the axis
of screw to a) raise a 65 kN load b) lower the same load.

Given:
P=L=6mm
D =60 mm: r =30 mm
H=0.1
a =250 mm
W =65 KN
Solution:
For Raising
P =[(W r/a) tan (0 + ¢)]
tan 6 = (P/2mr)
0 =tan ™ (P/27r)
0 =tan * (6/21x30)
0=182°
WKT, o =tan"p =tan ™ (0.1)
¢ =5.71°

Substituting in Eq. 1
P = {[(65 x 30)/250)] x tan (1.82 + 5.71)}
P= 1.031KN
For Lowering
P =[(Wr/a) tan (¢ - 0)]
P = {[(65 x 30)/250)] x tan (5.71 - 1.82)}

P = 0.5302 KN

20



A belt is running over a pulley of diameter 1 m at 300 rpm. The angle of contact is 160°
and coefficient of friction is 0.25. If the maximum tension in the belt is 1200 N,

determine the power transmitted by it.
Given:
D=1m
N =300 rpm
® = 160°
pn=0.25
T, =1200 N

Solution:
Power transmitted, P =(T;-Ty) Vv

V = (nDN/60) = = X 1 X 300/ 60 = 15.7 m/s
(Tl/TZ) = e“e
(1200/T2) = e0-25 X 160 X = / 180
T,=1200/ 025 X 160 X 1/ 180
T,=334.83N

Power transmitted, P=(T,-T,) Vv
P = (1200 — 334.83) x 15.7

P =13583.16 watts

10. A wheel of weight 600 N and radius 350 mm rolls down a 5 inclined plane.
Find the coefficient of rolling resistance.

Solution:

2Mp=0
-(600 cos 5xa) + (600sin5x0.35) =0

a = (600 sin 5 x 0.35) / (600 cos 5)
a=0.0306 m

21
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Unit 5 KINETICS OF RIGID BODIES AND DYNAMICS OF PARTICLES 9 Hrs

Dynamics- Classification- Kinematics- Kinetics- Types of energy-Displacement, Velocity and acceleration
their relation- Relative motion - Curvilinear motion - Newton’s Law - D’ Alembert’s Principle, Work Energy
Equation- Impulse and Momentum- Impact of elastic bodies- General plane motion.

KINETICS OF RIGID BODIES AND DYNAMICS OF PARTICLES

INTRODUCTION

The dynamics of particles deals with the study of forces acting on a body and its effects.
when the body 1s in motion. It is further divided into Kinematics and kinetics.

Kinematics — The study of motion of body without considering the forces which cause the
motion of the body.

Kinefics — The study of motion of body with considering the external forces which cause the
motion of the body.

Plane motion - If a particle has no size but mass 1t 15 constdered to have only plane motion. not
rotation. In this chapter the study motion of particles with only plane motion 1s taken without
considering force that cause motion 1.e., Kinematics.

The plane motion of the body can be sub divided into two types
(i)  Rectilinear motion

(i)  Curvilinear motion

1. RECTILINEAR MOTION (Straight Line Motion) - It 1s the motion of the particle along a
straight lme.
Example: A car moving on a straight road

A stone falls vertically downwards

A ball thrown vertically upwards



Thes deals with the relationship among displacement, velocity. acceleration and time for a
moving particle. The rectilinear motion is of two types as Uniform acceleration and Vanable
accelenation.

1.1 Displacement -The displacement of 2 moving particle is the change m 1ts position, during
which the paracle remain in motion. It is the vector quantity, e, it has both magnitude and
direction The STunit for displacement is the metrs (m)

12 Velocity - The rate of change of displacement 15 velocity. It 15 the ratio between distances
travelled mn pamicular diraction to the tme taken It is also a vector guannity, 12, it has both
magnitude and directon. The SI umit for velocity s the mewe'second {m'sec) or
kilometer hour (knvh)

13 Acceleration — The mte of change of velocity 15 acceleraton It is the rano between
changes in velocity to the ame taken The change i velocity means the difference between
final velocity and mitial velocity. It is also a vector quantity. The ST unit for acceleration is
the metre-'set:omi2 (m;‘secl).

1.4 Retardation - The negative acceleration is retardation. It ocours when final velocity s less
than initial velocaty (v<u).

1.5 Speed - The distance travelled by a particle or a body along its path per unit tme Itis a
scalar quantity, 1., it has only magmitude The ST unit for spead is the metre'second (m'sec)
or klometerhour (km'h)



REIATIVE MOTION

A body is said to be in motion if it changes its position with raspact to the surroundings,
taken as fixed. This type of moticn is known a3 the individual motion of the body. An example
of relative monon is how the sun appears to move across the sky, when the sarth 15 actaally
spinning and causing that apparent motion. Usually, we consider mogon with respect to the
ground or the Earth Within the Umiverse thers is no real fixed point The basis for Emstem's
Theory of Relativity 15 that all motion 15 relative to what we define as a fixed point.

Relative velocity — Basic concept

Let's consider two motors A and B are moving on a road i same dirsction moving in
uniform speed. Let the uniform velocities of motors A and B be um/sec and v m/sec respectively
{assume v > u)

Now, a person standing on the road looks at the motor A and finds that it 15 going at a
speed of u mysec. Similarly, looks at motor B and finds it 5 zoing ar 2 speed of v misec
separately. Bur for the driver of motor A. the motor B seems to move faster than him at the rate
of only (v - u) msec ie, the motor A is imagined to be at ret or, the driver of motor A forgets
his own motion.

Relative velociry of B with respact to A rs(vou) Ins denoted by Viea
~Va=Va-Va=(F-u)m

Similarly for the dnver of motor B, the motor A seems to move slower (assume u < v) than him
at the raee of only (u - v) m'sec. 1.2, the motor B is imagined to be at ret or, the driver of motor B
forgets his own motion.

RﬂamvelomyowauhmspemoBs{v u) Itbdenmedbv\fw

~VanaVi-Va={u-v)
PROBLEM
Examplel. The car A tmavels at a speed of 30 m/ sec and car B mavels at a speed of 20 m/ sec im
the same direction. Determine, i) the velocity of car A relative to car B ii) the velocity of car B,
relativetocar A



Given data
Va=30mse
Vi =20 m'sec
Same direction
Solution
Let the cars A and B, mavels in the same direction, say towards nght
Now, let’s use the sign convention, the RHS velocity 15 taken as positve, and the LHS
velociry 15 taken as neganve Hence Vi =30 m'sec and Vi = 20 msec.
Felocigy of car A relative to car B
Van=Va-Vi=30-20=10 m'sec (—) (since due to positve)
Feloctyy of car B relative to car 4
Viea=Vu=Va=20-30=-10 m'sec (—) (since due to negative)

Example2. The car A tavels at a spead of 30 m/ sac and car B travels at a speed of 20 m/ secin
the opposite direction. Determune. i) the velocity of car A relative to car B ii) the velocity of car
B. relative to car A

Given data
Va=30mss
Vi =-20 m'sac (- due to LHS)
Opposite dirsction
Solution
Let the cars A and B, wavels in the opposite direction, say A towards nght and towards
kft
Velocity of car A relatrve 1o car B
Van=Va-Viy=30-(-20) = 50 m'sec (—) (since due to positive)
Velociyy of car B reiative 1o car 4

Vish = Vis = Vi = - 20 - 30 = - 50 musec (~—) (since due to negative)



MATHEMATICAL EXPRESSION FOR VELOCITY AND ACCELERATION
@  Velocty. v =ds'de
@) Acceleradon a= d“' 9‘<:lt2
Where, 5 - distance travelled by a particle in a straight line.
t - time taken by the particle to trave! the distance s’

Eguation of motion i straight lme

Let, u - instial velocity (m/'sec)
v - Final velocaty {m'sec)
3 - Distance wavellad by a particle (m)
t - Tmee taken by the particle to change from u to v (second)

2 - acceleranion of the particle (m"secz)

v=u+at

s=ut+% (at)

2 2
=U +2as

Note: 1) If a body stars from rest, irs mitial velocity 15 zeroie , v=0 2)
If a body comes to rest, its final velociry 15 zero 12, v=0

PROBLEMS
Examplel. A car is mowing with a velocaty of 20 nw/'sec. the car is brought to rest by applying
brakes in 6 seconds. Find 1) refardation i) distance wavelled by the car after applying brakes.
Given data
u=20ms
v =0 (car 15 brought 1o
rest) 1= 4§ sec
Solution
1) Retarchtion or negative acceleration
Using equation of motion. v =u+at



0=20+ (2*6)
a=-333 misec”
Retardation = 3.33 misec’

i)  Distance ravelled
Using equation of motion, s =ut+12 (atz)

= (20%6) + 12(333*6)
=60m

Distance, s =60 m

Example2. A train starts from rest and attains a velocity of 45 kmph in 2 minutes, with uniform
accelenation. Calculate 1) acceleration if) distance travelled and 1) time required to reach 2
velocity of 36n kmph
Given data
Instial velocity, u= 0 (ramn starts from: rest)
Final velocity, v =43 kmph = 12.5 m/sec
Timetaken,t =2 minutes = 120 szconds
Solution
i) Accelenation, 2
Using equation of motion. v = u=at
A=0104msec’
ii) Distance travelisd m 2 nunutes, s
Usingemmnofmotiog. i=uel
(a")S=7488m
i) Time required to atam velocity of 3§
kmphu=0
v=3§ kmph = 10 m/sec
Using equanon of motion, v=u+art
=06.15 ¢



.Ermpld.Athiefscarhadamwi&maccehnﬁonafzm‘xz.Apoﬁce'smcmaﬁers
seconds and continued to chase the thief's car with 2 uniform velocity of 20 m/sec. Find the time
taken in which the police car will overtake the thief's car?
Given data
Initia] velocity of thief’s car=10
Acceleranon of thief's car=2 m'sec”
Uniform velocity of police van = 20 my/sec
Police’s car came after 5 seconds of the start of tuef’s car.
Solution
Let us consider that the police’s car takes't’ seconds to overtake thief's car. Now, the cars are
taken separately to solve.
Motion of thief’s car
u=0
a=2m‘sec:
t=(t+3)
Using equation of motion. 5 =ut+12 (atz) = (téS)2 (1)
Nboticn fpolion's
The police’s car 1s moving with an uniform velocity of 20 m/sec.
Therefore, distance travelled by the police’s car, from starting point of thisf's car and to overtake
it
Take, 5= uniform velocity * time taken
=20% =20 ()]
The police car overtakes the thuef's car. Hence, the distances travellad by both the cars should be
equal
Thmfm.emme(l)mo)
(t+3)" =20
£+25+10t= 2
£+25-10e=0

— s —

The tis found as 3 seconds.
Conclusion - The time taken by police's car to overtake thief’s car is 3 seconds.




2. CURVILINEAR MOTION - It is the motion of the particle along a curved path. It has two

Exapple: A stone thrown into the air at an anzle
Throwing paper airplanes in air

Cury ney

Y Yis 1k
{ w0 -Oimansional

Curvilinear Motion

There are two systems invoived in curvilinear motion. They are
(1) Cartesian systams (rectangular coordinates)
()  Polar system (radial coordinates)

CARTESIAN STSTEMS

It is a rectangular coordinate system which has the honzontal component in X-axis and

vertical component in Y-axis.

Borizontal componsnt of velocity, Ve = dw'dt

Vertical companent of velocity, V, = dyidt

Therefore. resultant velocity of a particle, V =V (Ve 5V, )

Anzle of inclination of velocity with X-axis, c=tan (Vy'Vs)

Acceleration of a particks alonz X-ais, 22 = d-w/dr

Acceleration of 2 panticle along Y-aiis, 3 = d y/d-

Resultant acceleration of a particle, 3 = V(a3 )

Angle of inclimation of acceleration with X-3%5, 0 =tan - (3y/3¢)



PROBLEMS

Evample!. The portion of 2 particle along a curved pah is ziven by the equations ¥=t-=8t=4
and v=r+3r+Ge-4. Find the i) inirial velocity, u i) velociry of the particle at =2 sec i)
acceleration of the particle at =0 and iv) acceleration of the particle at = 2 sec.
Given dam
-
Yot =318t
Solurion
Horizontal component of velocity , Vs = dwdt = d(™+8e+)/ds = 28 )
Vertical companent of velocity, V, = dy/dt = (€ =31 ~81~4) 61 = 3t =603 —— (3)
Accalention of 2 particle along X-ais, & = d %" =d(t+8)dt = 2 —mmee (3)
Accelenarion of a particle along Y-axis, 3 =4 v/df = d(3t ~6t-8)dt = 6t+§ —— (4)
i) Initial velocity, u

Pt t= 0 in equation (1) and

(2) Va=2t-8
Now, V=8 m'sec
V, =368
Now, Vy =8 m'sec
Therefoce. resuitant velocity of a particke. V=4 (V.2+V,2)
; )
=\(88)
V=1131 m'sec

Angle of mclination of velocity with X-axis, ¢ = m”(\,w.)
-1
=tan (3/8)
o =45
i1y Velocity at t=2 sec
Put 1=2 seconds in equanon (1) and (2)
Vi=2t=8
Now, V=12 m/sec
V, =3 =618
Now, Vy =232 m/sec
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Therefore, resultant velocity of a particle. V =V (Vo-+V, )
=123}
V=317 mfsec
Angle of inclination of velocity with X-2%is, = tan - (Vy'Vi)
=t (3212)
t=00.4
i)  Acceleration at t=0
Putt =10 in equation (3) azd (4)
Accelmtionofapxﬁtlea}mgx-aﬁs.a-=d2w‘dz=2m'secz
Accelention of a particle alons Y-axis, a, = 6y = 616 = S msec
Resultant acceleration of a particle. 2= ¥(a=ay) = ¥(2°=6) = 6,34 misec’
Anzle of inclination of acceleration with X-axis, 0 =tan - (a/2:) = tan” (§2) =71 56"

Iv)  Acceleration att =12 sec
Putt =1 sec in equation (3) and {4)
Accelention of 2 particle along X-axis. 2 = d wid* = 2 py'sac”
Accelenation of a particle along V-axis. 2, = d-v/ar = 666 = 18 musec”
Resultant acceleration of  particle. 2 = W(ac=3,) = 42°=189) = 18.11 misec”
Angle of inclination of acceleration with X-awis, ¢ =tan - (/2 =tan (18/2) =83 66"

PROJECTILES

The projectile 15 an example of curvilmear motion of a particla m plane motion. The
motion of a parncle is neither vemical nor honzontal, but mclined to the honzountal plane

It is classified under Kinemancs since the force which 15 responsible for motion is left out
in the analysis and the rest are considered’

Definitions

Projactils — A particle projectad in space at an angle to the honizontal plane
Angie of projection means the angle to the horizontal at which the projectile is
projected. It is denoted by a.

Velecity of projectile means the velocity with which the projectile is thrown into
space. It 1s denoted by u (my'sec)

11



Trazectory means the path describad by the projectile

Time of fizht is the total tme taken by the projectile fom the instant of projection up 1o the
projectile hits the plane again

Ranze 15 the distance along the plane betwesn the point of projection and the point at which the
projectile hits the plane at the end of its journsy

Path of the Projectile

The horizontal dizrance travelled by the projectile m any time t
X =Velocity * Time taken
Thersfore, X=u cos at

Or

t=X/ucosa

Similarly for vernical distance,

Y:mx-%(g’m’ cosza)

J

From the equation of the trajectory, it is clear that the two vanables of projactile motion are
imnal velocity (u) and the angls of projection (2) to amive standard resules of projectile motion.
Time of fiight (T) and rime taken ro reach highest pomt f2):

Maximum height amained:

Horizontal range:

12



PROBLEMS
Examplel. A particle 15 projectad with an inigal velocity of 60 m/sec, at an angle of 75" with the
honzontal. Determine 1) the maxamum hetght artamned by the particks 1) honzonmnl range of the
particle iii) time taken by the particle to reach highest point iv) ome of flight
Given data
Ininial velocity, u= 60 mv'sec
Angle of projection. o= 75"
Solution
1) the maximum height attained by the particle
e =4 5500/ 22= 17110 m (take g = 0.1
m"secz)x'i)horimmmnge

R=u2 sinda/g=18348m

ii)tme taken to reach highest
pointt=usina/g=59sec
1v) time of Sight
T=lusine 'g=1183ec

Example). A particle is projected with an nitial velocity of 12 m/sec at an angle a with the
honzontal. After sometime the position of the particls is observed by its % and y distances of 6m
and 4 m raspectively from the point of projection. Find the angle of projaction’

Given data

Initial velodity, u = 12 m'sec

Honzonral distance, x =6 m

Verncal distance, y=4m

Solution

If the coordinate points on the projectile path are given, then use equation of

wjectory. Equation of patk of projectile (trajectory)

Y=tamaX-% (521\'.‘112 coszu)

Putu=12misec X=6mandY=4m

Take z=081 m"sec2

13



We get,
d=ftma-(1.226 coszc)
2
126 o-Stana=5226=0

Ty it T L -

Thersfore, tan @.=- §=4(6° - (4*1.226%5 226)/(2*1.226)
a="751" or 53.06

Important defimirions on kinetics
a) Mass - 2 fundamental measure of the amount of matter m the object It 1s denoted by 'm”.
The STumit of mass is Kilograms (Kg). It's a scalar quannity.
b) Weizght - The weight of an object is defined as the force of zravity on the objact and
may
be calculated as the mass omes the acceleration of gravity, w=mg. Since the weight s
a force, ats STumit 15 the Newron.

Weight = mass * acceleration due to grawity

¢) Momentum - Momennum can be defined a5 "mass in motion." All objects have mass; so
if an obyect 15 movng, then 1t has momentum - it has its mass in motion. It depends upon
the vanables mass and wvelocity. In terms of an equation, the momennum of an object is
eqna!nothemassoftheob_a;ectlimesﬂxeve!ocit:"ot'theobje(tItsSIuniriskgm"sec2
Momennm = mass * velocty

LAWS OF MOTION

When a pamicle / body 1s at rest, or moving in a syaight line (rectlinear motion) or in 2
curved line (curvilinear motion), the particle / body obeys certain laws of mwotion. These laws are
calied Newton's law of motion. These laws are also called the principles of motion, or prnciples
of Dynamics.

14



Every body continues to be in its state of rest or of uniform motion in a straight line
unless and until it 15 acted upon some extemal force to change that state. It &5 also called the law
of mertia. and consists of the following two pars:

1. A body at rest continues m the same state, unless acted upon by some extemnal force. It
appears to be self-evident. a3 a train at rest on a level track will not move unless pulled by

an engme. Similarly, a book Iying on a table remans at rest, unless 1t s lifted or pushed
2. Abody moving with a uniforn: velocity continues its state of uniform motion in a straight
bne, unless it is compelled by some extemal force to chanze its statz. It cannot be
exemplified because it is, practically, impossible to get nd of the forces acting on a body.
Second Law
The rate of change of momentum of 2 mowving body is directly proportional to the
impressed force and takes place in the dirsction of the force appliad.

The change of momentum = firal momentum - ininal momentum
=gqw-nu=m(v-u)

The nate of change of momentum = change of momentum / time taken
=m(v-u)/ t=m*a(since(v-u)'t=2)
Basically, 1o mcrease the velocity of the moving body from u to v, there must be some
external force to cause this changes. Let thar extemal force be ‘P’
As per the law, the extemal force ‘F" is directly proportional to the rate of chanze of
momentumie, Fooma —F=k * mawhere k is the constant of proportionality.
But for 2 moving body, k and m are constants, and hence it states that, the force acung on the
body is directly proportional fo the acceleration of the body. From this we can concluds that,
1. For a given body, greater force produces greater acceleration and the lesser force
produces the lesser acceleration
2. The acceleration is zero, if there is no external force on the body which results inu=v.

To find the value of comstant 'k’ in equation F =

*ma We know that, 1 N =1kz * | m'sec’

15



That &, the unit force (N) is a force, which produce unit acceleration (1 m'sec) on an
unit mass (1 kg) hence, by substiutmz F=1;m=1anda=1. We get

Examplel. A body of mass 4 kg is moving with a velocity of 2 m'sec and when certain force is
applied. it attains a velocity of 8 m'sec in § seconds?
Grven data

Mass, m=4kg

Initial wvelocity, u = 2

m'sec Final velocity, v=2§

m'sec Time, t=§ sec

Soluton
Acce!eratima=v-u:’t=8-2f6=lm»’sec2

Let, ‘P’ be the force applied to cause ths acceleration.
P=ma=4*1=4N

Example2. A body of mass 4 kg is at rest. What force should be applied to move it to a distance f
2min4 seconds?

Gren data

Mass, m=42ke

Distance 3=12m

Time taken 1=4 s2c

Initia] velocity, u=10

Solution

Usingtluzeqmtiou.s=m+‘,~am2
11=0+5

Therefore, 2 = 128 misec’

The force required to move, P=m*a=4*(128)=6N

Therefore, P=6 N

16



4. D’ALEMBERT’S PRINCIPLE
It states, “If a n@d body 1s acted upon by a system of forces, this system may be reduced to 2
smgle resuitant force whose magnitude. direction and the line of action may be found out by the
methods of graphic statcs ™
We kmow that, that force acting on a body.
P=m——oI()
Where, m = mass of the body, and
a= Acceleration of the body
The equanon (i) may also be written as:
P-ma=0-—(1)

It may be noted that equation (1) is the equation of dynamics whereas the equation (1) is

the equation of statics. The eguation (if) 15 also known as the equation of dynamsc equilibrium
under the action of the real force P. This principle is known as D" Alembent’s principle.

PROBLEMS

Examplel Two bodies A and B of mass 80 kg and 20 kg are connected by a thread and move
along a rough honzontal plane under the action of a force 400 N applied to the first body of mass
80 kg as shown in Figure. The coefficient of inction berwean the shiding surfaces of the bodies
and the plane is 0.3 Determune the acceleration of the two bodies and the tension in the thread,
using D' Alembert’s panciple.

4
. B
400?\4-—-?»«1;50&3 #\‘42‘1*5

Given data

Mass of body 4 {m) =80 kg

Mass of the body B (m:) = 20 kg

Force appled on first body (P) =400 N and
Coefficient of fction () =03

17



Solution
Let 2 = Acceleration of the bodies, and
T'= Tension in the thread.

&

A
amnw—b _—— re—gnu
*‘_’: -

Mikg W0kp
(2) Bady A (¥) Sady B

Consider the body 4. The forces acinz on 1t

are: 400 N forces (actmg towards left)

Mass of the body = 80 kg (acting downwards)

Reacton R: =80 » 9.8 =784 N (acting upwards)

Force of friction, /> =uR; =03 » 784 =2352 N (acting towards

nght) Tension in the thread = T (acting towards nght).

= Ressfust boromaml Bvce, 21 = 400 =T = M) = 400 = F=T18 2= 3540 - T (ncrtng Sveands left)

We know that force causing acceleration to the body 4, — ma=80a
Andxcwdingmb'ﬂlmbm'swl-mmw-'l §48-T-80a=0

Now consider the body B. The forces acting on it are:

Tenszon in the thread = T (acting towards left)

Mass of the body = 20 kg (actinz downwards)

Reaction R: =20 « 9.8 =196 N (acting upwards)
Fozceofﬁ'imm{ﬁu.b:o.? » 106 =58.8 N (acting towards right)

by v b wo e
We know that force causing acceleration to the body 85— mua=20a
Andxmdnng'AM's%Pz:mw—(f- 588)-20a=0

18



Now equating the two values of I from equation (7) and (1),
1648-802=388+2a

100a=106
a=106100
Tenzion in the thread
Substnating the value of 7 in equation (1)
T=388+(20 21.06)

AR L

Third Law

To every action, there is always an aqual and opposite reaction

This [aw appears to be self-evident as when a bullet is fired from 2 zun, the bullet moves
out with a gzreat velecity, and the reaction of the bullet. i the opposite direction. gives an
unpleasant shock to the man holding the gun. Sinularly, when a swimmer tmes to swim. he
pushes the water backwards and the reaction of the water pushes the swimmer forward.

Example: When a bullet 15 fired from a gun the opposite reaction of the bullet 15 known as the
recoil of pun.
Lt M= Mass of the gun,

V=Veloaty of the zun with which 1t recoils,
m = mass of the buller, and

v =Velocity of the bullet after explosion.

Sl of the bl ot cpbinim * gt —— (l)

Momenrum of the gun = MV (i)

Equating ths aquations (1) and (i), MV = mv
This relation is popularly known as Zaw of Conservanion of Momennum.

19



PROBLEMS

Examplel. A machine zun of mass 23 kg fires a bullet of mass 30 gram with a velocity of 250
m's. Find the velocity with which the machine gun will recod”

Given data

Mass of the machine zun (M) =25 kg

Mass of the bullet (m) =30 g=0.03kz and

Velocity of finng (v) =250 m's

Solution

Let I"= Velocity with which the machine gun will recoil.
We know that MT"=mv

25xv=003 x250=75—v=75/25

el

Example2. A bullet of mass 20 g is fired borizontally with a welocity of 300 m/s, fom a gun
camed m a camage; which together with the zun has mass of 100 kg. The resistance to shiding of
the carmage over the ice on which it rests 13 20 N. Find (a) welocity with which the zun wll
recoll (b) distance, in whach it comes to rest, and (c) time taken to do so0.

Given data
Mass of the bullet (m)=20g=0.02 kg
Velocity of bullet {v) =300 m's
Mass of the camiage with zun (M) = 100 kg and
Reustance to shiding (F)=2N
Solution
(a) Felocity, with which the gwn wiil recoil
Let I"=velocity with which the gun will recotl.
We know that M7= mv
100 » F=0.02_:}9_0-=6- F=6/100=006 m's
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(5) Distance, i which the gun comes 1o rest

Now consider motion of the gun. In this case. mitial velocity (1) = 0.0§ nv's and fmal
veloaty, v =0 (because it comes to rest)
Let a = Retardation of the zun, and
5= Distance in which the gun comes to rest
We know that resistng force to shiding of camage (F)
W=Ma=10a—a=20/100
"
We also know thaty = u° - 2az (Mimss sizn due to
retardation) 0 =(0.06)2 -2~ 02
=0.0036-0.4:. Az 0.0036/04=0.009m or & mm
(<) Tome taken by the gun m coming to rest
Lat r= Time taken by the zun in coming to rest
We know that final velocity of the zun (v)

O0=u=+ar=006-02 ¢ (Minus sign due to retardation
1=006/02 “s:g.n ;

WORK ENERGY EQUATION

Horg

Whenever a force acts on 2 body, and the body undergoes some displacement, then work
15 said to be done. ¢.g. if a forca P, acting on a body, causes it to move through a distance : as
shown in Figure (a).

Py
fe— s —] ‘gE.\k—s—-i
Pj I E " H

() Body moving i the (5) Body not moving in the
direction of force direction of force
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Then work done by the force P = Force » Distance =P » £

Sometimes, the force P does not act in the direction of motion of the body. or in other words, the
body does not move in the direction of the force as shown m Figure (5).

Then work done by the force P = Component of the force in the direction of motion « Distance
=Pcosf s

In ST system of umits, force is in Newton and the distance is in meters.

! D T
PROBLEMS

Example! A horse pulling a cart exerts a steady honzontal pull of 300 N and walks at the rate
of 4-5 kmph. Bow much work 15 done by the horss in § minutes?

Given data

Pull (1.e. force) =300 N

Velecity (v) =43 kmph. = 75 m' min

and Time, =5 min.

Solution

We know that distance travalled in 5 mumares

5=75x5=383m—-5=37m

Work done by the horse, W ="Force « Distance

=300 «375=112 500 N-m=1115kN-m

Wellisy
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Exampiel. A spring 15 stretched by 50 mm by the application of a force. Find the work done, if
the force required to stretch | mm of the sprnz 5 10N,

Given dara

Spring seretched by the application of force (5)= 50
o Stretching of spring = | mm and force = I0N
Solution

We know that force required streeching tbe.sgmg by fSoezu_n :ool?z‘-sgs: ‘5‘00 N

Work done = Average force » Distance = 230 » 50=12 300 N-mm =125 N-m
- Work done=125]

Power

The power may be defined as the rate of doing work.
= work done / time g

= (Force * Distance) / Time

- Power = Force * (Distance Time)
=Force * Velocity
In SI systems of units, unit of work is Newton metre, and the unit of time 15

seconds. Unit of power =Nm / Seconds = | watt
= In SI systems, unit of power s watt

Energy

The energy may be defined as the capacity to do work. It exists in many forms ie,
mechamcal, electrical chemical heat, light et the energy 15 the capacity to do work. Since the
energy of a body 15 measured by the work it can do, therefore the units of energy will be the
same a3 those of the work. Therefore, the ST systam of unit of work is joule.

In the study of mechamics, we are concernad only with mechamcal energy. Mechanical
energy 15 classified mnto Two fypes.

1. Potenfial energy. 2. Kinetic energy.
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Porential energy

It 1s the energy possessed by a body, for doing work, by virtue of its position.

Examplel. A body. raised to some height above the ground level possessss some potsntal
energy, bacause it can do some work by falling on the earth’s surface.

Example2. Compressed air also possessas potensial epergy. because it can do some work m
expandmg, to the volums it would occupy at atmosphenic pressure.

Example3. A compressed spring also possesses potential epergy; bacause it can do some work
Tecovenng to its origmal shape.

Now consder a body of mass (m) raise through a height () above the darum level We know
that work done in raising the body = Waizht « Distance = (mg) h = mgh

PROBLEM

Examplel. A man of mass 60 kg dives verncally downwards into a swimming pool from a tower

of height 20 m He was found to 20 down in water by 2 m and then started nising Find the

average resisance of the water. Neglect the air resistance.

Given data

Mass of the man (m) = 60 kg and

Height of the tower () =20 m

Solution

Let P = Average resistance of the water

We know that potential energy of the man befors jumping

PE=mg*h=60-08 - 20=11760 N-m ———-—{(i)

Work dons by the average resistance of water = Average resistance of water » Depth of water
=P« 21=2PN-m—-(ii)

Since the total potential energy of the man is used in the work done by the water, therefore

equating equations () and (i),
—11760=2P—DP=11760/2 -P=5880N
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Kinetic enerey
It 15 the energy, possessed by a body, for doing work by virtue of its mass and velocity of
motion. Now consider a body, which has been brought to rest by a uniform retardation due to the
apphed forcs
Let  m=Mass of the body
u = Inital velocity of the body
P=Farce applied oo the body to bonng it to
rest. ¢ = Constant retardation, and
: = Distance mavelled by the body before conung to rest
Since the body is brought to rest, therefore its fmal velocity, v=0
and Work done, ¥ =Force « Distance=P « 5 (N
Now substituting value of (P = m.a) m equation (),
F=mz«z=mas ()
We know thaty” =4 — 2 & (Minus sizn due to retardation)
Now substitating the value of (a.2) i equation (i) and replacing wark done with kinetic enerzy,
KE=mu'22
In most of the cases, the mitial velocity is taken as v (instead of u), therefore kmetic energy,
K.E:m-’/)

PROBLEM

Examplel. A muck of mass 15 tones travelling ar 1.6 m's impacts with a buffer spnng, which
compresses 1 15 mm per kN. Find the maximum compression of the spring?

Given dara

Mass of the muck (m) =151t

Velocity of the truck (v)= 1.6 m/s and
Buffer sprinz constant (k) = 1.25 mm/kN
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Solution

Lat x = Maxinomm compression of the sprmg m mm.

Weknowthakineticmergyofthenck=mv2.’.‘!=(15‘l.6?’)i2= 192=19200 kKN - mm
Kinetc Epsrgy, KE = 19200 EN-mm ~—---—— (1)

Compressive load=x /1 25=08 x kN

Work done in compressmg the sprng = Avengs compressive load » Displacement =
08%/2)*5=04x" —— (i)

Since the entire kinetic energy of the truck is usad to compress the spring thersfore aquating
equations (1) and (ii),

19200=04% —5°=19200/04
= 48000
~x=219mm

Werk Engrev Equat

The equation of motion i one-dimension (taking the variabls to be x, and the force tobe F) is

d’x_ o (
®EE aca e
To get
dl' of ‘ ')
e B avun | o -
mvdn a\[?.m,] Firx)
On mtegration this equation Zives
O I !
g e '
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where % and x refer to the minal and final positions, and vi and v to the mital and final
velocities, respectively. We now interpret this result. We define the kinetic energy of a particle of
mass m and velocity v to be

K 2o g
and the work done in moving from one position to the other as the integral given above
Wersioloe = dgs

With these definitions the equation derrved above tells us that work done on a particle
changes its kinetic energy by an equal amount; this known a3 the work-energy theorem.

IMPULSE AND MOMENTUM
Inpuise
The mipulse of a constant force F is defined as the product of the force and the time t for which it
acts. The STunit of Enear impulse is N.sec pube =&
The effect of the impulse on a body can be found usnz equation (i) where a &5
acceleration, u and v are imitial and final velocities respectively and tis ame
V=i +at

So

wat = v =i )

F=ma

Ft = rslv~ 1) = changs 1 momenbun S

So we can say that

Imgulse of 3 constant brce - F - chenge m momenban prodiced

Impulse 15 a vector quantity and has the sane umts as momentum Ns or kg my's. The mmpulse of a
vanable force can be defined by the mtegral
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Topulse --ﬁm

Where, tis the time for which F acts.

So impulse can also be written

Impulse = ﬁm ﬂdt
it
v
= L »dy
it [va Which for a constant mass

Impuls= -m(V‘u)

In summary

lrgulse = ﬁ Pt = carge n mocnentum produced

()

ve force

Suppose the force F is very large and acts for a very short time. Dunng this tme the distancy
moved is very small and under normal analysis would be ignored Under these condition the onh
effect of the force can be measured is the impulse, or change I momentum - the force is called &

impulsive force.

In theory this force should be infimitely large and the time of action infinitely small Somy
applications where the conditions are approached are collision of snooker balls, a hammer hittin

a nail or the impact of a bullet on a target.
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PROBLEMS

Examplel. A nail of mass 0.02 kg is dniven into 2 fixed wooden block, its mitial speed 15 30 ms
and it 1s brought to rest in Sms. Find a) the impulse b) value of the force (assume this constant)
on the naal

Grven data

Mass, m=0.02kg
Velocity, v =30 msec
Inetial velocity, u=10

Time, t= 5 minutes
Solution

Using the equation,

Irrpulse = change m motientum of the nal
- 0.02(30-0)

=0 6Ne
Impulse = £t
lempulac - 0% 130N
4 0.005
Momentum

The quantity of motion possessed by the moving body 15 called momentum It is the product of

. _
e, M=ov

Where, m 15 mass I kilogzram
v=velocity m m'sec
M =Momentum in kg m/'sec
—omv=(wg ‘v
The ST unit of momentum 5 also N.sec
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Impulse - Momentum equation

The impulse - Momentum equation is also denved fom the Newton's secong Lw,
F=ma=m*(dwdf) 1e Fdt=mdv

Asdermdmthempnlse.theterm’.ful’dtiscalledlmpulseudm(v-u)iscaﬂedtbechmgeof
momentum. 1.e., Final momentum - Initial momentum,

Impact of elasac bodies

In the last section the bodies wers assumed to stay together after impact An elastic body is one
which tends to reram to its ongznal shape after mmpact. When two elastic bodies collide, they
rebound after collision. An example is the collision of two inooker balls

If the bodies are gavelling along the same straight line before mmpact, then the collision is called
2 direct collision. This is the only rype of collision considered here.

* ﬁ
Direct collision of two elastic spheres

Consider the two elastic spheres as shown In fizurs. By the pnnciple of conservation of linear
momentum

Meenerbum befor mpact =NMomeaban after zipact
LR O AT F T
Where the u's are the velocities before collision and tha v's, the velocines after
When the spheres are inelasac v, and v are equal as we saw 1o the last section. For elastic bodies

v and v2 depend on the elastic properties of the bodies. A measurs of the elasticity is the
coefficient of restitution ¢, for direct collision this 15 defined as
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" -y
gt
1 T Ly

This 20n is the result of 1 Newton. The values of ¢in
o rscem o gy S r' s ot B ok Ay i
0o ensrgy i lost m the collision.

PROBLEMS

Examplel A body of mass 2kg moving with speed Sm's collides directly with another of mass 3
%z moving in the same direction The coefficient of restitution is 2/3. Find the velocities after

collision
Solution
Momenvan befor mpact = Momentun alter unpact
myay Ty Smn Ty
2X54 %4 =2y 43y
22= 1"" + 39’ (i)
From equation
v, =y, |
PO Bl
S ! 7
a_ vy
3 h -4 )
-2= 3\'1 - 3"; (li)
Adding (1] and [ii] gives
20 = Sy,
vy =dmia
And by [1]
22=08+3y,

14
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Examplel A raiiway wagon has mass 15 tones and is moving at 1.0 m's. It collides with a
second wagon of mass 20 tones moving in the opposite direction at 0.5m's. After the collision
the second wagon has changed its speed to 0.4m's in the opposite dirsction as before the
collision Find 1) the velocity of the 15 tones wagon after the collision §) the coefficient of
restitution and ix) the loss in kinetic energy.

Solution

Momesiam befor zapact = Momearum affer xapact
iy Ly S HRY Y,
1500021.0 - 20000 0.5 =13000v, + 20000« 04
= 3000 =15000w,
w=-02mis

The pegative sign means it has change diraction of travel

i Y — V3
Wy Ty

_f{-o2)-04
1.0 (- o.s)]

Coefficient of restitution s

o

o =04

20000 x 0,5°

-

lanehe oucegy belore zopact = %wuoo w107 -
= 10000 J

keehe erersy after wopert =%1mmx023 +%zooooxo4‘

<

= 13007

loss of ket ecersy = 10000~ 1900 =310 1
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Translation, Rotation of rigid bodies and General plane motion
Introduction

Forces acting of nzd bodies can be also separated i two groups: (a) The exwrnal forces
represent the action of other bodies on the ngxd body under consideranion; (b) The muernal forces
are the forces which hold rogether the parncles forming the nzid body. Only extemal forces can
impart to the rizid body a motion of ranslation or rotation or both.
In kinematics the types of motion are TRANSLATION, ROTATION about a fixed axis and
GENERAL PLANE MOTION.

Type of Rigid Body Plane Motion Example

0}
v e wesnr
transation

Darndlal dink meinging plats

General
place mothon

Consmwerthng rod It
reciprocal g sngine
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TRANSLATION

A motion is said to be a anslation if any straight line inside the body keeps the same
drection dunng the movement It occurs if every line sezment on the body remains paraliz] to
its onznal dirsction dunng the motion
All the particles forming the body move along parallel paths. If these paths are soaight Imes, the
motion is 3aid 2 recilmear translation; if the paths are curved Lines, the motion is a cunvifinear
mofion a3 given below in fzure.

0,0 49

Fath of rectilinear translation Paid of curvitinear trandatioe

GENERAL PLANE MOTION

Any plane moton which 15 nexther a ranslation nor 2 rotation is referred as a general
plane moton. Plan moton 15 that in which all the particles of the body move mn parallel
planes. Transiation occurs within 3 plane and rotation occurs about an axis perpendicular to
this plane.

CGeneral plane motion

An exampie of bodies undergoing the three types of motion is shown in this mechanism.
The wheel and crank undergo rotation about a fixed axis. In this case, both axes of rotation are at
the Jocation of the pins and perpendicular to the plane of the fizure. The piston underzoes
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rectilinear wanslation since it is constrainad to slide in a straight line The commecting rod
undergoss curvilinear translation. since it will remain horizontal 2s it moves along a circular
path The connecting rod undergoes general plane motion, a3 it will both wanslate and rotate.

Rectilinear translation Rotation about a fixed axis

ROTATION

Some bodies like pulley, shafts, and flvwheels have motion of rotation (ie.. angular
motion) which takes place about the geometmic axis of the body. The angular velocity of a body
15 always expressed m tenms of revolutions described in one mumute, eg, if at an instant the
angzuiar velociry of rotatng body i Nrp.m. (.6 revolunions per min) the corresponding angular
velocity @ (in rad) may be found our as discussed below:

I revolutionmin = 2zrad'min
¥ ot < Juk sl ey sty o J velien

o =2aN/60radsec

Important Terms
The following terms, which will be frequently used in this chapter, should be clearly understood
at this stage:

Anguiar velocigy - It 15 the rate of change of angular displacement of a body, and is expressed in
r.p.m. (revolutions per minute) of in radian per second. It 13, usually, denoted by @ (omega).
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Anguiar acceleration - It 15 the rate of change of angular velocity and 15 expressed in radian per
secord per second (d's) and is usually, denoted by o, It may be constant or variable.

Angular dizpigcement - T is the total angle, through which a body has rotated. and is usually
denoted by 6. If a body is rotating with a uniform angular velocity (@) then in 7 seconds, the
anzular displacementis 8= *

Mouon of roranon under consiant anquiar acceleranon

Consider a particle, rotating about its axis.
Lat @ = Initial angular velocity,
® = Final anzular velocity,
1= Time (in saconds) taken by the particle to change its velocity from - to
o.a=Constmangmnaccelmtioninnd"sz.md
9 =Total angular displacement in radians

Since i ) seconds, the angulas velociy of the perticle hee incrensed seadkly f:0m o, 10 0 at
the rate of o rad/s”, therefare
W =04+ @t Al

=H+0
5

and average mguiar velocity
We know thal the total angular dizplacemers,

Wy 4@
- j‘“ LA

8= Avernge velocity x Tune =

Substsniting e value of o Leofs qoarion (1,

+ (), s Joy, # 0t 3
Ozg—l}’—!xlz %, x:=w+i,w' WA
andd from equation (1) we find that
o
u
Subztiuting this value of 11 equation {11},
o-['%“'],((‘"-%}-“-'s
2 4\ e
w' = 0 + 208 i)
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Relation between iinear molion and anguiar motion

5 No Parnculars Limearmotion | Angular mofion
| Inisalvelocity ' " ,
2 Funai velocary v (0
i Constant scceleranon a i
E Total dictance traversed $ B
3 Formula for final velocuy v=u+at 0 =0y +

R 2
o Fommla for distance tverses t=us—ar | O=ay+-ar

7 Formula for fmal veloouty v=wides o =of +od
: ds a8

3| Dufferennal foomuls for velocity | V= - o)
. . dv dv

0 Differential formuln for accelertion| @ =Z t=—

l‘

PROBLEMS

Evamplel. A Sywhes] starts fom rest and revolves with an acceleration of 0.5 rad sec-. What
will be its angular velocity and angular displacement after 10 seconds?
Given data
Initial anzular velocaty (@0) = 0 (decasue it starts fom rest)
Angular acceleration (@) = 0.5 radisec” and
Time (1) =10 sec.
Solunon
Angular velocity of the flywhee!
We know that angular velocity of the fiywhesl,
@=00+at=0+ (05 » 10)=35 ndisec

37



Anguiar dispiacement gf the fiywheei
We also know that angular displacement of the fiywheel.

Bamou—l-w’ -(Ox10'+[lxo*xno>’]-.‘$md
2 2

Example2. A wheel rorares for 5 seconds with a constant angular acceleranon and describes
dunng this ame 100 radians. It then rotates with a constant angular velocity and during the next
five seconds describes 80 radians. Find the initial anzular velocity and the angular acceleration.
Given data
Time () =5 sacand
Angular displacement (6) = 100 rad
Solurion
Initial angular velocity
Let oo =Iutal anzular velocity in rad's,
o = Angular acceleration in rad/s-, and
© = Angular velociry after 5 s mrad's.
First of all consider the angular motion of the wheel with constant acceleration for 5 seconds.
We know that angular displacement (8),

1 T Y :
lw:qn_—,w’:q,x.w:xm'»‘::q,uzm

o 40 = 20, + wdi)
sd fincd velocaty, O=04 +0f =@, +Q x5=4 + 50

Now consider te anguler motion of the whee! with a coustant angular velocityof (e, + o) fox
5 seconils g deseribe 30 puEan:. We know @l e anguli (isgiscoment,

30=i|mo+-5(n
o« 16 =04+ 5 i)
Sulerdetmg equation (4) from ),
M=oy o mp=ndi Ans
Augslar accoleration
Suistimsing fn: vabee of oy 10 equanon (1),
1o-M
=M+ @ a= °_ =-16nds’ Ass,
9
- ANoas so e eetandatas)
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Linear {Or Veloclty of a Rota

Consider a body rotating about its axis 25 shown in Figura.

Lzt o= Angular velocity of the body m rad's,
7 = Radius of the circular path in meters, and
v = Linear velocity of the particle on the persphery in m's.
After one second, the particle will move v meters along the circular path and the angular
displacement will be @ rad.
Weknordmlengrhofm=kadmsofa§':}nglembmdednnd_
PROBLEMS
Examplel. A wheel of 1.2 m diameter starts from rest and is accelarated at the ratz of 0.8 rad's2 .
Find the hnear velocaty of a point on its penphery after 5 seconds.
Given data
Diameter of wheel = 1 I morradms (7)=06m
Ininal angular velocity (w0) = 0 (becasue, it starts from rest)
Angular acceleration (@) = 0.8 rad's2 and
Time (=53
Solution
We know that angular velocity of the wheel affer 5 seconds,
o=ol-u=0+(08+3)=2rnds

-~ Lmear velecity of the point on the penphery of the
wheel v=ra=06 P?El.-‘. m’s i

Example. A pulley 2 m i diameter 15 keved to a shaft which makes 240 7 pm. Find the linear
velocity of a particle on the periphery of the pulley.
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Gnen data
Diameter of pulley = 2 m or radius (7)= ] m and
Anzular frequency (N) =240 rpm.

Solurion
We know that anzular velocity of the pullay,
_a”N .’l't><.’.40_,i | radss
w w -l Al .

S Linear velocuy of the particle on the periphery of the pulley.
v=r0=1%x251=251ms

Coasider a body rotating about s axis with a constant angular {as well as knear ) accelerntion.
We know that finear nccelermtion.

a=—=—(y) w1)

We also Rnvow' thot ins motion of rotation, the luear velocity,
Y=
Now substitutmg the vahue of v m equation (i)

d dn
(== )= r—=ril
it it

Where 0t = Augular ncceleration i radisec” snd i equal to dodr

PROBLEMS

Exapmlel A car is moving at 72 kmph If the wheels are 75 cm diameter, find the angular
velocity of the tyre about its axis. If the car comss to rest in a distance of 20 meters. under a
uniform retardation, find angular retardation of the wheels.
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Given data
Linear velocity (v) = 72 kmph =20 m's
Diameter of wheel (d) =75 cm or radius (7) = 0375 m and
Distance avelled by the car () =20m.

Solution
Angular retardation of the wheel
We know that the angular velocity of the wheel,
e e
ro 037
Lt o= Lingar retarcation of the wheel
\\i’-bOde( \°'=u"+205
O=(20F + 2 xax 0=400 + 4a
40 .53 A
ar (:=-TO-=-I('uv9:c' .| Mums sien mdicates retardation
We lso know that the sgular retardation of the wheel
u=-=;|£=-1‘6.7ﬂw5ffz
r 0375

M sagn indicates retordsiaon)

Exampiel. The equation for angular displacement of a body moving on a circular path is given
by 8 = 2t3 + 0.5 where 8 is in rad and t in s, Find anzular velocity, displacement and
acceleration after 2 sec.

Given data
Equation for anzular displacement =263 < 0.5 — (1)
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Solution
Angular displacement after 2 seconds
Substimtmg ¢ = 2 m equation (1),
6=2(2Y+05= 105 10
Angalar velovity ofter 2 seconds
Differentiating both sides equation (i) with respect o £,
as
—=0r At
df
velocaty, UELTS
Substitutmg ¢ = 2 tm equotion (777)
0=0(21 = 24 mdsec
Angular acceleration after 2 seconds
Differentiating both sides of equation (i) with respect to 1.

Wity

dm
— =12t of Acceleranon = 1

d
Now substinuting 1= 2 in above equition.

= 12% 1= M mdisec’

Example3. The equation for anzular displacement of a particle. moving in a circular path (radius
300 m) is ziven by 8= 18t = 3t - 2" where @ is the angular displacement at the end of t s2¢.
Find () angular velocity and acceleration at start, (i) time when the particle reaches its
maximum angular velocity, and {iil) maxmum angular velocity of the particle.
Grven dara
Equation for angular displacement 8= 18t = 30 - 20
Solution
(1) Angular velocity and acceleranon at stant
Differentiating both sides of equation (i) with respectto , 46 / dr = 13+ 6t- 6t
* i angular velocity, @ = 12+ 6t - " ————wrelii)
Substituting ¢t = { in equation (i),
0=18-0-0=18nds
Differentiatng both sides of equation (i) with respect tot, do / dt=6 -
12t 12 angular accelenation, @ = § - 12t ———eeeeeme- (i)

M
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Now substituting t = 0 m equation (iii),
o =6rads’
(11) Time when the particle reaches maximum angular velocity
For maximum angular velocity, take equation (ili) and equate it to zero § -
12t=00rt=6/12
t=0.5 seconds.
(111) Maxinmun: angular velocity of the particle
The maximum angular velocity of the particle may now be found out by substtuting t
=0.5 in equation (11),
e = 18 = (6 % 0.5) - 6 (0.5)°
@rax = 195 rad/s
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