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NETWORK THEOREMS

Superposition Theorem - Reciprocity Theorem - Thevenin’s Theorem - Norton’s Theorem -
Maximum power transfer Theorem.

1.1 SUPERPOSITION THEOREM

The superposition theorem states that in any linear network containing two or
more sources, the response in any element is equal to the algebraic sum of the responses
caused by individual sources acting alone, while the other sources are non-operative;
that is, while considering the effect of individual sources, other ideal voltage sources
and ideal current sources in the network are replaced by short circuit and open circuit
across their terminals. This theorem is valid only for linear systems. This theorem can
be better understood with a numerical example.

Consider the circuit which contains two sources as shown in Fig. 1.

Now let us find the current passing through the 3 V resistors in the circuit. According to
the superposition theorem, the current I, due to the 20 V voltage source with 5 A source
open circuited = 20/(5+3) =25A
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Figure 1 : Superposition theorem

The current Is due to the 5 A source with the 20 V source short circuited is

The total current passing through the 3 V
resistor is
(2.5 +3.125) =5.625 A
Let us verify the above result by applying nodal
analysis.
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Figure 2: Superposition theorem



The current passing in the 3 V resistor due to both sources should be 5.625 A.
Applying nodal analysis to Fig. 2, we have

V-20 V

15
V =9x 2 =16.875 V
The current passing through the 3 V resistor is equal to V/3,
i.e. 1=16.875/3=5.625 A
So the superposition theorem is verified.
Let us now examine the power responses.

Power dissipated in the 3 V resistor due to the voltage source acting alone

Py, = (LR = (2503 =1875W
Power dissipated in the 3 V resistor due to the current source acting alone

Ps = (IR = (3.125)23 = 29.29 W
Power dissipated in the 3V resistor when both the sources are acting simultaneously is given
by

P =(5.6252 X3 =9492W
From the above results, the superposition of P20 and P5 gives

Py + Ps = 48.04 W
which is not equal to P =94.92 W

We can, therefore, state that the superposition theorem is not valid for power responses. It is
applicable only for computing voltage and current responses.

Example 1: Find the voltage across the 2 V resistor in Fig. 3 by using the superposition
theorem.

1ov( 220Q

2A 20V
Figure 3

Solution

Let us find the voltage across the 2 V resistor due to individual sources. The algebraic sum of

these voltages gives the total voltage across the 2 V resistor.

Our first step is to find the voltage across the 2 V resistor due to the 10 V source, while other
sources are set equal to zero.

The circuit is redrawn as shown in Fig. 4
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Assuming a voltage V at the node ‘A’ as shown in Fig. 4, the current equation is

V-1 vV ¥
—— . — —

10 20 7
V[0.1 +0.05 + 0.143] = 1

or V=341V
The voltage across the 2 V resistor due to the 10 V source is

4

J
Vy==x2=097V

Our second step is to find out the voltage across the 2 V resistor due to the 20 V source, while
the other sources are set equal to zero. The circuit is redrawn as shown in Fig. 4.

Assuming voltage V at the node A as shown in Fig. 4, the current equation is
V-2 V ¥

+—t—==0

7 20 10

V[0.143 + 0.05 + 0.1] = 2.86

or V=2'ﬁ:9.76v
0.293

The voltage across the 2 V resistor due to the 20 V source is

i
V. = {1 20
- 7

]XZ: -292V
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Figure 5
The last step is to find the voltage across the 2 V resistor due to the 2 A current source, while
the other sources are set equal to zero. The circuit is redrawn as shown in Fig. 5



5

The current in the 2 () resistor = 2 x

5+8.67
= l =0.73A
13.67

The voltage across the 2 V resistor=0.73x2=1.46 V

The algebraic sum of these voltages gives the total voltage across the 2 V resistor in the
network

V=097-292-1465=-341V

The negative sign of the voltage indicates that the voltage at ‘A’ is negative

Example2:
Determine the voltage across the (2 + j5) V impedance as shown in Fig below by using

the superposition theorem.
j4Q j3Q

AT ——f
S 20

5020° () (1) 20230° A
j5Q

Solution According to the superposition theorem, the current due to the 50 £0° V voltage
source is I1 as shown in Fig below with current source 20 £30° A open-circuited.

j4 Q -j3Q
211N i€ °

@ 15040°

2Q

j5Q

50£0°  50£0°

Current /, = =
Y24 445 (24 /9)
=040 _s4/-7747°A
9.22/77.47

Voltage across (2 + j5) {2 due to the current /, is
/, =542 £ - 7747° (2 +5)

= (5.38) (5.42) £—77.47° + 68.19°

= 29.16 £—9.28°



Jj4Q -j3Q

@ 20£30° A

j5Q

The current due to the 20 Z30° A current source is 1, as shown
in Fig. 7.18, with the voltage source 50 Z0° V short-circuited.

(j4)Q
(2+9)Q
20430°x4 £90°
T T 922/7747°
I, = 8.68 £120° — 77.47° = 8.68 £42.53°
Voltage across (2 + j5) () due to the current /, is

V, = 8.68 £42.53° (2 + j5)

(8.68) (5.38) £42.53° + 68.19°

= 46.69 £110.72°
Voltage across (2 + j5) (2 due to both sources is
V=V, +V,

29.16 £—9.28° + 46.69 £110.72°
= 28.78 — j4.7 — 16.52 + j43.67
= (12.26 + j38.97)V

Current /, = 20430°x

Voltage across (2 + j5) Q is V = 40.85 £72.53°.

2.2 THEVENIN’S THEOREM

In many practical applications, it is always not necessary to analyse the complete
circuit; it requires that the voltage, current, or power in only one resistance of a circuit be
found. The use of this theorem provides a simple, equivalent circuit which can be substituted
for the original network. Thevenin’s theorem states that any two terminal linear network
having a number of voltage current sources and resistances can be replaced by a simple
equivalent circuit consisting of a single voltage source in series with a resistance, where the
value of the voltage source is equal to the open-circuit voltage across the two terminals of
the network, and resistance is equal to the equivalent resistance measured between the
terminals with all the energy sources are replaced by their internal resistances. According to
Thevenin’s theorem, an equivalent circuit can be found to replace the circuit in Fig. 6
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In the circuit, if the 24 V load resistance is connected to Thevenin’s equivalent circuit, it will
have the same current through it and the same voltage across its terminals as it experienced
in the original circuit. To verify this, let us find the current passing through the 24 V
resistance due to the original circuit.
12
=l

0 _10_,
24+(1224) 10

12
12424
The voltage across the 24 V resistor =0.33 x 24 =7.92 V.
Now let us find Thevenin’s equivalent circuit.
The Thevenin voltage is equal to the open-circuit voltage across the terminals ‘AB’, i.e. the
voltage across the 12 V resistor. When the load resistance is disconnected from the circuit,
the Thevenin voltage

where [, =

1:4 — l - ()33 .‘\

1 g
Vi =10x—==8.57 V
) 14
The resistance into the open-circuit terminals is equal to the Thevenin resistance
R,=12X2_ 1710
Th — 4 e
710 A
8.57V 5 S 240
B
Figure 7

Thevenin’s equivalent circuit is shown in Fig. 7. Now let us find the current passing through
the 24 V resistance and voltage across it due to Thevenin’s equivalent circuit. Fig. 7
8.57
Ly =2 =033A
- 244171

The voltage across the 24 V resistance is equal to 7.92 V. Thus, it is proved that RL (5 24 V)
has the same values of current and voltage in both the original circuit and Thevenin’s
equivalent circuit.



Example : Determine the Thevenin’s equivalent circuit across ‘AB’ for the given circuit
shown in Fig. 8
10 Q 5Q
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Figure 8
Solution The complete circuit can be replaced by a voltage source in series with a resistance
as shown in Fig. 9
where VTh is the voltage across terminals AB, and
RTh is the resistance seen into the terminals AB.

To solve for VTh, we have to find the voltage drops around the closed path as shown in Fig.
9

RTh B
- 10 Q 50
+ — + -
VTh—
S0V ! A 25V
L+ |
B
(a) (b)
Figure 9
We have 50-25 = 107 + 51
or 15I1=25
I e 1.67A
5
Voltage across 10 {2 = 16.7V
Voltage drop across 5 {) = 8.35V
or Vp, =V =50-V
=50-16.7=333V
A AA% A
3.33Q
333V—/—
« » B
Figure 10

To find RTh, the two voltage sources are removed and replaced with short circuit. The
resistance at terminals AB then is the parallel combination of the 10 V resistor and 5 V
resistor; or

10
Ry, = %5 =333 Q

Thevenin’s equivalent circuit is shown in Fig. 9



Example 2: For the circuit shown in Fig. 7.22, determine Thévenin’s equivalent between
the output terminals.

Solution The Thévenin voltage, VTh, is equal to the voltage across the (4 +j6) V impedance.
The voltage across (4 +j6) V is

3Q 14Q j5Q -4 Q
—VW— 80— A
<’S .
c4Q
2N 1
QU s040°
j6Q
[ o B
v =50£0°x—3+J6)
(44 j6)+(3—j4)
44 j6
= 50.£0°x ~+I°
7+ j2

. 7.21/56.3°
7.28 £15.95°

=50 Z£0° X 0.99 Z£40.35°
= 49.5 Z40.35°V

The impedance seen from terminals A and B is

=50£0°

483 /-1.13°
{1 °A
A (,
QU 49.5240.35

<> B

(3—j4)(4+ j6)
3—j4+4+ j6
5/53.13°%x7.21456.3°
7.28415.95°
=jl + 495 £—12.78° = j1 + 4.83 — j1.095
= 4.83 — j0.095
Z,, =483 2£-1.13°Q
The Thévenin equivalent circuit is shown in Fig above.

zTh _ (/5_/4)"'

= jl+



2.3 NORTON’S THEOREM

Another method of analysing the circuit is given by Norton’s theorem, which states that any
two terminal linear network with current sources, voltage sources and resistances can be
replaced by an equivalent circuit consisting of a current source in parallel with a resistance.
The value of the current source is the short-circuit current between the two terminals of the
network and the resistance is the equivalent resistance measured between the terminals of the
network with all the energy sources are replaced by their internal resistance.

According to Norton’s theorem, an equivalent circuit can be found to replace the circuit in
Fig. 11

In the circuit, if the load resistance of 6 V is connected to Norton’s equivalent circuit, it will
have the same current through it and the same voltage across its terminals as it experiences in
the original circuit. To verify this, let us find the current passing through the 6 V resistor due
to the original circuit

5Q
AA"AY
20V—/— §10$2 §6$2
Figure 11
10
I =1, %
©TT10+6
20 -
where [ =—— =2.285A
5+(10]6)

2285x 0 —1.43A

16
i.e. the voltage across the 6 V resistor is 8.58 V. Now let us find Norton’s equivalent circuit.
The magnitude of the current in the Norton’s equivalent circuit is equal to the current passing

through short-circuited terminals as shown in Fig. 12

20
Here, I, = = 4A

Norton’s resistance is equal to the parallel combination of both the 5 V and 10 V resistors

I

I

>

A A
20V 210Q tIn  4aA i

j:33313 ::6‘.3

Figure 12



The Norton’s equivalent source is shown in Fig. 12.
Now let us find the current passing through the 6 V resistor and the voltage across it due to
Norton’s equivalent circuit
I, =4x—"""_—143 A
6+3.33
The voltage across the 6 Q resistor =1.43 x 6 =8.58 V
Thus, it is proved that RL (= 6 Q) has the same values of current and voltage in both the
original circuit and Norton’s equivalent circuit.

Example Determine Norton’s equivalent circuit at terminals AB for the circuit shown in
Fig. 13

Solution The complete circuit can be replaced by a current source in parallel with a single
resistor as shown in Fig. 14, where IN is the current passing through the short circuited
output terminals AB and RN is the resistance as seen into the output terminals.

To solve for IN, we have to find the current passing through the terminals AB as shown in
Fig. 14

From Fig. 14, the current passing through the terminals AB is 4 A. The resistance at terminals
AB is the parallel combination of the 10 V resistor and the 5 V resistor
Norton’s equivalent circuit is shown in Fig. 14

10Q 5Q
20V — S A — 10V
° B
Figure 13
10x5
or R, = - =3.33 ()
1045

> VTS 10V <
< Rw t/n v oaa( 23330

(a) (b) (C)

Figure 14



Example 2: For the circuit shown in Fig below, determine Norton’s equivalent circuit
between the output terminals, AB

3Q Jj4Q

T > A

L) 2540°V
/5 Q
o B

Solution Norton’s current IN is equal to the current passing through the short-circuited
terminals AB as shown in Fig. below

3Q Jj4Q

T — 7 A
2520°V (N '

J5Q

The current through terminals AB is
_25/0°  25/0°

T 344 5/53.13°

=5/-53.13°

The impedance seen from terminals AB is

N

_ B4/ )5)
VB4 j4)+(4— j5)
| 5/53.13°x6.4/-51.34°

7.07£-8.13°
=4.53/9.92°
A
5/-53.13° ’D D 4.53,9.92°
B

Norton’s equivalent circuit is shown in Fig above.

2.4 RECIPROCITY THEOREM

In any linear bilateral network, if a single voltage source Va in branch ‘a’ produces a current
Ib in branch ‘b’, then if the voltage source Va is removed and inserted in branch ‘b’ will
produce a current Ib in branch ‘a’. The ratio of response to excitation is same for the two
conditions mentioned above. This is called the reciprocity theorem.



Consider the network shown in Fig. 15. AA’ denotes input terminals and BB9 denotes output
terminals.

A B 3 B
v N.W e : N.W v
A B” A B
(a) (b)
Figure 15

The application of voltage V across AA’ produces current [ at BB’. Now if the positions of
the source and responses are interchanged, by connecting the voltage source across BB9, the
resultant current [ will be at terminals AA’. According to the reciprocity theorem, the ratio of
response to excitation is the same in both cases.

Example Verify the reciprocity theorem for the network shown in Fig. 16

20 2Q
a. )

- 230 :,j?sz ;;71..'

Figure 16
Solution Total resistance in the circuit=2+[3 || (2+2/2)]=3.5Q
The current drawn by the circuit (See Fig. 17 (a))

5
=2 -5710
3.5
The current in the 2 V branch cd is I = 1.43 A.
2Q 2Q
‘i' ...4~‘v' T ’~.‘-.v- ‘L‘
I t!
l 3Q Ezsz 2Q

20V

b’ . - d
(a)

Figure 17 (a)
Applying the reciprocity theorem, by interchanging the source and response, we get Fig. 17

(b).

20V

Figure 17 (b)



Total resistance in the circuit =3.23 V.

Total current drawn by the circuit== 20/3.23 = 6.19 A

The current in the branch ab is [ = 1.43 A

If we compare the results in both cases, the ratio of input to response is the same, i.e.
(20/1.43) =13.99

2.5 MAXIMUM POWER TRANSFER THEOREM

Many circuits basically consist of sources, supplying voltage, current, or power to the load;
for example, a radio speaker system, or a microphone supplying the input signals to voltage
pre-amplifiers. Sometimes it is necessary to transfer maximum voltage, current or power
from the source to the load. In the simple resistive circuit shown in Fig. 18, Rs is the source
resistance. Our aim is to find the necessary conditions so that the power delivered by the
source to the load is maximum

It is a fact that more voltage is delivered to the load when the load resistance is high as
compared to the resistance of the source. On the other hand, maximum current is transferred
to the load when the load resistance is small compared to the source resistance.

For many applications, an important consideration is the maximum power transfer to the
load; for example, maximum power transfer is desirable from the output amplifier to the
speaker of an audio sound system. The maximum power transfer theorem states that
maximum power is delivered from a source to a load when the load resistance is equal to the
source resistance. In Fig. 18, assume that the load resistance is variable.

Current in the circuitis = VS /(RS + RL)
Power delivered to the load RL is P = IzRL =V?s R/ (RS + RL)2

To determine the value of RL for maximum power to be transferred to the load, we have to

set the first derivative of the above equation with respect to RL, i.e. when dP/dR| equals zero.
Rs

Figure 18



-

dpP d | Ve
=—|—=__R,
dR, dR, [(Rs R, )" |
Ve {(Rs +R,) —(2R,)(Rs +R,)]

(Rs +R,)*

(Rg+ R;))>-2R,(Rs+ R) =0
R%; + R*,+ 2RgR; — 2R*, - 2R4R, = 0
Rs =R,
So, maximum power will be transferred to the load when load resistance is equal to the
source resistance

Example In the circuit shown in Fig. 19, determine the value of load resistance when the
load resistance draws maximum power. Also find the value of the maximum power

25 Q)

Figure 19

Solution In Fig. 19, the source delivers the maximum power when load resistance is equal to
the source resistance.

RL=25V

The current I =50/(25+ RL)=50/50=1 A

The maximum power delivered to the load P = IZRLZ 1x25=25W

Example 2: Determine the maximum power delivered to the load in the circuit shown in
Fig below

10Q ;.1‘513 bH j6Q A
4 L g
A =30 ¢
50£0°A ¢ =-j10Q < 4z,
s j4Q
L
B

Solution The circuit is replaced by Thévenin’s equivalent circuit in series with ZL as shown
in Fig. below

where V, , =1 ;. 40 x(3+ j4) volts

50 0° x 10
Ii‘- 40 = =79 =34.67|—-33.7° A
T 5-j6+3+ j4— 10 ‘



Voltage across AB is V5, = 34.67—33.7°x5/53.13°

=173.35{19.43°V
Impedance across terminals AB is
Z 5 = A0+ J15) || (= j10)]+ (5 j6)} |[ (3 + j4
Z,,=52741.16°=4+ ;3.5
Zs A

AB
[ ,
f Z Z
o5
To get the maximum power delivered to the load impedance, the load impedance must be
equal to complex conjugate of source impedance. Therefore, the total impedance in the
circuit shown in Fig. 7.44 is 8 Q. The current in the circuit is

Vag

/3\

Vig _173.35
8 8
The maximum power transferred to the load is

P=1I}R, =(21.66)" x4 =1874.9 watts

I, = =21.66 A
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Two-Port Networks

2.1 Terminals and Ports
In a two-terminal network, the terminal voltage is related to the terminal current by the impedance Z = V/I.
In a four-terminal network, if each terminal pair (or port) is connected separately to another circuit as in

Fig. 4-1, the four variablesi,i,u, and u are related by two equations called the terminal characteristics.
These two equations, plus the terminal characteristics of the connected circuits, provide the necessary and
sufficient number of equations to solve for the four variables.

4 I L B
F—o—-—"> —————o—
Nt N n| M
—o——— — S
D 7 A c
Fig. 2-1

2.2 Z-Parameters
The terminal characteristics of a two-port network, having linear elements and dependent sources, may be
written in the s-domain as

Vi=Z,1,+Z,],
(D
V,=Z,1,+7),]l,

The coefficients Z;; have the dimension of impedance and are called the Z-parameters of the network. The
Z-parameters are also called open-circuit impedance parameters since they may be measured at one terminal
while the other terminal is open. They are

Vi
Vi
(2

v,

Z, = 1_1170
V.
_ 2
Zzz‘t




EXAMPLE 2.1 Find the Z-parameters of the two-port circuit in Fig. 2-2.
Apply KVL around the two loops in Fig. 4-2 with loop currents I and I to obtain

V= 2L +s(I, + 1) = 2+ )1, +sl,

V, =31, +s, +L,) = s, + 3+ )L,

I I
A ——+—AMN— 0
20 30
v, 1H v,
o 13 o
Fig. 2-2

By comparing (1) and (3), the Z-parameters of the circuit are found to be

Z11=s+2
Z,=172,=s
Z,, =s+3

Note that in this example Z,, =Z,,.

Reciprocal and Nonreciprocal Networks

“)

A two-port network is called reciprocal if the open-circuit transfer impedances are equal: Z , =Z,,. Conse-
quently, in a reciprocal two-port network with current I feeding one port, the open-circuit voltage measured
at the other port is the same, irrespective of the ports. The voltage is equal to V =Z I = Z, 1. Networks
containing resistors, inductors, and capacitors are generally reciprocal. Networks that additionally have

4dependent sources are generally nonreciprocal (see Example 4.2).

EXAMPLE 4.2 The two-port circuit shown in Fig. 4-3 contains a current-dependent voltage source. Find its

Z-parameters.

As in Example 4.1, we apply Kirchhoff’s Voltage Law (KVL) around the two loops:

V=2l -1, +s(, + L) =2+ 9)I + (s - DI,

V,=3L, +sd, + L) =sI +(3+9)I,

I,
oD ’ o
+ N ¥
I 2Q 30
2
v, 1H %
o ® o

Fig. 4-3



The Z-parameters are

ZH:s+2
Z12:s—1
()
Z21=s
7, =s+3

With the dependent source in the circuit, Z,, # Z,, and so the two-port circuit is nonreciprocal.

4.3 T-Equivalent of Reciprocal Networks

4A reciprocal network may be modeled by its T-equivalent as shown in the circuit of Fig. 4-4.Z ,Z , and Z
are obtained from the Z-parameters as follows.

1,=2,,-17,
Z,=17,,-17, (©)
2.=72,=1,

The T-equivalent network is not necessarily realizable.

I, I
o Z, 7z, p———o0
+ +

Vi Z v,
o o
Fig. 4-4

EXAMPLE 4.3 Find the Z-parameters of Fig. 4-4.
Again we apply KVL to obtain

Vi=ZL,+Z2.0,+1)=(Z,+Z)1,+Z]1,

V,=ZL+Z X +1)=Z1 +(Z,+Z)I, @
By comparing (1) and (7) the Z-parameters are found to be
7,=1,+17,
Z,=2, =1, ®)
7,,=7,+7,

4.4 Y-Parameters
The terminal characteristics may also be written as in (9), where I, and I, are expressed in terms of V, and V.

L=Y,V,+Y,V,
)
L=Y,V+Y,V,
The coefficients Yij have the dimension of admittance and are called the Y-parameters or short-circuit
admittance parameters because they may be measured at one port while the other port is short-circuited.
The Y-parameters are



L
Y, = V.
llv,=0
Y, =
127V,
V2 V,=0
(10)
I
-2
Y, V.
llv,=0
I
Y, = V_2
2lv,=0

EXAMPLE 4.4 Find the Y-parameters of the circuit in Fig. 4-5.

I, I
W\ e
1
50 ¢F
20 30
A\ v,
5
$H $H
o 2 ¢ o
Fig. 4-5

We apply Kirchhoff’s Current Law (KCL) to the input and output nodes (for convenience, we designate the admit-
tances of the three branches of the circuitby Y, Y, and Y as shown in Fig. 4-6). Thus,

! 3

Y= 3553 " 5%+6
1 2

Y, =335s72 " 5546 an
1 S

Y.=5376s " %+6

I I
o
+ Ye ?
\ 2} Ya Yb V2
o o
Fig. 2-6

The node equations are

L=VY, +(V,-V)Y.=(Y, +Y)V, - Y.V,
(12)
L=V,Y, +(V,-V)Y, ==YV, +(Y, + YV,



By comparing (9) with (12), we get

Y11 = Ya + YC
Y=Y, =-Y, (13)
Y22 = Yb + Yc

Substituting Y, Y,, and Y _ from (11) into (13), we find

s+3
Yi= 3556
—S
Yo=Y =535 14
s+ 2
Y22 58+ 6

Since Y, =Y,,, the two-port circuit is reciprocal.

2.5 Pi-Equivalent of Reciprocal Networks

A reciprocal network may be modeled by its Pi-equivalent as shown in Fig. 4-6. The three elements of the

Pi-equivalent network can be found by reverse solution. We first find the Y-parameters of Fig. 4-6. From
(10) we have

Y, =Y, +Y,  [Fig.47-(a)]

Y, =-Y, [Fig. 4- 7-(b)]
(15)
Y, =-Y, [Fig. 4- 7-(a)]
Y, =Y, +Y, [Fig. 4-7-(b)]
from which
Y, =Y, +Y, Y, =Y, +Y), Y. =-Y,=-Y, (16)
The Pi-equivalent network is not necessarily realizable.
I I L I
O YC Yc o
+ + + +
v, Y, Y, V,=0 v,=0 |Y, Y, v,
o o o o
(@) (b)
Fig. 2-7

2.6 Application of Terminal Characteristics

The four terminal variables I, I, V,, and V,, in a two-port network are related by the two equations (1) or (9). By
connecting the two-port circuit to the outside as shown in Fig. 4-1, two additional equations are obtained.
The four equations then can determine 11’ Iz, V1’ and V2 without any knowledge of the inside structure of
the circuit.




EXAMPLE 4.5 The Z-parameters of a two-port network are given by

Z,=2s+1/s 7,=172, =2s Z,,=2s+4

4The network is connected to a source and a load as shown in Fig. 4-8. Find[,1,V ,and V.

0 &
e
1Q
Vi(®)=12cost N v, Z=s+1
1H
Source Load
Fig. 2-8
The terminal characteristics are given by
V, = @2s+ 1/9)I, + 25,
17
V, =2l + (2s + 4)I,

The phasor representation of voltage v (t) is V_ = 12 V with s = j. From KVL around the input and output loops we
obtain the two additional equations

V, =3I +V,

0=0+9s)I,+V,

(13)
Substituting s = j and V_ =12 in (17) and in (18) we get

V, = 1, + 21,
V, = 2jI, + (4 + 2))L,
12 =3 +V,

0=(0+HNL+YV,
from which

[,=329/-102°  I,=1.13/-131.2°

V,=2.88/37.5° V,=1.6/93.8°

2.7 Conversion between Z- and Y-Parameters

The Y-parameters may be obtained from the Z-parameters by solving (1) for I, and L,. Applying Cramer’s
rule to (1), we get

V/ Z
1 = 22 V. — 12 V.
! DZZ : DZZ : (19)
L="Yuy luy
2 DZZ 1 D 2



whe;e D,,=7,7Z,,-Z,,Z,, is the determinant of the coefficient matrix in (1). By comparing (19) with (9)
we have

- “2
Y, D,,
-7
N V)
Y, D,,
(20)
-7
— %1
Y, D,,
Z
- 2n
Y, D,,

Given the Z-parameters, for the Y-parameters to exist, the determinant DZZ must be nonzero. Conversely,
given the Y-parameters, the Z-parameters are

2

Z),= D

where D =Y,,Y,, - Y,,Y,, is the determinant of the coefficient matrix in (9). For the Z-parameters of a
two-port circuit to be derived from its Y-parameters, D, should be nonzero.

EXAMPLE 4.6 Referring to Example 4.4, find the Z-parameters of the circuit of Fig. 4-5 from its Y-parameters.
The Y-parameters of the circuit were found to be [see (14)]

s+ 3 —s s+2
=356 Ye=Ya=3535  YoT3756

Substituting into (21), where Dy, = 1/(5s + 6), we obtain

Z,=s+2
Z,=17, =s (22)
Z,,=s+3

The Z-parameters in (22) are identical to the Z-parameters of the circuit of Fig. 4-2. The two circuits
are equivalent as far as the terminals are concerned. This was by design. Figure 4-2 is the T-equivalent of

Fig. 4-5. The equivalence between Fig. 4-2 and Fig. 4-5 may be verified directly by applying (6) to the
Z-parameters given in (22) to obtain the T-equivalent network.

2.8 h-Parameters

Some two-port circuits or electronic devices are best characterized by the following terminal equations:

V,=h, L +h,V,
(23)
I, =hyI +h,V,

where the hij coefficients are called the hybrid or h-parameters.



EXAMPLE 4.7 Find the h-parameters of Fig. 4-9.
This is the simple model of a bipolar junction transistor in its linear region of operation. By inspection, the terminal
characteristics of Fig. 4-9 are

V, =501, and I, = 3001, (24)
L 3001 I,
=AW\ S
50Q
v, v,
o o
Fig. 4-9
By comparing (24) and (23) we get
h,, =50 h,=0 h,, =300 h,,=0 (25)

4.9 g-Parameters

The terminal characteristics of a two-port circuit may also be described by still another set of hybrid
parameters as given in (26).

I =g,V +g,l,
(26)
V=g,V +eyl,
where the coefficients g, are called inverse hybrid or g-parameters.

EXAMPLE 4.8 Find the g-parameters in the circuit shown in Fig. 4-10.

. 103V, .
1 2
= AAN, G
10°Q
v, 100 v,
> 5
Fig. 4-10

This is the simple model of a field effect transistor in its linear region of operation. To find the g-parameters, we first
derive the terminal equations by applying Kirchhoff’s laws at the terminals:

At the input terminal: vV, = 10° I,
At the output terminal: V,=10(, - 107 V)
or =107V, and  V,=10L,-107"V, @7

By comparing (27) and (26) we get

9

g, =10" g,=0 g, =-107 g, =10 (28)



2.10 Transmission Parameters

The transmission parameters A, B, C, and D express the required source variables V| and I, in terms of the
existing destination variables V, and L,. They are called ABCD or T-parameters and are defined by

V, = AV, - BI,
(29)
I, =CV, - DI,
EXAMPLE 4.9 Find the T-parameters of Fig. 4-11 where Z and Z are nonzero.
I, I,
o—_— 7z, —0
+ +
\'A Z v,
o o
Fig. 4-11
This is the simple lumped model of an incremental segment of a transmission line. From (29) we have
\/ Z,+7,
A= V_ = Z— =1+ ZaYh
2101 =0 b
Vi
B = —I— = Z(l
21lv,=0
(30)
L
C = v = Yb
2l =0
L
D= 1 =1
2 v =0

4.11 Interconnecting Two-Port Networks

Two-port networks may be interconnected in various configurations, such as series, parallel, or cascade
connections, resulting in new two-port networks. For each configuration, a certain set of parameters may be
more useful than others to describe the network.

Series Connection

Figure 4-12 shows a series connection of two two-port networks a and b with open-circuit impedance
parameters Z and Z,, respectively. In this configuration, we use the Z-parameters since they are combined as

a series connection of two impedances. The Z-parameters of the series connection are (see Problem 4.10):

!_l. Ila IZa _!.2
o~ —= — o)
+ Vla t Za tVZa +

A\ V.

! I, Ly ?

+ +
— Vlb - Zb — V2b -
O O

Fig. 4-12



2,=12,,+2,,
2,=7,,+7,,
(3la)
Z, = Z21,a + Z21,b
Z,,= Z22,a + Z22,b
or, in the matrix form,
(Z]=1Z,]+1Z,] (31b)

Parallel Connection

Figure 4-13 shows a parallel connection of the two-port networks a and b with short-circuit admittance
parameters Y _and Y, respectively. In this case, the Y-parameters are convenient to work with. The Y-parameters
of the parallel connection are (see Problem 4.11):

Y, = Yll,a + Yll,b

Y, = le,a + le,b

(32a)
Y, = YZl,u + Y21,b
Yy, = Yzz,a + Y22,b
or, in matrix form,
[YI=[Y,]+1[Y,] (32b)
Ila
Y(l
+
v,
Y,
Fig. 4-13

Cascade Connection

The cascade connection of the two-port networks a and b is shown in Fig. 4-14. In this case the T-parameters
are particularly convenient. The T-parameters of the cascade combination are

A=AA,+BC,
B=AB,+BD,

(33a)
C=CA,+DC,

D=CB,+DD,

I, I, Iy, I, I, L
o= = - -~ = 2.,
Vi — Vi, T, _Vy Vi T, t A\ v,
- ° o ° o




or, in matrix form,

[T] = [T, [T, ] (33b)

4.12 Choice of Parameter Type

What types of parameters are appropriate for and can best describe a given two-port network or device?
Several factors influence the choice of parameters. (1) It is possible that some types of parameters do not
exist as they may not be defined at all (see Example 4.10). (2) Some parameters are more convenient to
work with when the network is connected to other networks, as shown in Section 4.11. In this regard, by
converting the two-port network to its T- and Pi-equivalents and then applying the familiar analysis tech-
niques, such as element reduction and current division, we can greatly reduce and simplify the overall circuit.
(3) For some networks or devices, a certain type of parameter produces better computational accuracy and
better sensitivity when used within the interconnected circuit.

EXAMPLE 4.2.9 Find the Z- and Y-parameters of Fig. 4-15.

I, 30 20

Fig. 4-15

We apply KVL to the input and output loops. Thus,

Input loop: V, =31 +31, + L)
Output loop: V, =71+ 2L, +3I, + L)
or V, =6l +3I, and V, =101, + 51, (34)

By comparing (34) and (2) we get

The Y-parameters are, however, not defined, since the application of the direct method of (10) or the conversion from
Z-parameters (19) produces D, = 6(5) — 3(10) = 0.

4.13 Summary of Terminal Parameters and Conversion
The various terminal parameters are defined by the following equations:

Z-parameters h-parameters T-parameters
Vi=Z, L, + 7,1, Vi=h, I, +h,V, V, = AV, - BI,

V,=7Z,]1, +27,], L,=h,I +h,V, I, =CV, -DI,

[V]=1[Z]1]
Y-parameters g-parameters
L =Y,V +Y,V, I =g,V +g,l,

L=Y,V+Y,V, V=8,V gL,
(Xl = [YI[V]



Table 4-1 summarizes the conversion between the Z-, Y-, h-, g-, and T-parameters. For the conversion
to be possible, the determinant of the source parameters must be nonzero.

Table 4-1
z Y h g T
7 7 Y, -Y), Dyp h 1 8 A Dyp
1 12 Dyy Dyy h,, h), g 8 C C
z D
7 VA _Y21 Y11 _h21 L g __ 88 i 2
2 2 Dyy Dyy h,, h,, g1 811 C C
Z22 _le Y Y L _h12 ﬁ g 2 _DTT
Dzz Dzz 1 12 h] 1 11 g22 g22 B B
Y
Ly Zy v v by D & L -1 A
Dzz Dzz 21 = hl 1 hl 1 g22 g22 B B
Dy Z, 1 -Y, b h L5353 g B D
Z,, Z,, Y, Y, 1 12 D, D, D b
h
~Z,, 1 Y, D, h h &) g1 -1 Cc
Z22 Z22 Y11 Y11 21 22 Dgg Dgg D D
L _le DYY h h22 _hlz g, g, E _DTT
. Z, Z, Yy, Y, Dy, Dy, A A
h Dzz _Y2] L _h21 hl 1 g, g, i E
Z, Z, Y, Y, Dy, Dy, A A
Z, Dy Yp 1 D “hy 1T &y A B
T Z,, Z,, Y, Y, h,, h,, g 8
1 Zy Dy Yy —h,, -1 2, Dy cC D
Z,, Z,, Y, Y, h,, h,, 85 851

DPP = P1 1P22 — P12P21 is the determinant of the coefficient matrix for the Z—, Y-, h—, g—, or T-parameters.

SOLVED PROBLEMS

4.1. Find the Z-parameters of the circuit in Fig. 4-16(a).
Z and Z are obtained by connecting a source to port #1 and leaving port #2 open [Fig. 4-16(b)].
The parallel and series combination of resistors produces

\/ v, 1
Z = =8 and 7, === ==
o, Lo 21 I, Lo

Similarly, Z,, and Z,, are obtained by connecting a source to port #2 and leaving port #1 open
[Fig. 4-16(c)].

Vl
= — Zl2=t

1,=0

The circuit is reciprocal, since Z , = Z,,.



=AM ——— AN ——1 =
6Q 40
v, 30 10 v,
_ 1Q _
(a)
I L=0
= AAA ANA——2 =
6Q 40
Source <> A\ § 3Q 10 Vv,
_ 1Q -
MV o
®)
L=0 I
o AAA—t———AANA——+ = o
6Q 4Q
v, 30 1Q v, C> Source
- 10 _
o - MV
(©)
Fig. 4-16

4.2. The Z-parameters of a two-port network N are given by
Z,=2s+1/s 7,=172, =2 Z,,=2s+4

(a) Find the T-equivalent of N. (b) The network N is connected to a source and a load as shown in the
circuit of Fig. 4-8. Replace N by its T-equivalent and then solve fori,i,u,and u.

(a) The three branches of the T-equivalent network (Fig. 4-4) are

7,=7,, -7Z,=2s+4-2s=4
Z,=72,=171,=2s
(b) The T-equivalent of N, along with its input and output connections, is shown in the phasor domain
in Fig. 4-17.
I, I,
: {———AW 0
30 jiQ 40 L
12£0° v, 2j Q \f
jiQ

Fig. 417



By applying the familiar analysis techniques, including element reduction and current division, to
Fig. 4-17we findi,i,u,andu.

In the phasor domain In the time domain:
I,=3.29/-10.2° i, =3.29 cos(t - 10.2°)
I,=1.13/-131.2° iy =1.13 cos(t - 131.2°)
V,=2.88/37.5° v, = 2.88 cos(z +37.5°)
V,=1.6/93.8° v, = 1.6 cos(t +93.8°)

4.3. Find the Z-parameters of the two-port network in Fig. 4-18.

I /3I< I
= AN (>4 AM—=0
* 40 NV 10 *
v, 10 v,
o 4 o

Fig. 4-18

KVL applied to the input and output ports results in the following:

Input port: V, =41, -3L+{, + L) =51 -2I,
Output port: V,=L+{,+L)=1I +2I,

By applying (1) to the above, Z,, =5,Z,,=-2,Z,, =1, and Z,, = 2.

4.4. Find the Z-parameters of the two-port network in Fig. 4-19 and compare the results with those of

Problem 4.3.
I, I
o—= MV NMN——
* 50 2Q +
v 21, <;> <f> I, Vv,
> ©
Fig. 4-19

KVL gives

V,=5[-21, and  V,=1I +2I,

The above equations are identical with the terminal characteristics obtained for the network of
Fig. 13-18. Thus, the two networks are equivalent.

4.5. Find the Y-parameters of Fig. 4-19 using its Z-parameters.
From Problem 4.4,

Z,=512,=-27,=1,72Z,=2



Since D, =Z,\Z,, - Z,Z, = (5Q2) - (-2)(1) = 12,

1 _ 2 1 _ 2 AT
=D, 126 YD, "12°6 Yu~D, T2 Y2°D, 12

4.6. Find the Y-parameters of the two-port network in Fig. 4-20 and thus show that the networks of
Figs. 4-19 and 4-20 are equivalent.

Il I2
o— 9 —0
+ +

A 6Q 1 1 240 v
1 V2 <f> Vi 2
= + ‘ o
Fig. 4-20

Apply KCL at the ports to obtain the terminal characteristics and Y-parameters. Thus,

Vl V2
Il’lpllt port: Il = F + T
vV, V,
Output port: 12 = 2— - E
1 1 -1 1 5
and Y=g Y=g YaTm Y2377 12

which are identical with the Y-parameters obtained in Problem 13.5 for Fig. 13-19. Thus, the two networks
are equivalent.

4.7. Apply the short-circuit equations (10) to find the Y-parameters of the two-port network in

Fig. 4-21.
I I,
o—= A'A"A% —0
* 120 *
v, 12Q Lv, 30 v,
o e o \ o
Fig. 4-21
11 1
=Y,V |Vf° = [E + E]V1 or Y, =<
vV, V 1 1 1
= = 2 —_2 = — — — = —
L= Y12V2|V.=0 12 (4 12]V2 or Y=g
L=Y\V Y y =1
27 ol 1|v2:0 T 12 or 217 12
vV, V 1 1 5
- 2, 1. 1 -
I, = Y22V2|VI:0 = (3 + 12]V2 or Y, =



4.8. Apply KCL at the nodes of the network in Fig. 4.21 to obtain its terminal characteristics and
Y-parameters. Show that the two-port networks of Figs. 4.18 to 4.21 are all equivalent.

vV, V-V, YV,
Input node: I = R e
VvV, V,-V,
Output node: 12 == + 5
1 1 1 5
IIZEVI +gV2 12:—ﬁV1 +EV2

The Y-parameters observed from the above characteristic equations are identical with the Y-parameters of
the circuits in Figs. 4.18, 4.19, and 4.20. Therefore, the four circuits are equivalent.

4.9. Z-parameters of the two-port network N in Fig. 4.22(a) are Z = 4s, Z =7 = 3s, and Z = 9s.
(a) Replace N by its T-equivalent. (b) Use part (a) to find input current i, for v, = cos 1000z (V).

(a) The network is reciprocal. Therefore, its T-equivalent exists. Its elements are found from (6) and
shown in the circuit of Fig. 4.22(b).

i
+ox
+ o

t

<
z
&

C
6 k)
(@)
N
|- —————————— 1
I, | |
-— —Y Y Y Y Y Y I °
| s 6s |
1 |
| 3s |
1 |
1 |

6 kO

[ ]

@ g

(b)

Fig. 4.22



Z,=7, -Z,=4s-3s=s

Z,=7,, -7, =9s—3s=06s
2.=2,=12,=3s

(b) We repeatedly combine the series and parallel elements of Fig. 4.22(b), with resistors being in kQ
and s in krad/s, to find Z, in kQ:

(Bs +6)(6s +12)

Z,6)=V, = GerIg— = 3s+4  or  Z,()=3j+4=5/36.9°kQ

and i, = 0.2 cos(10007 — 36.9°) (mA).

4.10. Two two-port networks a and b, with open-circuit impedances Z and Z , respectively, are connected

13.11.

in series (see Fig. 4.12). Derive the Z-parameter equations (31a).
From network a we have

Vla le aIIa + Z12 aIZa
i Z21 Jdia T Zzz oo

From network b we have

Vio =2y Ly, + 2y, L,

Yy = Z21 oy + Z22 plap

From the connection between a and b we have
L=1,=1, Vi=Vie t Vi

=1

2 2 = Ly V,=V,, +V,,

Therefore,
Vi=@y + Ly )L+ 2y 2y, )]

V2 = (Z21,a+ Z21,b)Il + (Z22,a + Z22,b)12

from which the Z-parameters (31a) are derived.

Two two-port networks a and b, with short-circuit admittances Ya and Y b respectively, are connected

in parallel (see Fig. 4.13). Derive the Y-parameter equations (32a).
From network a we have

II - YllaV +Y]2aV

L, =YY+ Y, .V,

2l,a "la

and from network b we have

I - Yll bVlb + Y12 hV

L,=Y,,V, + Y5,V

From the connection between a and b we have
Vi=Vi.=V, L=I,+1,

V,=V,, =V, L=1,+L,

2 2a

Therefore,

I _( lla lb)V +( 12a 12,b)V2

( 21a 21 h)V +( 22a 22,b)V2

from which the Y-parameters of (32a) result.



13.12. Find (a) the Z-parameters of the circuit of Fig. 4.23(a) and (b) an equivalent model which uses three
positive-valued resistors and one dependent voltage source.

I 210, I, I 2l I,
: OD—1—WA—— M —A—o
20 30 " 40 50 *
v, 20 vV, V, v,
o 2 o o o
(a) )
Fig. 4.23

(a) From application of KVL around the input and output loops we find, respectively,

V, =20, - 21, +2(1, + 1) = 41,

V, = 3L, + 2, + 1) = 2I, + 51,

The Z-parameters are le =4, le =0, Z21 =2, and Z22 =5.
(b) The circuit of Fig. 4.23(b), with two resistors and a voltage source, has the same Z-parameters as the

circuit of Fig. 4.23(a). This can be verified by applying KVL around its input and output loops.

4.13. (a) Obtain the Y-parameters of the circuit in Fig. 13-23(a) from its Z-parameters. (b) Find an
equivalent model which uses two positive-valued resistors and one dependent current source.

(a) From Problem 13.12,Z,,=4,2,,=0,Z, =2,7,,=5,andsoD,, =7, Z,, - Z ,Z,, = 20. Hence,

— 1 _ 11 _4
20 10 Yo=p,_=7%

S 1

20 5

(b) Figure 13-24, with two resistors and a current source, has the same Y-parameters as the circuit in
Fig.13-23(a). This can be verified by applying KCL to the input and output nodes.

4.14. Referring to the network of Fig. 4.23(b), convert the voltage source and its series resistor to its
Norton equivalent and show that the resulting network is identical to that in Fig. 4.24.
The Norton equivalent current source is I, = 2/,/5 =0.41,. But I, = V,/4. Therefore, I, =0.41, =0.1V.
The 5-Q resistor is then placed in parallel with I;. The circuit is shown in Fig. 13-25 which is the same
as the circuit in Fig. 13-24.

1,=0.1V,
I, L, I, A I,
o — o ———0 O— —0
¥ ¥ ¥ MWV~ v +
4Q
1 A%
A\ 40 § ol sQ vV, v, 5Q v,
o 7S ) o o

Fig. 4.24 Fig. 4.25



4.15. The h-parameters of a two-port network are given. Show that the network may be modeled by the
network in Fig. 13-26 where h |, is an impedance, h, is a voltage gain, h,, is a current gain, and h,,
is an admittance.

I, L
Oo—— hy, —0
+ +

+
v, _hpV; hy I | by, v,
o * * o
Fig. 4.26

Apply KVL around the input loop to get
Vi=h, L, +h,V,
Apply KCL at the output node to get
L=hy,I +h,V,
These results agree with the definition of h-parameters given in (23).

4.16. Find the h-parameters of the circuit in Fig. 4.25.
By comparing the circuit in Fig. 4.25 with that in Fig. 4.26, we find

~-1
h,=4Q,  h,=0, h,=-04,  h,=1/5=02Q

4.17. Find the h-parameters of the circuit in Fig. 4.25 from its Z-parameters and compare with the results
of Problem 4.16.

Refer to Problem 4.13 for the values of the Z-parameters and D . Use Table 4.1 for the conversion
of the Z-parameters to the h-parameters of the circuit. Thus,

The above results agree with the results of Problem 4.16.

4.18. The simplified model of a bipolar junction transistor for small signals is shown in Fig. 4.27.
Find its h-parameters.

BII 12

-

+0

S

Vi v,

Fig. 4.27

The terminal equations are V, = 0 and I, = fI,. By comparing these equations with (23), we conclude
that h11 = h12 = h22 =0 and h21 =B.



4.19. The h-parameters of a two-port device H are given by
—4 -6 -1
h,=500Q  h,=10 hy, =100  h,=2(10"Q

Draw a circuit model of the device made of two resistors and two dependent sources. Include the values
of each element.

From a comparison with Fig. 4.26, we draw the model of Fig. 4.28.

L 500 I,
o— ——0
+ +

v, 10-4V, 1001, 500kQ vy,
o o
Fig. 4.28

4.20. The device H of Problem 4.19 is placed in the circuit of Fig. 4.29(a). Replace H by its model of
Fig. 4.28 and find V /V.

1.5kQ
ANN— .
Vs H v, 1kQ
(@)
1.5kQ 500 Q)
fl’ +
\A 10-4V, 1001, 500 k) v, ? 1kQ
()]
—— AN - .
\/ +
V Vv, 1kQ

(©
Fig. 4.29

The circuit of Fig. 4.29(b) contains the model. With good approximation, we can reduce it to
Fig. 4.29(c) from which

I, = V/2000 V, = —-1000(1001I,) = —1000(1 OOVS/ZOOO) =-50V,
Thus, V,/V_=-50.



4.21. Aload Z is connected to the output of a two-port device N (Fig. 13-30) whose terminal characteristics
are given by V, =(1/N)V, and I, = —NI,. Find () the T-parameters of N and (b) the input impedance

Z. =V,
I I
— = o
¥ +
vV, zZ, N Vv, 7,
S R
Fig. 4.30

(a) The T-parameters are defined by [see (29)]

V,= AV, - BI,

I,=CV,-DI,
The terminal characteristics of the device are

V, = (IIN)V,

I, =-NI,

By comparing the two pairs of equations we get A=1/N,B=0,C=0,and D=N.

(b) Three equations relating V, I,, V,, and L, are available: two equations are given by the terminal
characteristics of the device and the third equation comes from the connection to the load,

V,=-7,1,

By eliminating V, and L, in these three equations, we get

2 . 2
V,=Z,1,/N from which Z.=V,/1,=7,/N

SUPPLEMENTARY PROBLEMS

4.22. The Z-parameters of the two-port network N in Fig. 4.22(a) are Z = 4s, Z =Z = 3s, and Z = 9s. Find
the input current i, for v_= cos 1000z (V) by using the open circuit impedance terminal characteristic equations
of N, together with KCL equations at nodes A, B, and C.

Ans. i, =0.2 cos (10007 - 36.9°) (A)

4.23. Express the reciprocity criteria in terms of h-, g-, and T-parameters.
Ans. h,+h, =0,g,+g, =0,and AD-BC=1

4.24. Find the T-parameters of a two-port device whose Z-parameters are Z =s, Z =Z = 10s, and Z = 100s.
Ans. A=0.1,B=0,C=10"/s,and D= 10

4.25. Find the T-parameters of a two-port device whose Z-parameters are Z = 10 s, Z =7 = 10s,and Z=10s.
Compare with the results of Problem 4.21.

Ans. A=0.1,B=0,C= 107/ and D = 10. For high frequencies, the device is similar to the device of
Problem 13.21, with N = 10.



4.26. The Z-parameters of a two-port device N are Z =ks, Z,,=Z,, = 10ks, and Z,, = 100ks. A 12 resistor is

connected across the output port (see Fig. 4.30). (a) Find the input impedance Z =V /I and construct its
equivalent circuit. (b) Give the values of the elements for k=1 and 10 .
ks 1

Ans. (@) Ziy = T3700ks ~ 100 + ks
The equivalent circuit is a parallel RL circuit with R = 107Qand L=1KkH.
_ _ 1 _ 6 1 6
(b) Fork=1, R = 100 Qand L=1H.Fork=10", R = 100 Q and L=10"H.

4.27. The device N in Fig. 4.30 is specified by the following Z-parameters: Z . =NZ ”and
Z,=2, =Z,Z,, =NZ, FindZ =V /1 whenaloadZ, is connected to the output terminal. Show

thatif Z,, > ZL/N2 we have impedance scaling such that Z, = ZL/NZ.

Z

Ans. Z,=-—5—Lt—— ForZ <« N*Z ,Z_ =17 IN".
N’ +Z,/Z,, L in L

11’

4.28. Find the Z-parameters in the circuit of Fig. 4.31. Hint: Use the series connection rule.

Ans. 7L, =72, =s+3+1/s,Z,=7, =s+1

I, 20 I,
o~ o A Ps —0
° Wv 0
40 4Q
L
20

v A}

1 1

s s

s
o < o
Fig. 4.31

4.29. Find the Y-parameters in the circuit of Fig. 4.32. Hint: Use the parallel connection rule.
Ans. Y, =Y,,=9(+2)/16,Y,=Y, =-3(s +2)/16

ool
los]
AY !
7/
AY |
VAl
oolWw
los]

Fig. 4.32

4.30. Two two-port networks a and b with transmission parameters T and T are connected in cascade (see Fig. 13-14).
Givenl, =-I,, and V, =V, find the T-parameters of the resulting two-port network.

Ans. A=AA,+BC,B=AB,+BD, C=CA,+DC, D=CB, +DD,



4.31. Find the T- and Z-parameters of the network in Fig. 4.33. The impedances of the capacitors are given. Hint:
Use the cascade connection rule.

Ans. A=5j-4,B=4j+2,C=2j—4,andD=/3,Z, = 1.3~ 0.6}, Z), =03~ 0.6}, Z,=Z, =— 0.2~ 0.1]

I 10 10 10 I,

g*'\/\/\/I'\N\'I'\NVI“g
v, i ,[

Fig. 4.33

4.32. Find the Z-parameters of the two-port circuit of Fig. 4.34.

1 1
Ans. Ly, =Ty =52, +1,), Ly =2y =5(Z,~1,)

Fig. 4.34

4.33. Find the Z-parameters of the two-port circuit of Fig. 4.35.

2
1Z,0Z,+Z,) 1 Z

— b
n=27Z +Z,

Ans. 7 =17 = Em

Fig. 4.35

4.34. Referring to the two-port circuit of Fig. 4.36, find the T-parameters as a function of w and specify their values
at =1, 10°, and 10° rad/s.

Ans. A=1-10" @ +j10° 0, B=10" (1 + jw), C = 10° jo, and D = 1. At @ = 1 rad/s, A = 1,
B=10"(1+/),C=10"j,andD=1. Atw=10°rad/s,A = 1, B = j,C=10"j,and D= 1. At @ = 10° rad/s,
A=-10°,B=10°j,C=j, andD = 1.



I, 1030 10 H I,

= AN, =

* +

v, 106 F ,[ v,

o .- )
Fig. 4.36

4.35. A two-port network contains resistors, capacitors, and inductors only. With port #2 open [Fig. 4.37(a)], a unit
step voltage v, = u(?) produces i, = e~u(r) (LA) and v, = (1 - e Nu(r) (V). With port #2 short-circuited
[Fig. 13-37(b)], a unit step voltage v, = u(z) delivers a current i, = 0.5(1 + eiZt)u(t) (uA). Find i, and the
T-equivalent network. Ans.  i,=0.5(=1+ ¢ jiy7) fsee Fig. 437(c)]

i i i
L 0 4
" RLC v, oy RLC
)
(a) ®)
3 1 MQ 1 MQ 5]
——AW\ I MN—
vy ,[ 1 uF %)
o o o

(9]

Fig. 4.37

4.36. The two-port network N in Fig. 4.38 is specified by Z=2,Z=7Z=1, alnld 7= 41.2FindZII, I, and L. ’
Ans. 1, =24A,,=15A,and;=65A

30
MV
t,
30
— N —
YWy T T

V, =141 V(f) v, v, gen

[ ]

Fig. 4.38
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UNIT -1
TWO PORT NETWORKS

1. Asymmetrical Networks

If a network is asymmetrical the input and output terminals cannot be interchanged
without affecting the electrical properties of the network. In this situation the characteristic
impedance has a different value when looking at either input or output. In this situation we

have to introduce the concept of the image impedance.
2.Image Impedance

It is the impedance which when connected to the input and the output of the transducer
makes both the impedances equal at the input and the output terminal. It is basically the
concept which is used in the field of the network analysis and design and also in filter
design methods. It applies to the seen impedance which is determined by looking through

the ports of the network.

The Two-port network shown in Fig.3.1 describes the concept of the image impedance in

the better way.

Two port f
active Vi Z
Network I

Fig.3.1 Two port network
The impedance zi1— when considered from the port 1

Ziz—image impedance when considered from the port 2

The image impedance will not be equal until the network is the symmetrical network or

anti-symmetrical with respect to the ports.



Characteristic impedance

The characteristics impedance also known as the surge impedance is usually considered in
the case of the transmission line and is represented as Zo. The characteristics impedance is
defined as the ratio of the amplitude of the voltage and the current taking the consideration
of the single wave through the line. The surge impedance is usually allocated through the
transmission line with its geometry and the material. It is to be noted that this impedance is

independent of the line length.SI unit — ohm
Iterative impedance

It is defined as the particular value of the load impedance which has the ability to produce
an input impedance with the value as same as the value of the load impedance. In the two
ports system when it is connected at the one end then it produces equal impedance when

looking at each other.
Image transfer coefficient

It is usually considered for the linear passive type of the two-port network, such network
must be terminated with the image impedance of the network. Let

V1 —voltage at the input terminal

I1 — current at the input terminal

I2_current at the output terminal

V2 — voltage at the input terminal

Hence, the image transfer coefficient can be calculated as half the logarithm of the product
of V1 andl: divided by the product of the V2 and I2.

Propagation constant

This constant is usually considered for the wave and is defined as change in the phase angle
with respect to the per unit change in the distance travelled by the wave. In other words we
can say the rate of the change in the phase of wave with distance. This constant is

represented by the term K.



Image Impedance for asymmetrical ‘T’ Network

Let Zi1 & Zi2 be the image impedance of asymmetrical T network.

Fig a Fig b

Fig 2.2. Image Impedance of Asymmetrical T network
From Fig 2.2. a
Zin =(Za+Zc)ll(Zs+Zi2)
By Simplifying
Zii(Zs+Zc)+ZinZio-Y ZaZs-Zio(ZA+Zc)=0--mnnmmmmmmmmma- 1
From Fig 2.2.b
Zio= (Za+Zin)llZc+Zs
By Simplifying
Zio(Za+Zc)+ZinZio-Y ZaZp-Zit(Zs+Zc)=0----n-mnnmmmmme- 2
Add land 2
ZinZi=) I.nZp---------------- 3
Sub land 2
ZillZio=ZA + Zc | ZB + Zg-—--====mmmmm- 4

MULTIPLY 3 and 4

Zu= |52,27,[ Zat Ze
Zy+ Zc




Divide 3and 4

Z+Z
Zi= Z,.Zs
I\/Z Z+Zj

Image Impedance for asymmetrical ‘n’ Network

[ 1
L | .
Fig a Fig b
Fig.2.3 Image Impedance for asymmetrical ‘7’ Network
From Fig 2.3.a

Zin =ZcllZia+ Za

By Simplifying

ZinZc+ZinZiz -Zio(Za+Zc)- Za Zc =0---------------- 1
From Fig 2.3.b

Zio= (Za+Zin)ll Zc.

By Simplifying

Zio(ZatZc)+ZinZiz -ZinZc- Za Zc =0---------------- 2
Add land 2

ZitZip=Z AZC---=-=========== 3

Sub land 2

ZitlZia=Zn + Zc | Zc---------------- 4

MULTIPLY 3 and 4



Zi=JZ(Z A+ Z&)

Divide 3and 4

Z
Zic= Z =
Z, + Z.

Iterative Impedance for asymmetrical ‘T’ Network

= - [

Fig.2.4 Iterative Impedance Zu for asymmetrical ‘T’ Network

Zun = Za+(Zs + Zu)llZc

(Za- Z) (2o - 2P +4(22,2,)

Z. =
tl 2

Fig.2.5 Iterative Impedance Zw for asymmetrical ‘T’ Network

Zi= Za+(Zs + Zv)llZc

e zB)+\/(zA2— Z,) +4(X2,2,)

t2



Iterative Impedance for asymmetrical ‘a’ Network

L

L |
I

]

Fig.2.6 Iterative Impedance Zu for asymmetrical ‘r’ Network

Zu = Za+ ZullZc

. Zpo+y 2,2 442,27,

1 2

Fig.2.7 Iterative Impedance Zw for asymmetrical ‘r’ Network
Zw= (Za+ Zw)llZc

~ —Z,+\Z,2+42,7,

t2 = 2




Iterative Impedance in terms of ABCD parameter

L L.

Fig.2.8 Iterative Impedance for Zii open

Vo=-12Zi2

Zii=V1/lh

CONSIDER LINEAR EQUATION FOR ABCD
V1=AV2-Bl2--------mmmmmmmmmme e 1
11=CV2-Dlo------mmmmmmmmmmmmeeee 2

Divide Equation 1 by 2

Z,A+B
q = e 3
Cz,+D
I I
zo | | I N I z
Fig.2.9 Iterative Impedance for Ziz open

Ziz=V1/l2
Vi=-11Zi1



g [ZeAB] .
cz,-D

Rearranging Equation 3 & 4
CZi1Zio+DZio=AZir+B-------mmemmmee- 5
-CZi1Zi2+DZi1-AZiz+B=0 ---------nnmn--- 6

Adding equation 5 & 6

Multiply equation 7 and 8

, _ [AB
CD

Divide Equation 7 by8
Z, = %
\] CA

Lattice and bridged network

A network that is made up of four branches connected in series to form a mesh; two
nonadjacent junction points serve as input terminals, and the remaining two junction
points serve as output terminals. The lattice networks are being widely used in the areas
like grid computing, sensor networks and in many more areas. The main points which

highlights the lattice networks are

1. Its optimal routing policies



2. limits on the capacities of its elements
3. Its performance with the finite amount of the buffers

A Dbridge-T network has a fourth branch connected between an input and an output

terminal and across two branches of the network.

Insertion Loss

The insertion loss can be explained as the loss in load power because of the insertion of a
particular component or device in a transmission system. It is represented in the ratio of
the decibels of the power received at the side of the load before the insertion of the
component to the power received at the load side after the insertion of the component or

the device.

LATTICE NETWORKS

One of the common four-terminal two-port networks is the lattice, or bridge network,
shown in Figure 2.10 (a). Lattice networks are used in filter sections and are also used as
attenuators filter and attenuators. Lattice structures are sometimes used in preference to
ladder structures in some special applications. Za and Zgq are called the series arms; Z » and
Z c are called the diagonal arms. The lattice network is redrawn as a bridge network as
shown in Figure 2.10 (b). It can be observed that if Zq is zero, the lattice structure as shown
in Figure 2.10 (c).

Z-parameters,

A
Lll o l 1320.

When

- P @AZYZt+Z)
=0, V;=1, 2o F Tt 2. +Z3)



+1 VWA 2+

1o VAN 02

Fig.2.10 Lattice networks

Therefore

I 1 - (Za’{' Zb.)(zd" Zc.)
1 D AL T

If the network is symmetric, then Za = Zd4, Zb = Z¢

Therefore
— Za"’zb
Z“ - 2
5
Zy =¥ .
21 Il 12:0

When 12 = 0, V2 is the voltage across 2-2

z Zg
=V 2 - 2.
Vi W z+2, Z.+Z4

Substituting the value of V 1 from Equation, we have

10



% | WZAZNZa+Z,) ZyZ A2 D)=L A2, +Zy)
2 T ZATiHZAT. ZHZNEFZD
Vo | 22 AZ)-Z,Z42y) | .  ZyZ L2,
L, Zot+Zs+24+24 T 2 +ZutZ2 42,
Therefore
Z — Zch"ZaZd
A= 2,42,42.+4Z,

If the network is symmetric, Za=2Z4,Zb=2Z¢

— Zb_Za
Z21 — 2

When the input port is open, 1 1 =0,

=V

The network can be redrawn as shown in Figure 2.11

7 z
MESN
Vi 2| 747, Zy+Zy

— (za+zr}(zd+zb}
Vi= VE[ Z AZo+Z +T 4 ]

11



s Z,

- |
Vv, 1| - v, - |1
Z, 2;

X py

Fig.2.11 Modified Lattice networks

Substituting the value of V2 into V1, we get

1 - Zat+Zs+ 2422

Vi . Z2,-Z.2,
I,  Z +Zs+Z.AZ;°

If the network is symmetric, Za=2Z4,Zb=2Zc,

vy _ 237
L~ 2Z,+Z)

Therefore
r - Zb_za
ZIZ - 2

. Vo
222 o 12 12:0
We have

y_g_ L (Za I'Zc)(zd t Zb)
I_’_ o Za+Zd+ZC+Zd

If the network is symmetric, Za=Z

12



nt and T networks

Transforming from z to T and vice versa
Any pi network can be transformed to an equivalent T network. This is also known as the
Wye-Delta transformation, which is the terminology used in power distribution and

electrical engineering. The =& is equivalent to the Delta and the T is equivalent to the Wye

(or Star) form.
ot P ot Port P ort
1 2 1 2
Fig.2.12 & Network Fig.2.13 T Network

The impedances of the « network (Za, Zb, and Zc) can be found from the impedances of

the T network with the following equations:

Za= ( (Z1*Z2)+(Z1*Z3)+(22*Z3)) | Z2
Zb = ( (Z1*Z2)+(Z1*Z3)+(Z2*Z3)) | Z1
Zc = ( (Z1*Z2)+(Z1*Z3)+(22*23) ) | Z3

Note the common numerator in all these expressions which can prove useful in reducing

the amount of computation necessary.

The impedances of the T network (Z1, Z2, Z3) can be found from the impedances of the

equivalent pi network with the following equations:

Z1l= (Za* Zc)/ (Za+ Zb + Zc)
Z2 = (Zb* Zc) | (Za + Zb + Zc)
Z3= (Za*Zb)/ (Za+ Zb + Zc)

13



The Twin-T Bridge

The twin-T bridge shown in Fig. 2.14 is frequently used as a feedback element in selective
amplifiers, oscillators and for many other purposes. It consists of two T-circuits connected
in parallel. The analysis of this circuit is best carried out by transforming both T into

equivalent IT-connection and connecting them parallel as shown in Fig. 2.15, where

R R
Al —
Uin” ¢ R I-r'llr.lul

Fig.2.14 Twin —T bridge network

Z, =R+ jelR).

jot

E T
U | 125 | |25 2|z Une  Unp |24 7 Vs
& ) o &

Fig 2.15 T to m bridge network Fig 2.16 Simplified T to & bridge network

14



Adding the impedances in Fig.2.15 in parallel we get a new circuit as shown in Fig.2.16

- | ol K
Z5 m2p— IR
- CiR
'
zywzzwl| R4 L]
20 jeax

The complex transmission coefficient is

U ) Z l=a C R’

The absolute value of transmission coefficient is given by

-’ C’R* _

Kma;=—U“"r‘ J=| ”Z:' ”|=
Uppl@) |25+ 27|

Ji-0c? ) + acry

where ®0 = 1/(RC). If the resistors and capacitors in Fig. 2.14 are fixed, the output voltage
is dependent on the frequency of the input voltage. The dependence of Uout (®/®0) is
shown in Fig. 2.17.

L'Ic!.ll

[I)-'r(:}n_:

Fig.2.17 Dependance of Uout

15



We see, that there is a single frequency

T amRC

at which the output voltage is zero. In the vicinity of this frequency the circuit behaves
itself as a resonant circuit with relatively high Q- factor. The circuit is particularly useful at
low frequencies where the equivalent RLC-circuit request large values of L and C.

Bartlett's Bisection Theorem

It is an electrical theorem in network analysis due to Albert Charles Bartlett. The
theorem shows that any symmetrical two-port network can be transformed into a lattice
network. The theorem often appears in filter theory where the lattice network is sometimes
known as a filter X-section following the common filter theory practice of naming sections

after alphabetic letters to which they bear a resemblance.

The theorem as originally stated by Bartlett required the two halves of the network to be
topologically symmetrical. The theorem was later extended by Wilhelm Cauer to apply to
all networks which were electrically symmetrical. That is, the physical implementation of
the network is not of any relevance. It is only required that its response in both halves are

symmetrical.

Applications of Bartlett's Bisection Theorem

Lattice topology filters are not very common. The reason for this is that they require
more components (especially inductors) than other designs. Ladder topology is much more
popular. However, they do have the property of being intrinsically balanced and a

balanced version of another topology, such as T-sections, may actually end up using more

16
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inductors. One application is for all-pass phase correction filters on balanced
telecommunication lines. The theorem also makes an appearance in the design of crystal
filters at RF frequencies. Here ladder topologies have some undesirable properties, but a
common design strategy is to start from a ladder implementation because of its simplicity.
Bartlett's theorem is then used to transform the design to an intermediate stage as a step
towards the final implementation (using a transformer to produce an unbalanced version

of the lattice topology).

o— = o
—o

%N 72N

m
—_—
v
o
—
m

T
l

7N

[ s
i

7N lE

—0

Fig.2.18 Bartlett's bisection theorem
Definition

Start with a two-port network, N, with a plane of symmetry between the two ports.
Next cut N through its plane of symmetry to form two new identical two-ports, %N.
Connect two identical voltage generators to the two ports of N. It is clear from the
symmetry that no current is going to flow through any branch passing through the plane of
symmetry. The impedance measured into a port of N under these circumstances will be the

same as the impedance measured if all the branches passing through the plane of symmetry
17
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were open circuit. It is therefore the same impedance as the open circuit impedance of %2N.

Let us call that impedancezm.-.

Now consider the network N with two identical voltage generators connected to the ports
but with opposite polarity. Just as superposition of currents through the branches at the
plane of symmetry must be zero in the previous case, by analogy and applying the principle
of duality, superposition of voltages between nodes at the plane of symmetry must likewise

be zero in this case. The input impedance is thus the same as the short circuit impedance of

%N. Let us call that impedanceZsc.

Bartlett's bisection theorem states that the network N is equivalent to a lattice network

with series branches of Zsc and cross branches of Zm.-.

Proof

Consider the lattice network shown with identical generators, E, connected to each port. It
is clear from symmetry and superposition that no current is flowing in the series

branchesZsc.

18
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—0—.—:'—.—0—
Zsc

Fig.2.19 Lattice network

Those branches can thus be removed and left open circuit without any effect on the rest of

the circuit. This leaves a circuit loop with a voltage of 2E and an impedance of 2Z o giving
a current in the loop of;

2F
I = —
220
and an input impedance of;
E
_ == ZDC
I

as it is required to be for equivalence to the original two-port.

Similarly, reversing one of the generators results, by an identical argument, in a loop with

an impedance of 2Z<c and an input impedance of;

E
_:Zsc
I

Recalling that these generator configurations are the precise way in
which Zoc andZsc were defined in the original two-port it is proved that the lattice is
equivalent for those two cases. It is proved that this is so for all cases by considering that all
other input and output conditions can be expressed as a linear superposition of the two

cases already proved.

19



Interconnections of two-port networks

Two-port networks may be interconnected in various configurations, such as series,
parallel, cascade, series-parallel, and parallel-series connections. For each configuration a

certain set of parameters may be more useful than others to describe the network.

Series Connection

Figure shows a series connection of two-port networks N a and N b.

]
+ l!a l"a :
O—————] -~
Iy ! N, 3 E I
: _ l4a z,) l?a_ :
: :
| |}
Vi : ' V2
]
|
: Iy _'25 :
L Rl OB B
1 1ib 2b
Z )
-0 : = [ bl = : 0 -
| ]
|

Figure.2.20 Series connection of two two-port networks

For network N j,

¥ia Zita Zaz2a || la

\'!2(1 Z‘zla Z’?.?.a I?.a
Vhr = xlmllu + IIEHIZa
Ve =Za1al1a+ L2241 24

For network N p,

Vlb leb 7'121; I]b
Vap Zow Zpb || 1y

20



Vie =2yl + Zi2slas
Vap=Zaplip + Zaalap
The condition for series connection is
Li,=1, =1, and 1, =15, =1, (current same)
Vi=Vi+ Vi
E‘rz — Vza ‘E" Vzb
Putting the values of V 1a and V 1b into V1,we get
Vi =Zndiat Zizdlaat+ Zishis + Z12slap

= leaIl + ZIZaI?, + lebll + Zl?.bl?. [Ila = Ilb — Il? IZa — I2b — 12]
Vi =ua+Zyup)h + (Zy2g+ Zy3p)]s

Putting the values of V 2a and V 2» into V2, we get

Vo= (Za1g + Zop)ly + (L + Loap)]n.

The Z-parameters of the series-connected combined network can be written as
Vi =Zyh+Zp],

\"'2 - 22111 + Z‘_)zl:};

where

21 =Zyat+Zy
2,2 =2yt 2Ly
Zyl =Zna+Zyy
202 =Zya+Zyy

or in the matrix form,

[Z] = [Z4] + [Z,4]-

21



The overall Z-parameter matrix for series connected two-port networks is simply the sum

of Z-parameter matrices of each individual two-port network connected in series.

Parallel Connection

A parallel connection of two two-port networks N a and N b is shown in Fig.2.21. The
resultant of two admittances connected in parallel is Y 1 + Y 2. So in parallel connection, the

parameters are Y-parameters.

1 1
+ O : IH kn : O +
H * N, 2 : I
Vi : Via Vaa : vz
A Ia vl L -
1 1
1 1
1 1
|} 1
| ;
1 L‘Ib L?:) 1
! - - 1
: : . :
2
: —lb [YbJ B :
] 1
) 1

Figure.2.21 Parallel connections for two two-port networks
For network Na,

I]u Y 1la h! 12a N la
L, Youa Y224 || V2a
Or

'I]r.r = Yﬂavm + Yliuvla

Iy = Y214Vt Y224V 20

For network Np,

22



Lip Yie Y || Vs

L Yo, Yoo || Vb
Lip=Y115Vie+ Y12V
Ly =Y Vip+ YoV
Now the condition for parallel,
Via=Vis=Vi. Vy,=V,, =V, [Same voltage]
and
L =1+ 1
1y =15+ Igp

I =YnaViat Y12aVaa+ Y1pVis + Y125V
=Y11aV1+ Yi2aV2 + Y1 Vi + Y12 V2

i = (Yia+ Y1) Vi + (Yia + Y12 V2

Similarly,

Iy =(Ya1a+ Y1) Vi + (Yo2a + Y2250 V3

The Y-parameters of the parallel connected combined network can be written as
L =YpVi+YRY,

L, =YuVi+YnV,

Where

Y11= Y1ia+ Yiib

Y12 = Y12a + Y12p

Y21 = Y21a + Y21b

Y22 =Y2a+ Y22

23



Y =[Ya] +[Yb]

Cascade connection of two port networks

Consider two networks N’ and N’’ are connected in cascade as shown in figure 2.22.
When two port are connected in cascade, we can multiply their individual transmission

parameter to get overall transmission parameters of the cascade connection.

Iy 1y -1y 'I.l' -Iz' -l
Tl S Metwork " B Mertwork _—7 | -—o*
Vy vy vy vy vy v,
- 1- N* =1 1. N® =1 o=

Figure.2.22 Cascade connections for two two-port networks

Let the transmission parameters of network N’ be A’, B’, C’, D’. Let the
transmission parameters of the network N°° be A”’, B”’, C”°, D”’. Let the overall
transmission parameters of the cascade connection be A, B, C, D. For cascade connection

we have,

V1 =Vil, Vol = Vill Vo = Vol

1= 14 12 = -1, 12 = 12,

For the network Ni!, transmission parameter equations are
Vo= ATV e B (-13)
h = CVi+D (1)

For the network N1!!, transmission parameter equations are,
Vo= ATV BT (-I3)

F = CV+D (-15)

The overall transmission parameters of the cascade connection can be written as,

)= e Jlsle Sl lle o)l

L

fti Bﬂ
¢ D

A B

A B
)

c D




. |A B |[AT B[%]
¢ bp|lC D‘,,-I.-‘

Hence, the transmission parameters for the cascaded two port network is simply the matris

product of the transmission parameter matrix of each individual two port network,

Problems
1. A network has the following open-circuit and short circuit impedances:
Z10c= (600+j300)Q, Z20:500Q, Z1sc=(500+j400)Q, Zosc=(450+j150)Q
Find its image parameters.
Solution:
Z11=V/(600+j300)(500+j400)
=552.05+j353
Z12=\ Zaoc Z2sc
= 480.7+j78.02
Tanh8==V Zise/ Zioc

2. The Z parameters of the two port are Zi1 =10 Q, Z2 =15Q, Z12=Z21=5 Q .Compute the

equivalent T network ABCD parameters.
Solution:

ABCD parameters

A=Z11/ Z21=3Q

B=Az/ Z21=70Q

C=1/ Z21=.2
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D= Z22/ Z21=5
Equivalent T network
Z11=Za+Zc=15
Z12=21=2c=5

ZA=10

Zn=2p+Zc

ZB=20

3. Two networks have been shown in figure. Obtain the transmission parameters of the

resulting circuit when both the circuits are in cascade.

100 100 100 100
e——AAN AN © o—ANN AMN ]
gm 1002 ém 100
Circuit 1 Circuit 2
Solution :

Consider the network as shown in circuit 1

-—F|1 -— Iz
1 100 100 2
+ —AMA AV o +

LI - ]
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By definition, transmission parameters are given by,
VI. = AV; +B{—I:}
I = CV2+D(H2)

[A] Let 12 = 0,
Open circuiting the port 2 as shown in circuit 2

By current divider rule,

5 1
“t = Wg7) = 3h

I I
e DPim =3
—lz V2«0

Applving KVL to outer loop.
=101, <10(43)+V,
s =101 =10(-3)
S 101 +10(-13)

" " "
| S
= <

But [; = 3(~1,)

S 10080 2)+10(-32)
c40(-3)

Vi
Vi

£| = 400
2lvs.0

Hence transmission parameters for the given network are given by,
- F 4D]
3 3

Two identical networks are connected in cascade. Hence for cascade connection, the
overall transmission parameters can be obtained by finding matrix product of two

networks.
7 401[7 40 69 400
[To\«alll = [% 3][}2_ 3]=[5 29
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Related Questions

Part-A

1. What are the different types of connection in two port network?
2. Draw the symmetrical lattice network.

3. Define Iterative impedance?

4. What is Lattice network?

5. Draw the symmetrical Twin-T network.

6. Define propagation constant.

7. Find the image parameters of the network shown in figure

Tohm 1ohm
R2 R3

t MW

v2 I+

v+ R1
2ohm

8. The currents of a two port network are given by 11=6V1-V2, I.=-V1+2V2.Find the
equivalent  network.

9. Find the lattice network by using Barlett’s theorem.

L
Z1 Z1

J=

10.The Z-parameters of two port network are Z11=15Q, Z2,=25Q, Z12=Z21=5().Determine

the ABCD parameters.
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Part-B

1. Derive the expression for image impedance for asymmetrical T and 7 network.
2. Derive the expression for iterative impedance for asymmetrical T and 7 network.
3. Derive the expression for image impedance in terms of ABCD parameter.

4. a) Find the equivalent 7 network for the T-network shown in Figure (a)

b) Find the equivalent T network for the @ -network shown in Figure (b)

Z,=200 Z,=250 Ya= 020
1 — A —e— AN — 2 1- NN T 2

Ze=B0= ¥y =021 = = ¥; =051
i & Er i & l 2..

(a) b}

5. A network has two input terminals a, b and two output terminals ¢, d. The input
impedance with c-d open circuited is (250+j100) Q and with c-d short circuited is
(400+j300) €. The impedance across c-d with a-b open circuited is 200 Q. Determine the

equivalent T-network parameters.

6. Find the open circuit and short circuit impedance of the network shown in figure. Also

obtain its =« 10 equivalent.
YWW
h I
+ oMWW —T]WW——<0+
20 20
Vl § 10 v2
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7.Explain in detail about interconnection of two port networks.
8.Derive the expression for types of interconnection of two port networks.

9. Find the short circuit admittance parameter for the circuit shown in figure.

=

|—|_ -
YE

b wl %

i

10. Derive the expression for Lattice networks
11. Derive the expression for Twin T networks.
12. State and prove Bartlett's Bisection Theorem.

13. The Z parameters of the two port are Zi1 =10 Q, Z22 =15Q, Z12=Z21=5 Q .Compute the
equivalent T network and Y and ABCD parameters.

14. Explain how the overall parameters are calculated, if two different two- port networks

are connected in cascade and Series-Parallel.

15. Determine the Image parameters of the T-network shown in figure.

5
1ohm 2 chm
R2 R3

vz 1+

v i R1

Sohm
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Unit IV

Synthesis of LC. RL & RC Network

Hurwitz polynomial:-

A polynomial is said to be Hurwitz polynomial, if its zeros lie on the left hand side of S-plane or on jo

axis provided on the jo axis, zeros are simple.
Conditions:

The conditions for the polynomial

P(S) = ans" + an 18" + -+ + a1s + ag to be Hurwitz are

i) P(S) is real, when ‘s’ is real

i) The roots of polynomial P(S) must have zero or negative real parts.

Properties:-
Let P(S) = ans" + an18"* + * + a1s + apbe a Hurwitz polynomial where ao, ai, ... anare the coefficients

i) All the coefficients of the polynomial ajwhere i= 0, 1 ... n are positive.
i) All the terms starting from highest power of S to lowest power of S must be present.
P(S) = S*+ 2S%+ 8 = evenpolynomial
P(S) = S°+ 253+ 5 = evenpolynomial
iii) If the polynomial is even or odd then all the roots must be on imaginary jo axis.
iv) Given Hurwitz polynomial can be separated into even and odd parts. Odd part is denoted by
O(S) & even part denoted by E(S).P(S) = E(S) + 0(S)
V) If the ratio of odd to even parts of P(S) or even to odd parts of P(S) is expressed inthe

continued fraction expansion then all the quotient terms must be positive.

p(s)=2®) or E(S)
E(S) o(S)
=q (S)+
: 1
a2 (S)+ 1
Gs(S)+ ———
.t




E(S)) O(S) (a.(S)

R, (S))E(S)(d,(S)

R,(S))R,(S)(as(S)

R,(S)

vi) If P(S) is either odd or even function then the continued fraction expansion is obtained from
the ratio of polynomial P(S) to its derivativeP’ (S).
Eg:P(S) = S* 4+ 352 + 2. ThenP’(S) = 45* + 6S
vii) If the continued fraction expansion terminates prematurely, then that indicates the functions
E(S) & O(S) contain a common factor X(S).In that case, P(S) = X(S)Y(S).If X(S) & Y(S) are
Hurwitz, then P(S) is Hurwitz.

1) Examine whether the given polynomials are Hurwitz or not
a) S° + 4S* + 7S%2 4+ 6S + 2 = S3 term is missing. So not Hurwitz.
b) S® + 7S° + 5S* —3S3 +2S2+ S + 4 = S3termis negative. So not hurwitz.

2) Test whether the following polynomials are Hurwitz.
a) P(S)=S*+282+4S5+2
O(S) = $* +/4S; E(S) =2S%+ 2.

28* +2)8° +48(94
S*+S
38)2s* +2(24s
25?
2)38(34s
35
0

S 1
C(s) = E + 55—.All quotient terms are positive. So P(s) is a Hurwitz polynomial.

338
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(b) P

Continued fraction expansion is terminated abruptly. There exists a common factor.
2
P(S):(S3+3S)(l+§). Here(1+§) is Hurwitz. All quotients are positive.

S%+3s is odd polynomial and be m(S) and m’ (s) = 35%+3.

3% +3)8° +3s(%
S*+S
25)3s* +3(3%
352
3)28(2%
25
0
. . ) 5 1
Continued fraction expansion, C(S) = 3 %1
7+7
2 25

3

All quotient terms are positive. Hence P(S) is Hurwitz.

3) Test whether the polynomial is Hurwitz or not.
P(S) =5'+S* +55° +35+4
E(S) =S5'+55° +4
0 (S) =5°+3S



S®+3S)S" +55° +4(S
S* +3s?
28 +4)s® +35(94
S° +2S
S)2s2+4(2S
2s?

All the quotient terms are positive. So P(S) is Hurwitz.

4) Prove that the polynomial P(S) = S* + S® + 252 + 3S +2 is not Hurwitz.
C(S)=s"+25"+2

S*+3S)S* +25% +2(S
0(S)=5'+35 +35)S° 425"+ 2(
c(s)-ES) $'+35°
O) ~5?+2)S°+35(-S
S*-2S



1
S 1

+7_S 1
ﬁ*szs

C(S) =5+—

Two quotient terms are negative. So, P(S) is not Hurwitz.

5) Test whether the polynomial P(S) = S° + S® + S is Hurwitz.

Given polynomial contains odd function only,

c(s)=-8)
P'(S)
P'(S) =55" +35° +1
584+382+1)S5+83+S(§
¢33
5 5
Z83 +§J584 +3SZ+1(§S
5 5 2
55* +10S?
—78? +1)333 +4—S(_—283
5 5(35
253_§
5° 35
%
35

j— 7sz+1(—_2698
35

nlL

26S

]

26S

T
0

26

35



S 1
S
—S+
2 _283+ 1
35 —2698+ 1
35 26
35

All the quotient terms are not positive. P(S) is not Hurwitz.

6) Test whether the polynomials are Hurwitz or not
Y(S)=S"+25°+25° +S* +4S° +85° +85+4
0(S)=S" +2S° +4S° +8S
E(S)=25°+5" +85% + 4

o)

Pl(s) = E (S)

2S° +S* +85% + 4)57 +2S° + 483 +88(%

7.8 4
S +?+4S +2S

3
= +65)25° +5' +857 +4(44S
25° +0+85
38°
s4+2)7+65(3%
5
%+GS
0

Continued fraction expansion is terminated abruptly. So there is a common factor in the
function Y(S).

Y(S)=S"+25°+25° +S* +4S* +85* +85+4

Taking S* as common in the 1% 4 terms & 4 as common in the last 4 terms.
Y(S)=5*(S*+25" +2S+1)+4(S*+ 25 + 25+1)
Y(S)=(S"+4)(S*+25° +25+1)

Y(©)=F(S)-K(©)



F(S)=S"'+4

Missing terms are there. So F,(S) is not Hurwitz.
F,(S)=S*+25"+25+1

0(S)=S*+2S

E(S)=25"+1

Continued fraction expansion is,

2s6+1)s3+2s(%
S
2
3
Esj252+1(%s
257
1)§+s(%s
3s
2
0
R(S) =§+ 415 1
3738

2
Since all the quotient terms are positive. F2(S) is Hurwitz.

F (S) is not Hurwitz & F, (S) is Hurwitz, the polynomial Y(S) is not Hurwitz.

Routh Hurwitz array method:

e In this method, an array is constructed using the coefficients of given polynomial in a specific
way. By the inspection of such an array formed, the polynomial can be decided to be Hurwitz or

not.

Let

P(s)=a, s"+a,;s" ' +a,,5" +a, 35"+ ... +a,s+a,




Routh Hurwitz array is

S a, 5( an_y adp_q
s a,, a, s a,
S b, b, b, ,

C, C.y C.\

0
S a,

e 1% row consists of all the coefficients of alternate power of S starting from n.
e Next row consists of all the coefficients of alternate power of S starting from n—1.

e A row corresponding to s"? is generated from first two rows as

c = bna‘n—3 _an—lbn—l - oC = bna‘n—s

n n

—a,qa,,

e Procedure is continued until the row corresponding to S° is obtained.
e Last row ao = constant term of the polynomial.
e For the given polynomial P(S) to be Hurwitz

1) All the elements in the 1% column should be non zero

2) There should not be any sign change in the 1 column.
Special case:
Sn a‘1 aZ a3
S b, b, b,

S? C, C, C,

g3 0 0 0 «— Rows of zeros




If there occur a complete row as row of zeros while generating an array, an equation is formed using the
coefficients of a row which is just above the row of zeros. Such an equation is called the auxiliary

equation A(S). A(S) is always odd or even polynomial in S.

A(S)=cS"?+c,S" " +¢,S"C +- -

Find % and replace the row of zeros by the coefficients of equation

dA(S)
ds

The special case is of repeated roots of P(S) on imaginary axis. Such case can be identified by solving the
equation A(S) = 0. This is because the roots of A(S) = 0 are some of the roots of P(S) = 0, which decide
whether polynomial is Hurwitz or not. If there is any sign change in the 1% column of the completed

array, then the given polynomial is not Hurwitz or else it is Hurwitz.
(1) Test whether P(S) =S° +8S* + 24S® 4+ 285 + 235+ 6 is Hurwitz or not using Routh array method.

Routh array can be obtained as

S8 1 24 23
S* 8 28 6

20.5 22.25 No sign change in the 1 column,
S3 8x24-1x28 8x23-1x6 0 all coefficients are positive.

8 8 So P(S) is Hurwitz.

S2 19.32 6
St 15.88 0
s° 6

(2) Test whether F(S) = 25°+S° +135* 4 6S° +56S° + 265+ 25 is Hurwitz or not using Routh array

method.
s 2 13 56 25
s° 1 6 25 0
st 1 6 25
g3 0 0 0 «— Rows of zeros

A(S) =S* +65 +25



dA

el 4S° +12S
S® |4 12 0
s? |3 25
St | 2133 0
s° |25

There is sign change in the 1% column. So, P(S) is not Hurwitz.

Positive Real Function:-

Significance of positive real function is that if the driving point imitance (i.e.) [admittance or impedance]
is a positive real function, then only it is physically realizable using passive R, L & C components. Hence

imitance function must be checked for positive realness before synthesizing.
For a function to be positive real function it has to satisfy the following basic properties.

)} Given function F(S) is real for real S.
i) Real part of F(S) is greater than or equal to zero, when the real part of S is greater than or

equal to zero

Re[F(S)]=0 for Re|S|>0.

P(S) a8 +aS"'+--+a,

Q(S) b,S"+bS™ +---+a_
_ a,(S-2,)(8-2,)--(S-2,)
bo(S_Pl)(S_Pz)"'(S_Pm)

Let F(S) =

Where Zi, Zs, ... Zn are zeros & Py, Pa, ... Py are poles.
iii) F(S) must not have any poles on the right half of S plane.
iv) F(S) may have simple poles on the jo axis with real & positive residues

V) Real part of H(jw) is greater than or equal to zero for all ® values

(ie) Re[H(w)]=0 Vo

Properties:-

1) Coefficients of Numerator & Denominator polynomials P(S) & Q(S) are real and positive.

2) Poles & zeros of F(S) have zero or negative real parts.

10



1
3) Poles of F(S) or % lying on the imaginary axis must be simple & their residues must be real

& positive.
4) Poles & zeros are real or they occur in complex conjugate pairs.
5) Highest degree of F(S) & Q(S) differ almost by 1.
6) Lowest degree of F(S) & Q(S) differ almost by 1.

1
7) IF F(S) is positive real, then % is also positive real function

8) Sum of positive real function is also positive real.
9) Difference of positive real function is not necessarily positive real.

1. Derive the condition for positive realness?

Let F(S) :@
Q(S)
- E8+0.0)
E (S)+0,(S) Where E1(S) & O1(S) are even & odd functions of P(S)
E2+ 0 ’ & E»(S) & O4(S) are even & odd functions of Q(S).
1 1

F(S) = For simplicity let us drop S.
S £ 40,

By dividing& multiplying by E; — O..
(E,+0,)(E,-0,)
(E,+0,)(E,-0,)
ElEZ — OlOZ + EZOl — E102
E,’-0, E,’-0,
E.E, & 0,0, are even functions, while E,O, & E,O, are odd functions
—El'fz — 022 , odd F(S) = —EZO; — El??
Ez _02 Ez _Oz

F(S) = Even [F(S)]+odd F(S)

FO) =

F(S) =

Where Even F(S) =

Let S =jo,
F(jo) = Even [F(jm)] +odd [F(jco)]

Even function of F(jw) gives real value, as even power of jo removes j. odd function of F(jo) gives
imaginary value. F(jo) =Re[F(jo)]+jIm [F(jo)]

11



Where Re[F(jo)]=Even[F(jw)]& Im[F(jo)] = odd[F(jw)]
Conditions for positive realness, is Re[F(jo)]>0 Vo
Even [F(jo)]>0 for all values of ®

E1E2 _0102 >0
Ez2 _022

The condition to be satisfied is E;E,-0,0, >0

2. Find the condition for the given function to be a positive real function.
S+a

a HOS)=——

) ) S* +bS+c

E,(S)=a, O,(S)=S
E,(S)=S*+c, 0O,(S)=bS
For positive realness, the condition to be satisfied is E,E, —0,0, >0
a(S* +¢)-S(bS) =0
a(S*+c)-bs*>0
LetS =jo,
a((jco)2 +c)—b(ja))2 >0
a(-’ +c)+bw’ 20
w’(b—a)+ca>0

o lies between 0 to infinity,

a,b,c>0&b-a>0 (i.e)b>a.

2
S"+aS+a,

b) H(S)=
) HE) S +bS+b,

E,(S)=S"+a, 0O,(S)=aS

12



E,(S)=S?+b,, 0,(S)=bS

E.E,-0,0,>0

(S*+a,)(S” +b,)—(aS)(b,S) =0

S'+a,S° +b,S* +a,b,—a,0,S* >0

S*+(a,+b,—a,b,)S* +a,b, >0

Let S = jo, Therefore (jo)* +(a,+b, —a,b; )(jo)* +agb, >0

o +[(—(a0 +b, —atlbl)m)]2 +ayb, >0

— should be either zero or

2 _ (ao + bo - albl) * \/(_(ao + bo)"‘ a1b1)2 _4aobo negative
2
(i) [ab,—(a,+by)] —4agb, >0

W

[ab, —(a0+bo)]2 > 4a b,
Taking square root on both sides,
a,b, —(a,+b, ) > +2,/a b,

As —ve value is lesser than +ve value,

a,b, —(a,+h, ) =—24/a b,
a,b, >a,+b, —2, /aob0
b, >(\a, —bo )

So condition for positive realness is,

a,b, 2(@—@)2

S+4

N(S) = 2
® S?+2S+1

(3). Check the positive realness of the function,

S+a
This is of the form, S + pS+¢

13



a=4,b=2,c=1.
For +ve realness, a,b,c>0 & b>a

But a > b, the function is not a p.r.f. (or)

N(S) = S+4  S+4
S?+2S+1 (S+1)°

(S+1)?=0

S=-1.

There are multiple poles at S = —1. Hence the function is not a p.r.f.

(4). Prove that the given function is a p.r.f.

S+2
NS =———
©) S?+3S+2
a=2,b=3,c=2

a, b, c>0,b> a, the given function isap.r.f.

S°+S+6

5). Check the positive realness of N(S) =
©) P ©) $?+S+1

S’ +a,S+a,
The given function is of the form, g2 1 bS+b,

Condition for p.r.f. is

a,b, 2(\/%—\/@)2

a,=6,b,=6,a,=1b, =1

ab, =1
(Voo =(B -6 =21
o0 B

Soitisnotap.r.f.

14



(6)

(7)

(8)

(S+2)(S+4)
(S+1D(S+3)
5)= (S+2)(S+4) S*+65+8

Prove that the function Z(S) = is +ve real.

Z( =2
(S+1)(S+3) S°+4S+3
2
This function is of the form, m
S°+bS+Db,

a,=8,a, =6, b,=3 b, =4

(Voo By ) =(VB-) =12

a,b, = (6)(4) = 24

ab, > (ﬁ—ﬁ)z, the given function is a p.r.f.

Find whether the given function is +ve real or not Z(S) = ﬁ
S(S°+1)
_38°+5 A BS+C

Z(S) = =—+
©) S(S°+1) S S°+1

35° +5=A(S* +1)+ BS’+CS
35 +5=(A+B)S’+CS+A

Equating constant terms, A=5

Equating S terms, C=0

Equating S® terms, A+B=3
B=3-A=3-5=-2

Residue value B is —ve, given function is not a p.r.f.

Check the positive realness of the following function

S*+5S
" snes
H(S) = Se5s _S(S'+9)
S S4282 41 (Sz+1)2
(s°+1) =0

S=+) & *j Multiple poles, not a p.r.f.

15



Elementary Synthesis Procedure:

Properties of LC driving point functions:

1)
2)
3)
4)
5)
6)
7)
8)

LC imitance function is the ratio of odd to even or even to odd polynomials.
Poles and zeros are simple & on the imaginary axis.

Poles & zeros are alternating.

At origin (i.e.) at S = 0, there is a pole or zero

At infinity (i.e.) at S= o0, there is a pole or zero
Re[F(jo)]=0 Vo
The residues of imaginary axis poles are positive & real

Highest power of Numerator & Denominator differ by unity. The lowest powers also differ by

unity.

The main methods for realizing a reactance function as a network are

1)
2)
3)
4)

Foster form I: Z(S) =

Foster form |
Foster form 11
Cauer form |

Cauer form Il

H(S2 +m12)(82 +(032)(S2 +(o52)---
S(S* +w,”)(S* + o, )(S* +wy’)
Used to realize impedance function. If admittance function is given, the reciprocal of the function

is realized.

By partial fraction

Z(S)=ﬁ+ 22K252+ 22K4SZ+~-+KOOS
S S+o0, S+o,
Z(S)=ﬁ+ 2KS +K_S

2 2
S i=2,4S +0‘)i

K, K, K_ are the residues of Z(S) at origin,  and oo respectively.

K . 1
—2 represent a capacitor of —farads
S Ko

K _Srepresent an inductor of K_ Henrys

16



o . 1 . 2K.
represent a parallel combination of a capacitor of K F & inductance of —-H

s? +(Di2 , (niz
Il L: . 1 I-ﬂ _ rTwTwTeT
Co L.
Z(5) Cz2 C.,

Foster form 11:-

e Used to realize admittance function.

e If impedance function is given, reciprocal of the function which gives admittance is realized.

H(S* + o, )(S* + )
Y(S)= 2 2 2 2

S(S + o, )(S +o, )
Y(S)=ﬁ+ 22K282+ 22K4S2+...Kws.

S S+, S+o,
Y(S)=ﬁ+ 22Ki82 +K_S.

S i=2y4s + ®;

Where K, K; & K are the residues of Y(S) at origin, wi and oo respectively.

K . 1
—2 represent a inductor of —Henrys
S Ko

K., Srepresent an inductor of K _ farads

i
S’ +o,
Y(S) is the parallel combination of elemental admittance.

. " . 1 . 2K.
> represent a series combination of a inductor of ——H &capacitor of —-F.

Y(S) % Lo = Ca

17



1) The driving point impedance of a one-port reactive network is given by

5(S°+4)(s*+25)
Z(S) = Obtain the 15'& 2" Foster networks.
3(32 +16)
Foster 1:
5(32 + 4) (32 + 25) 5(3“ +4S? + 258 +1oo)
Z(S) = =
S(S* +1b) S®+16S
_ 5S* +145S% +500
S®+16S

S’ +16S) 5S* +1455% + 500(5S
5S* +80S*
65S° +500

655° +500 65S° +500

Z(S) =58+ —2 T _gg 202 T
©) S®+16S s(s2 +16)

65S°+500 A BS+C
- =
S(SZ+16) S S°+16

1355
2(S) =58+:22 1 4
4S  S?+16
K 2K S
Z(S)=—2+ = +.--+K_S.
®) S Z“Szjt(:)iz ”
_1_4
° K, 125
135
L/ Y
o, 16 64
() 'y
c. 1 _ 1 _4, 133763
2K, 135135 i
4125 F 8270 B
L, =K, =2H I
Z(8) Ca

18



Foster form 2:

VS - S(SZ+16)
( )_5(52+4)(52+25)
v - S(S*+16)  AS+B CS+D

5(S*+4)(S* +25) T S14 F+25

o8, 5

14 5425
Y(S)=K,S+ Z 2KS ~+K
i=2,4 i
L=t %5y,
2K, 4
2K, 1
C,="—l==F
o? 35
1 35

3514 H % . % Cssm
Y(S)

]
|
1
0
P

1/35 F 7

Cauer form I:-

o Network is realized in Cauer | form by continuous fraction expansion. Highest power of
numerator & denominator differ by unity.

e Nr &Dr are arranged in the form of descending power of S.

19



Z(S)=Z,(S)+ T
(series) Y2 (S) + 1
(shunt) Z3 (S)+

- 1
(series) Y (S) +
(s?]unt) Z5 (S) ce

2(5) = 4(S) + =
CS+

r
L,S+C,

L]_ L2 Lr

e It gives a ladder network with series arm as inductors & shunt arm as capacitors

o If Numerator power is less than its denominator power, then driving point function is inverted.

e In that case, continued fraction will give capacitive admittance as 1%shunt element and a series
inductance.

Cauer 1l form:

Here Numerator &Denominator are arranged in the ascending power of S.

1
Z(S) = Z,(9)+ 1
(series) Y2 (S)-l-

(shunt) 23 (S)+ 1
(series) Y4 (S)

(shunt)

© Ca Cn

zs) b = Lz = Loy = g

Here the series arms are capacitors and shunt arm are inductors.

20



1 1

Z(S) = +
4S+1 1
2S+ 1
+
L,(S)
S(s*+4)
1) Realise the network in both Cauer forms. Z(S) = (SZ 1)(82 9)
+ +

Cauer I:

Given Numerator degree should be higher than Denominator.

(S°+1)(5°+9) _s*+108%+9

1/6 H

518 H

Y(S) =
®) s(s~’-+4) S®+4S
S°+48)S” +10S° +9(S —>Y
S* 4482
632+9)33+4s(% Ny
5.5
2
55}63%9(2
6S2
9)53 Sg
27118
S
2
0
1
Y(9)=S+3
6+t
12 1F=

s/, L
%,

- 1215 F

21




Cauer I1I:

$'+108*+9 9+10S° +S*

Y(S) =
=" 4S+8’
4s+:~:3)9+1osz+sz(i ->Y
4S
9+gs2
4
3l s 3(16
TS +s j45+s ( 6415 —>Z
45430
31
Essjﬁshs“(% —Y
31° )4 60S
Esz
4
4)E33(£ >Z
31 315
Es?’
31
0
9 1
T T
31s 9%61 1
60S 15
31S
31/16 H 31/15F
é 4/9H g 60/96 H

22



10S* +12S% +1
2S5 +2S

(2) Find the two Cauer realisations of driving point function given by Z(S) =

Cauer 1:

28° +25)10S" +125” +1(5S

10S* +10S?
287 +1)2S° +25(S
2S°+S
S)2s? +1(2S
28?2
1)s(S
S
0
1
Z(S) = 58+ 1—
S+——
2S+ =
S
5H 2H
—_— T T, T
Z(5) = 1F =1F

Cauer 11

10S* +125° +1  1+12S°+10S*
25° +2S 25 +2S°

Z(S) =

23



2s+2sﬂl+1232+1os4(55
25
1+82
1152+1os4)254-2s3(—3-
11S
3
254 205
11
3
L 11S? +10s8* 121
11 25
1152
034)333 i
11~ \110S
333
11
0
1 1
Z(S)Zg'f‘ 2 +1
11S 121 1
25 2
110S
2F 2/121F
Z(5) é 11/2H % 110/2 H

Properties of RC Driving point function

e RC network consists of R & C components.

e Driving point impedance of RC network is denoted as Z,(S) .

e Properties of driving point admittance of RL network are identical.

24



S)= (S+1)(S+4) Polesare S=0,-2

eg:i—
g e S(S+2) ZerosareS=-1,-4

Properties of RC Driving point Impedance fns:

1)
2)
3)
4)
5)
6)
7)

Poles and zeros are simple, no multiple poles & zeros.

Poles & zeros are located on negative real axis & alternating.

Critical frequency nearest to the origin is a pole (located at origin).

Critical frequency farthest from the origin is a zero (located atoo).

The partial fraction expansion gives the residues values which are real & positive.
If Zoe (0) = Z(0).

There is no zero at the origin & no pole located at infinity.

Synthesis of RC network:

Foster form I:

A - H(S+0,)(S+0,)
Driving point impedance RC n/w, Z(S) is given by Z(S) =
S(S+02)(S+c4)-~
ZRC(S):ﬁ_FL K2 deeet Ki _|_..._|_|(O0
S S+o0, S+o, S+o;

Where K, , K_, K, are the residues at origin, infinity & ¢, respectively.

K .
?0 represents a capacitor of L F.

0

K., represents a capacitor of K_ ohms.

S+o.

. — . 1 ) K.
L represents a parallel combination of capacitor of Pa & resistance of —

i i Gi

R.
R
Co ¥y A,
I = =
/| Il
C .
1
Z(5) § Ra

25



Foster Form 11:

It is used to realize Y.(S) = L [negative residues at poles]
RC
YL(S):ﬁ_F K1 + K2 et Ki _|_..._|_|‘(OO
S S S+0, S+o, S+o;

Residues of the expansion K; will be negative, to make positiveYRCT(S) :

YRC(S): K0+ﬁ+ﬁ+'”+ KIS
S+o0, S+o, S+o,

+---+K_ S

. 1
K, represents a resistance of —Q.
0
i . — . 1 . K,
represents a series combination of resistance of — ohms & a capacitance of — .F
+ 0, :

i i G;

. K.
K represents a capacitance of —.F

GI
§ R § Ri
Y(S)E Ro = Ra
- C - Ci
1) Find the Foster | & Il form for the function Z(S) = 3(S+ 2)(S+4)
(S+1)(S+3)

Numerator degree>denominator degree

3(82 +2S+4S + 8) 3524185424

Z(S) =
®) S$*+S+35+3 S +4S+3
S* +45+3)3S” +185+24(3
S?+12S+9
65+15
7(S) =3+ 6S+15 6S+15

=3+
S*+4S+3 (S+1)(S+3)

26



A B

Z2(8)=3+—+—
S+1 S+3
9 3
Z(S)=3+—A +—A
S+1 S+3
Z(S)=ﬁ+L+KOO
S S+o,
R, =3
9 Rlzﬁz—Q
% o
S+1 Ci:i:_F
Ki 9
. R-N_lg
A c, 2
S+3 Ci=i=—F
K. 3
92 Q 120
29F IF
Z(8)
Foster I1:
2
Y(s):w
35°+185+24

10

357 +185+24)S +4S+3[%

S?+6S5+8

-25-5

Negative terms appear.
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Y(S)__(S+hS+3) _A B C
S 35(S+2)(S+4) S S+2 S+4

ve Bk

S 's+2 S+a
s s
Y(S)_ y yi
8 sz S+4
——+ + L
8 1%<s+2> 85(s+4)
1,01
) 24 32
8 12+240 8+32,
Y(S)=K,+ KS +K_S
S+o,
1
K0:§:>R0:
K,:>i:>C,:ﬁ:i
K.S 12 c, 24
St s R-1-D0
Ki
oo ki1
JAS 8 o, 32
—:—
S+4 S+0| G|:>4, Rlzizgg
I(i
120 80
3Qz
T 124 F T 1/32 F

28



Synthesis of RC network by Cauer method:

Cauer | method:-

1
F(S):q1+
il +——+ +1—
b s q,S
=R, + 1 1
CS+
R,+——+
C,S
Fa Rz Rs Ex
A, A, Ay — A
= 1 = 2 =
Cauer Il method:-
1 1
F(S) = +
e iJ’i 1
R1 _ 4.
cs 1
RZ
C Ca Ca
1 1 — —  —t
=Ry 2 Rz Re

(1)Find the 1%& 2" Cauer form of Z(S) = (5+2)(S+4)
S(S+3)

Foster 1:

S?+6S+8

Z(S) =
© S?+3S

29
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S* +3S)S’ +65+18(1 —Z

S?+3S
35+18)S" +35(%4 —Y
SZ+8%
94)3s+8(9 —Z
35
8% (%1 Y
75
0
1
Z(S)=1+§+1
3 9+ls—+---
24
12 o2
iy Aty
=~ 1/3F = 1/24F
Cauer II:
35+57)8+85+5? (84, —Z
8+8%
105/ 1 5? )35+s2 (%o —Y
35+9S%0

3%0)1033 4+ S (10%5 Ny 4
10%
)4(Ho Y
S0
0

30



8 1
Z(S)—£+ 9 +1

10 100 L

3s 1

10

I8 F 3/100 F

Synthesis of Driving point Impedance functions of RL Network’s:-

¢ Driving point impedance is denoted as Z, (S).

o Z,(S)&Yg.(S) are identical

Properties:-

1) Poles & zeros are on the negative real axis of S-plane and are simple.
2(S) = (S+1)(S+3)
(S+2)(S+4)
Polesat S=-2,-4
Zerosat S=-1,-3
2) Poles & zeros are alternating.
3) Poles & zeros are the critical frequencies.
4) Critical frequency nearest to the origin is a zero.
5) Critical frequency farthest from the origin is a pole.
6) There cannot be a pole at the origin and cannot be a zero at infinity.

7) Zg ()= Z (0)

are real and positive.

. . . Z
8) Residues of Z, (S) at its poles are real & negative and those of —RCS(S)

Synthesis:-Foster form |:-

K,S K.S
+—2— 4.t

KS '
+0, S+o, S+o,

Z, (S)=K,+
rL(S) 0T

+---+K S
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2,8 _ Ko, K K

R i _|_..._|_KOO
S S S+o, S+o,
Z,(S)=K,+ KS +K—ZS+---+ KS +---+K_S.
S+o0, S+o, S+o;
Fa
Ro R
L
Z(S) 3 L=
Foster form 1I:-
YRL(S)=ﬁ+L+ K2 R Ki +...+KOO
S S+o0, S+o, S+o,
Rl o B Ri.
L-:é §
Ex
i L

1) Find the 1% foster form of the driving point function:-

_ S(S+1)(S+4) S(S°+S+4S+4)(S+4) S*+255+20
(S+3)(S+5) S*+35+55+15 S*+85+15

Z(S)

s? +83+15)5s(24)r25s(+) 20(5
5S2+40S+ 75
—155-55

Z(S) _5(S+n(S+4) _A B C
S S(S+3)(S+5) S S+3 S+5

Ao 55+1D(S+4)|  5(1)(4) _4

S(S+3)(S+5)le, (B) 3

32



=5(S+1)(S+4) 5( 2)1) _5
(S+3)(S+5) |5 (-3)(2) "3

_5(S+D)(S+4)|  _5(-4)-D) _
S(S+3) o5 (52

) %,

S "s+3 s+5
s
29 / 25
3 S+3 545
41 1 411
33 “3'3/.9 5
3 355(5+3) Jog(s+5) 3 349 B+ g
530 0
A, iy
7s) 29 H 50 H

2) Find the 2nd foster form of the driving point function:-
25°+16S+30

S*+65+8
S’ +6S+8)25°+165+30(2

2S2+12S+16
4S+14

Y(@S) =

2S2+16S+30 4S+14 4S+14
Y(S) == =2+ =247
S°+6S+8 S°+6S+8 (S+4)(S+2)

45+14 A B

= +
(S+4)(S+2) S+4 S+2

A=4S+14‘ =—16+14=1
S+2 |s—y -2
_45+14 _—8+14_3
S+4 | 2
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Y(S) = 2+i+i
S+4 S+2

1 1

40
120
Y(S})
1H
Cauer |:-
Descending power of S.
1
F(S) = 0,(S)+ ——
(series) Y2 (S) + 1
(shunt) 22 (S)+
(series) Y2 (S)
(shunt)
Ly La
(=3 R
Cauer 1I:-
Ascending power of S.
1
Z(S)=R,+
1
SL,+
1
R, +
SL,+—+

1'3H

= LS+

R,+

Ry

34
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R R,

Z(s)

1) Find the 1%t Cauer form of Y(S) = %

2
y(s)= 2 H1est32
SP+85+12
S+85+12
? S
48+20)S” +85+12( 9, 7
S+5S
35+12)48+20(%4 Ly
45+16
4)3s+12(3,s 7
35
12)4(Y >V
4
o
Y(S)=1+ 2
s 1
MR
7+7
4 3

35



VA H 34 H

2
(2)Find the 2" Cauer form for Z(S) = w
S?+8S+12
2
2(S) = 6+8S+ 2s2
12+85+S
12+88+SZ)6+8S+ 252 e 57
64 45+15
2
3 2(3
45+-S j12+88+8 (é Y
12+928
7 2 3/c2(8
AS+S )4S+AS (ﬁ Ny
4s+8/s?

445" ) /55+5 (%5
8
)AaS (A 2
%145

0
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1 1
Z(S) :§+ 3 1
s'8, 1
7 49 1
55 3
14
190 8702 5/40)
Ay, Ay Myl
zs) 1/3H 549 H

Synthesis of RLC networks:-

2
1) Synthesize the impedance function Z(S) = w :
S(S+10)

2
Z(S) = Mhas a pole at origin.
S(S+10)
1OS+SZ)7O+7S+SZ(%
70+7S
SZ
7 S
Z(S)=—+
© S S°+10S

7 S 1
Z(S) =5 Z,()=cr=
=g 2075 1+10¢

162
—Ay

1110 H

37



2) Synthesize a network having impedance function,

6S+3S° +3S+1
6S°® +3S

6S° +35)6S° +35°+3S+1(1 — Z
6S°+ 3
35° +1

Z(S) =

332 +1
6S°® +3S
Z(S)=Z,(5)+Z,(5)
352 +1
6S°® +3S

6S° +3S
3s*+1

Z(S)=1+

Zz (S) =

Yz (S) =

35%+1)6S° +35(2S ->Y
S*+2S
S)3s? +1(3S —Z
38
1)S(s —Y
S

0

1¢2 3H
W.v e Vo e T o W

|1
[
L= 5]
|1
11
(=
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Part A

What are the properties of RC network?

What is mean by synthesis of network?

Test whether the polynomial H(S) =S5+7S*+5S%+S%+S is Hurwitz. Give reason

Maintain the difference between first cauer form and second cauer form of LC network
What are the two foster forms?

For the given function determine cauer form of realization Y(S) = (S(S+2)(S+4))/(S(S+3))
Give any two conditions for a polynomial to be Hurwitz.

What are the properties of impedance function?

Write the conditions of the positive real function.

. List out the properties of the RL impedance function

Part B

Check whether the given polynomial is Hurwitz or not P(S)=S®+3S°+85%+15S5%+17S52+12S+4
Realize the given RC network impedance function using foster | and Cauer Il forms
Z(S)=((S+1)(S+4))/(S(S+2))

Synthesis the transfer impedance Z,1=1/(S*+3S5%+3S5+2) with 1Q termination.

Discuss the synthesis of RL network by cauer method and obtain first and second cauer of the
network

Test the following polynomial are Hurwitz

a) P(S)= S*+4S%+55+2

b) P(S)= S*+S%+S%+25+12

Synthesis the network using foster method Il. Give admittance
Y(S)=((S(S*+2)(S*+4))/((S+1)(S*+3))

Find the Two foster realization of Z(S)=(4(S?+1)(S%+16))/(S(S?+4)

Test whether the give equation is Hurwitz polynomial or not

a) P(S)=S5+854+2453+28S2+23S+6

b) F(S)= 25%+S%+135*+6S%+56S5%+255+25

Find two cauer realization of driving point function given by Z(S)=(10S*+1252+1)/(25%+2S)
The driving point impedance of a one port reactive network is given by Z(S)=
(5(S%+4)(S?+25))/(S(S?+16)) obtain first and second foster networks
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NETWORK TOPOLOGY

1. Basic definitions:
Network Topology:
e Is another method of solving electric circuits
e Is generalized approach
Network:
A combination of two or more network elements is called a network.
Topology:

Topology is a branch of geometry which is concerned with the properties of a geometrical
figure, which are not changed when the figure is physically distorted, provided that, no parts of the
figure are cut open or joined together.

The geometrical properties of a network are independent of the types of elements and their
values.

Every element of the network is represented by a line segment with dots at the ends irrespective
of its nature and value.

Circuit:
If the network has at least one closed path it is a circuit.
Note that every circuit is a network but every network is not a circuit.
Branch:
Representation of each element (component) of a electric network by a line segment is a branch.

Node:

A point at which two or more elements are joined is a node. End points of the branches are called
nodes.

Graph:

It is collection of branches and nodes in which each branch connects two
nodes.
Graph of a Network:

The diagram that gives network geometry and uses lines with dots at the ends to represent
network element is usually called a graph of a given network. For example,

Z L

F} ANMM, JIN
= 3 == =

{
ﬁ_ (O30 = AAAAAA o
“ -1

Fig.5.1 Network




ol
o

Fig.5.2 Graph

SUB GRAPH

A sub-graph is a subset of branches and nodes of a graph for example branches 1, 2, 3 & 4
forms a sub-graph. The sub-graph may be connected or unconnected. The sub- graph of graph shown in
figure 2 is shown in figure 3.

Cp—2 O
\ >
® * ©®

Fig.5.3 Sub-graph
Connected Graph:

If there exists at least one path from each node to every other node, then graph is said to be
connected. Example,

&

Fig.5.4 Connected Graph
Un-connected Graph:

If there exists no path from each node to every other node, the graph is said to be un-connected
graph. For example, the network containing a transformer (inductively coupled parts) its graph could be
un-connected.



Fig.5.5 | @ @

Fig.5.6 Un-connected Graph

A sequence of branches going from one node to other is called path. The node once considered
should not be again considered the same node.

Loop (Closed Path):

Loop may be defined as a connected sub-graph of a graph, which has exactly two branches of
the sub-graph connected to each of its node.

For example, the
branchesl, 2 & 3 in figure 7 constitute a loop.

(OR : G
> %
>
Fig 5.7 Graph

Planar and Non-planar Graphs:
A planar graph is one where the branches do not cross each other while drawn on a plain sheet
of paper. If they cross, they are non-planar.

@ @ @
- © @
@ €3 ® ®©
Fig.5.8 Planar Graph Fig.5.9 Non-planar graph



Oriented Graph:
The graph whose branches carry an orientation is called an oriented graph

® $ D = &

T @D

Fig.5.10 Oriented Graph

The current and voltage references for a given branches are selected with a
+Vve sign at tail side and —ve sign at head

Tree:
Tree of a connected graph is defined as any set of branches, which together
Connect all the nodes of the graph without forming any loops. The branches of a tree are called Twigs.

Co-tree:

Remaining branches of a graph, which are not in the tree, form a co-tree. The branches of a co-
tree are called links or chords.

The tree and co-tree for a given oriented graph shown in figure5.11 is shown in
Figure 5.12 and figure5.13.

P T Y
O, T 10 « /@
: V5

Fig. 5.11 Oriented Graph



3
\ 6 \ \; 7l
® ® ®

Fig. 5.12 Trees

Fig.5.13 Co-trees

Tree| Twigs Links (Chords)
1 2,4&5| 1,3&6
2 3.4&5| 1,2&6
3 2.5&6| 1,3 &4

Properties of Tree:
i) It contains all the nodes of the graph.
ii) It contains (nt-1) branches. Where ‘nt’ is total number of nodes in the given graph.
iii) There are no closed paths.
Total number of tree branches, n = (nt-1)
Where nt = Total number of nodes Total number of
links, | = (b-n)

Where b = Total number of branches in the graph.

Degree of Node:
The number of branches attached to the node is degree of node.

6



I1. Complete Incidence Matrix (Ag):

Incidence matrix gives us the information about the brariches, which are joined to the nodes and
the orientation of the branch, which may be towards a node or away from it.

Nodes of the graph form the rows and branches form the columns. If the branch is not
connected to node, corresponding element in the matrix is given the value 0. If a branch is joined, it
has two possible orientations. If the orientation is away from the node, the corresponding matrix
element is written as “+1°. If it is towards the node, the corresponding matrix element is written as ¢-1°.

Example: 1) Obtain complete incidence matrix for the graph shown

Solution: Aa =

Branches
Nodes 1 2 3 4
1 1 0 1 -1
2 1 -1
3 -1 -1 0 0
1 0 1-1
Ay= 0 1 -1 1
-1 -1 0 0

Properties of Incidence Matrix:
i) Each column has only two non-zero elements and all other elements are zero.
i) Ifall the rows of ‘Ag’ are added, the sum will be a row whose elements equal zero.

If the graph has ‘b’ branches and ‘nt’ nodes, the complete incidence matrix is of the order (nt x b).

I11. Reduced Incidence Matrix (A):



When one row is eliminated from the complete incidence matrix, the remaining matrix
is called reduced incidence matrix

If the graph has ‘b’ branches and ‘nt’ nodes, the reduced incidence matrix is of the order
(nt-1) x b.

Example: 2) write the complete and reduced incidence matrix for the given graph shown

@
V¢
E
®
Solution:
Nodes Branches
1 2 3 4 5 6
1 1 1 0 0 0 0
Aa= 2 0 f[-11]1 1 0 0
3 0 0 0Of[-11]0 1
4 -1 0] -1 0 1 0
5 0 0 0 0 [-11]-1
"‘\
(11 0000
-1 1100
Complete Incidence Matrix, Aa= 00 0-101
-1 0 -1010
00 00-1-1
~ _/
1 10 000
. . 0 -1 1 100
Reduced Incidence Matrix. A= 0 0 0 -101
-1 0 -1 010

100 01-1

1110 00
Ao 0-10-1 01
a= . 00-1 1-10

Solution:



Total number of nodes = nt = 4 Total number of
branches=b =6

Oriented Graph

Example: 4) Draw the oriented graph of incidence matrix shown below

-1-1 0 0100
A= 01 10 010
0O 0 -1 1001

Solution: The given matrix is a reduced incidence matrix. Obtain the complete
incidence matrix in order to draw the oriented graph.

-1-10 0 100
011 0 010
0 0-1 1 001

éﬂ,:

100 -1 -1-1-1
Total number of nodes=n; =4

Total number of branches=b =7

2 3
/
\ + & / /
' | F-. %A
| / .

N
®

Oriented Graph

TIESET
A tie-set is a set of branches contained in a loop such that each loop contains one link or chord and
remainder are tree branches.
Or
The set of branches forming the closed loop in which link or loop current circulate is called a Tie-set.
The tie-set consists of only one link and remaining are Twigs.
» The fundamental loop formed by one link has a unique path in the tree joining the two nodes of the link.

9



This loop is also called f-loop or a tie set.
* The orientation of the cut-set is same as orientation of link.

TIE-SET SCHEDULE
For a given network tree, a systematic way of indicating the links through the use of a schedule is called tie-

set schedule

To write the tie-set for network graph,

(1) Consider an oriented network graph

(if) Write any one possible tree of the network graph

(iii)Connect a link to the tree branches to form a loop. In the same way form all Fundamental loops.
(iv)The loop current direction is same as that of the link.

(v) Form the Matrix the rows denotes the loop and columns denotes the branches

Problem 1:For the Given Network, Write a tie-set Schedule.

Rs
—~ANMA— —
——

f: > p- — e

ANN—e—AANAAAA -
- L b -
R,
b 4

= N
P
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. 1
A1/ Loop 3 5 6
3_ 16
4\ ABD 1 0 1
1y
\
Y
| 5
D =
-
- 4
pestiy N
Loop 1 2 3 4 3 b 3{5
i
ABC 0 0 -1 -1 1 0
+ ¢ D
A ——
3
hﬁ
F
s Loop 1 4 3 b
F
! BCD 0 1 0 1
D
LOOPS [1]2|3 |4 [5]6
ABD [1l0]1]0 |01
ABC |o|o|-1]-1]1]0
BCD [o0f1]o 101

Problem 2: For the Given Network, Write a tie-set Schedule.
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Problem 3: Find the Tieset Matrix and the Branch Voltages.

— YN\ =
20 — 8v
602
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< B
A r 4 - c
&3
5
D
12 ) A
A —F > c
)
\\'-‘r j‘;\f Leop 1 2 3 6
1
s ABD 1 1 1 5
)
) 2
B 4
o A y > ,C
I
}_/
Loop 3 4 5 y
-
BCD 0 0 I 1 5 ,
”
L
- ’.; —-';_1-‘ -~ n

A= 3 — 4+ ~

3, Loop 2 a 6

AC -1 1 0 1
D

Rowwise

Ei+€2+€3=[}
'33+E4+35=D

—E€3 — €y + 'Eﬁ =0 (I)
Columnwise
ih=h
I-z — Il - |r3
iz =ly-1y
iy = fz - .'Ig
|-5 = fz
g =1 (ID)

e + 12 = 6i
e, =4i,
€3 =Ii3
e,=6i,

95 -6= 4!5

€g — 8 =zi,|5

13



Comparing (ll) and (l11),

e, +12 =6l
lez =40, —I3)|
es =2(I,— I,
ey = 6(I; —I3)

e — 8 =2l -(IV)

Substituting (IV)in (1),

6l — 12+ 41, — 4l + 21, —2I, =0
121, — 21, — 41, =12
-2, + 21, +6I; —6l;3 +6+41,=0
=21, +121; — 613 = —6
—‘1.'.,1"'4.'3 - 6, +513 + B+2I3 =0
-4l — 61, + 12]’1 = -8

2 3 ; HHI

e1+12 =6l1

12 -2 -
A=|-2 12 -
-4 —=p 12
12 =2 =4
A=]|-6 12 -6
-8 -6 12
[12 12 —=4]
A,=|-2 -6 -6
l—4 -8 12
[12 =2 12]
A,=|-2 12 -6
-4 —6 -8l
— & _528 _
Iy = A 960 0.
=2 _-832
27 A 960
Iy Az _-880 _

= 960

= 528

= —832

= —880

-'32 = 4(1, - L) e;+e,+e;=0
e3 =2(I, -1,

AV) e, =6(1,-15)

es — 6 =4I,
eg — 8 =213

-e3t+es+es=0
‘ez—e4+eﬁ=0

-(1)

14

61, — 12 + 41, — 415 + 21, — 21, =0
12’1 - 2’2 - 413 =12
2, +20, +6l, —6l; +6+4l,=0
21, +12I, - 6I; = —6
—41,+4]; — 61, +6]; +8+2[3 = 0
—4l, - 6l, + 1213 = -8




Verification by Mesh Analysis

12 -2 -
-2 12 -6
[ — —4 -6 12

—AANAN—
L av
Is ¥ 602

I 12
1.1 l-g

12 -2 -4
A=|-2 12 —6|=960
—4 -6 12
12 -2 -4
A=|-6 12 —6|=528
-8 —6 12
12 12 -4
8,=|-2 -6 -6|=-832
Iy = 8 528 _ 5 g5p -4 -8 12
A 960
I, =2 ==22- .0, 866A 12 -2 12
4 o A;=|-2 12 -6|=-880
I, =% =280 .0.916A —4 -6 -8
& 960

CUTSET
The cut set is a minimal set of branches of the graph, removal of which cuts the graph into two parts. It

separates the nodes of the graph into two groups.
» The cut-set consists of only one tree branch and remainders are links.
» Each branch of the cut-set has one of its terminal incident at a node in one group and its other end at a node
in the other group and its other end at a node in the other group.
» The orientation of the cut-set is same as orientation of tree branch.

CUT-SET SCHEDULE
For a given network tree, a systematic way of indicating the tree branch voltage through use of a schedule

called cut-set schedule
To write the cut-set schedule for network graph,
(i) Consider an oriented network graph
(ii) Write any one possible tree of the network graph
(iii))Assume tree branch voltages as (el, €2...en) independent variables.
(iv)Assume the independent voltage variable is same direction as that of a tree branch voltage

(v) Mark the cut-sets (recognize) in the network graph.

15



PROBLEM 5: Determine the Cut set Schedule

3
2 B 4
A S £ C
5
\' 4 6
1
D

Number of Nodes=n =4
Number of Cutsets = n-1=3

3
a a"--é_--“".‘_
4 ~
Al 2\ B Z Y
< ra <
—>/ ,
Vd
5
\\ v Wﬁ
1\\ /
N //
\ rFd
W/
D

BRANCHES |1 |2 (3 |4|5]|6

NODE A 1|1l1fo]o]o
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BRANCHES |1 2 3 4 = 3]
NODEC o o -1 1 o 1

BERANCHES |1 2 3 4 5 6
NODED -1 0 0 0 1 1
l D
CUTSET SCHEDULE

Problem 6: Find the Cutset Matrix and the Branch Voltages




Oriented Graph TREE & Co-TREE

F
. EEL T T T T
O = PO PR TR PR P I
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Column----Branch Voltage(e)

Row --——--Branch Currentij)
Rows of Cutset
Ill—i2+l:.|,—i5 =10
'f2+ll3—lls+l.5=0
Columns of Cutset From Circuit,
e, = El E'.I. %4 lﬂ= !:1
2=~E, - E % 2
e3 = Ep €3713
€4 =El E4=214
5:—51_5'2 E5+4'ﬁ=2f5
Eg = Ei (]I) e = 2ig
substituting (1) in (1), - 3 15 —
_ A [1_5 =675
E;+10 =i,
-k —E;=1; _[10 =151 _
E; =13 il PY 3]‘“
E] = 2':4
—E, —=E; +40 = 2is A =[3 10 _ 4¢
_ 7115 =20
E, = 2ig - (IV)
Substituting (IV) in (1}, A
EI. —_— I =

E,+10+E; +E; +05E; + 0.5E; — 20+ 0.5E; =0
3E, +1.5E; =10 E, = 82 6667
2E, + E; + 0.5E, + 0.5E, + 0.5E, -20=0 A
1.9E, + 3E, =20

?

19
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Problem 8:For the circuit shown frame the Cutset schedule and find the branch currents

(1)

Ep

2)

3)

20

(1)

(2)

(3)



Ui

Branches
3
® | |
\ 1 2 3
2
1 1
B .
ApplyKCLin rows
APPLYKVL in column iy + iy +13=0 U
Let the branch voltages bee e, & &
E, be the tree branch voltages
€1=- El
ek iy
E-'3=:E-1
from the circuit g=-E;
e E, a
e +30=2j es-E
er= 2i; am
E-'3=_.?.i3
2 2
Comparing (1) and (111} § § 2 §
-Ey + 30 = 2i, ) ag
E,= 2i, 3%
Simplifying,
. —E; +30 E E.
Iy = 7 EZ = El E3 = EI'
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-iy + iz + i3=0 (1)

0.5E, — 15 + 0.5E; + 0.5E, = 0

-15=-1.5E, B, = 107

Substituting in Frevious equation to obtain the branch current

- _E:+3D
by =T

=10A

DUALITY AND DUAL NETWORK:

The network is said to be dual network of each other if the mesh equations of given network are the
node equations of other network. The property of duality is a mutual property. If network A is dual
network B, then the network B is also dual of network A.

Some of the dual pairs are given in the following table:

Element Dual Element
1 Resistance Conductance
2 Capacitance Inductance
3 Inductance Capacitance
4 Series Branch Parallel Branch
5 Voltage Source Current Source
[ Current Source Voltage Source
7 Switch Closed (att = 0) Switch Opened (at t = 0)
8 Charge Flux linkage
9 Mesh Node
10 Link Twig

22



Methods of drawing the dual of a network

The following steps are followed to draw the dual of given electrical network:

1. A dot is placed in each independent loop of the original network. These dots placed inside the
loops correspond to the independent nodes in dual network.

2. A dot is placed outside the given network. This corresponds to the reference node of the
dual network.

3. All the dots are connected by dotted lines crossing all the branches. The dotted lines should
cross only one branch at a time. The dual elements will form the branches connecting the
corresponding nodes in the dual network.

Note A: The voltage rise in the clockwise direction corresponds to a current flowing
towards the independent network.

Note B: A clockwise current in a loop corresponds to positive polarity for the at the dual
independent node.

Example Draw a dual network for the given network below.

The dual network is given below:
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