SATHYABAMA

INSTITUTE OF SCIENCE AND TECHNOLOGY
(DEEMED TO BE UNIVERSITY)
Accredited "A” Grade by NAAC | 12B Status by UGC | Approved by AICTE

www.sathyabama.ac.in

SCHOOL OF BUILDING AND ENVIRONMENT

DEPARTMENT OF CIVIL ENGINEERING

UNIT — 1 - STRUCTURAL ANALYSIS 1 - SCIA1501




1.0 Structural system

Structural system or structural frame in structural engineering refers to load-resisting sub-
system of a structure. The structural system transfers loads through interconnected structural
components or members.

Tensile structures: Members of tensile structures are subjects to pure tension under the action of
external loads.

Compressive structures: Compression structures develop mainly compressive stresses under the
action of axial loads. Because compressive structures are susceptible to buckling or instability.

Trusses: Trusses are composed of straight members connected at their ends by hinged connections
to form a stable configuration.

Shear structures: These are structures such as reinforced concrete or wooden shear walls, which
are used in multistory buildings to reduce lateral movements due to wind loads and earthquake
excitations.

Bending structures: Bending structures develop mainly bending stresses under the action of
external loads.
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Equilibrium Equations

Equilibrium equations: The static equilibrium of a particle is an important concept in statics. A
particle is in equilibrium only if the resultant of all forces acting on the particle is equal to zero.

YFx=0; ZFy=0; ZF;= 0 ;XMx= 0 ;ZMy=0; XM;=0
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%= Number of Equilibrium Equations (NE) = 3;
Number of Reactions (NR) = 3

Static Indeterminacy= NR-NE = 3-3 =0,

Statically Determinate

Number of Unknown Reactions = 3
Number of Equilibrium Equation= 3

Determinacy= NR- NE = 0 Statically
Determinate

Number of Unknown Forces (Internal) = 13
Number of Unknown Forces (External) = 3
Number of Equilibrium Equations (NE) = 2j = 2 X7

Indeterminacy = N.U.F (Int) + N.U.F (Ext) — NE =
16-14 = 2 (2" Degree of Static Indeterminacy)
Statically Indeterminate.

Number of Unknown Forces (Internal) = 18
Number of Unknown Forces (External) = 3

Number of Equilibrium Equations (NE) = 2j = 2 x10 =
20

Indeterminacy = N.U.F (Int) + N.U.F (Ext) — NE = 18+3-
20=1 (Internally Indeterminate)



'.L 4 ¥ Number of Unknown Forces (Internal) = 17

Number of Unknown Forces (External) = 4

Number of Equilibrium Equations (NE) = 2j = 2 x10
=20

‘i Indeterminacy = N.U.F (Int) + N.U.F (Ext) — NE =
" 18+3- 20= 1 (Externally Indeterminate)

Free Body Diagram

The free body diagram of a body (or its part, or a connected system of bodies) is obtained by
isolating it from the all other surrounding bodies. The diagram detaches the system in
consideration from all mechanical contacts with other bodies and sets it free.
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2.0 Fixed beam
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3.0 Continuous beam with supports at different levels

A beam is generally supported on a hinge at one end and a roller bearing at the other end. The
reactions are determined by using static equilibrium equations. Such as beam is a statically determinate
structure. If the ends of the beam are restrained/clamped/encastre/fixed then the moments are included at
the ends by these restraints and this moments make the structural element to be a statically indeterminate
structure or a redundant structure. These restraints make the slopes at the ends zero and hence in a fixed

beam, the deflection and slopes are zero at the supports.
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EXAMPLE .1: A continuous beam ABC is simply supported at A and C and continuous over support B with AB =
4m and BC = 5m. A uniformly distributed load of 10 kN/m is acting over the beam. The moment of inertia is |
throughout the span. Analyse the continuous beam and draw SFD and BMD
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FIG. 11.1b Simple beam moment diagram
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FIG. 11.1¢ Pure moment diagram

Properties of the simple beam BMD

2 : 2 "
A1 =3 x4x20=5333kKNm” | A =3 x5x31.25 = 104.17 kN’

x; =2m X2 =2.5m
[y =4m h=50m

Applying three moment equation for the span ABC

; 7 A -— .47.—7'
Ml +2My(l +1o) + M, =—6(['_“+ ;‘-)
| 2

5333x2 104.17 x 2.5)

a T %
18Mjp = —6(26.67+ 52.1)
Mp = —26.26 KNm.

2M,,(4+5)=-—6<
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UNIT 2 - Moment Distribution Method

1.0 Introduction

As pointed out earlier, there are two distinct methods of analysis for statically indeterminate
structures depending on how equations of equilibrium, load displacement and compatibility
conditions are satisfied: 1) force method of analysis and (2) displacement method of analysis.
In the last module, force method of analysis was discussed. In this module, the displacement
method of analysis will be discussed. In the force method of analysis, primary unknowns are
forces and compatibility of displacements is written in terms of pre-selected redundant reactions
and flexibility coefficients using force displacement relations. Solving these equations, the
unknown redundant reactions are evaluated. The remaining reactions are obtained from
equations of equilibrium.
As the name itself suggests, in the displacement method of analysis, the primary unknowns are
displacements. Once the structural model is defined for the problem, the unknowns are
automatically chosen unlike the force method. Hence this method is more suitable for computer
implementation. In the displacement method of analysis, first equilibrium equations are
satisfied. The equilibrium of forces is written by expressing the unknown joint displacements in
terms of load by using load displacement relations. These equilibrium equations are solved for
unknown joint displacements. In the next step, the unknown reactions are computed from
compatibility equations using force displacement relations. In displacement method, three
methods which are closely related to each other will be discussed.

1) Slope-Deflection Method

2) Moment Distribution Method

3) Direct Stiffness Method
The Slope-deflection and moment distribution methods were extensively used for many years
before the compute era. After the revolution occurred in the field of computing only direct

stiffness method is preferred.



1.1 Degrees of freedom

In the displacement method of analysis, primary unknowns are joint displacements which are
commonly referred to as the degrees of freedom of the structure. It is necessary to consider all
the independent degrees of freedom while writing the equilibrium equations.These degrees of
freedom are specified at supports, joints and at the free ends. For example, a propped cantilever
beam (see Fig.14.01a) under the action of load P will undergo only rotation at B if axial
deformation is neglected. In this case kinematic degree of freedom of the beam

isonly one i.e. g as shown in the figure.

In Fig.14.01b, we have nodes at A,B,C and D. Under the action of lateral loads and , this
continuous beam deform as shown in the figure. Here axial deformations are neglected. For this
beam we have five degrees of freedom 21,P P3 P 6¢c 0s 0 a,, , and as indicated in the figure. In
Fig.14.02a, a symmetrical plane frame is loaded symmetrically. In this case we have only two
degrees of freedom DO D AB 0 and C 6. Now consider a frame as shown in Fig.14.02b. It has
three degrees of freedom viz. B6,C6 and DA as shown. Under the action of horizontal and vertical
load, the frame will be displaced as shown in the figure. It is observed that nodes at B and C

undergo rotation and also get displaced horizontally by an equal amount. Hence
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Fig 1. Slope deflection method



Objectives

After reading this chapter the student will be able to

1. Calculate kinematic degrees of freedom of continuous beam.

2. Derive slope-deflection equations for the case beam with unyielding supports.

3. Differentiate between force method and displacement method of analyses.

4. State advantages of displacement method of analysis as compared to force method of
analysis.

5. Analyse continuous beam using slope-deflection method.

In this lesson the slope-deflection equations are derived for the case of a beam with
unyielding supports .In this method, the unknown slopes and deflections at nodes are related to
the applied loading on the structure. As introduced earlier, the slope-deflection method can be
used to analyze statically determinate and indeterminate beams and frames. In this method it is
assumed that all deformations are due to bending only. In other words deformations due to axial
forces are neglected. As discussed earlier in the force method of analysis compatibility equations
are written in terms of unknown reactions. It must be noted that all the unknown reactions appear
in each of the compatibility equations making it difficult to solve resulting equations. The slope-
deflection equations are not that lengthy in comparison.

The slope-deflection method was originally developed by Heinrich Manderla and Otto Mohr
for computing secondary stresses in trusses. The method as used today was presented by

G.A.Maney in 1915 for analyzing rigid jointed structures.

Slope-Deflection Equations

Consider a typical span of a continuous beam AB as shown in Fig.14.1.The beam has constant
flexural rigidity EI and is subjected to uniformly distributed loading and concentrated loads as
shown in the figure. The beam is kinematically indeterminate to second degree. In this lesson,
the slope-deflection equations are derived for the simplest case i.e. for the case of continuous
beams with unyielding supports. In the next lesson, the support settlements are included in the

slope-deflection equations.



= r' ;/J’
e
P
(&) (9, 3 l
BV c Y D
ART ’ T T i

Fig 2. Slope deflection method

For this problem, it is required to derive relation between the joint end

momentsM AB  and M BA in terms of joint rotations [ and C g and loads acting on the

A

beam .Two subscripts are used to denote end moments. For example, end

moments denote moment acting at joint A of the member AB. Rotations of

the tangent to the elastic curve are denoted by one subscript. Thus, Oa denotes

the rotation of the tangent to the elastic curve at A. The following sign conventions are  (3)
used in the slope-deflection equations (1) Moments acting at the ends of the member
in counterclockwise direction are taken to be positive. (2) The rotation of the tangent
to the elastic curve is taken to be positive when the tangent to the elastic curve has
rotated in the counterclockwise direction from its original direction. The slope-
deflection equations are derived by superimposing the end moments developed due

to (1) applied loads (2) rotation



rotation(g . This is shown in Fig.14.2 (a)-(c). In Fig. 14.2(b) a kinematically determinate
structure is obtained. This condition is obtained by modifying the support conditions to fixed so
that the unknown joint rotations become zero. The structure shown in Fig.14.2 (b) is known as

kinematically determinate structure or restrained structure. For this case, the end moments are

denotedby M F and M F .AB  BA The fixed end moments are evaluated by force—method
of analysis as discussed in the previous module. For example for fixed- fixed beam subjected to
uniformly distributed load, the fixed-end moments are shown in Fig.14.3.
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The fixed end moments are required for various load cases. For ease of calculations, fixed end
forces for various load cases are given at the end of this lesson. In the actual structure end A
rotates by A and end B rotates by g . Naw

it is required to derive a relation relating _ A and 0B with the end moments Ma and



g, =—48 14 1a
e ( )
, ML

=B 14.1b
B GEL ( )

Now a similar relation may be derived if only M;,is acting at end B (see Fig.

14.4).

65 = Mzl and (14 .2a)
3EI
e, _ Mal (14 2b)
: 6EI

Now combining these two relations, we could relate end moments acting at 4
and B to rotations produced at 4 and B as (see Fig. 14.2c)

M_ L M.L
g, =—"5—_"—_& (14 .3a)
? 3EI 6EI

Application of Slope-Deflection Equations to Statically Indeterminate Beams.
The procedure is the same whether it is applied to beams or frames. It may be summarized as

follows:

1.

Identify all kinematic degrees of freedom for the given problem. This can be done by
drawing the deflection shape of the structure. All degrees of freedom are treated as
unknowns in slope-deflection method.

Determine the fixed end moments at each end of the span to applied load. The table
given at the end of this lesson may be used for this purpose.

Express all internal end moments in terms of fixed end moments and near end, and far
end joint rotations by slope-deflection equations.

Write down one equilibrium equation for each unknown joint rotation. For example, at
a support in a continuous beam, the sum of all moments corresponding to an unknown
joint rotation at that support must be zero. Write down as many equilibrium equations
as there are unknown joint rotations.

Solve the above set of equilibrium equations for joint rotations.

Now substituting these joint rotations in the slope-deflection equations evaluate the end
moments.

Determine all rotations.



Example 1

A continuous beam ABC is carrying uniformly distributed load of 2 KN/m in
M
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Fig. 14.5(a) Example 14.1
addition to a concentrated load of 20 kN as shown in Fig.14.5a. Draw bending moment and
shear force diagrams. Assume EI to be constant.

(a). Degrees of freedom
It is observed that the continuous beam is kinematically indeterminate to first

degree as only one joint rotation C B is unknown. The deflected shape /elastic
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curve of the beam is drawn in Fig.14.5b in order to identify degrees of freedom.
By fixing the support or restraining the support beams B against rotation, the fixed-fixed
area obtained as shown in Fig.14.5c.

(c) Slope-deflection equations

Since ends A and C are fixed, the rotation at the fixed supports is zero,

Only one non-zero rotation is to be evaluated for this problem. Now, write slope-deflection
equations for span AB and BC.

(b). Fixed end moments M%,.M; .M;. and M/, are calculated referring to the

Fig. 14. and following the sign conventions that counterclockwise moments are
positive.

2x6° 20x3x3’
+

ML == —~ =21kNm
2" 1 6
M[,=-21kNm
ML = 4;4 =533 KNm
M7, =-533KkN.m (1)

(c) Slope-deflection equations
Since ends A and C are fixed, the rotation at the fixed supports is zero,
8,=6,=0.Only one non-zero rotation is to be evaluated for this problem. Now,

write slope-deflection equations for span AB and BC.

2EI
Mg =M +T(20" +6;)
M, =21+%5}, (2)

My, =21 +2;£(253 +6,)

M,, =—21+4%::‘r93 (3)
M,.=533+EIf, (4)
M =-533+0.5EI8, (5)



(d) Equilibrium equations
In the above four equations (2-5), the member end moments are expressed in terms of unknown
rotation CB . Now, the required equation to solve for the rotation

LB is the moment equilibrium equation at support B . The free body diagram of support B along
with the support moments acting on it is shown in Fig. 14.5d. For, moment equilibrium at

MuA f
{ b “ |
z £ 2 ‘ )
. 9 G 9 & g § 2N gy 9 N 9y
/ B ey ¥ 48 '
J M..
support B, one must have, > M;=0 Mg, +Mp. =0 (6)

Substituting the values of A ,,and M, in the above equilibrium equation,

2142y 533.E6,-0  (€)Reactions
6 Now, reactions at supports are

= 1.6676,EI =15.667 evaluated using equilibrium
equations (vide Fig. 14.5e)
9.398 9.40
G, = =— 7
SO (7

(e) End moments
After evaluatinggs, substitute it in equations (2-5) to evaluate beam end
moments. Thus,

M, =21+£9}3
2

EI 9.398
My =21+ x 2222 = 24133
]
M,, =-21 +£(29}3)
3
M, =21+ ZL, 294 gy,
3 El
M, =5.333 +9;?EI=14 733k
94 EI
M, =-5333+2-x—=-0.63
' EI 2

10



20 kN
14.733

(9)

0.63

4 kN/m

The shear force and bending moment diagrams are shown in Fig. 14.5f.

Fig. 14.5 (e) Free - body diagram of two members
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Bending Moment diagram
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R, x6+14733-20x3-2x6%x3-24.133=0

R,=17.567 kN(T)

R, =16-1.567=14.433 kN(T)

R, =8+ 14.733-0.63

R.=8+3.526=4.47 kN(T)
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Fig. 14.7 Table of fixed end moments
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Example 14.2
Draw shear force and bending moment diagram for the continuous beam
ABCD loaded as shown in Fig.14.6a.The relative stiffness of each span of the beam is also shown in the

figure.
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UNIT 3 - Moment Distribution Method

1.0 Introduction

*  Moment Distribution is an iterative method of solving an indeterminate Structure.

»*

Moment distribution method was first introduced by Hardy Cross in 1932.

*  Moment distribution is suitable for analysis of all types of indeterminate beams

and rigid frames.

*  Itisalso called a ‘relaxation method’ and it consists of successive approximations using

a series of cycles, each converging towards final result.

[

It is comparatively easier than slope deflection method. It involves solving number of

simultaneous equations with several unknowns, but in this method does not involve any

simultaneous equations.

— Itisvery easily remembered and extremely useful for checking computer output of

highly indeterminate structures.

T A B

Basic Concepts

It is widely used in the analysis of all types of indeterminate beams and rigid frames.
The moment-distribution method was very popular among engineers.
It is very simple and is being used even today for preliminary analysis ofsmall structures.

The primary concept used in this methods are,

Fixed End Moments
Relative or Beam Stiffness or Stiffness factor
Distribution factor

Carry over moment or Carry over factor

_ Inmoment-distribution method, counterclockwise beam end moments are takenas positive.

_ The counterclockwise beam end moments produce clockwise moments on the joint.

_ Note the sign convention:

Anti-clockwise is positive
Clockwise is negative



2.0 Assumptions in moment distribution method

#* All the members of the structures are assumed to be fixed and fixed end moments due to

external loads are obtained.

* All the hinged joints are released by applying an equal and opposite moment.

* The joints are allowed to deflect (rotate) one after the other by releasing them successively.

* The unbalanced moment at the joint is shared by the members connected at the joint when

it isreleased.

* The unbalanced moment at a joint is distributed in to the two spans with their distribution

factor.

* Hardy cross method

Mgy, My B Yl "4&{ e s
Pg—fp——Fc = g & 1T & =

use of the ability of various structural members at a joint to

sustain moments in proportional to their relative stiffness.

Fixed End Moments

* All members of a given frame are initially assumed fixed at both ends.

* The loads acting on these fixed beams produce fixed end moments at the ends.

%* FEM are the moments exerted by the supports on the beam ends.

* These (non-existent) moments keep the rotations at the ends of each member zero.

Table .1: Fixed End moment
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Fig 1: Fixed end moment
Relative or Beam Stiffness or Stiffness factor

#* When a structural member of uniform section is subjected to a moment at one end, then the
moment required so as to rotate that end to produce unit slope is called the stiffness of the
member.

* Stiffness is the member of force required to produce unit deflection.

* |t is also the moment required to produce unit rotation at a specified joint ina beam or a
structure. It can be extended to denote the torque needed to produce unit twist.

* |t is the moment required to rotate the end while acting on it through a unit rotation,
without translation of the far end being

v' Beam is hinged or simply supported at both ends

k = 3EI/L
v' Beam is hinged or simply supported at one end and fixed at other end
k = 4EI/L
v’ Stiffness of members in continuous beams and rigid frames
» Stiffness of all intermediate members k=4EI/L
» Stiffness of edge members,
¢ If edge support is fixed k=4EI/L
«¢ If edge support is hinged or roller k=3EI/L

4



#*  Where, E Young*s modulus of the beam material

I = Moment of inertia of the beam
L = Beam"s span length

Distribution factor

* When several members meet at a joint and a moment is applied at the joint to
produce rotation without translation of the members, the moment is distributed

among all the members meeting at that joint proportionate to their stiffness.

*

Distribution factor = Relative stiffness / Sum of relative stiffness at the joint
* If there is 3 members,
Distribution factors = k1 / (k1+k2+k3), k2/ (k1+k2+k3), Ka/ (k1+k2+k3)
Carry over moment
* Carry over moment: It is defined as the moment induced at the fixed end of the beam by
the action of a moment applied at the other end, which is hinged.
* Carry over moment is the same nature of the applied moment.
Carry over factor (C.0):
%* A moment applied at the hinged end B “carries over” to the fixed end ,, A",

a moment equal to half the amount of applied moment and of the same rotational

sense. C.0 =0.5
Problem:
1. Find the distribution factor for the given beam.
T A L TB L TC L D
Joint | Member | Relative stiffness Sum of Relative stiffness Distribution factor
A AB 4EI/ L AEI /L (4EI/L)/(4EI/L) =1
BA 3EI/L (3EI/L)/(7TEI/L)=3/7
B 3EI/L+4ElI/L=7El/L
BC 4E1/ L (4EI/L)/ (TEN /L) =417
c CB 4E1/ L AE1/ L + 4E1/ L =8E1 / L (4EI/L)/(8EI/L) =4/8
CD 4E1/ L (4EI/L)/(8EI/L)=4/8
D DC 4E1/ L 4EI1/ L (4EI/L)/ (4EI/L) =1

2. Find the distribution factor for the given beam.

N €1) (1)
JA L Bs L
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Joint | Member | Relative stiffness Sum of Relative stiffness Distribution factor
A AB 4E(31)/L 12E1/L (12E1/L)/(12E1/L) =1
B BA 4E(3I) /L 12E1 /L + 4E1 /L = 16E1 / L (12E1/L)/(16EI/L)=13/4
BC 4EI/ L (4EI/L)/(16EI/L) = 1/4
C CB 4EI/ L 4EI/L (4EI/L)/(4EI/L) =1

3. Find the distribution factor for the given beam.

N B S

Joint | Member| Relative stiffness Sum of Relative Distribution factor
BA 0 (no support) 0
B BC 3E1 /L SEI/L (3E1/L)/(3EI/L) =1
c CB 3EI/L 3EI/L +4EI/L (3EI/L)/(7TEI/L)=3/7
CD 4EI/ L =7El/L (4EI/L)/(TENIL)=4]7
D DC 4EI/L 4E1/ L (4EI/L)/(4EI/L) =1

Flexural Rigidity of Beams:

T The product of young™s modulus (E) and moment of inertia (I) is called Flexural
Rigidity (EI) of Beams. The unit is N.mm?,
Constant strength beam:
T If the flexural Rigidity (EI) is constant over the uniform section, it is called
Constant strength beam.
Sway:
T Sway is the lateral movement of joints in a portal frame due to the unsymmetrical
dimensions, loads, moments of inertia, end conditions, etc.
What are the situations where in sway will occur in portal frames?
T Eccentric or unsymmetrical loading
Unsymmetrical geometry
Different end conditions of the columns
Non-uniform section of the members

Unsymmetrical settlement of supports

[ A B B B

A combination of the above



What are symmetric and antisymmetric quantities in structural behaviour?
— When a symmetrical structure is loaded with symmetrical loading, the bending moment and
deflected shape will be symmetrical about the same axis.
— Bending moment and deflection are symmetrical quantities
Steps involved in Moment Distribution Method:
1. Calculate fixed end moments due to applied loads following the same sign conventionand
procedure, which was adopted in the slope-deflection method.
2. Calculate relative stiffness.

3. Determine the distribution factors for various members framing into a particular joint.
Distribute the net fixed end moments at the joints to various members by multiplying the

net moment by their respective distribution factors in the first cycle.

5. Inthe second and subsequent cycles, carry-over moments from the far ends of the same
member (carry-over moment will be half of the distributed moment).

6. Consider this carry-over moment as a fixed end moment and determine the balancing
moment. This procedure is repeated from second cycle onwards till convergence

Advantages of Fixed Ends or Fixed Supports

1. Slope at the ends is zero.

2. Fixed beams are stiffer, stronger and more stable than SSB.

3. In case of fixed beams, fixed end moments will reduce the BM in each section.

4. The maximum defection is reduced.

Problem:

1. Analyse the frame given in figure by moment distribution method and draw the B.M.D &
S.F.D

A IOKN/M 5 i 5
Step: 1 - Fixed end moment 7w P o dm o
Vi
. = -WL?%/12 = - 10%x42/12 = -13.33 KNM
M B = WL?/12 = 10x4%/12 = -13.33 KNM
F A - Wab?/L? = -50x2x3%/5% = -36 KNM
MFB ~= W2 = 50x2%x3/52 = 24 KNM
Mcs
Step: 2 - Stiffness
KAB = KBA = 4EI/L = El
KBC = KCB = 3EIL = 0.6EI



Step: 3 - Distribution factor

Joint B
F — _
D'on = KpAKpgKge = 063
DF = + = _
BC KBé(KBA KB(} 037
Step: 4 - Moment distribution
B
MEMBER AB BA BC CB
DF 0 0.67 0.33 0
FEM -13.33 +13.33 -36 +24
BALANCING 0 0 0 -24
CF 0 0 -12 0
M -13.33 +13.33 -48 0
BALANCING 0 21.84 12.83 0
CF 10.92 0 0 0
M-FINAL -2.4 35.17 -35.17 0

11,81




Step: 5 - Reactions

Span AB:
Ra = 11.81 KN
RB1 = 28.19 KN
Span BC:
RB2 = 37.03 KN
Rc = 12.97 KN

2. Analyse the frame given in figure by moment distribution method and draw the
B.M.D&S.F.D 25 KN

A 10 KN/M ‘

4m 2m 2m

4m

Step: 1 - Fixed end moment

MFag = -WL?%12 = -10x4%/12 = -13.33 KNM
MF = WL?/12 = 10x4%/12 = -13.33 KNM
MF: = - WL/8 = -25x4/8 = -12.5 KNM
MF = WL/8 = 25x4/8 = 12.5 KNM
MFCB = 0
BD

Mg = 0

Step: 2 - Stiffness
KAB = KBA = 4EI/L = El
KBC = KCB = 3EIL = 0.75El
KBD = KDB = 4EIIL = El

Step: 3 - Distribution factor Joint B

D F BA = KBA/ (KBA+KBC+KBD) = 0.36



D F BC = KBC/ (KBA+KBC+KBD) = 0.28

D F BD = KBD/ (KBA+KBC+KBD) = 0.36

Step: 4 - Moment distribution

B
MEMBER AB BA BC BD DB CB
DF 0 0.36 0.28 0.36 0
FEM -13.33 +13.33 -12.5 0 0 +12.5
CF 0 0 -6.25 0 0 -12.5
M(initial) -13.33 +13.33 -18.75 0 0 0
BALANCING 0 +1.95 1.52 1.95 0 0
MF 0.98 0 0 0 0.98 0
M-FINAL -12.35 15.28 -17.23 1.95 0.98 0
Step: 5 - Find reactions:
. =N
Span AB: —— * o
Ra = 19.27 KN - = = =
RB1 = 20.73 KN .=
Span BC:
RB2 = 16.32 KN
Re = 8.68 KN
Span BD:
RB3 = -0.73 KN
Ro = 0.73 KN
%V
- A

10




3. The continuous beam ABCD, subjected to the given loads, as shown in Figure below. Assume
that only rotation of joints occurs at B, C and D, and that no support displacements occur at B,

C and D. Due to the applied loads in spans AB, BC and CD, rotations occur at B, C and D
using moment distribution method.

150KN
15 kIN/m

v .
) P el R

! # I

L. Sm P

10 KN/m
'd
VR

D
;%;L 1

2m

A/

Step: 1 - Fixed end moments

IE
W
Mg=-Mg, = =

(15’

=—80 kN.m

12

wi a (150)(6)

Mgy =—-M ;=——=

8

Mep=—Mpc = 12

_wl*_ (10)(@8)°

12

=—1125kNm
8

=—53.333kN.m
12

Step: 2 - Stiffness Factors (Unmodified Stiffiness)

_AEI _ (4)(ED

K=K, 3

KBC=KCB_

Step: 3 - Distribution Factors

_4EI

=0.5ET
8

WED _ 6671

K 0.5ET
DF; = 2 = - =0.0
Ky, +K,; 05+ (wall stiffiess)
K 0.5EI
DF,, = B _ =04284
Kz +Kg 0S5EI+0667EI
K 0.667ET
DF,. = B’ - =05716
K, +K, 0.5EI+0667EI
K
DF,_, = cE - 0.667E =05716
K. +K., 0G667EI+0500ET
DF,, = Ko  _ 0.500£7 = 04284
Kep+Kep  0.667EI +0.500E
K
DF,, = KDC =1.00
o

11



Step: 4 - Moment Distribution

Joint A D
Member AB BA BC CB CD DC
DF 0 0.4284 | 0.5716 0.64 0.36 1
FEM -80 80 -112.50 | 112.50 -53.33 53.33
It Distribution 13.923 | 18.577 -37.87 -21.3 -53.33
Carry over Moment 6.962 -18.93 9.289 -26.67 -10.65
2" Distribution 8.111 10.823 11.122 6.256 10.65
Carry over Moment 4.056 5.561 5412 5.325 3.128
3 Distribution -2.382 | -3.179 -6.872 -3.865 -3.128
Carry over Moment -1.191 -3.436 -1.59 -1.564 -1.933
4™ Distribution 1.472 1.964 2.019 1.135 1.933
Carry over Moment 0.736 1.01 0.982 0.967 0.568
5" Distribution -0.433 -0.577 -1.247 -0.702 -0.568
Carry over Moment
M-FINAL -69.44 100.69 -100.7 -03.748 93.75 0
Step: 5 - Computation of Shear Forces
) 10 kN/m
50 kN /
T v e | T
y
1 [ ey I -
8m im Im 8m
|l” ;’1[/ b /‘ll’r }!
Simply-supported 60 60 75 75 40 40
reaction
End reaction
due to left hand FEM 8.726 -8726 | 16665 -16.67 | 12.079 -1208
End reaction
due to right hand FEM | -12.5 12498 -16.1 16.102 0 0
Summed-up 56.228 63.772 | 75563 74437 | 53.077 27.923
moments

12




5. Analyse the beam as shown in figure by moment distribution method and draw the BMD.

Assume EI is constant

20 KNm

zIon:m
Step: 1 - Fixed end moments ORI - Y, R r AN e W :
MFag = 0
MF = 0
BA
MFBC = -WL?/12 = -20x12%/12 = -240 KNM
MFCB = WL?/12 = -20x12%/12 = 240 KNM
MF, = - WL/8 = -250x8/8 = -250 KNM
MF,. = WL/8 = 250x%8/8 =250 KNM
Step:2 - Distribution factor
Joint Member Relative Stiffness (K) K D.F = (K / 2K)
BA I/L=(1/12) 0.50
B 1/6
BC I/L=(1/12) 0.50
CB I/L=(1/12) 0.40
C 51 /24
CD I/L=(1/8) 0.60
Step:3 — Moment Distribution
It A B C D
Member AB BA | BC CB|CD o
DF 0 05]05 04106 0
FEM 0 0[-240 +240 | -250 +250
Balance /130 +12 4|6 \
CcC.O 60 2 i><)6() 3
Balance / -1 -1 -24 -36\
Cc.O -0.35 -12><-0.5 -18
Balance +6 | +6 0.2 0.3\
co |3 et 0.1 o 3 0.15
Balance 0.05 -().02><)- 1.2]-1 8\
Co 0 03/ 06 20.03 0.9
Balance /0_3 +0.3 0.01 0.03\
c.o 0.15 0.01
62.62 125.25 | -125.25 281.48 | -281.48 234.26
Final
moments

13




-~ J : v \
2 T ———th___a—‘_jz___‘_j \\—
1263 _.——'_A’ \ — ’// { \" 2142
" / h I’. I"" ; "|
- & Z | \ \ / ‘ \
'__',.’_74 ’ \ y \
L"‘ ‘“—,; ™ ‘l —ud
O 7 deim
s L !
\
\ 1
? O X J - Y
[ = 260 KNm AT

5. Analyze the continuous beam as shown in fig by moment distribution method and
draw BMD & SFD
) 2 ‘N ¢
A 3kN/m 25 kN 16 kN

% l 10 kN
W D J
4m @ 411@ 4m Im 3y, A Im F

Step: 1 - Fixed end moments

3 2
BEE WMoy o AN Wi =400
3x8%  25x8 3x8> 25x8
Mpge = - - =—41 kNm Mgpsp=+ - = +41kNm
T 8 =T 8
16x1°x3
Mepc = —2=+3kNm Mpg =-10x 1 =—-10kNm
_ 2
Mecp = 16X—21X3= -9 kNm
4
Step:2 - Distribution factor
Jt Member Brative 5K e
' 2 stiffness (K) S K
B BA % ’ z_: e 1.811 0.31
BC 101/8 = 1.251 0.69
C CB 1018 = 1.251 1.631 0.77
. o
=0 220381 e
44

14



Step: 3 - Moment Distribution

Tt A B D
Member AB BA | BC CB|CD DC | DE
DF 1 0.31]0.69 0.7710.23 1101
FEM -4 41 -41 +411-9 31 -10
Release of | +4 \ +7
joint A and 2 3.5
adjusting
moment at
CD"
Initial 0 6| -41 411 -5.5 +10 | -10
moments
Balance 109 24.1><—27.’~} -8.2
C.0 -13.7 12.1
Balance 42195 >< 931]-28
C.0O -4.7 4.8
Balance 1.5 3.2>< 371-1.1
C.O -1.9 1.6
Balance 0613 >< -121-04
CcO -0.6 0.7
Balance 02104 >< -0.51-0.2
Cc.O -0.3 02
Balance 0.0910.21 -0.151-0.05
Final 0 23.49 | -23.49 18.25 | -18.25 10 ] -10
moments
Step: 4 - BMD & SFD
2558 LA LQenen \BLS

L i ) G S e e S R i T A ‘(x}‘g
|

Q.13

S

W Rge

(f e e A \W“,rmx‘o? ,
N -

PECR VRS
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= ?.« i 1

v

oy




AL

\q'(ls (TR 10 10wl l’l.Q) AU
3'[‘ ‘p QL o
\wohvry LR PRV Lo\

\ ~ Lt ==
.84

h.8¥

S
23.44
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6. Analyze the continues beam as shown in figure by moment distribution method and draw the

- c,» F.‘ \"-‘-\'.J

B.M. diagrams 2 GNEW [an I SRS

a4 " | 7 2 '™
I, S . $

a P . T S (“—‘s‘{* N SNOONETONCT

i Q1 < D1

p P |

s e\ Y. 30 ge 2% o, Ty SSSICN

Support B sinks by 10mm, and take E = 2 x 10° N/mmz, | = 1.2 x 10* m*

Step: 1 - Fixed end moments

Mgag = FEM due to load
+ FEM due to sinking

—wl? [— 5Em}
_|_

5

12 I’
_ —20x6° 6x2x10°x1.2x107 x10% x10
12 (6000 )’ x10°
=-60-40

Mgag = -100 kKNm
Mgga = FEM due to load + FEM due to sinking

=+ 60 —40
I\"IFBA =420 kNm

Mgpc = FEM due to loading
+ FEM due to sinking

—Wab® 6EIA
— +—
12 12
—50x3x2’ . 6x2x10°1.2x107* x10"” x10
5° (5000) x 10°

=-24+57.6
NIFBA =+33.6 kNm

Wa’b GEIA

Mgcg =+ +—
FCB T E

BVIFCB = 93.6kNm
Mgcp = due to load only (.- C & D are at some level)

—wl® -20x4°
Mecp= - — _26.67KNm
T, 12

Mepc =+ 26.67 KNm

Step:2 - Distribution factor

17



ativ K
Jt. Member S ti;l‘t‘t;lls:? (eK) 2K DF = ﬁ
B BA Ve 0.46
BC 1/5 0.361 0.54
C CB s 0.51
CD %Xi=0.191 0.391 0.49
Step: 3 - Moment Distribution
Tt A D
Member AB BA | BC CB | CD DC
DF 0.46 | 0.54 0.5110.49
FEM -100 +20 | +33.6 +93.6 | -26.67 +26.67
Release jt. -26.67
D
cO -13.34
Initial -100 +20 | +33.6 +93.6 | -40.01 0
moments
Balance /24.66 -28 27.33 | -26.26
c.0 -12.33 -13.67 -14.47
Balance - +6.29 +?.3><+?.38 +7.09
c.0 +3.15 +3.69 +3.69
Balance - -1.7 -l.99>_<—l.88 -1.81
Cc.0 -0.85 -0.94 -1
Balance - +0.43 +0.5‘1><;+0.51 +0.49
c.o +0.22 +0.26 +0.26
Balance — -0.12 1 -0.14 -0.13 | -0.13
c.o -0.06
Final -109.87 +0.24 | -0.24 +60.63 | -60.63
moments

18




Step: 4 —BMD

109.87

50x3x2/5 =
20x6?/ 8 =90 KO;E:; . %0 20x4%/8 = 40KNM
KNM

6. Analysis the frame shown in figure by moment distribution method and draw BMD.

Assume El is constant
RN \M

10\“\) ﬂ\i'm“
—,{——\,@m_ 3 <§E

i o~ Sl Me——— K ‘4!
l |
* et PN
B ©

Step: 1 - Fixed end moments

Mras = Mra= Mrcp = Mrpc = Mrce Mrec =0

5x6°

MFBC: - =—15kNm

MFCB =+ 15 kNm

Step:2 - Distribution factor

19



K
Jt. Member Relative stiffness (K) YK DF = —Z K
B BA s 11 I 0.55
30
BC I'6 0.45
C CB /6=0.171 0.33
CD 3 0511 0.3
—I'5 =0.151
,_1_
CE 3 1 0.37
—x—=0.191
4 4
Step: 3 - Moment Distribution
Tt A B C D E
Member AB BA | BC CB CD | CE DC EC
D.F 0 0.55]0.45 0.33 31037
FEM 0 0]-15 +15 ofo 0 0
Balance /8.2< 6.75 4.95 -4.5|-555
C.0 4.13 -2.48 3.38
Balance /1.36 1.12 -1.12 -1.01 | -1.25
C.0 0.68 0.56 0.56
Balance /0.31 0.25 -0.18 -0.17 | -0.21
C.0 0.16 -0.09 0.13
Balance /0.05 0.04 -0.04 -0.04 | -0.05
C.0 0.03
Final 5 9.97 | -9.97 12.78 -5.72 | -7.06 0 0
moments
Step: 4 —BMD
e
X LTk
=/ | \ ki
qQ ¢ [ ™ 1 =
% !// 'l \ e
: / = R
-— T .\f,’/[ i’ <
Q.91 — é ATkl
™=
Fﬁfé L =
: &
| /
f
\.-\ /
! v
: ,\... N\ ‘/,
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8. Analyze the frame shown in figure by moment distribution method and draw BMD and SFD

SOWN
QN [

& a
(4 }ﬁaﬁw‘(‘v’\"f‘h«"f*“c%?&_\" N =
- |
K: am . T

Y
N

. «— L3l
I
SN
|
|
Step: 1 - Fixed end moments A D
,51
Meas = - 2235 _ 41,67 KNM
Mgga =+ 41.67 KNM
Megp = Mgpg = 0
Mggc =-50x 1 =-50 KNM
Step:2 - Distribution factor
- C DF= o
Jt. Member K K SK
BA 25 =041 0.62
B
BC 0 0.651 0
BD I/4=0251 0.38
Step: 3 - Moment Distribution
It A B D
Member AB BA | BC BD DB
D.F 01 06210 0.38 0
FEM -41.67 41.67 | -50 0 0
Balance / 5210 3.13 —
C.0 2.6 1.6
Final -39.07 46.87 -50 | 3.13 1.6
moments
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50 50 118 C
4:|a_44
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N _ Transvers shear
| force diagram for
A 5 -
SFD for beam
1.18 D
51.50
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Moment distribution method for frames with side sway:

#* Frames that are non symmetrical with reference to material property or geometry (different

lengths and | values of column) or support condition or subjected to non symmetrical

loading have a tendency to side sway.

P
S : e
| 1
1 ’/
1 -
1 / -
l x 2
o /
// /
/ /
/ 7
Tzl IRET57%))
Q”T{”"’ ITTILI%

9. Analyze the frame shown in figure by moment distribution method. Assume EI is constant.

&

\Gww
AN
M ey 1
Q3 3 < o . = Q
M = +
& 0
Non Sway Analysis:

#* First consider the frame held from side sway as shown in figure.
Step: 1 - Fixed end moments
Mgas = Mega = Mrcp = Mrpc =0

16x1x4°
Mrse = - ——— " = .10.24 KNm
52
2
Mecp= 16X5172x4 =256 kNm
Step:2 - Distribution factor
Jt Member Relative K DF- K
) stiffness K > K
B BA U5=021 041 0.5
BC U5=021 0.5
C CB U5 =0.2I 0.41 0.5
CD U5 =0.21 0.5

23
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Step: 3 - Moment Distribution

Joint A B C D
Member AB BA | BC CB | CD DC
D.F 0 05105 05105 0
FEM 0 -10.24 25610 0
Balance 5.1215.12 1.28 (-1.2
/ \
coO 2.56 -0.64><2.56 -0.64
Balance / 0.32 0.32><0.08 -0.0\
CcoO 0.16 -0.64 0.16 -0.64
Balance — 0.3210.32 ~0.08 -0.0\
Cc.O 0.16 -0.04 0.16 -0.04
Balance 0.02 ] 0.02 -0.08 | -0.0
1:// 8\
Cc.0 0.01 -0.04
Final 2.89 5.78 | -5.78 2.72 [ -2.72 -1.36
moments
FBD of columns:
By seeing of the FBD of columns - @ - _— \@
578 KNM | 1.73KN 2.72KNM |0.82 KN
R=1.73-0.82
(Using £Fx= 0 for entire frame) = 0.91 KN («)
Now apply
R = 0.91 kN acting opposite as shown in figure
for the sway analysis. L
TN 1.73KN 0.82KN
ABRIIM. Sty 1.36 KNM"&
R Wi

ii) Sway analysis:

|

_ For this we will assume a force RL is applied at C causing the frame to deflect C* as

shown in figure

A

B

A
a1

v

e
)
|




Since both ends are fixed. columns are of same length & I and assuming joints B

& C are temporarily restrained from rotating and resulting fixed end moment are

A _GEIA

lpc ==

1

M, =M, =M,

lep =
Assume M}, =—100kNm
s M,z = Mg =Mp. =-100 kNm

Moment distribution table for sway analysis:

Joint A B C D
Member AB BA | BC CB | CD DC
D.F 01 05(0.5 0505 0
FEM —100 —-100 |0 0] -100 -100
Balance 50 | 50 50150
CcO 25 25 25 25
Balance /—12 5(-12 12.5 —12.\
CcO -6.25 —6.25 -6.25 —6.25
Balance 4/”/3 125 | 3.123% 312513 125\
c.O 1.56 1.56 1.56 1.56
Balance e/ -0.78 | -0.78 —0.78 —0.78‘\
coO -0.39 -0.39 -0.39 0.39
Balance 0.19510.195 0.19510.19
é—’"’/ \
Cc.O 0.1 0.1
Final - 80 -60 | 60 60 | — 60 — 80
moments

1

FBD of columns: Ct\ (b_\
Nﬂr—?' 28 KN > 28 KN

Using Z F, = 0 for the entire frame 60K
R'=28+28 =56 KN (—)

80 KNM
28 KN

25



T Hence R = 56KN creates the sway moments shown in above moment distribution table.
Corresponding moments caused by R = 0.91KN can be determined by proportion.

T Thus final moments are calculated by adding non sway moments and sway moments
calculated for R = 0.91KN, as shown below

0.91
56

0.91
Mpga =5.78 + e (-60) =4.81 KNm
)

Map=2.89+

(-80) = 1.59 kKNm

Mpc =-5.78 + 05—96‘1 (60) = -4.81 KNm

Mcp = 2.72 + % (60)=3.7 kKNm

Mcp = -2.72 + 05—5;1 (-60) = -3.7 KNm

0.91
Mpc =-1.36 + 7 (-80) =-2.66 kNm

BMD:

"F
481 3
By 3.7 KNM
481 ‘t \ 3.7 KNM
KNM 1N g 4 rFa
12.8 /
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Moment distribution method for frames with side sway:

1. Analysis the rigid frame shown in figure by moment distribution method and draw BMD

20 KN

- 5 20 KN
e 2m . 2m g 5 T ‘R R

T B 21 C B c™ v
4n 4 4 111’: 4m 4

| I

10 K)H I 0 KN~ D#
3m 3m '
b
l A A
o VAN

1) Non Sway Analysis:
First consider the frame held from side sway as shown in figure 2

FEM calculation:

10x3x4?
Mgsp = - —— =~ 9 8KNM
Mgpga =+ 710:; x4 =73KNM
20x4
Mrpc = - —— — .10 KNM
Mecg =+ 10KNM
Mgcp =Mepc =0
Distribution Factor:
Joint Member Relative Tk DF = L
stiffness k Z K
B BA 3 1 0611 0.18
—x—=0.111
4 7
BC 21/4=0.51 0.82
C CB 21/4=0.51 0.72
CD 3 1 0.691 0.2
Z x — =0.191

27



Moment distribution for non sway analysis:

Joint A C
Member AB BA | BC CB | CD DC
D.F 1 0.18 | 0.82 0.7210.28 1
FEM -9.8 7.3 1-10 1010 0
Release |t. +9.8\
‘D’
(0] 4.9
Initial 0 12.2 1 -10 1010 0
moments
Balance -041-1.8 -7.2-2.8
(0] 3.6 >< -0.9
Balance 0.65 2.95>< 0.65]0.25
Cc.O 0.33 1.48
Balance -0.06 | -0.2 -1.07 | -0.41
C.O -0.54 -0.14
Balance 0.1]0.44 0.1]0.04
Final 0 12.49 | -12.49 2921-2.92 0
moments
FBD of columns:
~ FBD of columns AB & CD for non-sway analysis is shown in figure
Applying XF, = 0 for frame as a
Whole. R =10-3.93-0.73
=534 kN («)
Now apply R = 5.34KN acting opposite as shown in figure for sway analysis
@— g AN
12.49 KNG 6.07 KN gt Izm(@“_} 0.73K [
4 nj
10 KN—
21
AE—3.93KN e

(T(__q 0.73 KN
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i) Sway analysis:
_ For this we will assume a force RL is applied at C causing the frame to deflect LI as

shown in figure.

D.

Since ends A & D are hinged and columns AB & CD are of different lengths
M,,=-3EIA’ /1%
M'cp= - 3EIA/L%

2

ML, 3EIA/Z 12 4* 16

ML, BEIAV/E 12 7* 49

Assume Mj, = —16kNm &M, =0
& My, =—49kNm & M. =0

(SR

Moment distribution table for sway analysis:

Joint A B ] C D

Member AB BA | BC CB | CD DC
D.F | 0.18 [ 0.82 0.72 1 0.28 1
FEM 0 -16 [0 0]-49 0
Balance 2.88 [ 13.12 3528 | 13.72
cO 17.64 6.56
Balance -3.18 -]4.46>_<4.72 -1.84
CcO -2.36 -7.23
Balance 0.42 1 1.94 5211202
co 2.61><; 0.97
Balance -0.47 | -2.1 -0.7 | -0.27
c.oO 0.3:><-1.0?
Balance 0.06 | 0.29 077103
c.O 0.39 0.15
Balance -0.07 | -0.32 -0.11 | -0.04
Final 0 -16.36 | 16.36 35.11 | -35.11 0
moments
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FBD of columns AB & CD for sway analysis moments is shown in fig.

C—\

> 234KN d\

16.36 ——5878 KN

v 35.11 KNM
F—878KN

Using Xf, = 0 for the entire frame
R'=11.12kN (—)

Hence R’ = 11.12 kN creates the sway moments shown in the above moment distribution
table. Corresponding moments caused by R = 5.34 kN can be determined by proportion.

Thus final moments are calculated by adding non-sway moments and sway
moments derermined for R = 5.34 KN as shown below.

NIAB =0
s -~
Mas=1249+ l‘l'”

= (—16.36) =4.63 kNm

53
Mgc = -12.49 + ﬁ (16.36) = -4.63 KNM

5.34
Mcg= 292+ = (35.11) = 19.78 KNm
Mep=-292+ 3534 (—35.11) =-19.78 KNM
11.12
A\ID( =0
J9. 78
fil “TkNm
4.63 i
KNM 7
4.63 = s i
ws »19.78
I / - KNM
20x4/4 =20
KNM
+ .
10x3x4/7=17.4 BMD
FNTI
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UNIT - IV - ARCHES
1.0 INTRODUCTION
An arch could be defined in simple terms as a two-dimensional structure element which is
curved in elevation and is supported at ends by rigid or hinged supports which are capable of
developing the desired thrust to resist the loads. It could also be defined as a two-dimensional
element which resists external loads through its profile. This is achieved by its characteristic
horizontal reaction developed at the supports. The horizontal thrust causes hogging bending
moment which tend to reduce the sagging moment due to loading and thus, the net bending
moment is much smaller. However, at the same time
Objectives
After studying this unit, you should be able to
1. conceptualise the structural behaviour of an arch,
2. determine the internal stress resultants namely, normal thrust, radial shear and
bending moment for three-hinged arches,
3. obtain influence lines for horizontal thrust and vertical reactions, bending moment,
radial shear and normal thrust for a three-hingcd arch, and
4. determine absolute maximum values of these internal stress resultants, or external
reactions.

Arch Introduction

In case of beams supporting uniformly distributed load, the maximum bending moment
increases with the square of the span and hence they become uneconomical for long span
structures. In such situation’s arches could be advantageously employed, as they would

develop horizontal reactions, which in turn reduce the design bending moment.

P

L/4a »(
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v
H . H
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3P/ a P/a
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(a) Arch



For example, in the case of a simply supported beam shown in Fig. 32.1, the bending

moment below the load is 3PL/ 16 . Now consider a two hinged symmetrical arch of the

same span and subjected to similar loading as that of simply supported beam. The vertical
reaction could be calculated by equations of statics. The horizontal reaction is determined

by the method of least work. Now the bending moment below the load is 3PL/ 16'H

y. It
is clear that the bending moment below the load is reduced in the case of an arch as compared
to a simply supported beam. It is observed in the last lesson that, the cable takes the shape
of the loading and this shape is termed as funicular shape. If an arch were constructed in an
inverted funicular shape then it would be subjected to only compression for those loadings

for which its shape is inverted funicular.

Funicular shape

<« S . R 3 R <
v v
Cable in tension. Arch in comression

Fig 2. Cable in tension

Since in practice, the actual shape of the arch differs from the inverted funicular shape or
the loading differs from the one for which the arch is an inverted funicular, arches arealso
subjected to bending moment in addition to compression. As arches are subjected to

compression, it must be designed to resist buckling.

Until the beginning of the 20™ century, arches and vaults were commonly used to span
between walls, piers or other supports. Now, arches are mainly used in bridge construction
and doorways. In earlier days arches were constructed using stones and bricks. In modern

times they are being constructed of reinforced concrete and steel.
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(a) Arch

<
“

(b) Beam

Fig 3. Cable in tension

A structure is classified as an arch not based on its shape but the way it supports the lateral
load. Arches support load primarily in compression. For example in Fig 32.3b, no horizontal
reaction is developed. Consequently bending moment is not reduced. It is important to

appreciate the point that the definition of an arch is a structural one, not geometrical.

Crown

R ———— o
(a) Three - hinged arch (b) Two - hinged arch
/>>>%A B
= | T -
e —————

( © ) Fixed hinged arch

Fig 4. Types of arch



There are mainly three types of arches that are commonly used in practice: three hinged
arch, two-hinged arch and fixed-fixed arch. Three-hinged arch is statically determinate
structure and its reactions / internal forces are evaluated by static equations of equilibrium.
Two-hinged arch and fixed-fixed arch are statically indeterminate structures. The
indeterminate reactions are determined by the method of least work or by the flexibility
matrix method. In this lesson three- hinged arch is discussed.

Terminology
Following are some commonly used terms relating to arches :

Springing : This is the point where the arch axis meets the supporting structure (column,
pier, wall or abutment). In a simple arch, there are two springings. The springings may or

may not be at the same level.

Crown : This is the highest point on the curved axis of the arch. In the case of a
symmetrical arch with springings at same level, they will be above the midpoint of the
arch-span [Figure 3.2 (a)]. In an unsymmetrical arch, the crown is at unequal distances

from each support

Soffit: This is the lower surface of the arch which is normally curved in shape. In case of
trussed arches, the line joining the nodes form the soffit.

Rise : The vertical height of the crown above the springing is the rise of the arch

Span : The horizontal distance between the springings is called span

Types of Arch

There are various ways in which arches can be classified. Following are some of the

classifications of arches :
(@) Arches can be (i) simple, or (ii) multiple.

In the former case of simple arch, the arch consists of a single span structure, whereas in

the latter case of multiple arch, it is a multi-span structure

(b) Arches can be classified according to the materials used in their construction in

following way :



(1) Brick or Stone masonry arches.

(i) Reinforced Concrete arches.

(iii) Steel arches.

(iv) Timber arches etc.

(c) Their classification according to structural behaviour can be as follows :

(1) Fixed arches: The arch springings are fixed or clamped (in both position and direction).
Here the arch is statically indeterminate to the third degree, as there are six reaction
components (three at each support) and only three equations of static equilibrium are

available. These arches are also called hingeless arches.

Crown (¢ ' ' Crown

T T The
hzrise h - _
| i (hrhzl=springing
A . . S level difference
f—t—— _+j o
..._._2_ L=Span. ---—-—L:[L!+|_1]-lpon-—-
(a) Symmetrical Arch B (b) Unsymmetrical Arch

() Simple Arch {d) Multiple Arch

(¢) Fixed Arch O Two-hinged Arch (%) Three-hinged Arch



Analysis of three-hinged arch
In the case of three-hinged arch, we have three hinges: two at the support and one at the crown

thus making it statically determinate structure. Consider a three hinged arch subjected to a
concentrated force P as shown in fig.

L L4
-«

o, A

There are four reaction components in the three-hinged arch. One more equation is required
in addition to three equations of static equilibrium for evaluating the four reaction
components. Taking moment about the hinge of all the forces acting on either side of the
hinge can set up the required equation. Taking moment of all the forces about hinge A,
yields.

Taking moment of all forces right of hinge C about hinge C leads to

R, L
behz by

= H, = Ryl PL
" on 8k




Applying ZFx =0 to the whole structure gives = el

“ 8h
Now moment below the load is given by |
D -~ _Hab
3PL PLb
My=—-— 324
2716 8h G2
Flal  hen ag, =3TEdL ogu9spr (32.5)
h 2 16 16

For a simply supported beam of the same span and loading, moment under the
loading is given by,

M= % =0375PL (32.6)

For the particular case considered here, the arch construction has reduced the
moment by 66.66 %.

(a) Arch



Example .1

A three-hinged parabolic arch of uniform cross section has a span of 60 m and a rise of 10
m. It is subjected to uniformly distributed load of intensity 10 kN/m as shown in Fig. 32.6
Show that the bending moment is zero at any cross section of the arch.

Solution:
10kN/m
N N R P PP RO |
c |
@ H
- =
£y Cc
10m
¥
_H',» A A o X B i <H' " =
f t t
_ = }‘ = o R, R
l L - (a)
Free body diagram
(a)
Reactions:

Taking moment of all the forces about hinge 4 | yields

1060
2

Ry =R, = =300 kN (1)

Taking moment of forces left of hinge CaboutC, one gets

Rm_xm—Haxm—mxmx?:o

207
300x30/-10x 30| 22 |
2 )

2

H =
10

=450 kN

From EFx =0 one could write, H, =450 kN.
The shear force at the mid span is zero.

The bending moment at any section x from the left end is,

-

.
M, =R,x-H,y-10— (3)



The equation of the three-hinged parabolic arch is

2 10
y=—xi—-—5x

3 30°

(4)

i b

M, =300x - gx— 101 x* 450 —5x7
’ 3 300 )

=300x—300x+5x> —5x* =0

Example .2

A three-hinged semicircular arch of uniform cross section is loaded as shown in Fig 32.7.
Calculate the location and magnitude of maximum bending moment in the arch.
Solution:

40 kN
l‘ 8m

>l
L

13.267 m 15 m

o
~

]
A

F 4

!

T R,,
30m

Reactions:

Taking moment of all the forces about hinge B leads to,
40%22
Rﬂ'.' =

=2933 kN (D
Y Fy=0 =R, =1067 kN ()

Bending Mooment

Now making use of the condition that the moment at hinge C of all the forces left of hinge is
zero gives,



M, =R, x15-H,x15-40x7=0 (2)

29.33x15—-40x7
Hie x15 X

=10.66 kN ()

Considering the horizontal equilibrium of the arch gives,

H,=1066 kN («)

The maximum positive bending moment occurs below D and it can be calculated
by taking moment of all forces left of Dabout D.

My, =R, x8—H, x13.267 3)

=2933x8-10.66x13.267=93.213 kN

Example .3

A three-hinged parabolic arch is loaded as shown in Fig 32.8a. Calculate the location and

magnitude of maximum bending moment in the arch. Draw bending moment diagram.

~10kN/m
|
Faava aYaaYa a ,\,!,- INNONINONINNININD
40 kN
c
l 2 _'_ a
T’ 8m
H, / H,
—>» —>» x =), Aif <

€

Yy



Taking 4 as the origin, the equation of the three-hinged parabolic arch is given
by,

y=—X——X (1)

Taking moment of all the forces about hinge B leads to,

40%30+10x20x(29
R, = ik x{ ALBO (D
40
Y Fy=0 =R, =160 kN (1) (2)

Now making use of the condition that, the moment at hinge C of all the forces
left of hinge C is zero gives,

M, =R, x20~H,x8-40x10=0

80x20—-40x10
Ha=—x 3 X7 =150 kN (=) (3)

Considering the horizontal equilibrium of the arch gives,
H, =150 kN (<) (4)

Consider a section xfrom end B . Moment at sectionx in part CBof the arch is
given by (please note that B has been taken as the origin for this calculation),

szl-SOx—(Ex—ixEJISO—Ef (5)
100 400 2

According to calculus, the necessary condition for extremum (maximum or

minimum) is that oM, =0.

o
M, _160-| 2 8‘“:]150—1(”
00

10 (6)
=40-4x=0
x=10 m.

Substituting the value of x in equation (5), the maximum bending moment is
obtained. Thus,

M, =160(10)—{%(10)—%(10)2]150—%(10)2

M. =200kN.m. ()



Shear force at D just left of 40 kN load

Vv,
/
= - H,
S,
H,
.——_’ 2
R,
The slope of the arch at D Is evaluated by,
tan:‘?:ﬁ:i—ix
dx 10 400

Substituting x =10 m. in the above equation, 8, =21.8"

Shear force (Sq)
S;=H,sm6—-R, cosd (9)
S, =150s1n(21.80)—80cos(21.80)
=-18.57 kN.



®

SATHYABAMA

INSTITUTE OF SCIENCE AND TECHNOLOGY
(DEEMED TO BE UNIVERSITY)
Accredited “A” Grade by NAAC | 12B Status by UGC | Approved by AICTE

www.sathyabama.ac.in

SCHOOL OF BUILDING AND ENVIRONMENT

DEPARTMENT OF CIVIL ENGINEERING

UNIT -V -STRUCTURAL ANALYSIS 1 - scia1s01




1. Introduction

Cables and arches are closely related to each other and hence they are grouped in this course
in the same module. For long span structures (for e.g. in case bridges) engineers commonly
use cable or arch construction due to their efficiency. In the first lesson of this module,
cables subjected to uniform and concentrated loads are discussed. In the second lesson,
arches in general and three hinged arches in particular along with illustrative examplesare
explained. In the last two lessons of this module, two hinged arch and hingeless arches are
considered.

Structure may be classified into rigid and deformable structures depending on change in
geometry of the structure while supporting the load. Rigid structures support externally
applied loads without appreciable change in their shape (geometry). Beams trusses and
frames are examples of rigid structures. Unlike rigid structures, deformable structures
undergo changes in their shape according to externally applied loads. However, it should
be noted that deformations are still small. Cables and fabric structures are deformable
structures. Cables are mainly used to support suspension roofs, bridges and cable car
system. They are also used in electrical transmission lines and for structures supporting
radio antennas. In the following sections, cables subjected to concentrated load and cables

subjected to uniform loads are considered.

The shape assumed by a rope or a chain (with no stiffness) under the action of external
loads when hung from two supports is known as a funicular shape. Cable is a funicular
structure. It is easy to visualize that a cable hung from two supports subjected to external
load must be in tension (vide Fig. 31.2a and 31.2b). Now let us modify our definition of
cable. A cable may be defined as the structure in pure tension having the funicular shape
of the load.



1.1 INTRODUCTION

In many engineering structures, such as suspension bridges, transmission lines, aerial
tramway, guy-wires for high towers etc, cables are suspsded between supports and subjected
to vertical loads. The load of the bridge floor is transferred to a cable which is stretched over
a span to be bridged. The cable is flexible and can adopt any curvature as required by the
load. Bridges are of two types (a) unstiffened, and (b) stiffened. In unstiffened bridges the
curve of the cable undergoes changes with passage of loads over the

bridge and decking also gets disturbed. The decking of stiffened bridge is stiffened by .girders
or trusses which distribute the loads evenly over the entire cable. VVarious components of the
suspension bridge are as follows :

(1) the cable, (6) vertical suspenders,

(2) decking, (7) supporting towers,

(3) main span, (8) side span,

(4) back stay, (9) anchorage, and

(5) saddle or pulley, (10) Stiffening girdet.

The unstiffened bridges subjected to concentrated and uniformly distributed load, shape of
cable, tension, length of cable

General

Since flexible cable offers no resistance to bending, the resultant internal force on any cross-
section of cable must act along the tangent to the cable at that section. The resist'ulce to
bending offered by actual cables is usually relatively smll and can be neglected without
serious error. Thus, cable structures carry their load through tension which is most efficient

way of re9isting loads.

A cable suspended between two supports at its ends may be subjected to different types of
loading and the shape assumed by the cable, therefore, will depend upon the type of loading.

Various types of loads are as follows :

(a) Vertically downward concentrated load(s)

(b) Distributed load

() The weight of a suspension bridge roadway is an example of this type of load, which is

uniformly 'distributed along the horizontal span. Cables loaded uniformly along the span
3



remains in the shape of a parabola.

Miscellaneous Topics

(i) The weight of homogeneous cable of constant cross-secti'on is an example of load
distributed uniformly doing the cable. A cable loaded uniformly along the cable assumes the
shape of a catenary.

Assumptions

(@) The cable is perfectly flexible. The wire ropes and parallel wire cables are obviously quite
flexible and have little flexural stiffness. Eye bar chains cannot carry any moments because
of the freedom of rotation at the hinges.

(b) The stiffening girder is straight, its moment of inertia is constant and it is tied to the cable
throughout its length. This assumption takes into account the deformation of only the chord
members of the truss and neglects the deformation of the web members. Also since
suspenders are closely spaced, their loads may be assumed to be uniformly distributed
without the introduction of serious error.

(c) The dead load of the truss (stiffening girder), cable and suspenders is uniform per unit
horizontal length; therefore the initial curve of the cable becomes parabolah This is achieved
in practice by attaching the girder, after the dead loads have been transferred to the cable, by
adjusting the suspender forces during erection by meals of turn-buckles provided in themfor
this purpose.

(d) The form and magnitude of ordinates of the cable curve remain unchanged even after the
application of the live loads. By this assumption, the cable always remains parabolic with the
same central sag. Obviously, the stiffening girder must deflect under live loads, pulling the
cable downwards along with it. These deflections and resulting errors will increase with larger
span and shallower trusses. It is found that with small spans and deep trusses, the errors are

small. The errors, however, are found to be always on the safe side.

Concept

To understand the structural behavior of the cable, consider a simply supported beam as
shown in Figure 14.1 (a). Beam is subjected to a point load P at mid point. As the cable has
zero moment carrying capacity, insert an internal hinge under load so that moment carrying
capacity of beam at that point reduces to zero and beam assumes shape as shown in Figure

14.1 (b). Considering the equilibrium point B as shown in Figure 14.1 (c) tension in beam.
4



T =p/2 sin 6,

and both horizontal components are T cos 6 which are equal and opposite at B.

Cable subjected to Concentrated Forces
Consider cable supported on horizontal span of 8 m and length of cable on application of

load is 10 m as shown in Figure 14.2 (a). The freebody at B is shown in Figure

A B - . ¢
9
, WIM
' 4
e T o6
(a)

" J
A s < P
raw rhwir '

vy o (c)

Fig: 1 suspension of cables

Tension in cable at point B

Horizontal component of T
H = Te SP 4 2P
cos 8 [ 6 J (5 ] 3

Now the moment which is product of horizontal component at B and sag at point B, is

[%}xS:Z_P:

Assuming rigid beam as shown in Figure 14.2 (b). Bending moment at B is calculated as

%:ﬁ':—sl:zp
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Fig. 31.1 Deformable structure.

/////ﬁ ?///

Fig 31.2a Unloaded cable
(when dead load is neglected)

Funicular shape

o It

Figure 31.2b Cable in tension.



Cable subjected to Concentrated Loads

As stated earlier, the cables are considered to be perfectly flexible (no flexural stiffness)
and inextensible. As they are flexible they do not resist shear force and bending moment.
It is subjected to axial tension only and it is always acting tangential to the cable at any
point along the length. If the weight of the cable is negligible as compared with the
externally applied loads then its self weight is neglected in the analysis. In the present
analysis self weight is not considered.

Consider a cable ACDEB as loaded in Fig. 31.2. Let us assume that the cable
lengthsL1,L2,L3, andsagat C,D,E (hc,hd, he) are known. The four reaction

components at A and B, cable tensions in each of the four segments and three sag values:
a total of eleven unknown quantities are to be determined. From the geometry, one could

write two force equilibrium equations ( Fx 0, Fy Opat [

each of the point A, B, C, D and E i.e. a total of ten equations and the required

one more equation may be written from the geometry of the cable. For example, if one of
the sag is given then the problem can be solved easily. Otherwise if the total length of the

cable S is given then the required equation may be written as

e

S=yL2+h2 + L2+ (hgh)? +yLF+(hgh); 4L+ (h+h)? (.1)

Cable subjected to uniform load.

Cables are used to support the dead weight and live loads of the bridge decks having long
spans. The bridge decks are suspended from the cable using the hangers. The stiffened deck
prevents the supporting cable from changing its shape by distributing the live load moving

over it, for a longer length of cable. In such cases cable is assumed to be uniformly loaded.
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Fig. 31.3b Cable subjected to uniformly Fig. 31.3c Free-body diagram
distributed load.

Consider a cable which is uniformly loaded as shown in Fig 31.3a. Let the slope of the

cable be zero at A . Let us determine the shape of the cable subjected to



uniformly distributed load qg . Consider a free body diagram of the cable as shown in Fig
31.3b. As the cable is uniformly loaded, the tension in the cable changes continuously
along the cable length. Let the tension in the cable at m end of the free body diagram be
T and tension at the n end of the cable beT CAT . The slopes of the cable at m and
n are denoted by T and A respectively.

Applying equations of equilibrium, we get

ZFy:O —Tsin@ + (T +®T)sin(@ + ®F) —qo (®x) H (31.22)

ZFX:O —Tcos@+ (T+®T) cos(f+®0)=0 (31.2b)

Z Mn =0 — (T cos@)®y + (T sin 8)®x + (q ®x)@=0 (31.20)
lim AT T2

sin(@ +A6) =
Ax —=0 Ax ( )=

d :
E(T siné) = ¢,

i(TCOS 7)=0
dx

lim Ay R
_Tcos 82 +Tsi119+q0\—[’=0
Ax =0 Ax 2
i:t.sz)
dx

Example 31.1

Determine reaction components at A and B, tension in the cable and the sag

yB,and of the cable shown in Fig. 31.4a. Neglect the self weight of the cable yg

in the analysis.
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Fig. 31.4 Example 31.1

T
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v“bc
Toe
Joint A Joint B
Fig. 31.4b Fig. 31.4c
Tdc
D {‘de
ii;cd
Ve
Joint C Joint D
Fig. 31.4d Fig. 31.4e

Since there are no horizontal loads, horizontal reactions at A and B should be the same.
Taking moment about E, yields

Rayx14-17x20-10x7-10 x4=0

10



- _280 20 ki Ry=37 - 20 = 17kN.
o 14

Now horizontal reaction H may be evaluated taking moment about point C of all
forces left ofC .
Ryx7-Hx2-17x3=0

H=445kN

Taking moment about B of all the forces left of B and setting M g 0 0, we get

80
R x4—H =0; =——=1798m
w X AT B~ 4450
68
Similarly, yp= —— =1.528m
44.50

To determine the tension in the cable in the segment AB , consider the equilibrium of
joint A (vide Fig.31.4b).

D Fx=0=> Tap COsG,=H

Tab = 44.5 _ =48.789 kN
13 152 50082
] B

The tension Tap may also be obtained as

Ta=yR2+H? =202 + 44,52 = 48.789 kN

Now considering equilibrium of joint  B,C,and D one could calculate tension in
different segments of the cable.

Segment bc

Applying equations of equilibrium,
11



D Fx=0=> Tab €086 3= Thc COSO .

Segment de

See Fig.31.4

Segment cd

T,=-

I’

See Fig.314
See Fig314

Segment de

1
T, ==

The tension .

The tension Tge may also be obtained as

Te=\RZ+H? =172 + 44.52 = 47.636 kN

Example .2

A cable of uniform cross section is used to span a distance of 40m as shown in Fig 31.5.
The cable is subjected to uniformly distributed load of 10 kKN/m. run. The left support is
below the right support by 2 m and the lowest point on the cable C is located below
left support by 1 m. Evaluate the reactions and the maximum and minimum values of

tension in the cable.

12
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40 m

A

A

Fig. 31.5 Example 31.2

A

A

Fig. 31.6 Example 31.3
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Assume the lowest point C to be at distance of x m from B . Let us place our origin of the

co-ordinate system xy atC . Using equation 31.5, one could write,

q (40-x)>  10(40 —x)?
y =1=_° =

1
a 2H 2H @)

10x 2

:3:—
yo 2H

yaand Yy be the y co-ordinates of supports A and B respectively. From
where

equations 1 and 2, one could evaluate the value of x . Thus,

2
10(40 — x)? =1'% —~  x=25350m

From equation 2, the horizontal reaction can be determined.

10 x 25.3592
H= — - 1071.80 kN

Now taking moment about A of all the forces acting on the cable, yields

_ 10 x40 x20+1071.80x 2
v 40

R =253.59 kN

Writing equation of moment equilibrium at point B , yields

_ 40 x 20 x10 -1071.80 x 2
& 40

R =146.41 kN

Tension in the cable at supports A and B are

Ta=+146.41°+1071.81° = 1081.76 kN

Te=+/253.59°+1071.81° =1101.40 kN
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The tension in the cable is maximum where the slope is maximumas T cos[] O H . The
maximum cable tension occurs at B and the minimum cable tension occurs

at C where
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Example .3

A cable of uniform cross section is used to support the loading shown in Fig 31.6.
Determine the reactions at two supports and the unknown sag yC .

Taking moment of all the forces about support B ,

= 11350 + 300+ 100y ] 1)
ay 10 c

R,,=65+10yc
Taking moment about B of all the forces left of B and setting M g 0 0, we get,

RayXB—HaXZZO

— Ha=1.5Rqy (2)
Taking moment about C of all the forces left of C and setting Mc 00, we get
dMc=0 Rayx 7 — Hax yc—50 x 4=0
Substituting the value of Ha in terms of Ry in the above equation,
7Ray— 1.5Rayyc— 200 = O (3)
Using equation (1), the above equation may be written as,
y2+1.833y —17 =0 4)
C C

Solving the above quadratic equation, yc can be evaluated. Hence,

yc =3.307m.

Substituting the value of yc in equation (1),
16



R,y = 98.07 kN

From equation (2),

Ha= 1.5Ray =147.05 kN

Now the vertical reactiona D,  Rgyis calculated by taking moment of all the forces
about A,

Ray x10 — 100 x 7 + 100 x 3.307 — 50 x 3 =0
Ray = 51.93 kN.

Taking moment of all the forces right of C about C, and noting that ZM =0,

Rdy><3=Hd><yc

=Hq¢=47.109
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