SATHYABAMA

INSTITUTE OF SCIENCE AND TECHNOLOGY
(DEEMED TO BE UNIVERSITY)
Accredited “A” Grade by NAAC | 12B Status by UGC | Approved by AICTE

www.sathyabama.ac.in

SCHOOL OF BUILDING AND ENVIRONMENT
DEPARTMENT OF CIVIL ENGINEERING

UNIT - 1 - SLOPE AND DEFLECTION OF BEAMS — SCIA1401




INTRODUCTION
SLOPE OF A BEAM:

v' slope at any section in a deflected beam is defined as the angle in radians which the tangent at
the section makes with the original axis of the beam.

v' slope of that deflection is the angle between the initial position and the deflected position.

DEFLECTION OF A BEAM:
v The deflection at any point on the axis of the beam is the distance between its position before
and after loading.
v" When a structural is loaded may it be Beam or Slab, due the effect of loads acting
upon it bends from its initial position that is before the load was applied. It means
the beam is deflected from its original position it is called as Deflection.
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BASIC DIFFERENTIAL EQUATION:
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Consider a beam AB which is initially straight and horizontal when unloaded. If under
the actionof loads the beam deflect to a position A'B' under load or infact we say that
the axis of the beam bends to a shape A'B'. It is customary to call A'B' the curved axis
of the beam as the elastic line or deflection curve.

In the case of a beam bent by transverse loads acting in a plane of symmetry, the
bending moment M varies along the length of the beam and we represent the
variation of bending moment in B.M diagram. Futher, it is assumed that the simple
bending theory equation holdsgood.
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If we look at the elastic line or the deflection curve, this is obvious that the curvature
at every point is different; hence the slope is different at different points.

To express the deflected shape of the beam in rectangular co-ordinates let us take two

axes x andy, x-axis coincide with the original straight axis of the beam and the y — axis
shows the deflection.

Further, let us consider an element ds of the deflected beam. At the ends of this
element let us construct the normal which intersect at point O denoting the angle
between these two normal be di.

But for the deflected shape of the beam the slope i at any point C is defined,
tani=:—3'r w1 ar i=j—Elf Assuming tani =i
X i

Futher

ds=Rdi

hiowewer,

ds = dx [usually for smallcury ature]
Hence

ds = dx = Rdi

di _ 1

d R
substitutingthewvalueofi, one get

dfdy)_ 1 dy 1
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Fromthe simplebendingtheary
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sathe basic differentiale guation governingthe deflectionofbeamsis
d¥y

M=El
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This is the differential equation of the elastic line for a beam subjected to bending in the
plane of symmetry.



Relationship

A & L B Deflection =y
dy
Slope = =
. d’y
o b X A G L L Bending moment = EIF
'\ _}'/ d3
Shearing force = EI-—
“
Rate of loading = d—il
dx

METHODS FOR FINDING THE SLOPE AND DEFLECTION OF BEAMS:

Double integration method
Moment area method
Macaulay’s method
Conjugate beam method
Strain energy method

YV YV VYV

DOUBLE INTEGRATION METHOD:
v The double integration method is a powerful tool in solving deflection and slope of a beam at

any point because we will be able to get the equation of the elastic curve.
v This method entails obtaining the deflection of a beam by integrating the differential equation
of the elastic curve of a beam twice and using boundary conditions to determine the constants

of integration.

v’ The first integration yields the slope, and the second integration gives the deflection.



CONJUGATE BEAM:

v Conjugate beam is defined as the imaginary beam with the same dimensions (length) as that
of the original beam but load at any point on the conjugate beam is equal to the bending
moment atthat point divided by EI.

v" Slope on real beam = Shear on conjugate beam

v" Deflection on real beam = Moment on conjugate beam

PROPERTIES OF CONJUGATE BEAM:

v
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The length of a conjugate beam is always equal to the length of the actual beam.

The load on the conjugate beam is the M/EI diagram of the loads on the actual beam.

A simple support for the real beam remains simple support for the conjugate beam.

A fixed end for the real beam becomes free end for the conjugate beam.

The point of zero shear for the conjugate beam corresponds to a point of zero slope for
the real beam.

The point of maximum moment for the conjugate beam corresponds to a point of
maximum deflection for the real beam.

SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED BEAM WITH CENTRAL
POINT LOAD:
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where €, is the constant of integration. And its value is obtained from boundary conditions.
L lope (%) = 0 (As the maximum deflection is at the

The boundary condition is that at x = 2 =
dary dition in oq

centre, hence slope at the centre will be zero). Substituting this b
tion (ii), we get
w (L)
O = —‘—- > (—5) - CI

wr?

Cy = —
16
Substituting the value of €, in equation (i1), we get

dy _ wx?  wr?

L dx 4 16 ...LEiD)

The above cquation is known the slope equation. We can find the slope at any point on

the beam by substituting the values of x. Slope is maximum at A. At A, » = 0 and hence slope
at A will be obtained by substituting x = 0 in equation (/).

or
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The slope at point B will be equal to 8,, since the load is symmetrically applied.

ooy WE,, L(12.6)
¢ oo g 16 E7
Equation (12.6) gives the =lope in radians.
ion at any point
Deflection at any point is obtained by integrating the slope equation (#::). Hence inte-
ating equation (i), we get

Deflect

- 3 ,r2 ;

El <y = W e Wkl Gy ..oy

-1 3 16 5 ;

| where O, iz another constant of integration. At A, x=0 and the deflection (y) is zero.
Hence substituting these values in equation (iv), we get

EI<x0=0-0+C,

or 2 =0
Substituting the value of C, in equation (iv), we gel
wx? \V—l"“ L sl

EI ~y=—73 ==

The asnbove equation is known as the deflection equation. We can find t.!a.e deflection at
v point on the beam by substituting the vilues of x. The deflection ix maximum it ceatre
o ] = I
point C. where x = i‘ - Let y_represents the deflection at C. Then substituting x = = and y =y,

n equation (v), we get

Downward deflection. v, = ASET

w LY wr? K
mb=v.=35(z) =90 i)
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PROBLEMS:

1.A beam 6 m long, simply supported at its ends, is carrying a point load of 50 KN at its centre.
The moment of inertia of the beam is 78 x 106 mm?*. If E for the material of the beam = 2.1 X

10° N/mm?. calculate deflection at the centre of the beam and slope at the supports.

GIVEN DATA:

L =6m

W =50KN=50X10°N

I =78 X 10 mm*

E =2.1X10° N/mm?

SOLUTION:

1. DEFLECTION AT THE CENTRE OF THE BEAM,

ye = WL3/ 48 El
= 50000 X 6000%/ (48 X 2.1 X 10° X 78 X 10°)
=13.736 mm.

2. SLOPE AT THE SUPPORTS,
7



Oa=6p=-WL?/16 El
= 50000 X 60002/ (16 X 2.1 X 10° X 78 X 10°)
=0.06868 radians.

2. A beam carries 4 m long simply supported at its ends, carries a point load W at its centre. If
the slope at the ends of the beam is not to exceed 1° , find the deflection at the centre of the
beam.

GIVEN DATA:
L =4m
Oa =06 =1°=1° X (n/180) = 0.01745 radians.
SOLUTION:
1. DEFLECTION AT THE CENTRE OF THE BEAM,
OaA=0s=-WL?/16 El
0.01745=WL?/ 16 El
ye = WL3/ 48 El
=WL2/16 EI X (L/3)
= 0.01745 X (4000/3)
=23.26 mm.

3. A beam 3 m long, simply supported at its ends, is carrying a point load W at the centre. If
the slope at the ends of the beam should not exceed 1° , find the deflection at the centre of the
beam.

GIVEN DATA:
L =3m
Oa =06 =1°=1 X (7 /180) = 0.01745 radians.
SOLUTION:
1.DEFLECTION AT THE CENTRE OF THE BEAM,
OaA=06g=-WL?/16 El
0.01745 =WL?/ 16 El
ye = WL3/ 48 El

=WL?/16 EI X (L/3)

=0.01745 X (3000/3)

=17.45 mm.



SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED WITH A UNIFORMLY
DISTRIBUTED LOAD:

v A simply supported beam AB of length L and carrying a uniformly distributed load of w per
unit length over the entire length is shown in fig.

v The reactions at A and B will be equal.
v" Also, the maximum deflection will be at the centre of the beam.

v’ Each vertical reaction = (w X L)/2

e
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Figz. 12.6
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R, =R, = -
Consider a section X at a distance x from A. The bending moment at this section is Biven
by
z 2
Mt=’€,\xx—(¢rxxxr Cw . L . x

paxi— X
. 2 2 2
But B.M. at any section is also given by equation (12.3), as

2
oM =7 X
dx?

< - &3
Eguating the two values of B.M., we get
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Integrating theae above: equation, we Zet
L, Iy w . r. x2 w xS
y ol - e e == i
b = TR e 202
where €, is a constant of integration.

Integrating the above equation again, woe get

w . . x* e =
T e — S "; + Chx + C, TS
whaore O, is anothoer constant of integration. Thus two constants of integration (i.e., € and )
are obtained from boundary conditions. The boundary conditions are

(i) nt x =0, v =0 and

(ée) satk x = 1., v = 0

Substituting firast boundary condition ie., x = 0, ¥y - 0 in equation (ii), we get
0=0 0+0+C,;, or C,=0

Substituting the second boundary condition i.e¢., at x = 7., y = O in equntion (i), we get
0= WL IR, w. T2

= = S e +C, . L (€2, is already zero)
w . L2 w . L2
= o et G
= WEE IR wIR
i e 12 ZEC 24

Substituting the valuc of 7, in equations (7) aand (22), we get

dy _wi B rp S el - CitEd
B e Ak 8" 2a
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Substituting thesoe values in equation s 5
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Maxirrriern Ieflection

The maximurn deflection is at the contre of the beam e, at point O, where x — —;—' - Let
s : 5 I
Y = deflection at ¢ which is also maximum deflection. Substituting ¥ = y.. and x = 5 in
eqguation (7v), we got
Ely,. =_u’-’-.(£)“_ w (g)‘ wL® f_-)
iz 2 24 25 24 2
_ o L wL? o T B _ Bw. 1
26 384 a8 384
: T Bl T 5 w.r°2
3 W= Rl R “aag o DES= e b= = Totalden



Double integration method

( Simple supported )
v Slope Deflection
L/2 1I./2
A C l B cy. Deflection =y,
- - WE o - 2 = 1
0, =~ B 48El
16 El
\_ L y
i@ Uniform distributed load : B
. | Slope Deflection
X : w/Unit length
: ! & B dy Deflection =y,
- ~ o | y - - dX 3
‘lh_i” WLZ =_i£
‘ | = s 384 EI
€ , 24 El
\_ L J

4. A beam of uniform rectangular section 200 mm wide and 300 mm deep is simply supported
at its ends. It carries a uniformly distributed load of 9 KN/m run over the entire span of 5 m. if
the value of E for the beam material is 1 X 10* N/mm? , find the slope at the supports and

maximum deflection.
GIVEN DATA:
L =5m =5X10*mm
w =9 KN/m =9000 N/m
E =1X10*N/mm?
b =200 mm
d =300mm
SOLUTION:

1. SLOPE AT THE SUPPORTS,

Oa= -WL?/ 24 El

45000 X 50002
24 X 1X10*X 4.5 X 108
= 0.0104 radians.

11

W =w.L =9000 X 5=45000 N
| = bd®12 =200 X 300%/ 12

=45 X 108 mm*



2. MAXIMUM DEFLECTION,
y= 5wlL3
384 E |
5 X 45000 X 50003
384 X 1 X 10* X 4.5 X 108

= 16.27 mm.
5. A beam of length 5 m and of uniform rectangular section is simply supported at its ends. It

carries a uniformly distributed load of 9 KN/m run over the entire length. Calculate the width
and depth of the beam if permissible bending stress is 7 N/mm? and central deflection is not to

exceed 1 cm.

GIVEN DATA:

L =5m=5X10mm, w =9KN/m=9000N/m

O F. = D x5 =45 kN = 45000 N

- Total lond, W = w
Bending stress, £ =7 N/mm?
Central deflection, NVee= 1 crm = 10 mm
Value of Z = 1 = 10* N/mm*
.ot S = Width of beam is mm
and o = Depth of benrm in e
M., e
12
Using cqguntion (12,.14), we got
L w2
Y& = 3ga T BT
45000 = 50007

5
10 = ——— % % 5
3534 1= 10* x[b‘ilg
TR

s ez 5 e 45000 = 5000° =< 12
23 = ——— >
2 384 1 10% =< 10 )
— 878.906 = 107 mm? P ---CE)
The maximurm boending moment for a simply supported beam carrying a uniformly dis
tributed load is given by,
Ar — - 7= = W . 7 Con W = o . L. = Total load)
5 s
s . 5
= 2B0000: b el ————45”(::’}( = % 1000 Nmm
= 28125000 Nmm :
Now using the bending eguation as
e SRR 2
) ¥
o 283125000 7 ( Ilere y — <
bet? ( dJ : 2
i=2 =2,
28125000 =12 14
A HeZ® Z
< 28125000 = 12 -
or bar = Z=—=2 T = == — 24107142.85 mm? i)
Diividing equation (£) by cguation (£2), we gel
838.906 = 107
ad = __ = 364.58 mm. Ans.
24107142.85 2
Substituting this value of <’ in ceguation (iZ), we get
5 = (364.58)2 = 24107142.85
. 24107142.85
- 5 = — ——= = I81.36 mam. Ans.
S 364 582 ot
R et

12



Preoblom 197, A beam of Lerggth 6 i aaned of wrdform roctoangulor section e swupprorted ot
Ny and carvies wuniformiy distribited {oad aver the entire longth, Calculate the dzpch of
'2" wevtion if the maximum perviinnilile bonding strous o 8 Nirmm? and centrol deflection s rnot
;‘. cxvewd 10 .

Take the value of I« 1.2 = 10* Nl ™.

sol. Ghiven

Longth, L o= 0o o= HOOO mm
Bending stronn, /o B N/mm?
Sentral deflection, vy« 10 mm
Value of Eow 1.2 = 108 N/man®
Lot W o Total lond

and o = Depth of beam

The maximum bending moment for a simply supported beam = Sy dia-
tributed lond is given by, carrying s uniform
%
Ma W2 W . L
Ee]

(v We=uwl) A
23

Now using the bending equation,

Lo lognias e T
Y (drz 2)

.7, - . Azd)

wW.r 16l

——ie

- ]fé (=74 1287
= o
Txd ~Ixd L
Now using equation (12.14), we get
B WL
Yo= 384 " EI
Bir .l A28, T (

or W =

or 10 = o ¥e= 10 mm and W =

5 1231)
384 Lxd  EI

L =<d
B 128=x1*
=884 dxE
5 128 %1% 5 128 = 5000
ha d= 3837 10~ E  3B4 10x 12~ 10*
= 347.2 mm = 34.72 cm. Ans.

SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED BEAM WITH
ECCENTRIC POINT LOAD

» SLOPE AT THE LEFT SUPPORT,

» MAXIMUM DEFLECTION,




» DEFLECTION UNDER THE POINT LOAD,

6. Determine slope at the left support, deflection under the load and maximum deflection of a
simply supported beam of length 5 m, which is carrying a point load of 5 KN at a distance of 3
m from the left end. Take E =2 X 10> N/mm2and | = 1 X 108 mm?*,

GIVEN DATA:

L =5m=5X10*mm
W =5KN=5X10°N
=1 X 108 mm*,

E =2X10°N/mm?

a =3m
b =L-a=5-3=2m=2X10°mm
SOLUTION:

1. SLOPE AT THE LEFT SUPPORT,

=0.00035 radians.
2. DEFLECTION UNDER THE POINT LOAD,

=0.6 mm.

3. MAXIMUM DEFLECTION,



=0.6173 mm.
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Fig 12.7
The bending moment at any section between A and C at a distance x from A is given by,

M =R, xx= -“é'-e » x
The above equation of B.M. holds good for the values of x between O and ‘a’. The B.M. az
any section between € and B2 at » distance x from A is given by,
M =R, .x - Wxilx—a)
=L wa—w

The above eguntion of B.M. holds good for all values of x between x = a and x = &.

The B.M. for all sections of the beam can be expressed in a single equation written as
M,:—”%—-’-fx P SWite—a) «il)

Stop at the dotted line for any point in section AC. But for any point in section C8B, add

the expression beyvond the dotted line also.
The B.M. at any scction is also given by equation (12.3) as

2
M = ET i-}' i)

Hence equating (/) and (i), we get

d%y  W.b i o
zr S = —Z_ - g — Wix —a) -..Ciéd)
Integrating the above equation, we got
dy _ W.b x* i Wix — a)*
Bl e ™ T e e #ston
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re ¢, is a constant of integration. This constant of integration should be written after the

she 5
:-:;l-st- term. Also the brackets are to be integrated as a whole. Henco the integration of (x — a) will
2 2
(x— )" apd not — — ax .
be —— = =
Integrating equation (iv) once again, we get
w.s x* : W (x =
EIy — . o O aR G WL Sar)
E & 2 1 2 = e o)
where Cu is nnothoer constant of integration. This constant is written after C,x. The integration
o
- 2. — X = - = % 3, =g
of (x — a)? will be [—, - This type of integration i= justified as the constant of integrations
G and €, ire valid for all values of a.

.'J'he values of C, and C, are obtained from boundary conditions. The two boundary
conditions are -

(@) Atax =0,y =0 and Gid)ALx =L,y — 0O
(i) At A, x — 0 and y = 0. Substituting these values in equation (o) upto dotted line only,
we got
O =0+ 0 &+ .
C.=0
(2£) At B, . = I. ind y = 0. Substituting these values in cquation (v), we get
w.bs IL* W (L — a)®
Qi R SE AT ~ s Sel AR S
oS + =L +0 = 2
(-~ ;= 0. Here complete Eq. (v) is to be taken)
_ W .. T2 = w b7 ;
= = + Oy > L— 57 (= L—a=&)
w W.b. 1. wW.b
& L =— .53 ol i E YA LD
1 = G o P e L b5*)
W.b 2 5
Oy = — oGS bE) Ui
Substituling the value of O, in eguation (iv), we get.
dy _ W.b x* W.5 o > Wix — a)”
T e e —‘g‘rf(l" ‘b) - =

W.b . x= W.5 (ra 2 Wix —a)” .

AL 2 —r SRS

>7 6L (l' > ) = (wiz)
Equation (vis) gives the slope at any point in the beam. Slope is maximurn at. A or £3. Ta

find the slope at A, substitute x = 0 in the above equation upto dotted line as point A les in AC.

Wi 4] ['.' SI‘y nt. A =96, ]
edx >

R e = SRl pnt

B e ()
W Gs 2
=— a7 L83

e e

R AT T eEIL

Ere, =

CE2 525 (as given hefore)

Substituting the values of €, and O, in eguation (©), we get

2l = ——WbL" a4 = :Z" (& £ h")J x + 0 = i — ez )t iy
Kquntion (piii) gives the deflection at any point in the beam. To ﬁ_nd the deflection 3
under the load, substitute ¥ = @ in equation (piii) and consider the cguation upto dotted lina
{(as point C lies in AC). Hence, we get
W .o P w .5 W . &b = = 2
o ¥z O 5 A AR e oY i S < 2]
Ely,. = e ' ¢ YA (L H%)ex 6L
W.a.b
(2 —ag® 2
a7, (¥ £e3 &H2)
- W .. b [t B2 — a® — 53] [ L =ca + &)
6L
=i W—GZ,_b (22 + b2 + 2ab —a? - b?)
La.b 2 p=
o Woa. b oo Wan, L« bl
GL 3L
v = — Wa® b2 > ...(same as before)
SHE SEIL

Note. While using Macaulay's Method, the section x is to be tanken in the last portion ”-_'" the b'ﬂ‘"‘n.

Problem L2.8. A beam of length 6 rm is simply supported al its el_nds arrcl carries a point
load of 40 kN at a distance of <4 m from the left support. I7ind the deflection wennder the load _and
rraxiniern deflection. Also calcrlate the point at which maximurr deflection takeas place. Given
M.O.I. of beart — 7.23 = 107 mun” and E = 2 »x I10% N/mmn®.

Sol. Given :

Length, 7. = 6 m = 6000 mm
Point load, W = 40 KIN = 40,000 IN
Distance of point load from left support, ¢ — 4 m = 4000 mm
e b=L —a -6 —4=2m=2000 mm
Let ¥, = Deflection under the load
Ve = Maximmum detfloctlion
Using cquation N, = — K_‘}_/ E bi
& 2 SEIL
40000 = 4000 = 2000*
Ve = T 32 10° = 7.33 = 107 = 6000

= — 9.7 mm. Ans.

Problem 12.9. A bearrr of length 6 m is simply supporied at its ends and carries two
point Loads of 48 EN crdd 40 AN af a distarnce of 1 e and 3 m respectively from the left swpport.
Lind :

(i) deflection wnder each load,

Cii) maxirmwrn deflection, and

Ciii) the point at whick rmaximum deflection occurs.

Cliverrs BB = 2 »x £0° N/mm® arnd T = 85 x 10° mumn™,



S I = 85 3% 10°mm? . F = 2 x 10° N/immm?2
st calculate the reactions R, and £,

Fir
T:nking moments about A, we get
R, =6 48 x 1 + 40 < 3 = 168
168
Iey = —o— =28 kKN
R, = Total lond — R, = (48 + 40) — 28 = 60
l“am A0 KN
VN < E o > ' >
.— 1| p
= B ————— -t
™, =
Ra am =
Fig. 12.8

Consider the section X in the last part of the beam (i.e., in length 83) at a distance x
from the left support A. The B.M. at this section is given by,

Brr - i — 48— 1) : — 40 —3S)
—60x I —4a8G-—1) i - 40— 3)
Integrating the above egquation. we geot
Iy _ 60x* : (I b (x — 3=
Er 22X - 20X A= L
g2 > + O, ; 48 = S 40
=80x2 + C; I —24x— 1) 20(x — 83)* =CED)
Integrating the above eguation again, we get
£ %
BTy = ,3935_ + Cix o+ Cy —24(=x— 1D I —20x=—3)°2
3 S
X - 20 = S
=10x? 4+ Cix+C, | —8x—1)P* —T(,:x — 3@ ---{Z2)

To find the values of C;, and C,, use two boundary conditions. The boundary conditions are:

(Datx =0,y =0, and (i) at x = 6 m, y = O.

(i) Substituting the first boundary condition i.e., at x = O, ¥y =« 0 in cequation () and
considering the equation upto first dotted line (as x = 0 lies in the first part of the beam), we get

0=0+0+C, 2= C, =0

i) Substituting the second boundary condition i.e., at x = 6 m, ¥ = 0 in egquation (i) and

considering the complete equation (as x = 6 lies in the last part of the beam). we get
- 20 A

O =10 x6%+C,; x6+0—86— 10— — (637 G L =

i o=2160+sc,—8><53_?7:x38
= 2160 + 6C, — 1000 — 180 = 980 + 6C,
pEs= St Y
S—oairva s e MATERIALNS ST

250 _ _ 163.33 ,
ze v in equatio
Now substituting the values of ¢, and C,in W
ETy = 1028 — 163.33x — 8(x - e :

b g int C. This i8 obtainad by H“b“t"'“‘-ing

al POt ey in the Grst part of the Banms {-f;‘ 5
- Hep

— 9
= n (id), we e.;(:
§~ (x — 3)8
--.(i,'.-.l

(Z) Ca) Deflection wnder first Lerceed Eow. ;
equation (777) upto the first dotted line (as the
N 3.33 = 1

= 10 = 1% - 163.35 i

Bl e e a g 5 a SRl

C  1m3.33 = 10° Nm? -

— _ 153.33 x 10¥ % 10% 1:1rurn

— _ 153.33 x 10'2 Nmm® o

153.33 = 10'? — 153.33 = 1077 __
e B7 2= 10° x85x 10
- 9.019 mm. Ans.

: . rds).
(Negative sign shows that deflection is downwards?t : i A
(6) Deflection wunder sccond load i-c. at point 2 l‘lu’)B;i:.‘o?;l;lhn:Zk:‘z;;l;f:;:ut;‘xng_‘. =3m
in equntion (/) upto the sccond dotled line (a8 the point . % of the lxu,.m-"

Hencoe, we gel

point C

3
VOIS = 10 = 3% — 163,33 = 3 —8(8—1)
Y oro . 489.90 — 64 — — 283.99 kNm?

= — 283.99 x 10 Nmm?
1z
< —28399x10° _ _ _ 16.7 mm. Ana.
YL 2107 x 85 x 10
(i) Maximum Deflection. The deflection is likely to be maximum at a section betweon ¢

and 72, For maximum deflection, '{lj-' should be zero. Hence cquate the equation (i) equal tg
dx

zero upto the second dotted line.
P 30x? + C; —24(x — 1)? =0
or 30x2  163.83 — 24(x% + 1 — 2x) =0
or 6x*% + 48x — 187.33 =0
The above equation is a quadratic equation. Hence its solution is
48 1+ /482 + 4 x 6 < 187.33
2x<6

(- €, =—16333)

=2.87 m.

G

: : & _ ; o (Neglecting — ve root)

A dl:a:z;zgs;x:utlngx = 2.87 m in cquation (/i) upto the second dotted line, we get max-

Elymm_ =10 x 2.87% — 163.33 x 2.87 - 8(2.87 — 1)*

236.29 — 468.75 — 52.31

284.67 kNm? = — 284 67 x 102 Nmm?

y - _—284.67x 102
Musx =3 e a T

2x10% %85 x 10°

Il

=—16.745 mm. Ans.
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MOMENT AREA METHOD:
v" MOHR’S THEOREM - I:

The change of slope between any two points is equal to the net area of the B.M. diagram between
these points divided by EI.

v"  MOHR’S THEOREM - II:

The total deflection between any two points is equal to the moment of the area of B.M. diagram
between the two points about the last point divided by EI.

MOHR’S THEOREMS IS USED FOR FOLLOWING CASES:
v Problems on Cantilevers
v Simply supported beams carrying symmetrical loading

v" Fixed beams

SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED BEAM WITH CENTRAL
POINT LOAD:

Fig- 12.19 (@) shows a simply @
£ s s AP POrtoad A X
centre of the beaun i.e., at point C. The .M. disper A
ﬁyl'ﬂﬂ.rﬂ.r\cul loading, hence sSlope is zoro ot R

2 ; “rtre ioer 5 5
But the deflection is maximaiim ot thie RS “-. Bk point C.
e = A R v )
A c— =2 =

— Z2.L .M. Diagram

L L 1

1
L Figx. 1219

Now using Mohr’s theorem for slope. wes ot

Slope at. S Ave:s of B M. diagram between A and L2
ETI

But area of B.M. diagram bolween A and
= Area of triangle ACD
A WL wi?

2 2 % 16
Slopc alt A or O, =

Now using Mohr's theorem for deflection. we get from equation (12.17) as
where A = Area of B.M. Diagram between A and C

WI>

16
* = Distance of C.G. of area A from A

2 _ Lz L
£ ]

18



SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED WITH A UNIFORMLY
DISTRIBUTED LOAD:

CONJUGATE BEAM METHOD:
» CONJUGATE BEAM:

v' Conjugate beam is an imaginary beam of length equal to that of the original beam but for
which the load diagram is the M/EI diagram.

= NOTE1:

v The slope at any section of the given beam is equal to the shear force at the corresponding
section of the conjugate beam.

= NOTEZ2:

v The deflection at any section for the given beam is equal to the bending moment at the
corresponding section of the conjugate beam.

SLOPE AND DEFLECTION FOR A SIMPLY SUPPORTED BEAM WITH CENTRAL
POINT LOAD:

v" A simply supported beam AB of length L carrying a point load W at the centre C.
v" The B.M at A and B is zero and at the centre B.M will be WL/4.

v Now the conjugate beam AB can be constructed.
19



v The load on the conjugate beam will be obtained by dividing the B.M at that point by EI.

v The shape of the loading on the conjugate beam will be same as of B.M diagram.

v The ordinate of loading on conjugate beam will be equal to M/EIl = WL/4EI.

20
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(131 INTRODUCTION |

Cantilever i ¢
hall discuns the """"'L':""L‘l":"“;"v:_:tm;.e one end is fixed and oth end is free. In this chapter we
A UBjectad toverious types uf]u“(,;’( ing ‘nln[_)ds and deflection for the cantilevers when they are
(i) Macaulay’s method and (Ziz ing. The important methods are (/) Double integration method
! \ 2 ) lu)'M(nnnn',—nr(.-u—nusLhud. These methods have also been used for
finding deflections and slope of the simply supported beams

A ¢ ilev o
o Ion‘;"‘::':‘;‘:"’;‘r:‘\“lfior.ll’;ngtl\ L. fixed at the point A and free at the point B and carrying a
:u\v Toad In auclied ;Nl( :1( is u’huwn in Fig. 13.1. AB shows the position of cantilever before
3 hereas AR’ shows the position of the cantilever after loading.

Ye

‘::,B'J:

Fig. 13.1
Consider a section X, at a distance x from the fixed end A. The B.M. at this section is

given by,
(Minus sign due to hogging)

M_=—W([L-x)
But B.M. at any section is also given by equation (12.3) as
2
M=F1 LY
Equating the two values of B.M., we get
a2
EI dx;‘ =—WEZ-x)=— WL+ W.x
Integrating the above equation, we get
dy Wx?
EIl — = — Wi VYN T
e Lx + s C, --E)
I ﬂm‘;fﬂ OF MATERIALS
Integrating again, we get
2 3
Br = WL = T+ Cir - Ca i
r values are obtained from boundary condi.

where C, and C, are constant of integrations. Thei
O ENS Gi= =0, =2 =0

dx
[At the fixed end, d

tions, which are : (i) at x
eflection and slopes are Zzero]

in equation (z7), we get

(i) By substituting x = 0,y = 0O
0=0+0+ 0+ C, - C, =0
(ii) By substituting x = O, £—A= O in equation (i), we get
0= 0+ 0+ C; 1 Cri=0
Substituting the value of C, in equatio (), we get
dy . Wa 2
Br S =— WLx + —
=2
x - (EEd)

S e

as slope equation. We can find the slope at any point on the

Equation (7ZZ) is known 8
e and deflection are maximum at the free

cantilever by substituting the value of x. The slop y
end. These can be determined by substituting x = 7. in these egquations.
Substituting the values cbt“Cl and C, in equation (ii), we get
2 3
BTy = — WL %+v_v€.:_ (- €5 =0,C,=0)
Zixc® 2cS 5
= — W —— --.CGo
( 2 6 2
Equation (iv) is known as deflection equatior:.
(=4
Let 6, = slope at the free end B i.e., (__!_-y) at B = 6z and
gy = Deflection at the free end B
(a) Substituting 6, for ——!"y and x = Z in equation (iii), we get
= 2
= — r. . rL—— | =—W. —/—
EI.6, w( = J =
S wr? 13.1)
i S 2T s
Negative sign shows that tangent at B makes an angle in the anti-clockwise direction
with AB :
wZr?
OLi—= = ...(13.14)

24



5 3 DEFILECTION OF AN v
(&) Substituting 3y, for 3y and x — S D

L in equation (iv), we get
-~ 2 3 )
Ely, ——w [,‘ STt 1_;'_] b o [ 7 73
= & =i e;’)’* Vi
£ wzs
Ny =
EVYors -A(13.2)>
(Negative sign shows that deflection is downwards)
Downward deflection, Vg = >

SFEr (132 A)

15.3. DEFLECTION OF A CANTLL_IZV
FROM THE FIXEI KNI

A cantilever AB of length Z fixed at N A 2 e
W at a distance ‘@’ from the fixed end A i:zkzﬁxiﬁdF?:elzténoxnt B and carrying aa point load

WI
A = i L—a
o — < 8
| =SToosss oo Tve e a5
C& S SRS Yo
==
Fig. 13.2
Let 6. = Slope at point C i.e., (ﬂ) at C
Yo = Deflection at point C
yp = Deflection at point B

The portion AC of the cantilever may be taken as similar to a cantilever in Art. 13.1
(i.e., load at the free end).
Wa? 5
O, = + =7 [In eguation (13.1 A) change Z to al
Wa?

and S T [In equation (13.2 A) change Z to «l

The beam will bend only between A and C, but from C to B it will remain straight since
B.M. between C and B is zero.
Since the portion CZB of the cantilever is straight, therefore
Slope at C = slope at B
Wa?
or O, =6, = 5o ... (13.3)>
Now from Fig. 13.2, we have
Ve =Yc + O — @)

2
_ Wa® | Wa? WYk

Woeri s = S - P (134D
55z TeEnR S ( = ZEIJ

PROBLEMS:

1.A cantilever of length 3 m is carrying a point load of 25 KN at the free end. If I = 108 mm?*
and E = 2.1 X 10° N/mm?, find the slope and deflection at the free end.

GIVEN DATA:

L =3 m=3000 mm

W =25 KN =25000 N

I =108 mm*

E =2.1 X 10° N/mm?

SOLUTION:

1. SLOPE AT THE FREE END,

©s= WL?/2ElI= 25000 X 30002

2X2.1X10°X 108
= 0.005357 radians.

2. DEFLECTION AT THE FREE END,

ye= WL 3EIlI= 25000 X 3000°

3X2.1X10°X108
=10.71 mm

25



2. A cantilever of length 3 m is carrying a point load of 50 KN at a distance of 2 m from the
fixed end. If I = 108 mm*and E = 2 X 10° N/mm?, find the slope and deflection at the free end.

GIVEN DATA:
L =3 m=3000 mm
W =50 KN =50000 N
I =108 mm*
E =2 X 10° N/mm?
SOLUTION:

1. SLOPE AT THE FREE END,
O = Wa?/2El
50000 X 2000
2x2X10°x 108
= 0.005 radians

2. DEFLECTION AT THE FREE END,
ye= Wa¥3El +Wa¥ 2El(L-a)
= 50000 X 2000° + 50000 X 2000° (3000 — 2000 )
3X2X10°X 108  3X2X 10° X 10°
=6.67+5

=11.67 mm.
CANTILEVER BEAM WITH A UDL.:

» A cantilever beam AB of length L fixed at the point A and free at the point B and carrying a
UDL of w per unit length over the whole length.

> Consider a section X, at a distance x from the fixed end A.
» The bending moment at this section is given by,
My=-w(L-x)(L-x)

2

26






PROBLEMS:

3. A cantilever of length 2.5 m carries a uniformly distributed load of 16.4 KN per metre
length. If 1 =7.95 X 10" mm* and E = 2 X 10° N/mm?, determine the deflection at the free end.

GIVEN DATA:
L =2.5m=2500 mm
w=16.4 KN/m, W=w X L =16.4X25=41000 N

I =7.95X 10" mm*
E =2 X 10° N/mm?
SOLUTION:
1. DEFLECTION AT THE FREE END,
ye =WL%/8EI= 41000 X 25003
8 X 2 X 10° X 7.95 X 107
=5.036 mm.

4. A cantilever of length 3 m carries a uniformly distributed load over the entire length. If the

deflection at the free end is 40 mm, find the slope at the free end.
28



GIVEN DATA:
L =3 m=3000 mm
ys =40 mm
SOLUTION:
1. SLOPE AT THE FREE END,
ys = WL3/8EI
40= WL? XL = WL? X 3000

8 El 8 El
WL? = 40X8
El 3000

Slope at the free end,
©s = WL2/6El=WL2/EI X (1/6)
= 40 X 8 X (1/6)
3000
=0.01777 rad.

5. A cantilever 120 mm wide and 200 mm deep is 2.5 m long. What is the uniformly distributed
load which the beam can carry in order to produce a deflection of 5 mm at the free end? Take
E =200 GN/m?2,

GIVEN DATA:

L=2.5m=2500 mm

E =200 GN/m? =2 X 10° N/mm?

b =120 mm | =bd®12 =120 X 2003/ 12
d =200 mm =8 X 10" mm*
yB =5 mm

SOLUTION:

1. UDL,
W=wXL=25Xw=25wN.
y =WL¥/8EI
5= 25wX2500°

8 X2X10°X 8 X 10’

29
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STRENGTIH OF MATERIALS = uniformly distributed loag

B due to upw"’( B Vi

The upward deflection of point » at C
the portion AC — upvfn:: deflection of € + slope & 3
w L —a)* _uj_i_lz;‘—’l— = a {2
-y ¥ 6 E1 s
is give
-. Net downward deflection of the free CLElE )3
4 (L —a =
oLt y:‘ﬁ;;”, S "] ~-¢1{‘§
YB = 8EI = 8E. 4‘ E
= d of a canti 5
tion of the [free en ilever, r
Problem 13.5. Determine the slopz “:te’u;dlzg;colfol 0 EIN/m over a length of 2 ,, o

3 m which is carryin, wniformly distri
e s rrying a 7
Take Ti=2T05 iy and E — 2 > 10% N/ mm?.
Sol. Given :
Length L = 3 m = 3000 mm
& 10000 Al
16 /m — 10000 N/m = 7560 N/mm = 10 N/mm =

uU.d.l., o

Length of u.d.l. from fixed end, a = 2 m = 2000 mm.

Value of A e,

Malueiof E = 2 x 10° N/mm?

S 0, = Slope of the free end and
Yp = Deflection at the free end.

(i) Using equation (13.7), we have

wa® 10 < 2000° — 0.00066. Ans.
5 = GEI ~— 6x2x10° < 10° 5
(ZZ) Using equation (13.8), we get
4 3
o= S s
10 =< 2000* 10 < 2000° . . :
— 5 m5=105<10° T 6x2=10F SH0E - e
=1+ 0.67 = 1.67 mm. Ans.
Problem 13.6. A cantilever of length 3 m carries a uniformly distrib
10 EIN/m over a length of 2 m from the free end. If I = 10° mm* and E =2 < 10° N/
: (i) slope at the free end, and (ii) deflection at the free end. e
Sol. Given :

Length, L = 3 m = 3000 mm

u.dl., w = 10 kKN/m = 10000 N/m = 1—;’-—?.00—(?— N/mm = 10
Length of u.d.l. from free end, a = 2 m = 2000 mm Ny
Value of 7 = 108 mm*

Value of E = 2 x 10° N/mm?2
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and 4

as

I EFT A TION OF CANTIIL VS

ot ©,, = Slopo at the free ond i.e., (”?')‘ at H and
dx
> = Deflection at the free end.
(i) Using cquation (13.9), we get
s = wI? L — a)?
o 67 6rr
_ 10 = 30007 _ 10(3000 — 2000)7
6525008 510" 6 <2 < 10”7 < 10"

= 0.00225 — 0.000083 = 0.002167 rad. Ans.
(ii) Using equation (13.10), we get

P wL [l — a)* | w(L — a)?
# = 8rz 877 67 =
o 10 =< 30007* _ [ 103000 — 2000>* | 10(3000 — 2000? _ 5,500
8BS OS2I 0S 8 < 2 =< 107 =< 107 6 < 2 =< 10” =< 10%
= 5.0625 — [0.0625 + 0.1667] = 4.8333 mm. Ans.

Problem 13.7. A cantilever of length 3 rrn carries tiwo point loads of 2 kBIN at the [free ernd

BN at a distarnce of 1 m from: the free end. Find the deflection at the free erndc.

Take IZ = 2 > 10° N /mm= and I = 10% rmm”.

Sol. Given :

Tength, y &

ILoad at free end, w, 2 kN = 2000 N

TLoad at a distance one from free end,
W, = 4 kN = 4000 N

3 m = 3000 mxm

R

Distance AC, a = 2 m = 2000 mm

Value of K = 2 x 10% N/mm?

Value of Z = 10% mm™*

Tet »y, = Deflection at the free end due to load 2 kN alone
y, = Deflection at the free end due to load 4 kKN alone.

a4 kN 2 kN

1. - -

. -

e
Fig. 13.6
Pownward deflection due to load 2 kN alone at the free end is given by equation (13.2 A)

3

W2 s BR2000%3000%
YA et R IO < 10° |

Downward deflection at the free end due to load 4 kN (i.e.., 4000 IN) alone at a distance

2 m from fixed end is given by (13.4) as —

L T ——
STRENGTH OF MATERIALS \“
2
Shy— ‘:;VEG: g ;Vgl P 20007
3 4000 > (3000 —
4000 = 2000” 2 > 10° = 10° 2900,
—3><2><105><10 2::
— 0.54 + 0.40 = 0.94 m
-- Total deflection at the free end
=y, +V2 . AnNns.
— 0.9+ 0.94 =184 m A wuniformly distributey
Problem 13.8. A cantilever of length _2dn1€nd and a point load of 1 kN ar logg
2.5 EN/m run for a length of 1.25 m from the [ixe@ G0 C ctangular 12 em wide andth!ﬁz
end. Find the deflection at the free end if the secticy 24
deep and E = 1 =< 10% N/mm?.
Sol. Given :
Length, I = 2 m = 2000 mm
uv.al, BaS S a2 511 000NN
2.5x1000 1g/mm = 2.5 N/mm
= 1000
Point load at free end, W = 1 kN = 1000 N
Distance AC, a = 1.25 m = 1250 mm 2
Width, b =12 cm
Depth, d = 24 cm
3 12x24°
Value of I = b1d2 T Lo
_ 13824 cm* = 13824 x 10* mm* = 1.3824 < 10°® mm+
Value of £ — 1 < 10% N/mm? )
Let y, = Deflection at the free end due to point load 1 kN
y; — Deflection at the free end due to u.d.l. on length .
o 1 kN 5
Fig. 13.7
(i) Now the downward deflection at the free end due to point load of 1 kN (or
the free end is given by equation (13.2 A) as
wr? 1000 =< 20007
= — = 1.929 mma-
2= ey 3 < 10% < 1.3824 < 10°® L5
(ii) The downward deflection at the free end due to uniformly distril
2.5 N/mm on a length of 1.25 m (or 1250 mm) is given by equation (13.8) as
wa‘ w . a"
ere e = &
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DEFLECTION OF CANTILEVERS

2.5 =< 12504 2.5 =< 12507 — 1250)
S=iioir e tasca =107 e s 10 = Tea2a =100 oo
= 0.5519 4+ 0.4415 = 0.9934
-. Total deflection at the free end due to point load and u.d.l.
=, + ¥, = 1.929 + 0.9934 — 2.9224 mm. Ans.

Problem 13.9. A cantilever of length 2 rm carries a wniformly distributed load 2 =
over a length of I m from the free end, and a point load of 1 kIN at the free end. Find the slope
OV deflection at the free end if FE = 2.1 = 10% N/mm? and I — 6.667 =< 107 ™.

Sol. Given : (See Fig. 13.8)

TLength, Z. = 2 m = 2000 mm
wU.aa.. w = 2 kN/m = 253090 ry/mam — 2 N/mm
Length BC, a = 1 m = 1000 mam
Point load, W = 1 kNN = 1000 N
Value of E = 2.1 %< 10°% N/mm?=
Value of Z = 6.667 =< 107 mm*.
1 kN
o~ g - __—=2 wkN/m =
L I 1 m
- 2m
Fig. 13.8

(i) Slope at the free end
I.et ©, = Slope at the free end due to point load of 1 kN 7Z.e., 1000 1IN
©, = Slope at the free end due to u.d.l. on length z2C.
The slope at the free end due to a point load of 1000 N at 7 is given by eguation (13.1 A) as
wir?>
2FKE7
1000 =< 2000*
= = 0.0 1428 =
2 =< 2.1= 10° < 6.667 =< 10~ 2 rad
The slope at the free end due to u.d.l. of 2 kN/m over a length of 1 m from the free end is
given by eguation (13.9) as

e, — Gats O, — 6, here)

wI® L — ad® -
©> = ST ———. 372 C-- ©,; = 6, here)

2 =< 20002 2> (2000 — 1000>*
< 10° < 6.667 < 107 6 <2.1>< 10° =< 6.667 < 107
0001904 — 0.000238 = 0.0001666 rad. o Lot

. Total slope %}:%;%
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QUESTION BANK:
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1.

o o &~ w

~

What are the methods used for determining slope and deflection?

What is the slope and deflection equation for simply supported beam carrying
UDL through out the length?

What is a Macaulay’s method?
What is moment area method?
Define : Conjugate beam.

Find the slope and deflection of a simply supported beam carrying a point load
at the centre using moment area method.

Distinguish between actual beam and conjugate beam.

A beam 4m long, simply supported at its ends, carries a point load W at its
centre. If the slope at the ends of the beam is not to exceed 1° find the
deflection at the centre of the beam.

A cantilever of length 2 m carries a point load of 30 KN at the free end and
another load of 30 KN at its centre. If EI = 1013 N.mm2 for the cantilever then
determine slope and deflection at the free end by moment area method.

10.Determine slope at the left support, deflection under the load and maximum

deflection of a simply supported beam of length 10 m, which is carrying a point
load of 10 kN at a distance of 6 m from the left end. Take E = 2 x 105 N/mm?2
and | =1 x 108 mmA4.

11.A cantilever of length 3 m is carrying a point load of 25 KN at the free end. If |

=108 mm4 and E = 2.1 X 105 N/mm2, then determine slope and deflection of
the cantilever using conjugate beam method.

12.A simply supported beam of length 5 m carries a point load of 5 kN at a

distance of 3m from the left end. If E = 2 x 105 N/mm2 and | = 108 mm4,
determine the slope at the left support and deflection under the point load using
conjugate beam method.
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INTRODUCTION
STRAIN ENERGY:

v’ Strain energy is defined as the energy stored in a body due to deformation.

v" Strain energy is one of fundamental concepts in mechanics and its principles are
widely used in practical applications to determine the response of a structure to
loads.

v strain energy is equal to the work done by the point load.

v The unit of strain energy is N-m or Joules.
RESILIENCE:

PROOF RESILIENCE:
v" Proof resilience is defined as the maximum energy that can be absorbed up to

the elastic limit, without creating a permanent distortion.

MODULUS OF RESILIENCE:
v' The modulus of resilience is defined as the maximum energy that can be

absorbed per unit volume without creating a permanent distortion.
STRAIN ENERGY DUE TO GRADUALLY APPLIED LOAD

Consider a bar of length L placed vertically
and one end of it is attached at the ceilina.

Let P =Gradually applied load |
L =length of bar |
A =Cross-sectional area of the bar |

o/ =Deflection produced in the bar

o =Axial stress induced in the bar. |
may be tensile or
compressive, depending upon if the bar
under consideration is under tensile or
compressive load

E._=Maodulus of elasticity of bar material




Work done on the bar = Area of the load -

deformation diagram
= '2— X P x 6l

Work Stored in the bar

— Area of the resistance - Deformation
diagram

1
> X R x 681

=% x (o X A) X 8l...

Work done = Work stored




Strain Energy = % x R x &l

~%o><A><8I

1
:EGXAXSX18= ?

1 o o
EOXAXEXIE_E

. strain energy due to gradual |

PROBLEMS:

1.A tensile load of 60 KN is gradually applied to a circular bar of 4 cm diameter
and 5 m long. If the value of E = 2 X 10° N/mm?. Determine stretch in the rod,
stress in the rod and strain energy absorbed by the rod.

GIVEN DATA:

Gradually Load, P = 60 KN =60 X 1000 N
Diameter, d = 4 cm = 40 mm.

Length, L =5 m =5000 mm

E =2 X 10° N/mm?

SOLUTION:

1.STRESS IN THE ROD,

o = P/A = 60000 / 400% A = (n X 40°) /4 = 400nr mm?



= 47.746 N/ mm?
2. STRETCH IN THE ROD,
X = (6/E) X L = (47.746/ 2 X 10° )/ 5000
=1.19 mm.
3. STRAIN ENERGY ABSORBED BY THE ROD,
U= o> X V = 47746 X 2X10%n V = A XL =400x X 5000

2E 2X2X10° =2 X 10°r mm3

= 35810 N.mm = 35.81 N.m

STRAIN ENERGY DUE TO SUDDENLY APPLIED LOAD

» When the load is applied suddenly the value of the load
is P throughout the deformation.

» But, Resistance R increase from O to R

Work done on the bar =P x 6l




Work stored in the bar = % x Rx &1

=§ x oxAx 8l...(2)

Now,
Work done = Work stored

. Px81=§xoxAx&

P=1x oxA
2

> Hence , the Maximum Stress intensity due to a suddenly applied
load is Twice the stress intensity produced by the load of the same
magnitude applied gradually.

2.Calculate instantaneous stress produced in a bar 10 cm? in area and 3 m long
by the sudden application of a tensile load of unknown magnitude, if the
extension of the bar due to suddenly applied load is 1.5 mm. Also determine the
suddenly applied load. Take E = 2 X 10° N/mm?

GIVEN DATA:

Area, A = 10 cm? = 1000 mm?
Length, L =3 m =3000 mm
Extension, X = 1.5 mm

E =2 X 10° N/mm?
SOLUTION:

1.STRESS IN THE ROD,
x = (6/E) X L

1.5=(c/2 X 10°)/ 3000



c =15X2X10°

3000
=100 N/mm?
2. SUDDENLY APPLIED LOAD,
o =2XxP/IA
100 = 2 x (P/1000)

P =100 x 1000

2
= 50000 N =50 KN.

3. A steel rod is 2 m long and 50 mm in diameter. An axial pull of 100 KN is
suddenly applied to the rod. Calculate the instantaneous stress induced and also
the instantaneous elongation produced in the rod. Take E = 200 GN/m?

GIVEN DATA:

Diameter, d = 50 mm

Length, L =2 m =2000 mm

Pull, P =100 KN =100 X 1000 N

E =200 GN/m? =2 X 10° N/mm?
SOLUTION:

1. INSTANTANEOUS STRESS INDUCED,
c =2xP/A A = (n X 50%) /4 = 625 1 mm?
=2 X (100 X 1000/ 625 =)

= 101.86 N/mm?



2. INSTANTANEOUS ELONGATION PRODUCED IN THE ROD,
oL= o XL
E

=101.86 X 2000

2 X 10°

= 1.0186 mm.










STRAIN ENERGY DUE TO IMPACT LOAD

\

. VDI IDIV

P »

Collar I
h
Load P is dropped through a height v

h, before it commences to load the
bar.

Work done on the bar = Force < Deformation
=P( h + &81)

- (1)

Work stored in the bar=—;-x 8Ix< R

=Strain Energy

Work done = Work
stored

~ P( h —rSI)——%xV
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~ P( h +—:2—><A><l

1 2
“Px h+BE= =2 xAx]
E 2E

pxol E_ 2
X Al—()'

.-.P><h><—+

2EPh 2P><a_0_2
Al AT B

2P x ¢ 2EPh

.. Stresses due to impact load

If load is applied suddenly, h = 0O




STRESS DUE TO IMPACT LOAD

~ When 6l is very small as compered to h , then

Work done = P x< h

G—Z,XAxl= P x<h
2E
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STRAIN ENERGY DUE TO SHEAR STRESS

» If t is the uniform shes
stress produce in the
material by external
forces applied within
elastic limit, the energ
Stored due to shear

Loading is given by,

-[2
u= —xV
2G

Where, t = shear stress
G = Modulus of rigidity




STRAIN ENERGY IN SOLID SHAFT DUE TO TORSION




STRAIN ENERGY IN HOLLOW SHAFT DUE TO TORSION

PROBLEMS:













CASTIGLIANO'S FIRST THEOREM:

v' Castigliano's first theorem states that the partial derivative of the total strain
energy in a structure with respect to a load is equal to the deflection of the point
where the load is acting, the deflection being measured in the direction of the

load.
v dU = Ai ,dU = 6,—
dP; dM;

Where, U = Total strain energy
Pi & M; = Loads
Ai & ©; = Deflections.
THEOREM USED IN THE FOLLOWING CASES:

v" To determine the displacements of complicated structures.

v" To find the deflection of beams due to shearing or bending if the total strain
energy due to shearing forces or bending moments is known.

v" To find the deflections of curved beams, springs etc.

BETTI'S THEOREM:

v’ Betti's theorem, also known as Maxwell-Betti reciprocal work theorem,
discovered by Enrico Betti in 1872, states that for a linear elastic structure
subject to two sets of forces {P;} i=1,2,....,n and {Q;}, j=1,2,...,n, the work done
by the set P through the displacements produced by the set Q is equal to the
work done by the set Q through the displacements produced by the set P.

MAXWELL’S LAW OF RECIPROCAL DEFLECTION:

v" The beam is not just deflected at the centre but all along its length.

v" Let the deflection at a point D be 8pc.

v Maxwell's reciprocal theorem says that the deflection at D due to a unit load at
C is the same as the deflection at C if a unit load were applied at D.

In our notation, dcp = dpc.
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QUESTION BANK:

1. Define: strain energy.

Define the terms: Resilience & Modulus of Resilience.

Define: Proof resilience.

What are the different types of loads?

Define: Castigliano’s theorem.

Define: maxwell's reciprocal theorem.

A steel rod is 2 m long and 50 mm in diameter. An axial pull of 100 KN is

suddenly applied to the rod. Find the instantaneous stress induced. Take E = 200

GN/m2

8. The shear stress in a material at a point is given as 50 N/mm2. Find the strain
energy per unit volume stored in the material due to shear stress. Take C = 8 X
104 N/mm2.

9. Define: Betties theorem.

10.A tensile load of 50 KN is gradually applied to a circular bar of 5 cm diameter
and 4 m long. If E = 2 X 105 N/mm2, determine stretch in the rod, stress in the
rod and strain energy absorbed by the rod.

11.A tension bar 5 m long is made up of two parts, 3 m of its length has a cross
sectional area of 10 cm2 while the remaining 2 m has a cross sectional ara of 20
cm2. An axial load of 80 KN is gradually applied. Find the total strain energy
produced in the bar and compare this value with that obtained in a uniform bar
of the same length and having the same volume when under the same load.
Take E =2 X 105 N/mm2.

12.A load of 200 N falls through a height of 2.5 cm on to a collar rigidly attached
to the lower end of a vertical bar 2 m long and of 3 cm2 cross sectional area.
The upper end of the vertical bar is fixed. Determine maximum instantaneous
stress induced in the vertical bar, maximum instantaneous elongation and strain
energy stored in the vertical rod. Take E =2 X 105 N/mm2

13.A rod 12.5 mm in diameter is stretched 3.2 mm under a steady load of 10 KN.
Determine the stress would be produced in the bar by a weight of 700 N, falling
through 75 mm before commencing to stretch, the rod being initially
unstressed? Take E = 2.1 X 105 N/mmz2.

14.The maximum instantaneous elongation produced by an unknown falling
weight through a height of 4 cm in a vertical bar of length 5 m and of cross-
sectional area 5 cm2 is 1.8 mm. Determine the instantaneous stress induced in
the vertical bar and the values of unknown weight. Take E =2 X 106 Kgf/cm2.

No ok~ wn
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INTRODUCTION
Any member subjected to axial compressive load is called a column or Strut.

A vertical member subjected to axial compressive load — COLUMN. (Eg: Pillars of a
building)

An inclined member subjected to axial compressive load — STRUT.
A strut may also be a horizontal member.

Critical or Crippling or Buckling load — Load at which buckling starts.

CLASSIFICATION OF COLUMNS:
According to nature of failure — short, medium and long columns.

Short column — whose length is so related to its c/s area that failure occurs mainly due
to direct compressive stress only and the role of bending stress is negligible.

Medium Column - whose length is so related to its c/s area that failure occurs by a
combination of direct compressive stress and bending stress.

Long Column - whose length is so related to its c/s area that failure occurs mainly due
to bending stress and the role of direct compressive stress is negligible.

Long Column :-

* When length of column is more as compared to its ¢c/s
dimension, it is called long column.

Le/Kk,,, > 50
For mild steel A > 80 is called long column.

Short Column:-

= When length of column is less as compared to its c/s
dimension, it is called Short column.

Le/K, i, <50



ASSUMPTIONS IN EULER’S COLUMN THEORY:



EULER’S THEORY OF BUCKLING OF COLUMN

ASSUMPTIONS:

* The column is initially perfectly straight and the load is applied
axially.

% The cross-section of the column is uniform throughout its length.

** The column material is perfectly elastic, homogenous and isotropic
and obeys Hooke's law.

“*The length of the column is very large as compared to its lateral
dimension.

“*The direct stress is very small as compared to the bending stress.
+* The column will fail by buckling alone.
“*The self weight of column is negligible.

LIMITATIONS OF EULER’S FORMULA:

The general expression of bucking load for the long column as per Euler’s theory is given as,
P=TI%EI/L?

c=I1%E/(Le/k)?

We know that, Le / k = slenderness ratio.

LIMITATION 1:

The above formula is applied only for long columns

LIMITATION 2:

As the slenderness ratio decreases the crippling stress increases.

Consequently, if the slenderness ratio reaches to zero, then the crippling stress reaches infinity,
practically which is not possible.

LIMITATION 3:

If the slenderness ratio is less than certain limit, then crippling stress is greater than crushing stress,
which is not possible practically.
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Therefore, up to limiting extent Euler’s formula is applicable with crippling stress equal to crushing
stress.

Euler’s formula is applicable when the slenderness ratio is greater than or equal to 80.
Euler’s formula is applicable only for long column.

Euler’s formula is thus unsuitable when the slenderness ratio is less than a certain value.
SLENDERNESS RATIO:

Slenderness ratio is the ratio of the actual length of a column and the least radius of gyration of its
Cross section.

Slenderness Ratio = I/k.
EFFECTIVE LENGTH:

The effective length (Le) of a column is defined as the distance between successive inflection points
or points of zero moment.

Effective length is also called equivalent length.
Crippling load for any type of end condition is given by,
P=n?El
Le?

CRIPPLING STRESS IN TERMS OF EFFECTIVE LENGTH AND RADIUS OF
GYRATION:

P=m?El =n?EXAK?

Le? Le?

= ?EXA = m?EXA

Le?/ K2 (Le/ k)?

Crippling stress =  Crippling load

Area

= MEXA = 7#%E

A (Le/k)?  (Lel k)?



END CONDITIONS FOR COLUMNS:

v Both ends are hinged or pinned.
One end is free and the other end is fixed.

Both ends are fixed.

< N X

One end is fixed and the other end is pinned.

Pl A A

120

1€0

PROBLEMS:

1. A solid round bar 3 m long and 5 cm in diameter is used as a strut. Determine the
crippling load for all the end conditions. Take E = 2 X 10° N/mm?.

GIVEN DATA:

Length, L=3 m = 3000 mm

Diameter, d =5 ¢cm = 50 mm | =X d* /64 = n X 50* /64
E =2 X 10° N/mm?2. = 30.68 X 104 mm?.
SOLUTION:

1. Crippling load for both ends hinged,

P=n?El =n2X2X10°X 30.68 X 10*=67288 N = 67.288 KN.

2 30002



2. Crippling load when one end is fixed and other end is free,

P=n?El =nr?X2X10°X 30.68 X 10*

412 4 X 30002
=16822 N = 16.822 KN.
3. Crippling load when both the ends are fixed,

P=4r’El =4Xn?X2X10°X 30.68 X 10*

|2 3000?
= 269152 N = 269.152 KN.
2. Crippling load when one end is fixed and other end is hinged,

P=2r%El = 2Xn%X2X10°X30.68 X 10*

|2 30007
= 134576 N = 134.576 KN.
2. A column of timber section 15 cm X 20 cm is 6 m long both ends being fixed. If E for
timber = 17.5 KN/mm?, determine crippling load and safe load for the column if factor
of safety = 3.
GIVEN DATA:
Length, L=6 m = 6000 mm
Dimension of section, = 15 cm X 20 cm
E =17.5 KN/mm?,
Factor of safety = 3.
SOLUTION:
Ixx = 15 X 20° = 10000 cm* = 10000 X 10* mm*.
12
lyy = 20 X 15° = 5625 cm* = 5625 X 10* mm*.

12

Value of | will be the least value of the two moment of inertia.
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| = lyy =5625 cm* = 5625 X 10* mm*.
1. Crippling load for both ends fixed,

P=4n?El =4Xnr?X17.5X 103X 5625 X 10*

|2 6000°

=1079480 N = 1079.480 KN.

2. Safe load for the column,
Safe load = Crippling load / Factor of safety

=1079.480/3

= 359.8 KN.
3. A hollow mild steel tube 6 m long 4 cm internal diameter and 5 mm thick is used as a strut
with both ends hinged. Find the crippling load and safe load taking factor of safety as 3. Take
E =2 X 10° N/mm?,
GIVEN DATA:
Length, L=6 m = 6000 mm
Internal diameter, d =4 cm =40 mm.
Thickness, t =5 mm.
External diameter, D=d + 2t =40+ 2 X 5 =50 mm.
E =2 X 10° N/mm?2,
Factor of safety = 3.

SOLUTION:

Ixx = 1 =X (D* - d%) = X (504 — 40% = 18.11 X 10* mm".

64 64
1. Crippling load for both ends hinged,

P=m?El =#?X2X10°X18.11 X 10*

|2 6000?

=9929.9 N =9930 N



2. Safe load for the column,
Safe load = Crippling load / Factor of safety
=9930/3
= 3310 N.
4. A simply supported beam of length 4 m is subjected to a uniformly distributed load of 30
KN/m over the whole span and deflects 15 mm at the centre. Determine the crippling loads
when this beam is used as a column with the following conditions:
One end fixed and other end hinged.
Both the ends pin jointed.
GIVEN DATA:
Length, L=4 m = 4000 mm
Uniformly distributed load, w = 30 KN/m = 30 N/mm.
Deflection at the centre, 5= 15 mm.

SOLUTION:

For a simply supported beam, carrying UDL over the whole span, the deflection at the centre is given
by,

5= 5wlL?
384 El

15 =5 X30 X 4000*

384 X El
El =0.66 X 10 N.mm?
1. Crippling load when one end is fixed and other end is hinged,

P=2m2El = 2Xm?X0.66X 10

|2 40002
=8224.5 KN.

2. Crippling load for both ends hinged,



P=n’El =n®X0.66X10%

|2 40002
=4112.25 KN.

5. A solid round bar 4 m long and 5 cm in diameter was found to extend 4.6 mm under a tensile
load of 50 KN. This bar is used as a strut with both ends hinged. Determine the buckling load
for the bar and also the safe load taking factor of safety as 4.
GIVEN DATA:
Length, L=4 m = 4000
Diameter, d =5 cm =50 mm.
Extension of bar, L= 4.6 mm.
Tensile load, W = 50 KN.
SOLUTION:
A=nXd?/4=nX50%4 =625 mm?,
| =X d*/64 = n X 50%/64 = 30.68 X 10* mm*.
Young’s Modulus, E = Tensile Stress/Tensile Strain

= Tensile Load/Area

Change in length of bar/Original length of bar

=W/A =WXL

oL/L A XL

=50000 X 4000 =2.214 X 10* N/mm?,

6257 X 4.6
1. Crippling load for both ends hinged,

P=n?El = @%X2.214 X 10*X 30.68 X 10*

|2 40007
=4189.99 N =4190 N

2. Safe load,

1U



Safe load = Crippling load / Factor of safety
=4190/4
=1047.5 N.
6. A hollow alloy tube 5 m long with external diameter and internal diameters 40 mm and 25
mm respectively was found to extend 6.4 mm under a tensile load of 60 KN. Find the buckling
load for the tube when used as a column with both ends pinned. Also find the safe load for the
tube, taking a factor of safety = 4.
GIVEN DATA:
Length, L=5 m =5000 mm
External diameter, D = 40 mm.
Internal diameter, d = 25 mm.
Extension of bar, L= 6.4 mm.
Tensile load, W = 60 KN.
Factor of safety = 4.

SOLUTION:

A=nX (D?-d? =nX (40% - 25%) = 766 mm>.

4 4

Ixx = 1 = X (D - d%) = X (40% — 25%) = 106500 mm*.

64 64
Young’s Modulus, E = Tensile Stress/Tensile Strain

= Tensile Load/Area

Change in length of bar/Original length of bar

=W/A =WXL

oL/L  AXsL

= 60000 X 5000 =6.11945 X 10* N/mm?,

766 6.4
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1. Crippling load for both ends pinned,

P=n’El = a?X6.11945 X 10* X 106500

|2 5000°
=2573N

2. Safe load,
Safe load = Crippling load / Factor of safety

=2573/4

=643.2 N.
7. Calculate the safe compressive load on a hollow cast iron column (one end fixed and other
hinged) of 15 cm external diameter, 10 cm internal diameter and 10 m in length. Use Euler’s
formula with a factor of safety of 5 and E = 95 KN/mm?,
GIVEN DATA:
Length, L=10 m = 10000 mm
External diameter, D = 15 cm = 150 mm
Internal diameter, d = 10 cm = 100 mm
Factor of safety =5
E = 95 KN/mm?

SOLUTION:

| =X (D* - d%) = n X (150* — 100%) = 1994.175 X 10* mm?*.

64 64
1. Crippling load for one end fixed and other hinged,

P=2n?El = 2Xnr?X95X10%X 1994.175 X 10*

|2 100002
= 373950 N = 373.95 KN.
2. Safe load,

Safe load = Crippling load / Factor of safety

12



=373.95/5
=74.79 KN.

8. Determine Euler’s crippling load for an I-section joist 40 cm X 20 cm X 1 cm and 5 m long
which is used as a strut with both ends fixed. Take E = 2.1 X 10° N/mm?2,

GIVEN DATA:

Dimension of I-section =40 cm X 20 cm X 1 cm

Length, I =5 m = 5000 mm

E =2.1 X 10° N/mm?,

SOLUTION:

Ixx = M.O.I of rectangle (20 X 40) — M.O.I of rectangle [(20 — 1) X (40 -1 -1)]

=bd®-b;d® =20X40%- 19X38°

12 12 12 12

=19786 cm*

Ivy = M.O.I of rectangle (38 X 1) — M.O.I of 2 rectangles (1 X 20)

=dbd-dib® = 38X1®¥ - 2X1X20°
12 12 12 12
=1336.5 cm*

13



Least value of the moment of inertia is about Y'Y axis.
| = lyy = 1336.5 cm* = 1336.5 X 10* mm*
1.Euler’s crippling load for both ends fixed,

P=4n?El = 4Xnr?X2.1X10°X 1336.5 X 10*

12 3000°
= 4432080 N =4432.08 KN.

9. Using Euler’s formula, calculate the critical stresses for a series of struts having slenderness
ratio of 40,80,120,160 and 200 under the following conditions:

Both ends hinged
Both ends fixed. Take E = 2.05 X 10° N/mm?.
GIVEN DATA:
slenderness ratio, I/k = 40,80,120,160 and 200
E =2.05 X 10° N/mm?,
SOLUTION:

1. Critical stress for both ends hinged,

Critical stress= 7w E = w?E

(Le/k)2  (1/K)?

When I/k = 40, critical stress =2 E =% X 2.05 X 10°

(1/k)2 402
= 1264.54 N/mm?.

When I/k = 80, critical stress=n°E = m? X 2.05 X 10°

(1/K)? 802
= 316.135 N/mm?.

When I/k = 120, critical stress=m? E  =m? X 2.05 X 10°

(1/K)>? 1202
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= 140.5 N/mm?.

When I/k = 160, critical stress=m? E  =x? X 2.05 X 10°

(1/k)? 1602
=79.03 N/mm?,

When I/k = 200, critical stress=m* E =% X 2.05 X 10°

(1/k)? 2007
=50.58 N/mm?.
2. Critical stress for both ends fixed,

Critical stress= #°’E = #*E =47#%E

(L/k)2 [ (k)2

When I/k = 40, critical stress = m?E =4 x7® X 2.05 X 10°

(1/K)? 402
= 5058.16 N/mm?2.

When I/k = 80, critical stress=m? E =4 X % X 2.05 X 10°

(1/k)? 80?2
= 1264.54 N/mm?.

When I/k = 120, critical stress=m* E =4 X 7® X 2.05 X 10°

(1/K)? 120°
= 562.02 N/mm?2.

When I/k = 160, critical stress=m?E =4 X 7® X 2.05 X 10°

(1/k)? 160°
= 316.135 N/mm?Z.

When I/k = 200, critical stress =nm? E =4 X 7% X 2.05 X 10°

(1/K)? 2002

=202.32 N/mm?,

15



RANKINE’S FORMULA:

P= oc XA

1+ a (Le/ k)2
Where, oc = Ultimate crushing stress
A = Area of cross section
a = Rankine’s constant.

Le = Effective length

k = Least radius of gyration.

10. The external and internal diameter of a hollow cast iron column are 5 cm and 4 cm
respectively. If the length of this column is 3 m and both of its ends are fixed, determine the
crippling load using Rankine’s formula. Take oc = 550 N/mm? and a = 1/1600.

GIVEN DATA:

Length, L=3 m = 3000 mm

External diameter, D =5 cm =50 mm.

Internal diameter, d =4 cm = 40 mm.

Ultimate crushing stress, oc = 550 N/mm?

Rankine’s constant, a = 1/1600.



SOLUTION:
1.Cripling load for both ends fixed,

A=nX(D?—d? =nX (502 40?) = 225 £ mmZ.

4 4

Ixx = 1 =X (D* - d%) = n X (50* — 40%) = 57656 & mm*.

64 64
Least radius of gyration, k = I/A = 57656 n / 225 n = 16.007 mm.
For both the ends are fixed, L = 1/2 = 3000/2 = 1500 mm.

P= oc XA = 550 X 225 n

1+a(Le/ k)? 1 + 1/1600 (1500/16.007)?
=59918.3 N.

11. A hollow cylindrical cast iron column is 4 m long with both ends fixed. Determine the
minimum diameter of the column if it has to carry a safe load of 250 KN with a factor of safety
of 5. Take the internal diameter as 0.8 times the external diameter. Take oc =550 N/mm? and a
= 1/1600.
GIVEN DATA:
Length, L=4 m = 4000 mm
Internal diameter,d =0.8 X D
Safe load = 250 KN
Ultimate crushing stress, oc = 550 N/mm?
Rankine’s constant, a = 1/1600, Factor of safety = 5.
SOLUTION:
Safe load = Crippling load / Factor of safety

Crippling load = Safe load X Factor of safety = 250 X 5 = 1250 KN.
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12. A 1.5 m long column has a circular cross section of 5 cm diameter. One of the ends of the
column is fixed in direction and position and other end is free. Taking factor of safety as 3,
calculate the safe load using, Rankine’s formula, take oc = 560 N/mm? and a = 1/1600, Euler’s
formula, E = 1.2 X 10° N/mm?.

GIVEN DATA:

Length, L=1.5 m = 1500 mm

Diameter, d =5 cm

Ultimate crushing stress, oc = 560 N/mm?

Rankine’s constant, a = 1/1600.

E =1.2 X 10° N/mm?,

Factor of safety = 3

SOLUTION:

A=nXd?/4=nX50%4=1963.5 mm?

| =X d*/64 =nX50%64 =30.7 X 10* mm*.

Least radius of gyration, k = I/A = 30.7 X 10*/ 1963.5 = 12.5 mm.

Le=21=2X 1500 = 3000 mm

1. Safe load using Rankine’s formula,

P= oc XA = 560 X 1963.5

1 +a (Le k)2 1 + 1/1600 (3000/12.5)?
=29717.8 N.
Safe load = Crippling load / Factor of safety
=29717.8/3
=9905.9 N.
2. Safe load using Euler’s formula,

P=n?El =n?X12X10°X30.7 X 10*

412 4 X 15002
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=403995N
Safe load = Crippling load / Factor of safety
=40399.5/3
=13466.5 N.
13. A hollow cast iron column 200 mm outside diameter and 150 mm inside diameter, 8 m long
has both ends fixed. It is subjected to an axial compressive load. Taking a factor of safety as 6,
oc =560 N/mm? and a = 1/1600. Determine the safe Rankine load.
GIVEN DATA:
Length, L=8 m = 8000 mm, L. =1/2 = 8000/2 = 4000 mm.
External diameter, D = 200 mm
Internal diameter, d = 150 mm
Ultimate crushing stress, oc = 560 N/mm?
Rankine’s constant, a = 1/1600
Factor of safety = 6
SOLUTION:

1.Safe Rankine’s load,

A=nX (D?-d? =nX (200? - 150%) = 13744 mm?,

4 4

Ixx = 1 = X (D* - d%) = 1 X (200% — 150) = 53689000 mm*,

64 64
Least radius of gyration, k = I/A = 53689000/ 13744 = 62.5 mm.

P=  G6cXA = 560 X 13744

1 +a (Le/ k)? 1 + 1/1600 (4000/62.5)>
=2161977 N =2161.977 KN.
Safe load = Crippling load / Factor of safety

=2161.977/6

2V



= 360.3295 KN.
14. A hollow C.I column whose outside diameter is 200 mm has a thickness of 20 mm. It is 4.5
m long and is fixed at both ends. Calculate the safe load by Rankine’s formula using a factor of
safety of 4. Calculate the slenderness ration and the ratio of Euler’s and Rankine’s critical
loads. Take 6c =550 N/mm? and a = 1/1600 and E = 9.4 X 10* N/mm?.
GIVEN DATA:
Length, L= 4.5 m = 4500 mm, Le = 1/2 = 4500/2 = 2250 mm.
External diameter, D = 200 mm, Thickness, t =20 mm.
Internal diameter,d =D -2 X t=200-2 X 20 = 160 mm
Ultimate crushing stress, oc = 550 N/mm?
Rankine’s constant, a = 1/1600
Factor of safety = 4
E =9.4 X 10* N/mm?,
SOLUTION:

A=nX (D?-d?) =X (200% - 160?) = 11310 mm?.

4 4

Ixx = 1 =X (D*- d%) = 7 X (200* - 160%) = 46370000 mm®.

64 64
Least radius of gyration, k = I/A = 46370000 / 11310 = 64 mm.
1.Slenderness ratio,
Slenderness ratio = I/k = 4500/64 = 70.30
2. Safe load by Rankine’s formula,

P= oc XA = 550 X 11310

l1+a(Le/K)? 1+ 1/1600 (2250/64)2
= 3511000 N.

Safe load = Crippling load / Factor of safety
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=3511000/ 4
= 877750 N.
3. Ratio of Euler’s and Rankine’s critical loads,

Euler’s critical load, P = 4n> EI =4 X 7n* X 9.4 X 10* X 46370000

2 45007
= 8497700 N.

Euler’s critical load =8497700 =242

Rankine’s critical load 3511000

1.S CODE FORMULA




15. Determine the safe load by 1.S. code for a hollow cylindrical mild steel tube of 4 cm external
diameter and 3 cm internal diameter when the tube is used as a column of length 2.5 m long
with both ends hinged.
GIVEN DATA:
External diameter — 4 cm = 40 mm
Internal diameter — 3 cm = 30 mm
Length — 2.5 m = 2500 mm
SOLUTION:
1.Safe load by I.S. CODE formula,
A= X (D?-d? = mX (402 - 302) = 549.77 mm?.
4 4

Ixx ==X (D*-d* = =X (40*-30% =85902.92 mm*,

64 64

To determine the safe load by I.S. code formula, first find the value of slenderness ratio. Then
according to slenderness ratio, obtain the safe compressive stress from the table.

Now, slenderness ratio = I/k
k =1/A =85902.92 /549.77 = 12.5 mm.
slenderness ratio = 2500/12.5 = 200.

From table, corresponding to slenderness ratio of 200, the allowable compressive stress is 27 N/
mm?.

oc =27 N/ mm2,
Safe load for the column = 6¢c X A
=27 X 549.77

= 14843.79 N.
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SECANT FORMULA

Maximum stress

| "o

| +

e.y

3

'o-

Perry-Robertson Formula

The formula used for structural steelwork is the Perry-Robertson formula that

represented as the average end stress to cause yield in a strut.

f ’
) [ ‘ i
Ty = ?[”Yield +(n+ 1)“E] E \[?”yicld +3(n+lop| -0yaaoE

where:

Op = stress based on Perry-Robertson formula,

o = Euler’s stress

Oyield = Yield stress depending on the yield strength of material
1 = constant depending on the material. For a bnttle material n =

0.015L",

fora ductile material n = 0.3 (L'100r)
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COLUMNS WITH ECCENTRIC LOADING
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QUESTION BANK:
1. Distinguish columns & struts.
. List the assumptions made in Euler’s column theory.
. What are the different end conditions of a column?

. Define: slenderness ratio.

. Define: Crippling load.

2

3

4

5. List the limitations of Euler's formula.
6

7. What is Equivalent length of a column?
8

. What is a Rankine's constant? What is the approximate value of Rankine's
constant for cast iron column?

9. Define: Safe load.

10.A column of timber section 10 cm X 15 cm is 5 m long both ends being fixed. If
the young's modulus for timber = 17.5 KN/mm2. Determine crippling load and
safe load for the column if factor of safety = 3.

11.A hollow mild steel tube 5 m long, 4 cm internal diameter and 5 mm thick is
used as a strut with both ends hinged. Determine the crippling load and safe
load taking factor of safety as 3.0. Take E = 2 X 105 N/mm2.

12.Determine Euler's crippling load for an | - section joist 30 cm X 15cm X 2 cm
and 5 m long which is used as a strut with both ends fixed. Take E =2 X 105
N/mmz2,

13.Determine the crippling load for a T - section of dimensions 12 cm X 12 cm X 2
cm and of length 6 cm when it is used as a strut with both of its ends hinged.
Take E =2 X 105 N/mmz2.

14.Determine the ratio of buckling strengths of two columns one hollow and the
other solid. Both are made of the same material and have the same length, cross
sectional area and end conditions. The internal diameter of hollow column is
2/3rd of its external diameter.

15.A 2 m long column has a circular cross section of 6 cm diameter. One of the
ends of the column is fixed in direction and position and other end is free.
Taking factor of safety as 3, determine the safe load using

1) Rankine's formula taking yield stress = 550 N/mm2 and a = 1/1600 for pinned
ends.
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INTRODUCTION
THIN CYLINDER:

v" The cylinder which have thickness is less than 1/10 to 1/20 of its Diameter,
that cylinder is called as thin cylinder.

v" Thin cylinder is only resist to the internal Pressure.

v' Thin cylinder failure due to internal fluid pressure by the formation of
circumferential stress and longitudinal stress.

v The internal pressure which is acting radially inside the thin cylinder is known
as radial pressure in thin cylinder.

STRESSES IN A THIN CYLINDRICAL SHELL:

There will be two types of stresses, which will be developed in the wall of thin
cylindrical shell and these stresses are as mentioned here.

CIRCUMFERENTIAL STRESS OR HOOP STRESS:

Stress acting along the circumference of thin cylinder will be termed as
circumferential stress or hoop stress.

If fluid is stored under pressure inside the cylindrical shell, pressure will be acting
vertically upward and downward over the cylindrical wall.




LONGITUDINAL STRESS:

v" Stress acting along the length of thin cylinder will be termed as longitudinal
stress.

v" If fluid is stored under pressure inside the cylindrical shell, pressure force will
be acting along the length of the cylindrical shell at its two ends.
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EXPRESSION FOR CIRCUMFERENTIAL or HOOP STRESS:
o1 =pd
2t
Where, p — Internal fluid pressure
d — Internal diameter if the cylinder

t — Thickness of the wall of the cylinder

o1— Circumferential or hoop stress in the material.

EXPRESSION FOR LONGITUDINAL STRESS:

o, =pd

41t



o, - Longitudinal stress in the material

Longitudinal stress= Half of the circumferential stress.

PROBLEMS
1.A cylindrical pipe of diameter 1.5 m and thickness 1.5 cm is subjected to an internal fluid
pressure of 1.2 N/mm? Determine the longitudinal stress developed in the pipe and
circumferential stress developed in the pipe.
GIVEN DATA:
Diameter - 1.5 m
Thickness - 1.5 cm = 0.015 m
Internal fluid pressure of 1.2 N/mm?
SOLUTION:
1. LONGITUDINAL STRESS,
o2 =pd =1.2X15 =30N/mm?

_Tt— 4 X 0.015
2. CIRCUMFERENTIAL STRESS,

o1 =pd = 1.2 X 1.5 =60 N/mm?

2t 2X0.015

2. A cylinder of internal diameter 2.5 m and of thickness 5 cm contains a gas. If the tensile
stress in the material is not to exceed 80 N/mm?, determine the internal pressure of the gas.

GIVEN DATA:

Internal diameter - 2.5 m

Thickness -5 cm =0.05m

Tensile stress - 80 N/mm?

As tensile stress is given, hence this should be equal to circumferential stress (o1), o1 = 80 N/mm?
SOLUTION:

1.INTERNAL PRESSURE OF THE GAS,



o1 =pd

2t

p=01X2t =80X2X0.05 =3.2N/mm?

d 2.5

3. A cylinder of internal diameter 0.5 m contains air at a pressure of 7 N/mm?2. If the maximum
permissible stress induced in the material is 80 N/mm?, find the thickness of the cylinder.

GIVEN DATA:

Internal diameter - 0.5 m

Pressure - 7 N/mm?

Maximum permissible stress - 80 N/mm?

As maximum permissible stress is given, hence this should be equal to circumferential stress (c1).
o1 - 80 N/mm?

SOLUTION:

1. THICKNESS OF THE CYLINDER,

o1 =pd
ot

t= pd = 7X05
2Xo1 2X80

t =0.021875 m or 2.18 cm.
4. A thin cylinder of internal diameter 1.25 m contains a fluid at an internal pressure of 2
N/mm?2. Determine the maximum thickness of the cylinder if i) longitudinal stress is not to
exceed 30 N/mm? ii) circumferential stress is not to exceed 45 N/mm?2.
GIVEN DATA:
Internal diameter, d - 1.25 m

Internal fluid pressure, p - 2 N/mm?

Longitudinal stress, o2 = 30 N/mm?



circumferential stress, o1 = 45 N/mm?.
SOLUTION:

1.MAXIMUM THICKNESS OF THE CYLINDER if 61 = 45 N/mm?,

o1 =pd
2t

t= pd = 2X125
2Xo1 2X45

t =0.0277 mor 2.77 cm.

2. MAXIMUM THICKNESS OF THE CYLINDER if 62 = 30 N/mm?

t= pd = 2X125

4Xo1 4X30

t=0.0208 m or 2.08 cm.
The longitudinal or circumferential stresses induced in the material are inversely proportional to the
thickness of the cylinder. Hence the stress induced will be less if the value of ‘t” is more. Hence take
the maximum value of ‘t’.
t=2.77cm.
5. A water main 80 cm diameter contains water at a pressure head of 100 m. If the weight
density of water is 9810 N/m3, find the thickness of the metal required for the water main.
Given the permissible stress as 20 N/mm?,
GIVEN DATA:
Diameter of main, d - 1.25 m
Pressure head of water, h = 100 m
Permissible stress, 61 = 20 N/mm?

SOLUTION:

1. THICKNESS OF THE METAL,

[¢]



Pressure of water inside the water main, P =w X h = 9810 X 100

= 981000 N/m? = 0.981 N/mm?,

t =pd = 0981X80=2cm.
2 X o1 2X20
EFFICIENCY OF A JOINT

The cylindrical shells such as boilers are having two types of joints namely longitudinal joint and
circumferential joint.

1), - Efficiency of a longitudinal joint and
I)c - Efficiency of a circumferential joint.
Circumferential stress, 61 = pd
2t X 1)

Longitudinal stress, 2 = pd

4tX1)c
Efficiency of a joint means the efficiency of a longitudinal joint.
6. A boiler is subjected to an internal steam pressure of 2 N/mm?. The thickness of boiler plate
is 2 cm and permissible tensile stress is 120 N/mm?. Find out the maximum diameter, when
efficiency of longitudinal joint is 90 % and that of circumferential joint is 40 %.
GIVEN DATA:
Internal steam pressure, p = 2 N/mm?
Thickness of boiler plate, t =2 cm
Permissible tensile stress = 120 N/mm?
=90 %
e = 40 %.

SOLUTION:



In case of a joint, the permissible stress may be circumferential stress or longitudinal stress.

1.MAXIMUM DIAMETER FOR CIRCUMFERENTIAL STRESS,

o1 = pd
2tX1)

120= 2Xd
2X0.90 X2

d=120X2X0.90 X2 =216 cm.

2

2. MAXIMUM DIAMETER FOR LONGITUDINAL STRESS,

o2 = pd
4tXT)c
120 = 2Xd
4X0.40X2

d=120 X4 X 0.40 X2=192 cm.

2

The longitudinal or circumferential stresses induced in the material are directly proportional to
diameter. Hence the stress induced will be less if the value of ‘d’ is less. Hence take the minimum
value of d.
Maximum diameter of the boiler is equal to the minimum value of diameter.
Hence maximum diameter, d = 192 cm.
If d =216 cm, o2 will be more than the given permissible stress.
o2 = pd = 2X216 =135N/mm?

4tX1)c 4X2X04
7. A cylinder of thickness 1.5 cm has to withstand maximum internal pressure of 1.5 N/mm?. If
the ultimate tensile stress in the material of the cylinder is 300 N/mm?, factor of safety 3 and

joint efficiency 80 %, determine the diameter of the cylinder.

GIVEN DATA:
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Thickness of cylinder, t=1.5cm

Internal pressure, p = 1.5 N/mm?

Ultimate tensile stress = 300 N/mm?

Factor of safety = 3

N=280%

Joint efficiency means the longitudinal joint efficiency, I = 80 %
SOLUTION:

Working stress, o1 = Ultimate tensile stress= 300 = 100 N/mm?

Factor of safety 3
o1 = pd
2t X1
100 = 1.5Xd
2X0.80X15

d=100X2X0.80 X1.5=160cm or 1.6 m.

1.5

EFFECT OF INTERNAL PRESSURE ON THE DIMENSIONS OF A THIN CYLINDRICAL
SHELL:

Change in diameter, 8d = pd? |1 - ]

Change in length, 6L =pdL

Volumetric Stram =

Change in volume, 6V =V [ 2 e1 + e7]




Change in volume, 6V =V |2 &d + 6L

d L
8. Calculate the change in diameter, change in length and change in volume of a thin
cylindrical shell 100 cm diameter, 1 cm thick and 5 m long when subjected to internal pressure
of 3 N/mm?. Take the value of E = 2 X 10° N/mm? and poisson’s ratio, p = 0.3.
GIVEN DATA:
Diameter of shell, d = 100 cm
Thickness of shell, t =1 cm
Length of shell, L =5 m =500 cm
Internal pressure, p = 3 N/mm?
Young’s modulus, E = 2 X 10° N/mm?
Poisson’s ratio, u = 0.3.

SOLUTION:

Change in diameter, 8d =pd? [1- p

2tE 2
= 3 X 100? 1-0.3
2X1X2X10° 2
=0.06375 cm.

Change in length, 6L =pdL 1-p

2tE 2

=3X100X500 |1 - 03

2X1X2X10°| 2
=0.075cm.

Change in volume, 6V =V |2 &d + 6L

d L

V = (nd?/4) X L = (r X 1002 /4) X 500 = 3926990.817 cm?

1U



0V =3926990.817 X |2 X 0.06375 + 0.075

100 500

=5595.96 cm?®
9. A cylindrical thin drum 80 cm in diameter and 3 m long has a shell thickness of 1 cm. If the
drum is subjected to an internal pressure of 2.5 N/mm?. Determine the change in diameter,
change in length and change in volume. Take the value of E = 2 X 10° N/mm? and poisson’s
ratio, p = 0.25.
GIVEN DATA:
Diameter of drum, d =80 cm
Thickness of shell, t =1 cm
Length of shell, L =3 m =300 cm
Internal pressure, p = 2.5 N/mm?
Young’s modulus, E =2 X 10° N/mm?
Poisson’s ratio, u = 0.25.

SOLUTION:

Change in diameter, 5d = pd? [1- pn

2tE 2
= 2.5 X 802 1-0.25
2X1X2X10° 2
=0.035cm.

Change in length, 6L =pdL 1-np

2tE 2

=25X80X300 | 1 - 0.25

2X1X2X10°| 2

=0.0375cm.
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Change in volume, 6V =V| 2 &d + 6L
d L
V = (nd%4) X L = (n X 80 /4) X 300 = 1507964.473 cm®

0V =1507964.473 X| 2 X 0.035 + 0.0375

80 300

=1507.96 cm?®
10. A cylindrical vessel whose ends are closed by means of rigid flange plates is made of steel
plate 3 mm thick. The length and the internal diameter of the vessel are 50 cm and 25 cm
respectively. Determine the longitudinal and circumferential stresses in the cylindrical shell
due to an internal fluid pressure of 3 N/mm? Also calculate the increase in length, diameter
and volume of the vessel. Take the value of E = 2 X 10° N/mm? and poisson’s ratio, p = 0.3.
GIVEN DATA:
Thickness, t=3 mm = 0.3 cm
Length of cylindrical vessel, L =50 cm
Internal diameter, d = 25 cm
Internal fluid pressure, p = 3 N/mm?
Young’s modulus, E =2 X 10° N/mm?
Poisson’s ratio, i = 0.25.
SOLUTION:
1.CIRCUMFERENTIAL STRESS,
o1 =pd =3x25 =125 N/mm?

2t  2x03

2. LONGITUDINAL STRESS,

o2 =pd =3x25 =62.5N/mm?

4t 4x0.3

Change in diameter, d = pd? [1- p

2tE 2

12



3 X 252 1- 03

2X03X2X10° 2
=0.0133 cm.
Change in length, L =pdL 1-
e
=3 X25X50 1 -03

2X03X2X10° |2
= 0.00625 cm.
Change in volume, 6V =V |2 &d + 6L
4L
V = (nd¥4) X L = (n X 25% /4) X 50 = 24543.69 cm®

0V  =24543.69 X |2 X 0.0133 +0.00625

25 50

=29.18 cm?®
11. A cylindrical vessel is 1.5 m diameter and 4 m long is closed at ends by rigid plates. It is
subjected to an internal pressure of 3 N/mm?. If the maximum principal stress is not to exceed
150 N/mm?, find the thickness of the shell. Assume E = 2 X 10° N/mm? and poisson’s ratio, p =
0.25. Find the changes in diameter, length and volume of the shell.
GIVEN DATA:
Diameter of vessel, d = 1.5 m = 1500 mm
Length of cylindrical vessel, L =4 m = 4000 mm
Internal pressure, p = 3 N/mm?
Maximum principal stress = 150 N/mm?
Young’s modulus, E =2 X 10° N/mm?

Poisson’s ratio, i = 0.25.

SOLUTION:
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1.THICKNESS OF THE SHELL,
Maximum principal stress means circumferential stress.
o1 = 150 N/mm?

o1 = pd

2t

t= pd = 3X1500

2Xo1 2X150
t=15mm.

2. CHANGES IN DIAMETER, LENGTH & VOLUME,

Change in diameter, d =pd? [1- p
=+
= 3 X 1500 1- 025
2X15X2X10° [ 2—]
=0.984 mm.

Change in length, 6L =pdL 1 -
2tE 2

= 3X1500X4000 [ 1 -0.25

2X15X2X10° |2

Volumetric Strain, 8V =pd | 5- 2u

V 2tE

Change involume, oV =pd | 5 -2u| XV

2tE 2

= 3 X 1500 5-2X025(XV

2X2X10°X 15| 2

14



V = (nd?4) X L = (x X 15002 /4) X 4000 = 7.0685 X 10° mm?

oV = 3 X 1500 rS - 2X0.25| X 7.0685 X 10°

2X2X10°X15 LZ
= 10602875 mm3

WIRE WINDING OF THIN CYLINDERS:

» We know that the hoop stress is two times the longitudinal stress in a thin
cylinder, when the cylinder is subjected to internal fluid pressure.

» Hence the failure of a thin cylinder will be due to hoop stress.

» Also, the hoop stress which is tensile in nature is directly proportional to the
fluid pressure inside the cylinder.

> In case of cylinders which have to carry high internal fluid pressures, some
methods of reducing the hoop stresses have to be devised.

» One method is to wind strong steel wire under tension on the walls of the
cylinder.

» The effect of the wire is to put the cylinder wall under an initial compressive
stress.

THIN SPHERICAL SHELLS:

» A thin spherical shell of internal diameter ‘d’ and thickness ‘t’ is subjected to an
internal fluid pressure ‘p’.

» The fluid inside the shell has the tendency to split the shell into two hemi
spheres along x-x axis.

» The force P which has a tendency to split the shell.

=p X (n X d?/4)
The area resisting this force, A=n X d Xt
Hoop stress induced in the material of the shell is given by,

o1 = Force (P)

Avrea resisting this force (A)

or = pX(@Xd¥4) = pd

nXdXt 4t
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PROBLEMS:

1.A vessel in the shape of a spherical shell of 1.2 m internal diameter and 12 mm shell thickness
is subjected to pressure of 1.6 N/mm? . Determine the stress induced in the material of the
vessel.

GIVEN DATA:

Internal diameter of shell, d = 1.2 m = 1200 mm

Thickness of shell, t =12 mm

Pressure, p = 1.6 N/mm?

SOLUTION:

1. STRESS INDUCED IN THE MATERIAL OF THE VESSEL,

o1 = pd = 1.6 X1200 =40 N/mm?

41 4X12
2.A spherical vessel 1.5 m diameter is subjected to an internal pressure of 2 N/mm?2. Find the
thickness of the plate required if maximum stress is not to exceed 150 N/mm? and joint
efficiency is 75 %.
GIVEN DATA:
Diameter of spherical vessel, d = 1.5 m = 1500 mm

Internal pressure = 2 N/mm?

16



Maximum stress, o1 = 150 N/mm?

Joint efficiency, I] = 75 %.

SOLUTION:

o1 = pd
4tX1)

t = 2X 1500 =6.67mm
4 X 150 X 0.75

CHANGE IN DIMENSIONS OF A THIN SPHERICAL SHELL DUE TO AN INTERNAL
PRESSURE:

Strain, 6d = pd (1—p)

d 4ME

Change in diameter, 6d = pd (1-p) Xd

AtE

Volumetric strain, 8V = 3 X pd (1-p)

V 4tE

Change involume, 8V = 3 X pd (1-pn) XV

4tE
3.A spherical shell of internal diameter 0.9 m and of thickness 10 mm is subjected to an
internal pressure of 1.4 N/mm?2. Determine the increase in diameter and increase in volume.
Take E =2 X 10° N/mm? and poisson’s ratio, p = 1/3.
GIVEN DATA:
Internal diameter of spherical shell, d = 0.9 m = 900 mm
Thickness, t =10 mm
Internal pressure, p = 1.4 N/mm?

E =2 X 10° N/mm?

Poisson’s ratio, p = 1/3.

17



SOLUTION:
1. INCREASE IN DIAMETER,
Increase in diameter, 6d = pd (1-p) Xd

4tE

Increase in diameter, 6d = 1.4 X 900 (1 -(1/3)) X900

4X10X2X10°
=0.0945 mm.
2. INCREASE IN VOLUME,
Change in volume, 8V = 3Xpd (1-p) XV
“E
Volume, V =X d*6 = nX 900%6 =381.7 mm?d.

Change involume, 6V = 3X14X900 (1-(1/3)) X 381.7

4X10X2X10°
=12028.5 mm3.

THICK CYLINDER:

» The cylinder which have Thicknessis more than 1/20 of its diameter
that Cylinder is called as thick Cylinder.

> If the ratio of thickness to internal diameter is more than 1/20, then cylindrical
shell is known as thick cylinders.

STRESSES PRODUCED DUE TO INTERNAL FLUID PRESSURE:

v" Radial pressure p (Compressive)
v" Circumferential stress or Hoop stress o1 (Tensile)
v" Longitudinal stress o, (Tensile)

Radial Pressure: px=b - a................ (1)
X2
Hoop Stress: ox=b + a.................... (2)
%
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Above 2 equations are called Lame’s equations.
The constants ‘a’ and ‘b’ are obtained from boundary conditions.

1. At X =ry, px = po or the pressure of fluid inside the cylinder.
2. At X =r1,, px =0 or atmospheric pressure.

PROBLEMS:

1.Determine the maximum and minimum stress across the section of a pipe of 400
mm internal diameter and 100 mm thick, when the pipe contains a fluid at a
pressure of 8 N/mm?. Also sketch the radial pressure distribution and hoop stress
distribution across the section.

GIVEN DATA:

Internal diameter, d; = 400 mm

Internal radius, r1 = 400/2 = 200 mm

External diameter, d, = 400 + 2 X 100 = 600 mm
External radius, r, = 600/2 = 300 mm

Fluid pressure, po = 8 N/mm?
SOLUTION:

1. MAXIMUM AND MINIMUM STRESS,

The radial pressure px=b - a................ (1)

X2
Now apply the boundary conditions to the above equation.
The boundary conditions are:

1. Atx =r; =200 mm, px = po = 8 N/mm?
2. Atx=r,=300 mm, px =0.

Substituting these boundary conditions in equation (1), we get

8= Db -a= b - a.. )

2002 40000



300? 90000
Subtracting equation 3 from equation 2, we get

8-0= b - a- b + a

40000 90000

8 =9b-4b = 5D

360000 360000
b =360000 X8 =576000

3)
Substituting this value in equation (3), we get
0 =576000 —a
90000
a =576000/90000 = 6.4
The values of ‘a’ and ‘b’ are substituted in the hoop stress.

Hoop Stress: 6x=b + a= 576000 + 6.4

X2 X2
At x =200 mm, 62090 = 576000 + 6.4 = 20.8 N/mm?
2002
At X =300 mm, o300 = 576000 + 6.4 = 12.8 N/mm?

3002
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QUESTION BANK:
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1.

Distinguish thin and thick cylinder.

2. Name the stresses set up in a thin cylinder subjected to internal fluid pressure.
3. What are circumferential and longitudinal stresses?

4,
5
6

What do you mean by Lame's equation?

. Name the stresses set up in a thick cylinder subjected to internal fluid pressure.

. A cylinder of internal diameter 2.5 m and of thickness 5 cm contains a gas. If

the tensile stress in the material is not to exceed 80 N/mm2, find the internal
pressure of the gas.

A vessel in the shape of a spherical shell of 1.2 m internal diameter and 12 mm
shell thickness is subjected to pressure of 1.6 N/mm2. Find the stress induced in
the material of the vessel.

A spherical vessel 1.5 m diameter is subjected to an internal pressure of 2
N/mm2. Find the thickness of the plate required if maximum stress is not to
exceed 150 N/mm2 and joint efficiency is 75 %.

A cylinder pipe of diameter 2 m and thickness 2 cm is subjected to an internal
fluid pressure of 1.5 N/mmz2, find the longitudinal and circumferential stress
developed in the pipe material.

10. A thin cylinder of internal diameter 2 m contains a fluid at an internal pressure

of 3 N/mm2. Determine the maximum thickness of the cylinder if
I)longitudinal stress is not to exceed 30 N/mm2 ii)circumferential stress is not to
exceed 40 N/mma2.

11. A thin cylindrical shell of 120 cm diameter, 1.5 cm thick and 6 m long is

subjected to internal fluid pressure of 2.5 N/mm2.If E = 2 X105 N/mm2 and
poisson's ratio = 0.3, determine i) Change in diameter ii) change in length iii)
change in volume.

12. Determine the thickness of metal necessary for a cylindrical shell of internal

diameter 150 mm to withstand an internal pressure of 50 N/mm2. The
maximum hoop stress in the section is not to exceeed 150 N/mm2.
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INTRODUCTION

Theories of failure are those theories which help us to determine the safe dimensions
of a machine component when it is subjected to combined stresses due to various
loads acting on it during its functionality.

IMPORTANT THEORIES OF FAILURE:

Maximum principal stress theory (Rankine's theory)

Maximum principal strain theory (St. Venant's theory)

Maximum shear stress theory (Coulomb, Tresca and Guest's theory)
Maximum strain energy theory (Haigh's theory)

Maximum shear strain energy theory or Distortion energy theory (Huber von Mises
and Hencky's theory)

MAXIMUM PRINCIPAL STRESS THEORY (RANKINE'S THEORY)

According to this theory, the failure of a material will occur when the maximum
principal tensile stress (o1) in the complex system reaches the value of the maximum
stress at the elastic limit in simple tension or the minimum principal stress (maximum
principal compressive stress) reaches the value of the maximum stress at the elastic
limit in simple compression.

Let in a complex three-dimensional stress system,
o1 ,02and o3 = principal stresses at a point in three perpendicular directions.
The stresses o1 and o, are tensile and o3 is compressive.
Also, o3 is more than o;
ot = tensile stress at elastic limit in simple tension.
oc = compressive stress at elastic limit in simple compression.
o1 >o¢ insimple tension.
o3 > o, in simple compression.

This 1s the simplest and oldest theory of failure and is known as Rankine’s theory.
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If the maximum principal stress o is the design criterion, then maximum principal
stress must not exceed the permissible stress o for the given material.

Hence, o1 = ot
Where o; = permissible stress and is given by

ot = o [ factor of safety.

PROBLEMS:

1.The principal stresses at a point in an elastic material are 100 N/mm? (tensile),
80 N/mm? (tensile) and 50 N/mm? (compressive). If the stress at the elastic limit in
simple tension is 200 N/mm? , determine whether the failure of material will
occur according to maximum principal stress theory. If not, then determine the
factor of safety.

GIVEN DATA:

o1 =100 N/mm?

o2 =80 N/mm?

o3 =50 N/mm? = - 50 N/mm?
ot =200 N/mm?

SOLUTION:

1.TO DETERMINE WHETHER FAILURE OF MATERIAL WILL OCCUR OR NOT:
From the three given stresses, the maximum principal tensile stress is 6; = 100 N/mm?
And the stress at elastic limit in simple tension is o;” = 200 N/mm?

As o1 is less than o1, the failure will not occur according to maximum principal
stress theory.

2.FACTOR OF SAFETY:

Using equation, 61 = oy  &; = 100 N/mm?
ot = ot / factor of safety

Factor of safety = o; / 6; = 200/100 = 2.
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MAXIMUM PRINCIPAL STRAIN THEORY (ST. VENANT'S THEORY)

According to this theory, the failure of a material will occur when the maximum
principal strain reaches strain due to yield stress in simple tension or when the
minimum principal strain (maximum compressive strain) reaches the strain due to
yield stress in simple compression.

Yield stress is the maximum stress at elastic limit.

Consider a three-dimensional stress system.




2.The principal stresses at a point in an elastic material are 200 N/mm? (tensile),
100 N/mm? (tensile) and 50 N/mm? (compressive). If the stress at the elastic limit
in simple tension is 200 N/mm? , determine whether the failure of material will
occur according to maximum principal strain theory. Take Poisson’s ratio = 0.3.

GIVEN DATA:

o1 =200 N/mm?

o2 =100 N/mm?

o3 =50 N/mm? = - 50 N/mm?
ot =200 N/mm?

Poisson’s ratio = 0.3.

SOLUTION:

1.TO DETERMINE WHETHER FAILURE OF MATERIAL WILL OCCUR OR NOT:

3. Determine the diameter of a bolt which is subjected to an axial pull of 9 KN
together with a transverse shear force of 4.5 KN using, i) Maximum principal
stress theory and ii) maximum principal strain theory. Given the elastic limit in
tension = 225 N/mm? , factor of safety = 3 and Poisson’s ratio = 0.3.
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GIVEN DATA:

Axial pull, P=9 KN =9000 N

Transverse shear force, F = 4.5 KN =4500 N
ot =225 N/mm?

Factor of safety = 3

Poisson’s ratio = 0.3.
SOLUTION:

The permissible stress in tension is given by,
ot = oy / factor of safety =225/3 =75 N/mm?

The axial pull will produce tensile stress whereas transvers shear force will produce
shear stress in the bolt.

Let us calculate these stresses.

Now, tensile stress,c = P = P = 4P

A  nd¥4 nd?

=4 X 9000 = 11459 N/mm?

nd? d?

Now, shearstress, 1= F = 4F =4 X 4500 =5729.5 N/mm?

nd?/4 nd? nd? d?



1.DIAMETER OF BOLT ACCORDING TO MAXIMUM PRINCIPAL STRESS THEORY:
Here diameter of the bolt is to be calculated.

This becomes the case of design.

For the purpose of design, according to maximum principal stress theory, the
maximum principal stress should not exceed the permissible stress o in tension.

Here, the maximum principal stress is o1
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MAXIMUM SHEAR STRESS THEORY (GUEST'S THEORY)

According to this theory, the failure of a material will occur when the maximum shear
stress in a material reaches the value of maximum shear stress in simple tension at the
elastic limit.

The maximum shear stress in the material is equal to half the difference between
maximum and minimum principal stress.

If o1 ,00and o3 are principal stresses at a point in a material for which o is the
principal stress in simple tension at elastic limit, then

Maximum shear stress in the material = Half of difference of maximum and minimum
principal stresses.

=1 [(51 -(53]

—_

2
In case of simple tension, at the elastic limit the principal stresses are o, 0, O.
[In simple tension, the stress is existing in one direction only]

» Maximum shear stress in simple tension at elastic limit = Half of difference of
maximum and minimum principal stresses.

=1 [Gt*-O] =1 Gt*

2 2
For the failure of material,
1 [c1-03] = 1 o OR [o1-03] >o0f

2 2

For actual design instead of o', the allowable stress o in simple tension should be
considered.

ot = ot / factor of safety



Hence for design purpose, the following equation should be used.
(01 - 03) =0t

4. The principal stresses at a point in an elastic material are 200 N/mm? (tensile),
100 N/mm? (tensile) and 50 N/mm? (compressive). If the stress at the elastic limit
in simple tension is 200 N/mm? , determine whether the failure of material will
occur according to maximum shear stress theory.

GIVEN DATA:

o1 = 200 N/mm?

o2 =100 N/mm?

o3 =50 N/mm? = - 50 N/mm?
ot =200 N/mm?

SOLUTION:

Maximum shear stress in the material = Half of difference of maximum and minimum
principal stresses.

= 1 [o1-03] =1[200—(-50)] =250/2 = 125 N/mm?

2 2

Maximum shear stress in simple tension at elastic limit = Half of difference of
maximum and minimum principal stresses.

1 x 200 =100 N/mm?

= 11X Gt*
2 2
As maximum shear stress developed in the material is 125 N/mm? is more than the

maximum shear stress at the elastic limit in simple tension is 100 N/mm? , hence
failure will occur.

5.According to the theory of maximum shear stress, determine the diameter of a
bolt which is subjected to an axial pull of 9 KN together with a transverse shear
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force of 4.5 KN. Elastic limit in tension = 225 N/mm? , factor of safety = 3 and
Poisson’s ratio = 0.3.

GIVEN DATA:

Axial pull, P =9 KN = 9000 N

Transverse shear force, F = 4.5 KN = 4500 N
ot =225 N/mm?

Factor of safety = 3

Poisson’s ratio = 0.3.
SOLUTION:

1.DIAMETER OF BOLT ACCORDING TO MAXIMUM PRINCIPAL STRESS THEORY:
Permissible simple stress in tension, o; = o, /3 = 225/3 = 75 N/mm?

The axial pull will produce tensile stress whereas transvers shear force will produce
shear stress in the bolt.

Let us calculate these stresses.

Now, tensile stress,c = P = P = 4P

A nd¥4  md?

=4X9000= 11459 N/mm?

nd? d?

Now, shearstress,t= F = 4F = 4 X 4500 = 5729.5 N/mm?

nd?/4 nd? nd? d?
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MAXIMUM STRAIN ENERGY THEORY (HAIGH'S THEORY)

According to this theory, the failure of a material will occur when the total strain
energy per unit volume in the material reaches the strain energy per unit volume of the
material at the elastic limit in simple tension.

Strain energy in a body is equal to work done by the load in straining the material and
is equal to 2 X P X 3L.







6. The principal stresses at a point in an elastic material are 200 N/mm? (tensile),
100 N/mm? (tensile) and 50 N/mm? (compressive). If the stress at the elastic limit
in simple tension is 200 N/mm? , determine whether the failure of material will
occur according to maximum principal strain theory. Take Poisson’s ratio = 0.3.

GIVEN DATA:

o1 = 200 N/mm?

o2 =100 N/mm?

o3 =50 N/mm? = - 50 N/mm?
ot =200 N/mm?

Poisson’s ratio = 0.3.

SOLUTION:

1.TO DETERMINE WHETHER FAILURE OF MATERIAL WILL OCCUR OR NOT:

Total strain energy per unit volume in the material,

1 [61+ o1t 01—2(6162+ G203 + 6301)]

—_

2E
= 1 [ 2002 + 100 +(-50)% — 2 x 0.3 {200 x 100 + 100 X (-50) + (- 50) x 200}]

2F
= 1 [49500]

2E

strain energy per unit volume of the material at the elastic limit in simple tension
1 X Gt*2

2E
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= 1 X 2002 =40000

2E 2E

We find the total strain energy per unit volume in the material is more than the strain
energy per unit volume at elastic limit in simple tension. Hence failure will occur.

7. According to maximum strain energy theory, determine the diameter of a bolt
which is subjected to an axial pull of 9 KN together with a transverse shear force
of 4.5 KN. Elastic limit in tension = 225 N/mm? , factor of safety = 3 and Poisson’s
ratio = 0.3.

GIVEN DATA:

Axial pull, P =9 KN =9000 N

Transverse shear force, F = 4.5 KN = 4500 N
ot = 225 N/mm?

Factor of safety = 3

Poisson’s ratio = 0.3.
SOLUTION:
1.DIAMETER OF BOLT ACCORDING TO MAXIMUM STRAIN ENERGY THEORY:

Permissible simple stress in tension, o; = 6 /3 = 225/3 = 75 N/mm?

The axial pull will produce tensile stress whereas transvers shear force will produce
shear stress in the bolt.

Let us calculate these stresses.
Now, tensile stress,c = P = P = 4P

A wd?¥4 nd?

=4X9000= 11459 N/mm?

nd? d?



4 X 4500 = 5729.5 N/mm?

Now, shear stress,t= F = 4F

nd?/4 nd? nd? d2




MAXIMUM SHEAR STRAIN ENERGY THEORY (MISES-HENKY THEORY)

« According to this theory, the failure of a material will occur when the total shear
strain energy per unit volume in the material reaches the value of shear strain
energy per unit volume at the elastic limit in the simple tension.

» The total shear strain energy per unit volume due to principal stresses c; ,62and
o3 In a stressed material is given as,

1 [(o1—02)%+(02—03)%+ (03- 01)?]

2C

The simple tension test is a uniaxial stress system which means the principal stresses
are o1,0,0.

At the elastic limit the tensile stress in simple tension is o
Hence at the elastic limit in simple tension test, the principal stresses are o ,0,0.
The shear strain energy per unit volume at the elastic limit in simple tension will be.
1 [(65-0)2+(0-0)*+(0-0t)?]
12C
1 [2Xo:?]
12C

For the failure of the material,

1 [(01—02)2+(62—03)2+(03- 61)2] > 1 [ZXGt*Z]

12C 12C
(01—02)2+ (02—03)2"' (03- 01)2 >2X0t*2

For actual design instead of o;", the allowable stress o in simple tension should be
considered.

ot = ot / factor of safety
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Hence for design purpose, the following equation should be used.
(61— 02)2+ (62—03)2+ (03- 61)2 = 2 X o

8. The principal stresses at a point in an elastic material are 200 N/mm? (tensile),
100 N/mm? (tensile) and 50 N/mm? (compressive). If the stress at the elastic limit
in simple tension is 200 N/mm? , determine whether the failure of material will
occur according to maximum shear strain energy theory. Take Poisson’s ratio =

0.3.

GIVEN DATA:

o1 =200 N/mm?

o2 =100 N/mm?

o3 =50 N/mm? = - 50 N/mm?
ot =200 N/mm?

Poisson’s ratio = 0.3.

SOLUTION:

1.TO DETERMINE WHETHER FAILURE OF MATERIAL WILL OCCUR OR NOT:

The total shear strain energy per unit volume due to principal stresses o; ,62and o3 in a
stressed material is given by,

1 [(o1—02)?+(02—03)?+ (03- 01)?]

12C

= 1 [(200-100)%+ {100 — (-50)}? + {(-50) -200} 2]

12C

= 1 X 95000

12C
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The shear strain energy per unit volume at the elastic limit in simple tension will
be,

1 [2Xo2] =1 [2X2002] = 1 X 80000

12C 12C 12C

We find that total shear strain energy per unit volume due to principal stresses c; ,62
and o3 are more than the shear strain energy per unit volume at the elastic limit in
simple tension.

Hence failure will occur.

9. According to maximum shear strain energy theory, determine the diameter of
a bolt which is subjected to an axial pull of 9 KN together with a transverse shear
force of 4.5 KN. Elastic limit in tension = 225 N/mm? , factor of safety = 3 and
Poisson’s ratio = 0.3.

GIVEN DATA:

Axial pull, P =9 KN =9000 N

Transverse shear force, F = 4.5 KN = 4500 N
ot =225 N/mm?

Factor of safety = 3

Poisson’s ratio = 0.3.
SOLUTION:

1.DIAMETER OF BOLT ACCORDING TO MAXIMUM SHEAR STRAIN ENERGY
THEORY:

Permissible simple stress in tension,o; = o /3 = 225/3 = 75 N/mm?

The axial pull will produce tensile stress whereas transvers shear force will produce
shear stress in the bolt.

Let us calculate these stresses.
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Now, tensile stress,c = P = P = 4P

A rwd¥4 nd?

=4X9000= 11459 N/mm?

nd? d?
Now, shear stress, t = F = 4F = 4 X 4500 = 5729.5 N/mm?
nd?/4 nd? nd? d?

In this problem, diameter is to be calculated according to the maximum shear strain
energy theory.

Hence the following equation is to be used.

(61—62)%2+ (62—03)2+ (03- 61)? = 2 X o
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QUESTION BANK:

Name the important theories of failure.

Define: Maximum principal stress theory.

Define: Maximum principal strain theory.

Define: Maximum shear stress theory.

Define: Maximum strain energy theory.

Define: Maximum shear strain energy theory.

. The principal stresses at a point in an elastic material are 22 N/mm2 tensile, 110
N/mm2 (tensile) and 55 N/mm2 (compressive). If the stress at the elastic limit in
simple tension is 200 N/mmz2, determine whether the failure of material will occur
according to maximum principal stress theory. If not, then determine the factor of
safety.

8. Determine the diameter of a bolt which is subjected to an axial pull of 9 kN together
with a transverse shear force of 4.5 kKN using Maximum principal strain theory. Given
the elastic limit in tension = 225 N/mm?2, factor of safety = 3 and Poisson’s ratio = 0.3.
9. At a section of mild steel shaft, the maximum torque is 8437.5 Nm and maximum
bending moment is 5062.5Nm. The diameter of shaft is 90 mm and the stress at the
elastic limit in simple tension for the material of the shaft is 220 N/mm2.Determine
whether the failure of the material will occur or not according to maximum shear
stress theory. If not, then find the factor of safety.

10. According to the theory of maximum shear stress, determine the diameter of a bolt
which is subjected to an axial pull of 9 kN together with a transverse shear force of 4.5
kN. Elastic limit in tension is 225 N/mm2, factor of safety = 3 and poisson’s ratio =
0.3.

11. The principal stresses at a point in an elastic material are 22 N/mm2 tensile, 110
N/mm2 (tensile) and 55 N/mm2 (compressive). If the stress at the elastic limit in
simple tension is 220 N/mm2 and poisson’s ratio = 0.3, determine whether the failure
of material will occur or not according to maximum strain energy theory.

12. A cylindrical shell made of mild steel plate and 1.2 m in diameter is to be
subjected to an internal pressure of 1.5 MN/m2. If the material yields at 200 MN/m2,
calculate the thickness of the plate on the basis of the following three theories,
assuming a factor of safety 3 in each case: (i) maximum principal stress theory, (ii)
maximum shear stress theory, and (iii) maximum shear strain energy theory.

No ok~ wh R
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