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l. Introduction
Transport Phenomena is the subject which deals with the movement of different physical quantities in any
chemical or mechanical process and describes the basic principles and laws of transport. It also describes the
relations and similarities among different types of transport that may occur in any system. Transport in a
chemical or mechanical process can be classified into three types:

1. Momentum transport deals with the transport of momentum in fluids and is also known as fluid dynamics.
2. Energy transport deals with the transport of different forms of energy in a system and is also known as heat
transfer.

3. Mass transport deals with the transport of various chemical species themselves.

Three different types of physical quantities are used in transport phenomena: scalars (e.g. temperature, pressure
and concentration), vectors (e.g. velocity, momentum and force) and second order tensors (e.g. stress or
momentum flux and velocity gradient). It is essential to have a primary knowledge of the mathematical
operations of scalar, vector and tensor quantities for solving the problems of transport phenomena. In fact, the
use of the indicial notation in cartesian coordinates will enable us to express the long formulae encountered in
transport phenomena in a concise and compact fashion. In addition, any equation written in vector tensor form
is equally valid in any coordinate system.

Time derivatives in transport phenomena

Many times, we are interested to know how fast any physical quantity or property is
changing with time. However, the property might be also the function of space
coordinates, makes more complicated to measure. In this section, three different types of
time derivatives are discussed.

oC
1. Partial derivative, denoted as at
dC
2. Total derivative, denoted as dt
DC
Dt

3. Substantial derivative, denoted as



Momentum transport

Momentum transport deals with the transport of momentum which is responsible for flow in
fluids. Momentum transport describes the science of fluid flow also called fluid dynamics. A few
basic assumptions are involved in fluid flow and these are discussed below.

No slip boundary condition

This is the first basic assumption used in momentum transport. It deals with the fluid flowing
over a solid surface, and states that whenever a fluid comes in contact with any solid boundary,
the adjacent layer of the fluid in contact with the solid surface has the same velocity as the solid
surface. Hence, we assumed that there is no slip between the solid surface and the fluid or the
relative velocity is zero at the fluid—solid interface. For example, consider a fluid flowing inside
a stationary tube of radius R as shown in Fig 7.1. Since the wall of the tube at r=R is stationary,
according to the no-slip condition implies that the fluid velocity at r=R is also zero.

Fig 1.1 Fluid flow in a circular tube of radius R

In the second example as shown in Fig. 7.2, there are two plates which are separated by a
distance h, and some fluid is present between these plates. If the lower plate is forced to move
with a velocity V in x direction and the upper plate is held stationary, no-slip boundary
conditions may be written as follows
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Fig 1.2 Two parallel plates at stationary condition



y =0, vV, =V
y=H,v =0

Thus, every layer of fluid is moving at a different velocity. This leads to shear forces which are
described in the next section.

Newton’s Law of Viscosity
Newton’s law of viscosity may be used for solving problem for Newtonian fluids. For many
fluids in chemical engineering the assumption of Newtonian fluid is reasonably acceptable. To
understand Newtonian fluid, let us consider a hypothetical experiment, in which there are two
infinitely large plates situated parallel to each other, separated by a distance h. A fluid is present
between these two plates and the contact area between the fluid and the plates is A.
A constant force F1 is now applied on the lower plate while the upper plate is held stationary.
After steady state has reached, the velocity achieved by the lower plate is measured as Vi. The
force is then changed, and the new velocity of the plate associated with this force is measured.

The experiment is then repeated to take sufficiently large readings as shown in the following
table.

Table No 7.1 Applied force vs. velocity
F |V |FA |vh

F; |v; |FiJ/A | vi/h
Fr | vy |Fy4d | vyh
F; vy | F3/A4 | vi/h
Fs |vy |FJA4 | vo/h
Fs |vs | Fs/A | vs/h

Fy Vn F,/A v,/h




If the F/A is plotted against V/h, we may observe that they lie on a straight line passing through
the origin.
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Fig 1.3 Shear stress vs. shear stain

Thus, it may be said that F/A is proportional to v/h for a Newtonian fluid.
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It may be noted that it is the velocity gradient which leads to the development of shear forces.
The above equation may be re-written as

F v-0_ Ay,
oC — Z
A h-0 Ay

—

In the limiting case, as # — 0, we have
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A
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where, W is a constant of proportionality, and is called as the viscosity of the fluid. The quantity

F/A represents the shear forces/stress. It may be represented as Y- , Where the subscript x
indicates the direction of force and subscript y indicates the direction of outward normal of the



dv

X

surface on which this force is acting. The quantity aﬁ or the velocity gradient is also called

the shear rate. [ is a property of the fluid and is measured the resistance offered by the fluid to
flow. Viscosity may be constant for many Newtonian fluids and may change only with
temperature.

Thus, the Newton’s law of viscosity, in its most basic form is given as

_ _I_ dvx
e =

Here, both ‘+’ or ‘-’ sign are valid. The positive sign is used in many fluid mechanics books
whereas the negative sign may be found in transport phenomena books. If the positive sign is

Ty _ L Ty
used then = may be called the shear force while if the negative sign is used Yx- may be
referred to as the momentum flux which flows from a higher value to a lower value.

avx
r_=+pu— —> Shear force
avx
T, =—H m — Momentum flux

The reason for having a negative sign for momentum flux in the transport phenomena is to have
similarities with Fourier's law of heat conduction in heat transport and Ficks law of diffusion in
mass transport. For example, in heat transport, heat flows from higher temperature to lower
temperature indicating that heat flux is positive when the temperature gradient is negative. Thus,
a minus sign is required in the Fourier's law of heat conduction. The interpretation of ‘Z:\ - as
the momentum flux is that x directed momentum flows from higher value to lower value in 'y
direction.

The dimensions of viscosity are as follows:
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The Sl unit of viscosity is kg/m.s or Pa.s. In CGS unit is g/cm.s and is commonly known as poise
(P). where 1 P =0.1 kg/m.s. The unit poise is also used with the prefix centi-, which refers to
one-hundredth of a poise, i.e. 1 cP = 0.01 P. The viscosity of air at 25°Cis 0.018 cP, water at

25°Cis 1 cP and for many polymer melts it may range from 1000 to 100,000 cP, thus showing a
long range of viscosity.

=ML'T™

Laminar and turbulent flow

Fluid flow can broadly be categorized into two kinds: laminar and turbulent. In laminar flow, the
fluid layers do not inter-mix, and flow separately. This is the flow encountered when a tap is just
opened and water is allowed to flow very slowly. As the flow increases, it becomes much more
irregular and the different fluid layers start mixing with each other leading to turbulent flow.
Osborne Reynolds tried to distinguish between the two kinds of flow using an ingenious
experiment and known as the Reynolds’s experiment. The basic idea behind this experiment is
described below.

Reynolds’s experiment
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Fig 1.4 Reynolds’s experiments

The experiment setup used for performing the Reynolds's experiment is shown in Fig. 7.5. The
average velocity of fluid flow through the pipe diameter can be varied. Also, there is an
arrangement to inject a colored dye at the center of the pipe. The profile of the dye is observed
along the length of the pipe for different velocities for different fluids. If this experiment is
performed, it may be seen that for certain cases the dye shows a regular thread type profile,
which is seen at low fluid velocity and flow is called laminar flow. when the fluid velocity is
increased the dye starts to mixed with the fluid and for larger velocities simply disappears. At
this point fluid flow becomes turbulent.

For the variables average velocity of fluid v; avg, pipe diameter D, fluid density p, and the fluid
viscosity 4, Reynolds found a dimensionless group which could be used to characterize the type
of fluid flow in the tube. This dimensionless quantity is known as the Reynolds number. From
the experiment, It was observed that if Re >2100, the dye simply disappeared and the flow has
changed to laminar to turbulent flow.

o )
Re:p z.avg
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Thus, for Re <2100, we have laminar flow, i.e., no mixing in the radial direction leading to a
thread like flow and for Re >2100, we have the turbulent flow, i.e., mixing in the radial direction
between layers of fluid.

In laminar flow, the fluid flows as a stream line flow with no mixing between layers. In turbulent
flow, the fluid is unstable and mixes rapidly due to fluctuations and disturbances in the flow. The
disturbance might be present due to pumps, friction of the solid surface or any type of noise
present in the system. This makes solving fluid flow problem much more difficult. To understand
the difference in the velocity profile in two kinds of fluid flows, we consider a fluid flowing to a
horizontal tube in z direction under steady state condition. Then, we can intuitively see the
velocity profile may be shown below

For laminar flow, it is observed that fluid flows as smooth stream line and all other components
of velocity are zero. Thus

A :vz(r)
v, =0

v, =0

For turbulent flow, if we observe the fluid flows at a local point. It is observed that fluid flows in
very random manner in all directions where these local velocities may be the function of any
dimensions.

v Sv(r.z0.1)

v. =v (r,2,0.1)

8
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Thus, we see that for laminar flow there is only one component of velocity present and it
depends only on one coordinate whereas the solution of turbulent flow may be vary complex.

For turbulent flow, one can ask the question that if the fluid is flowing in the z direction then why
are the velocity components in r and 4 direction non-zero? The mathematical answer for this
question can be deciphered from the equation of motion. The equation of motion is a non-linear
partial differential equation. This non-linear nature of the equation causes instability in the
system which produces flow in other directions. The instability in the system may occur due to
any disturbances or noise present in the environment. On the other hand, if the velocity of fluid is
very low the deviation due to disturbances may decay with time, and becomes negligible after
that. Thus the flow remains in laminar region. Consider a practical example in which some cars



are moving on the highway in the same direction but in the different lanes at different speeds. If
suddenly, some obstacle comes on the road, then if the car's speed is sufficiently low, it can move
on to other lane smoothly and come back to its original lane after the obstacle is crossed. This is
the regular laminar case. On the other hand, if the car is moving at a high speed and suddenly
encounters an obstacle, then the driver may lose control, and this car may move haphazardly and
hit other cars and after that traffic may never return to normal traffic conditions. This is the
turbulent case.

Internal and external flows

Depending on how the fluid and the solid boundaries contact each other, the flow may be
classified as internal flow or external flow. In internal flows, the fluid moves between solid
boundaries. As is the case when fluid flows in a pipe or a duct. In external flows, however, the
fluid is flowing over an external solid surface, the example may be sited is the flow of fluid over
a sphere as shown in Fig. 8.1.

Fig 1.5 External flow around a sphere
Boundary layers and fully developed regions

Let us now consider the example of fluid flowing over a horizontal flat plate as shown in Fig.

The velocity of the fluid is = before it encounters the plate. As the fluid touches the
plate, the velocity of the fluid layer just adjacent to the plate surface becomes zero due to the
no slip boundary condition. This layer of fluid tries to drag the next fluid layer above it and
reduces its velocity. As the fluid proceeds along the length of the plate (in x-direction), each
layer starts to drag adjacent fluid layer but the effect of drag reduces as we go further away
from the plate in y-direction. Finally, at some distance from the plate this drag effect disappears
or becomes insignificant. This region where the velocity is changing or where the velocity
gradients exists, is called the boundary layer region. The region beyond boundary layer where
the velocity gradients are insignificant is called the potential flow region.

10
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Fig 1.6 External flow over a flat plate

As depicted in Fig. 8.2, the boundary layer keeps growing along the x-direction, and may be
referred to as the developing flow region. In internal flows (e.g. fluid flow through a pipe), the
boundary layers finally merge after flow over a distance as shown in Fig. 8.3 below.

r‘i’;::.“"i“g How Fully developed flow
V.lr)

Fig 8.3 Developing flow and fully developed flow region

The region after the point at which the layers merge is called the fully developed flow region and
before this it is called the developing flow region. In fact, fully developed flow is another
important assumption which is taken for finding solution for varity of fluid flow problem. In the
fully developed flow region (as shown in Figure 8.3), the velocity vz is a function of r direction
only. However, the developing flow region, velocity vz is also changing in the z direction.

Main axioms of transport phenomena

The basic equations of transport phenomena are derived based on following five axioms.
e Mass is conserved, which leads to the equation of continuity.
¢ Momentum is conserved, which leads to the equation of motion.
¢ Moment of momentum is conserved leads to an important result that the 2nd order

T
stress tensor ~  issymmetric.
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e Energy is conserved, which leads to equation of thermal energy.

o Mass of component i in a multi-component system is conserved, which leads to
the convective diffusion equation.

The solution of equations, resulting from axiom 2, 4 and 5 leads to the solution of velocity,
temperature and concentration profiles. Ones these profiles are known, all other important
information needed can be determined. We first take the axiom -1. Other axioms will be taken up
one by one letter on.

There are three types of control volumes (CV) which may be chosen for deriving the equations
based these axioms.

e Rectangular shaped control volume fixed in space

In this case, the control volume is rectangular volume element and is fixed in space. This method
is the easiest to understand but requires more number of steps.

o Irregular shaped control volume element fixed in space

In this case, the control volume can be of any shape, but it is again fixed in space. This method is
somewhat more difficult than the previous method as it requires little better understanding vector
analysis and surface and volume integrals.

e Material volume approach

In this case, the control volume can be of any shape but moves with the velocity of the flowing
fluid. This method is most difficult in terms of mathematics, but requires least number of steps
for deriving the equations.

All three approaches when applied to above axiom, lead to the same equations. In this web
course, we follow the first approach. Other approaches may be found elsewhere.
Axioms-1

Mass is conserved

Consider a fluid of density p flowing with velocity ¥ as shown in Fig. 8.4. Here, p and ¥
are functions of space (x,y,z) and time (t). For conversion of mass, the rate of mass entering and
leaving from the control volume (net rate of inflow) has to be evaluated and this should be equal
to the rate of accumulation of mass in the control volume (CV). Thus, conservation of mass may
be written in words as given below

rate of accumulation of rate of inflow of mass rate

mass in control volume into control volume out

12
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Fig 1.7 Fixed rectangular volume element through which fluid is flowing

The equation is then divided by the volume of the CV and converted into a partial differential
equation by taking the limit as all dimensions go to zero. This limit effectively means that CV
collapses to a point, thereby making the equation valid at every point in the system.

Let m and m+Am be the mass of the control volume at time t and t+At respectively. Then, the
rate of accumulation,

om O
—— = — (pAxAyAz
o at(’”} )

In order to evaluate the rate of inflow of mass into the control volume, we need to inspect how
mass enters the control volume. Since the fluid velocity has three components vx, vy and vz, we
need to identify the components which cause the inflow or the outflow at each of the six faces of
the rectangular CV. For example, it is the component vx which forces the fluid to flow in the x
direction, and thus it makes the fluid enter or exit through the faces having area AyAz at x =x
and x = x+Ax respectively. The component vy forces the fluid in y direction, and thus it makes
the fluid enter or exit through the faces having area AxAz at y =y and y = y+Ay respectively.
Similarly, the component vz forces the fluid to flow in z direction, and thus it makes fluid enter
or exit through the faces having area AxAy at z =z and z = z+A z respectively.

The rate mass entering in x direction through the surface AyAz is (pvxAyAz|x), the rate of mass
entering in y direction through the surface AxAz is (pvyAxAz|y) and the rate of mass entering
from z direction through the surface AxAy is (pvzAxAy|z). In a similar manner, expressions for
the rate of mass leaving from the control volume may be written.

Thus, the conservation of mass leads to the following expressions

13
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-;lr (PAxAyAz) = [ Py AyAz|, - pv Aydz |, + pv,AxAz| - pv, AxAz

y+ay TP v,

Dividing the Equation (8.1) by the volume AxAyAz, we obtain

op :[(p"x) oLV, ) s } + (pt‘y) |J' —(pv},) I}'+_‘\,\' +[(P‘)
ot Ax Ay

P
Az

Note that each term in Equation (8.2) has the unit of mass per unit volume per unit time. Now,
taking the limits Ax—0, Ay—0 and Az—0, we get

a_p — hm |:(/0\).) |x _(pvx) Ix‘*‘"“x } -5 lin] (p‘l) |;r _(pv}:) |)~+33~

+ lim
ot &0 Ax

Av—0 A*‘w Az—0 |:

o

and using the definition of derivative, we finally obtain

op _ | dpv,) P e(pv,) " d(pv,)
ot ox oy 0z

Equation (8.4) is applicable to each point of the fluid. Rearranging the terms, we get the equation
of continuity, may be written as given below.

8p & & &
— +—(pv.)+—(pv,)+—(pv.)=0
= a,C(/Oh) o (ov,) = (pv,)

We need not to derive the equation of continuity again and again in other coordinate system (that
is, spherical or cylindrical). The idea is to rewrite Equation (8.5) in vector and tensor form. Once

it is written in this form, the same equation may be applied to other coordinate system as well.
Thus, the Equation (8.5) may be rewritten in vector and tensor form as shown below.

P 9.(pv)=0
ct

Vector and tensor analysis of cylindrical and spherical coordinate systems is not done here, and
can be looked up elsewhere. Thus, the final expressions in cylindrical and spherical coordinates

14



are given as below.

cylindrical coordinates (r, 0, z)

5) 10 1 0 5)
L= Z(prv,)+ == () +—(pv,) =0
ct ror r ol oz

Spherical coordinates (r, 0, @)

dp 1 0 1 1
—+ — % +—— v, sin @ +—— 0
ot r° or prY,) rsin @ ¢ ('O ) rsin @ & (p o) =

Equation of continuity in terms of substantial derivative

The second term in Equation (8.6) may be broken into two parts as shown below. Partial
derivative present in the Equation (8.6) can be converted into substantial derivative using vector
and tensor identities.

§£+y?p+pr=0

ot

In the above equation, the first two terms may be combined using the definition of substantial
derivative to obtain the following equation.

)
Iﬁ + p\—1 =0
Dt

In some cases, the fluid may be incompressible, i.e. density p is a constant with time as well as
space coordinates. For example, water may be assumed as an incompressible fluid under
isothermal conditions. In fact, all liquids may be assumed as incompressible fluids under
isothermal conditions. For this special case, the equation of continuity may be further simplified
as shown below

Va=0 (pis constant)

The above equation for an incompressible fluid does not mean that the system is under steady
state conditions. The velocity of the fluid may still be a function of time. It only implies that if
the velocity of the fluid changes in a particular direction (x, y or z) then it should also change in
the other directions such that mass is conserved without changing its density. The equation of
continuity provides additional information about the velocity profile and helps in solution of

15



EQUATION OF MOTION
Internal and external flows

Depending on how the fluid and the solid boundaries contact each other, the flow may be
classified as internal flow or external flow. In internal flows, the fluid moves between solid
boundaries. As is the case when fluid flows in a pipe or a duct. In external flows, however, the
fluid is flowing over an external solid surface, the example may be sited is the flow of fluid over
a sphere as shown in Fig. 8.1.

Fig 1.8 External flow around a sphere
Boundary layers and fully developed regions

Let us now consider the example of fluid flowing over a horizontal flat plate as shown in Fig.

The velocity of the fluid is ® before it encounters the plate. As the fluid touches the
plate, the velocity of the fluid layer just adjacent to the plate surface becomes zero due to the
no slip boundary condition. This layer of fluid tries to drag the next fluid layer above it and
reduces its velocity. As the fluid proceeds along the length of the plate (in x-direction), each
layer starts to drag adjacent fluid layer but the effect of drag reduces as we go further away
from the plate in y-direction. Finally, at some distance from the plate this drag effect disappears
or becomes insignificant. This region where the velocity is changing or where the velocity
gradients exists, is called the boundary layer region. The region beyond boundary layer where
the velocity gradients are insignificant is called the potential flow region.

v: Vx
y V‘ — Boundary layer
> (keeps on growing with x)
‘ ! ' J

Fig 1.9 External flow over a flat plate
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As depicted in Fig. 8.2, the boundary layer keeps growing along the x-direction, and may be
referred to as the developing flow region. In internal flows (e.g. fluid flow through a pipe), the
boundary layers finally merge after flow over a distance as shown in Fig. 8.3 below.

E::-Wi"g flow Fully developed flow
region /
Vilr)

Fig 1.10 Developing flow and fully developed flow region

The region after the point at which the layers merge is called the fully developed flow region and
before this it is called the developing flow region. In fact, fully developed flow is another
important assumption which is taken for finding solution for varity of fluid flow problem. In the
fully developed flow region (as shown in Figure 8.3), the velocity vz is a function of r direction
only. However, the developing flow region, velocity vz is also changing in the z direction.

Main axioms of transport phenomena

The basic equations of transport phenomena are derived based on following five axioms.
e Mass is conserved, which leads to the equation of continuity.
¢ Momentum is conserved, which leads to the equation of motion.

¢ Moment of momentum is conserved leads to an important result that the 2nd order

T
stress tensor ~  issymmetric.

e Energy is conserved, which leads to equation of thermal energy.

e Mass of component i in a multi-component system is conserved, which leads to
the convective diffusion equation.

The solution of equations, resulting from axiom 2, 4 and 5 leads to the solution of velocity,
temperature and concentration profiles. Ones these profiles are known, all other important
information needed can be determined. We first take the axiom -1. Other axioms will be taken up
one by one letter on.

There are three types of control volumes (CV) which may be chosen for deriving the equations
based these axioms.

17



e Rectangular shaped control volume fixed in space

In this case, the control volume is rectangular volume element and is fixed in space. This method
is the easiest to understand but requires more number of steps.

o lIrregular shaped control volume element fixed in space

In this case, the control volume can be of any shape, but it is again fixed in space. This method is
somewhat more difficult than the previous method as it requires little better understanding vector
analysis and surface and volume integrals.

e Material volume approach

In this case, the control volume can be of any shape but moves with the velocity of the flowing
fluid. This method is most difficult in terms of mathematics, but requires least number of steps
for deriving the equations.

All three approaches when applied to above axiom, lead to the same equations. In this web
course, we follow the first approach. Other approaches may be found elsewhere.
Axioms-1

Mass is conserved

Consider a fluid of density p flowing with velocity X as shown in Fig. 8.4. Here, p and X
are functions of space (x,y,z) and time (t). For conversion of mass, the rate of mass entering and
leaving from the control volume (net rate of inflow) has to be evaluated and this should be equal
to the rate of accumulation of mass in the control volume (CV). Thus, conservation of mass may
be written in words as given below

rate of accumulation of rate of inflow of mass rate

mass in control volume into control volume out

18
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Fig 1.11 Fixed rectangular volume element through which fluid is flowing

The equation is then divided by the volume of the CV and converted into a partial differential
equation by taking the limit as all dimensions go to zero. This limit effectively means that CV
collapses to a point, thereby making the equation valid at every point in the system.

Let m and m+Am be the mass of the control volume at time t and t+At respectively. Then, the
rate of accumulation,

cm O
= — (pAxAyAz
y at(p’w )

In order to evaluate the rate of inflow of mass into the control volume, we need to inspect how
mass enters the control volume. Since the fluid velocity has three components vx, vy and vz, we
need to identify the components which cause the inflow or the outflow at each of the six faces of
the rectangular CV. For example, it is the component vx which forces the fluid to flow in the x
direction, and thus it makes the fluid enter or exit through the faces having area AyAz at x = x
and x = x+Ax respectively. The component vy forces the fluid in y direction, and thus it makes
the fluid enter or exit through the faces having area AxAz at y =y and y = y+Ay respectively.
Similarly, the component vz forces the fluid to flow in z direction, and thus it makes fluid enter
or exit through the faces having area AxAy at z =z and z = z+A z respectively.

The rate mass entering in x direction through the surface AyAz is (pvxAyAz|x), the rate of mass
entering in y direction through the surface AxAz is (pvyAxAz|y) and the rate of mass entering
from z direction through the surface AxAy is (pvzAxAy|z). In a similar manner, expressions for
the rate of mass leaving from the control volume may be written.

Thus, the conservation of mass leads to the following expressions
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-;lr (PAxAyAz) = [ Py AyAz|, - pv Aydz |, + pv,AxAz| - pv, AxAz

y+ay TP v,

Dividing the Equation (8.1) by the volume AxAyAz, we obtain

op :[(p"x) oLV, ) s } + (pt‘y) |J' —(pv},) I}'+_‘\,\' +[(P‘)
ot Ax Ay

P
Az

Note that each term in Equation (8.2) has the unit of mass per unit volume per unit time. Now,
taking the limits Ax—0, Ay—0 and Az—0, we get

a_p — hm |:(/0\).) |x _(pvx) Ix‘*‘"“x } -5 lin] (p‘l) |;r _(pv}:) |)~+33~

+ lim
ot &0 Ax

Av—0 A*‘w Az—0 |:

o

and using the definition of derivative, we finally obtain

op _ | dpv,) P e(pv,) " d(pv,)
ot ox oy 0z

Equation (8.4) is applicable to each point of the fluid. Rearranging the terms, we get the equation
of continuity, may be written as given below.

8p & & &
— +—(pv.)+—(pv,)+—(pv.)=0
= a,C(/Oh) o (ov,) = (pv,)

We need not to derive the equation of continuity again and again in other coordinate system (that
is, spherical or cylindrical). The idea is to rewrite Equation (8.5) in vector and tensor form. Once

it is written in this form, the same equation may be applied to other coordinate system as well.
Thus, the Equation (8.5) may be rewritten in vector and tensor form as shown below.

P 9.(pv)=0
ct

Vector and tensor analysis of cylindrical and spherical coordinate systems is not done here, and
can be looked up elsewhere. Thus, the final expressions in cylindrical and spherical coordinates
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are given as below.

cylindrical coordinates (r, 0, z)

5) 10 1 0 5)
L= Z(prv,)+ == () +—(pv,) =0
ct ror r ol oz

Spherical coordinates (r, 0, ¢)

%4_1 i pr\,'r)+;%(p1‘58in9)+.;i(pv¢,):O

ot r*or rsin@ o rsin @ oo

Equation of continuity in terms of substantial derivative

The second term in Equation (8.6) may be broken into two parts as shown below. Partial
derivative present in the Equation (8.6) can be converted into substantial derivative using vector
and tensor identities.

§£+3Yp+p?y=0

ot

In the above equation, the first two terms may be combined using the definition of substantial
derivative to obtain the following equation.

@+ PVy=10
Dt T

In some cases, the fluid may be incompressible, i.e. density p is a constant with time as well as
space coordinates. For example, water may be assumed as an incompressible fluid under
isothermal conditions. In fact, all liquids may be assumed as incompressible fluids under
isothermal conditions. For this special case, the equation of continuity may be further simplified
as shown below

Vo =0 (pis constant)

The above equation for an incompressible fluid does not mean that the system is under steady
state conditions. The velocity of the fluid may still be a function of time. It only implies that if
the velocity of the fluid changes in a particular direction (x, y or z) then it should also change in
the other directions such that mass is conserved without changing its density. The equation of
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continuity provides additional information about the velocity profile and helps in solution of
equation of motion.
Solution of momentum transport problem by shell momentum balances

Here, we solve few simple problems of fluid mechanics with simple geometries by using the
shell momentum balance approach. This will lead to greater understanding of various terms
involved in the application of conservation of momentum in fluid given in Equation (9.1)

Flow through circular tube

Flow of fluids through a circular tube is a common problem, encountered frequently in different
fields of engineering. Consider an incompressible, Newtonian fluid, flowing through a horizontal
circular tube as shown in Fig. (10.1). Assume that the fluid flow is laminar and under steady state
conditions. Determine the velocity profile and average velocity of the fluid using shell
momentum balance approach.

solution procedure

Assumptions

Fluid density and viscosity are constants.
o System is in steady state.

e Laminar flow (simple shear flow).

o Newton's law of viscosity is applicable.

¢ Fully developed flow.

z

V:{I']

WL

E
k4

L
Fig 1.11 Laminar flow in a horizontal pipe
Intuitively guess the velocity profile
Since the flow is steady and laminar, we may intuitively say that the velocities in r direction and
0 direction are zero. Due to steady state conditions, the fluid velocity in z direction, vz, is not

dependent on time t. Furthermore, due to the axisymmetric geometry fluid flow the velocity vz is
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independent of 0. Thus,
a2 0, #5= 0,05 w2 8:8)

v,=v(r, Z)

By applying the equation of continuity in cylindrical coordinates

ov, 0
Hence,
v, =v(r)

Since the fluid is flowing in z direction, we may conclude the following.

e Since vr=0, r directional momentum balance is not important.
e Since vB=0, B directional momentum balance is again not important.

e Since vzz0, z directional momentum balance is most important.

Equation for circular pipe:
The control volume should be decided very carefully. The geometry and size of the control
volume should be taken according to the geometry of the system and based on the conditions
given in the problem. In this case, the geometry of the pipe is cylindrical, hence we use the
cylindrical control volume. The fluid is flowing in the z direction but velocity is changing only in
r direction. Therefore, the control volume is taken in such a way that the variable thickness of the
control volume is in the r direction. As the flow is not dependent on z and 0 coordinates, we may
choose any dimension in z or 0 directions. This means that z may be any length. It may be L/4,
T T T s
L/2 or L. In a similar manner, any value of 6 may be taken. Itmaybe2 or or /2or /4.
However, in the r direction, we need to take the differential thickness dr. These arguments leads
us to a control volume as shown in Fig. (10.2). The length of the cylindrical shell is L which is
equal to length of pipe and thickness is dr.
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Fig 1.12 Control volume for flow through pipe
Momentum balance
As discussed earlier, the shear stress/forces may be written in two ways:
o Taking shear stress as actual shear forces.
o Taking shear stress as momentum flux.
Here, we show that both methods lead to the same final results for velocity profile.

Momentum balance using shear stress as shear force

Momentum flux entering the control volume by convection

( pr 27rdr)

Z=

Momentum flux leaving the control volume by convection

(pv:27xrdr)

Since the pipe is horizontal, the force due to gravity is zero. No other body forces are acting on
the control volume.

Surface forces

e Pressure force: Fluid is flowing in z direction only. So pressure forces which are working
on the surface normal to z direction are

Pressure force at z=0 is
24



R2mrdr|_, (10.5)
Pressure force at z=L is
- B 27rdr| (10.6)

o Shear forces: The shear stress tensor in cylindrical coordinate is given below.

4 T

zr z6 zz

Among all 9 components the first column of stresses are important for r directional flow, the
second column of stresses are important for 0 directional flow, and the third column are
important for z directional flow. Since the fluid is flowing in the z direction, only the third
column needs to be considered. Since the Velocity gradient is present only in the r-direction, only

" needs to be considered, the remaining two terms are not significant. Now, we need to decide
the direction in which the shear forces are acting. Recall

T =6,t

~N"~

-~

Where the unit vector"

L,

"is the outer normal of a surface and if it is in positive direction then

/i

is also positive while if it is in negative direction then =2 is shown as negative direction.
(.
Therefore, ™ (as a force) is positive at r+dr and negative at r as shown in Fig. 10.2.(Note: the

T
first index, z, in " from right to left indicates the direction of force and second index, r,
indicates the surface on which it acts).

Accumulation term: Due to steady state system, the rate of accumulation of momentum equals to
zero .
General momentum balance is given below

4 N\ Ve

o [ rate of momentum) | rate of momentum)

[ rate of accummudation . ) ) ) ; . :
1 _ |=| entering CV |—| leaving CV [+ Zapphed Jforces |

\ of momentumin CV | | | | 0 :

. | by convection J,.' | by convection J,.'

or in this case
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= (v, 27rdr)|,_, — (rv,’27rdr)|,_, + 0 + P, 27vdr

— P 27rdr + (7. 27¥L)|., . — (. 27¥L)|.

r+ar

Since the velocity is constant along the axial direction as shown in Equation (10.2), the first two
terms in Equation (10.8) are cancel out and we are left with following Equation.

0 = 27’:5[(frz")L+m ~ (%”)L] + B2rmrdr — P 2nrdr

Dividing by = 7T7d7" wehave
BB +rrmr,)|r+dy— (el
L rdr

As dr—0, the Equation (10.10) may be rewritten as given below.

0=

(.
(Note that, " is a function of r only which means we get the total derivative instead of the
partial derivative.)

d(rxzr) . X (Po A PL)
dr &

Further integrating the Equation (10.11) once with respect to the variable r, we obtain

N

7"'; ®—-P)

or

_ (Po P) Cl
z B L y

(.
Here, c1 is a constant of integration. Equation (10.12) shows that if r=0, the value of " will be
infinite, which is physically not possible. Therefore, c1 must be zero. Hence,
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T = _i—(PO — )
2 L

(.
Now, by applying Newton’s law of viscosity, and taking ™ as force, we obtain

dv, r ,-P,)
T, =+U ="
dr 2 L

Momentum balance using shear stress as momentum flux

Now, we will employ the second method where shear force are considered as momentum flux.
To indicate the direction of momentum flux, we draw the arrow in r direction and find where this
arrow enters the control volume and also leaves the control volume as shown in Fig (10.3). Thus,
T
the momentum flux enters the control volume through the surface 2  rL at r=r and leaves
T
through the surface 2 rL at r=r+dr.

Momentum flux
MNeaving

TMomentum flux
l . Comingin
2

Fig 1.13 Momentum flux applied on control volume

Thus,
Momentum fluxatr=ris

(z,,27rL)| (10.15)

Momentum flux at r =r +Ar is

(c.270L)| . (10.16)

(Note: when we consider Fre as the momentum flux, first index, z, indicates the direction of
momentum flux, while the second index, r, indicates the direction of flow of momentum flux
from higher to lower value. Subsequently, it will become clear that if we follow the coordinate
system’s directions and assume momentum is flowing in this direction, the sign convention for
momentum flux is automatically taken place.)
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In this case, momentum balance in Equation (9.2) may be modified as shown below

rate of momentum rate of momentum
=| entering CV —| leaving CV +( >

(rate of accummulation]
by convection by convection

of momentum in CV

rate of viscous rate of viscous
+| momentum —| momentum
entering CV leaving CV

Here, the shear stress are taken into account as momentum flux. The pressure and gravity are the
only applied forces.

Substituting various terms in above equation, we obtain

0 =0+ (F-F)2mdr+ (,2mL) - (7,2mL)
Dividing by 27[rdr, weobtain

P - P
0= (g r).— (g.0) .+ %

Again as dr—0 Equation (10.17) leads to

o__d@n ®-P)
rdr E

or
d(z-rzr) s (PO 2 PL) p
ar L

By integrating the Equation (10.18), we have
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(Po_ PL) .

=B R, a
2.L 2

As we discussed earlier, c1 should be zero. Therefore,
_ _B=B)
= 2L

Now applying Newton’s law of viscosity where shear stress is taken as momentum flux, we
obtain

dvz tesse) (PO = PI. ) ¥
dr 2L

Equation (10.14) and (10.20) are identical and hence show that both methods finally lead to the
same result.
To obtain velocity profile we further integrating the Equation (10.21)

Here c2 is the second constant of integration which may be determined by using appropriate
boundary condition.

Boundary condition

By no-slip boundary condition

vz=0 at r=R
:—giiji2R3+q
4ul .
c, = (Po T P]_)RE
i 4ul
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Substituting the value of c2 in Equation (10.22), we finally get

1_2 — (PO i PI_) (RP. _;‘2)
4ul

Note: c1 can also be calculated by using the boundary condition in terms of velocity vz: i.e., vz is
finite at r=0

dv, -

dr

or r=0 (since the velocity profile is symmetric about r=0).
Thus, the velocity profile for flow through pipe is given by the following expression

p

(PO . PI_)RE 1 E-

2

' 4ul R’
The maximum velocity of the fluid will be exhibited at the centre of the pipe and is given by
V0w =V, [r=0_ MR:

. ) 4ul

Alternatively, the velocity profile may also be expressed in terms of the maximum velocity as

The average velocity of the fluid in the pipe is the average of all local velocities. Thus, this may
be calculated by estimating the volumetric flow rate through the pipe and then dividing it by the
cross sectional area of the pipe. The total volumetric flow in the system is

0=|do

where, dQ is the volumetric flow rate from small cylindrical strip of thickness dr.

= f v, 2xrdr

By substituting the value of v z from equation (10.27), we have
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4
:J.t‘_m 1 —— |27rd:

<

By integrating the equation (10.30) from r=0 to r=R, we obtain

R r3
= j.27r1-"_max {r —— Jdr
. R
or
2 S R
2 }A" ;44
=ZTV. —_— ~
Zmax 2 4R‘ 0
Thus,
R2
Q = ”120:“ 5 B
2

and average velocity is

Q

Vv —

z,avg
A c
. R J
T 1"" .max 5.
TR~
or
v - Vz,max
zavg 3
r

Ty ———

The velocity profile for laminar flow in a circular tube is shown in Fig. 1.14
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We can also find the radial distance at which the local velocity of fluid flow equals the average

o _zmax
‘z = 1'z,mg == 7
velocity. For this, substitute into Equation (10.26), we obtain
? o1
l-——=—
K 2
r 3
R* 2
R (10.34

Finally , the volumetric flow rate in terms of pressure drop is as follows

i K (10.35)
O=v.  #R = ———”(Pé’ LPL) R
¢ Iz
0= 7® - F) D* (10.36
128ulL

Equation (10.36) is known as the Hagen — Poiseuille equation. Thus, if the pressure drop is
given, we can calculate the volumetric flow rate in the pipe and vice-versa. This equation can
also be used for the calculation of viscosity in capillary flow viscometer. However, it may be
noted that Hagen — Poiseuille equation is valid only for fully developed laminar flow. Therefore,
when this equation is used for various calculations there may be some errors due to developing
and exiting flow at both ends of the pipe. Hence, this equation has to be modified for real
situations.

Friction factor

The friction factor is a dimensionless number, which provides an idea about the magnitude of
shear stress produced by a solid boundary as fluid flows. This is defined as the ratio of shear

stress at the wall and the Kinetic energy head of the fluid, . Here, p is the density
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is the average velocity of fluid. The friction factor is thereby defined as

%
=P Ve zavg

2

where, Tw is the shear force per unit area on the wall of the tube. This may be calculated as
shown below
r=R )

W

r,=— —(— Z,,
Here, first minus sign is used as the inside surface of the tube wall has outer normal in the
negative r direction and second minus sign is used because z-’Zis treated here as momentum
flux. If z-’zis treated as actual shear force then positive sign would have to be taken. For fully

developed laminar flow, the velocity profile is parabolic and is given by

2

v,=V,, .| I—
i R

Evaluating the velocity gradient at the wall (r=R), we have

dvz e 2vz max
dr|,_ R
Thus, the shear stress considered as momentum flux is given by
av. 2uv,
ey =i
d‘ =R R
or
e | 2y 2MB-B)E _(B-B),
W~ - g

= 4u. R 2L

The friction factor may now be calculated as shown below
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L 2L __8u
1,01'4 1 p(Fy— PL) g2 PRV,
FrrRE B Ay

or

I6py 16

e 2 98 1 Re

0q

Equation (11.7) shows that the friction factor in laminar flow region depends only on the
Reynolds number. Clearly, the friction factor is also a dimensionless number.

Friction factor in turbulent flow

Smooth pipe

/ Rough pipe
P

Fig 1.15 Smooth and rough surface of pipe

In turbulent flow, the friction factor also depends on the surface of the pipe. A rough pipe leads to
higher turbulence than a smoother pipe, so that the friction factor for smoother pipes is less than

that for rougher pipes. The ratio of surface roughness height (€) to pipe diameter (D) is used to
quantify the “roughness” of the pipe surface. In practice, the shear stress on the wall may be
calculated by measuring the pressure drop across the pipe for a given flow rate. Thus, friction
factor may be calculated as the function of Reynolds number and plotted on a log-log plot for a
given surface roughness. The curves are different for different surface roughness as shown in
figure. (11.2). The collection of these f-Re plots is called Moody Chart as shown in figure below,
and can be used for estimating the friction factor for given flow parameters.
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Moody Chart
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Fig. 1.16 Moody chart

Solution of some more fluid flow problems by shell momentum balance approach

In this section, we solve a few more fluid mechanics problems in simple geometries using the
shell momentum balance approach. The detail procedure, which was also used in previous
example, is outlined below.

1) Make a diagram of the flow geometry with the appropriate coordinate system

2) Specify all necessary assumptions

3) Intuitively assume the velocity profile

This is an important step for solving these problems. In laminar flow, the fluid flows in parallel
layer without mixing. Thus, it is easy to guess the non-zero components of velocities by
intuition.

4) Apply of the equation of continuity to modify the velocity profile

5) Determine the non-zero shear stress component(s)

Since the shear stress components depend on the velocity profile, the non-zero shear stress
components may now be determine.

6) Determine control volume and make shell momentum balance for the control volume

Draw control volume in system diagram according to system shape, size and problem statement.
The selection of proper control volume is very important to solve problem correctly. The control
volume should be select in such way that it can be easily integrated for whole system. The
differential length of control volume should be taken in direction of changing velocity.

Write momentum balance equation for the control volume. The shear stress may be considered as
shear force or as momentum flux, both provide the same results as shown in previous example .
Write down all surface and body force acting on the fluid carefully. Finally obtain a appropriate
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differential equation and integrate.
7) Boundary conditions

Use appropriate boundary conditions which help us to determine the constant of integration in
above step.

Falling film on an inclined flat surface
An inclined surface of length L and width W is situated at an angle B to the vertical direction as
shown in Fig. (11.3). A Newtonian fluid is freely falling on the surface as a film of thickness 6.
Assuming the flow to be laminar, determine the velocity profile, flow rate and shear force on the
surface by the fluid.

Solution

Fig 1.16 Laminar flow on an inclined surface

Assumptions
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¢ Constant density, viscosity

e Steady state

e Laminar flow (simple shear flow)
o Fully developed flow

o Newton's law of viscosity is applicable

Assume velocity profile
The fluid is flowing in the z direction, hence only the z component of velocity is non-zero. Thus,
we may assume

an

We may further assume that vz does not depends upon y coordinate. Since the flow is steady, vz
does not depend on time. Thus,

v, =v,(x,z)

£

Using the equation of continuity in the cartesian coordinates for constant fluid density, we have

Equation (11.11) indicates that vz does not depend on the z coordinate. Thus,

v, =¥, kX)
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There are nine components of the shear stress as shear force or momentum flux, namely

T Ty Te—> acting on x surface
Tx Ty G—> acting on y surface

Tx Ty Tr—> acting on z surface

Since vz is only the non-zero velocity, and also it is the function of x coordinate , . is the only
significant component of shear stress and we need to write momentum balance only in z
direction. Because the pressure is same at both ends of the inclined plane, there is no pressure
force on the fluid. Now, we can solve this problem by assuming shear stress as a shear force or
shear stress as momentum flux.

7
AL

Assuming as momentum flux
Draw a control volume of length L, width W and differential thickness dx.

Convective
Momentum

Out

In
_____ X+Ax
P ze0
y=0 """ i
Convective .-~ ;
Momentum Y=W ™ ozel ;
v

Fig 1.17 Control volume for falling film problem
Momentum balance in x direction

Rate of momentum flux entering CV due to viscous transport at
x = EWr,|

Rate of momentum flux leaving CV due to viscous transport at

x+At:LWz;E|

x+Ax
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Gravity force acting on fluid in z direction
=(LWAx)(pg cosf)
Rate of momentum flux entering in CV due to convective transport
s s T ~
=( pv,Wdx ‘z)l‘-:o
Rate of momentum flux leaving from CV due to convective transport
=(pv.Wdxcv,)|_,

Now, when above terms are substituted for z-momentum balance, we obtain

(powd, )_ — (powdey,)|_ +IW(z | —1| )+ (LWI) (pgeasfp) =0

Since the velocity vz does not depends on z coordinate, the first two terms cancel out and we
obtain

LWz, | .| )+ (LWAx)( pg cosf3)=0

Dividing Equation (11.19) by volume of the control volume (LWAX), we have

(rxz Lr _z-xz L’—dx)
Ax

+ (pgcosf)=0

As Ax—0 , The Equation (11.20)simplified to

d Txz
—_— coS
- pgceos f

The Newton’s law of viscosity (here, shear stress is defined as momentum flux) is given by
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T,, = =l—
xz u T
%(—u%} = pgcos B
or
———=pgcos
TR
or
d’v: o | pgcos B
&’ i

By integrating the Equation (11.25), we have

dv: (pgcosﬂ\,

—=— 1x +c

dx e g5

or

\,‘.z_(MJLHIH%
7. 2

The above equation requires two boundary conditions for determining c1 and c2.
Boundary conditions

1 At x=0 the liquid surface is in contact with air where the shear stresses at both gas liquid
phases should be equal. Thus,

sz (air) — — sz (liqguid)

x=0

Since both may be assumed Newtonian fluids, we have
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llp (h‘z
x=0 ' d\'

0. p d\-‘z(air,l
RS oy

x=0

where pg is the density and pg is the viscosity of air. Thus

d\"z
dx

_ ,ngg d\"z(air)
=0 Mp  dx

x=0

Since, pug and pg is much smaller than p and p, and Equation (11.30) may be approximately
written as

d Vz
dx

x=0
Substituting above boundary condition in Equation (11.26), we obtain

.= 0
4

2. At x=6 no slip boundary condition may be applied, i.e.,

at

Thus, from Equation (11.27), we get

oz_[M]cﬁ_H%
y7i

2
or
o 1 pgcos )5’
2 1 5

Finally the velocity profile is obtained as
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£

. __(pgeosB\x  (pgcosp)s’
“ g )2 poo)2

or

o pgd’ COSﬂ(J—(iJ:
] 2u o

\

. . ] Tz
Falling film "Assuming  as shear force"

Now, we again solve the same problem (falling film over an inclined plane) by treating shear
stress as a shear force. For this purpose, we take the same control volume as before.
For momentum balance in z direction, all terms are same as before except the terms for shear

forces. Here, represents the force in z direction acting on the surfaces which have normal in
x direction. Shear force is positive if the outward normal is in positive direction and negative if
normal is in negative direction. Thus,

shear force at x=x is

~LWE |,

Shear force at x=x+Ax is
+L WZ-‘C |x+x£

The z momentum balance for this case is as follows

Lw( z",._,|\_i\__ —*_| J+(LWAx)( pg cosB) =0

Dividing Equation (12.3) by the volume of control volume WLAX, we have

fr::l* -\.—r:zlx..’ ;
'--L_\.\' +(pgcosf)=0

As Ax—0 Equation (12.4) leads to

dr
= = cos
It pgceosf
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Now, substituting the Newton’s law of viscosity for shear stress as a force

dv .
r.=u—

Xz dx

Therefore,

V.
B = —pgcos 3

Equations (11.24) and (12.7) are the same, which show that both approaches provide the same
answer.

Maximum velocity

It is clear from Equation (11.37) that the maximum velocity is given by

pgd°cos B
2U

Vv —

Z

Average velocity and volumetric flow rate of falling film

vz is the linear velocity in z direction. Hence, the volumetric flow rate can be determined by
integrating it over the cross section of flow (Wd).Thus ,

2 = T]v‘_dxdy
00

From Equation (11.37), we get

By integrating Equation (12.10), we find

0= Wpgd cosf
3u

To obtain the average velocity, we divide the volumetric flow rate by the cross sectional area.
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or

.\ _pgdicosp
Ve 3u

/

Equation (12.12) may also be written as

Force acting on solid surface due to the fluid

x
F= J +(+7x:|,,=5)d}’dz
0

S S—

(Note: in Equation (12.14), first ‘+’ sign shows the direction of the normal of the inclined surface
and second ‘+’ sign is taken since shear stress is defined as shear force). Thus,

F =pgdLW cosf3

In this lecture, we have once again seen that the shear stress tensor may be assumed as a shear
force or as a momentum flux. In either case, we finally obtain the same expression for the
velocity profile. The only difference is that when we treat shear stress as a shear force, it is
included in the summation of all forces term in the momentum balance equation, while when we
treat shear stress as momentum flux, it is written as momentum entering and leaving by the
viscous transport. From now onwards, we will treat shear stress as momentum flux as it is more
consistent with what we see in heat transfer as Fourier’s law of heat conduction and in mass
transfer as Fick’s law of diffusion. Thus, in transport phenomena (Momentum transport, Heat
transport, and Mass transport) for the basic transport laws we have minus sign in front the
relevant gradient implying fluxes flow from higher values to lower values.

Falling film on the outside of a circular shell

In an experiment, a fluid flows upward through a small circular shell and then flows downward
out side the tube under laminar conditions as shown in Fig. 12.2. We need to set up a relevant
momentum balance and determine the velocity profile, mass flow rate and the force acting on
outer surface of the tube.
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Fig 1.;18 Falling film outside the circular tube
Assumptions

¢ Density and viscosity are constants.

o Steady state.

o Fully developed laminar flow.

o Newton’s law of viscosity is applicable.
Non-zero velocities

Fluid is flowing in the z direction due to gravity. There is no driving force in the 0 direction and a
solid surface is present in the r direction. Therefore, we may intuitively assume that

v,=v,(r,z)
v, =0
v, = 0

Now, using the equation of continuity in cylindrical coordinate system, we have

Gp 10 16 &
— 4+ —(pv. )+——(pv.)+—(pv. )=0
a P e P g P

or
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p—(v,)=0
(04

From Equation (12.18), we obtain that vz is independent to z. Therefore,

Choose a control volume in the film of differential thickness dr and length L (it is a cylindrical
shell).

(P V2TrAL V, e

r o deld

A

> Trlrrar
<

r+dr

Vil

(p‘ sz.ﬂ"l‘ﬂr Va )Iz-l.
Fig 1.19 Control volume for falling film outside the circular tube

There are nine components of shear stress tensor. Since the fluid is flowing in z direction and it is
bz

a function of r only, we may argue as before is the only important component of the shear

stress tensor. The other components are insignificant for momentum balance in z direction. The

momentum balance in z-direction is given below.

Momentum balance for control volume
Convective momentum entering the control volume at z=0 is

(pv,27rAm, )|, (12.20)

Convective momentum leaving the control volume at z=L is

(pv,2mri, )| (12.21)
Shear stress as momentum flux entering the control volume at r=r is
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(2Lt )| (12.22)

Shear stress as momentum flux entering the control volume at r=r + Ar is

(2mrlz,) 2.23)

r=r+Ar ( 1

{Note: If you consider shear stress as momentum flux, then it always flows in the positive
direction of axes}

Fluid is flowing only due to gravity and may be written as

(2xrArLpg ) (12.24)

Substituting above terms, we obtain

(pv,2mDv, ) _, (.2, ) _, H2miz, )|’=r —(2miz, )lﬁw +2mNLpg = 0

Since velocity, vz, is not dependent on the z, the first two terms in above equation are equal and
cancel out, leaving the following equation for momentum balance.

(2mrlr, )| _ —(27rlt, )| _ . +27rArlpg = 0

r

Dividing Equation (12.26) by volume of control volume 27ArL | weobtain

—rT

7> rz

rAr

( 7"Z'rz r+Ar )

=P8
As dr—0, Equation (12.27) reduces to

'
-(r5,)=—pg

r G

or

)

After integration we obtain
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=—12 +
dr 2 ¥
and
n:_pg +c,Inr+c,
4u

Here, & and C2are the constants of integration.

Boundary conditions

1. r=aR we have the air water interface where we may assume that

dv .

dr
(The explanation is given earlier in Lecture 11.)
Substituting the above boundary condition in Equation (12.31), we obtain

B pga“R“
21

¢

2. Atr =R, no slip boundary condition is applicable. Thus,

2 - =0
Using this boundary condition, we obtain
R.’
szg —c,[nR
4u
or,
R’ IR

<

4u 2U

Therefore, the velocity profile is given by

Py  pgak .,  PEAR pgaR
4u 2U 4u U

V. = InR

or
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Maximum velocity

At r = aR, the velocity is maximum. Thus,

V= pff []—ar2 +2a21na]

Flow through Annulus

A Newtonian fluid is flowing in a narrow slit (B<<W<<L), formed by two parallel plates as
shown in Fig. (13.1), due to the combined effect of both gravity and pressure. Determine the
velocity profile, average velocity, and mass flow rate for laminar and steady flow.

P,

X T

B

H Vz(x)

Py

Fig 1.20 Laminar flow in narrow slit
Assumptions

e Density and viscosity are constant.
e Steady state.

e Laminar Flow(simple shear flow).
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o Newton's law of viscosity is applicable.

Fluid is flowing in the z direction due to both gravity and pressure difference. Therefore, vz is
the only important velocity component. As the slit is very narrow (B<<W<<L ), we may assume
that end effects are negligible in y direction and vz is not a function of y.

Thus, intuitively we assume the velocity profile as,

v, =V (X,2)

v, =0

Now, using the equation of continuity in cartesian coordinate system

do 0 0 3, .
=B (ST (W=, )=0
a & & &
or
= P
ch
=it
oz
Therefore,
v, =1,(x)

: Oz . .
From above velocity profile, we may conclude that s the only important shear stress
component. We now select a cuboidal control volume of dimensions L, W, Ax, as shown in Fig.
13.2 (Note: differential thickness is chosen in X direction)
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Fig 1.21 Control volume for laminar flow in narrow slit.
Momentum balance in z direction

Convective momentum entering the CV at z=0 is

Cov, WA, )., (13.5)
Convective momentum leaving the CV at z=L is
( v, WA, - (13.6)

Momentum entering CV by viscous transport at X=X is
(LWt, )|x=x (13.7)
Momentum leaving the CV by viscous transport at x=x+Ax is

(Lwr_ )| ..~ (13.8)

Pressure force at z=0 is

R (13.9)
Pressure force at z=L is
—P,W Ax (13.10)
Gravity force on CV is
pEAXLW (13.11)

Substituting these terms into the momentum balance in z direction, we get
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(i, )|y — (pywie, )L +(LWT, )|, — (LT, )|, p
+Ewix—Bwic+pghd W = 0

Since, vz is not a function of z, the first two convective momentum terms represented by
Equations (13.5) and (13.6) are equal and hence cancel out from the above equation and we get

(DVr_)|_— (D, )| +Bwis—Bwie+pghdV = 0
Dividing Equation (13.13) by the volume of the control volume AXLW , we obtain

(rrlx _Trlxﬂx) _ Rf: _B)

Mx L

Combining the pressure force with gravity, and taking the limit as Ax—0, we have

L 5 (F,—pge(0) (K +pga(L))
g £
or
d 7 =
_(Tn) _: c0 cL
dx I
where, PC =§=p82
d P, —
_( — c0 cL X +c
dx =/ ( L ] !
Substituting Newton’s law of viscosity, we have
dv_
T =-—u——=
Xz dx
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or

v, P %
= o
dx L

and finally after integration, we get

—u

~

v=— L L I” Tx+ic

: L )2 p

Boundary conditions are

dv,
1. At x=0, the velocity profile must be symmetric. Therefore, dx x=0
or
c, =0
v.. =
2. At x=B, no slip boundary condition is applicable. Thus, ‘
or
| Be—£y |B
C2 =

ul. )2

Thus, velocity profile may be written as

Equation (13.23) describes the velocity profile in the narrow slit.

Mass flow rate and average velocity
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Mass flow rate = VVolumetric flow rate x Density

W B
= pJ. J. v, dxdy
0 -B

By substituting the value of velocity from Equation (13.23), we have

T (BB B (%) |
TEE et

or

WAL, =E; | B
mZEP (Ry )

Average velocity = Volumetric flow rate/ Area of cross section

irV (PCO— cl)Bi
3

- UL
2B W

or

Annular flow with inner cylinder moving axially

In a wire coating machine, a wire of radius kR is moving into a cylindrical hollow die. The
radius of the die is R, and the wire is moving with a velocity vO along the axis. The die is filled
with a Newtonian fluid, a coating material. The pressure at both ends of the die is same. Find the
velocity distribution in the narrow annular region. Obtain the viscous force acting on the wire of
length L . Also, find the mass flow rate through the annular region.
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Fig 1.22 Annular flow with the inner cylinder moving axially

)

L

Assumptions
o density and viscosity are constant
o steady state.
o laminar (simple shear flow).

¢ Newton's law of viscosity is applicable.

Velocity components

The fluid is moving due to the motion of the wire in z direction so vz is the only important

velocity component. There is no solid boundary in 6 direction, and the flow is steady, therefore
vz will not depend on 6 and t. Hence,

P = pilEg)

£

Now, applying the equation of continuity in cylindrical coordinates

& 10, . 18 5

A T S (;1_- _|.__( ’ +_( 2 =)
o ol g ke g
or

dv

Bl n
3 dz
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Thus,
v, = v(r)

r
This result indicates that ~ is the only significant shear stress among the 9 components for
momentum balance in z direction. Now, consider a control volume of differential thickness dr
and length L at a distance r away from the center. We may write the momentum balance in z

direction.
|

(pv, 2rrArv,) = - —2 (pvy 2ArAIV,)| =y

=3 —3

i I

LT )l

P Vg Py

Fig 1.23 Control volume for annular flow with the inner cylinder moving axially

Convective momentum entering at z=0 is
(p"ZQm‘A’Tz) lz=0

Convective momentum leaving at z=L is
(pv,2mrtev,) .,

Momentum entering control volume by viscous transport at r = r is

(2rrlz. )| ..
Momentum leaving control volume by viscous transport at at r =r +Ar is

(2727 I‘Tm) L:r—Ar
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Now, the momentum balance over the control volume is below
(pv, 2w, )|, v, 2miv)|, H2mle )| 2wl ). .= 0

Since velocity vz is not dependent on z coordinate therefore the convective terms represented by
equations (13.29) and (13.30) are equal and hence cancelled out. Leaving with the following
equation,

Cmlz ). ~(2mEt, )). ... =0

Dividing equation (13.34) by volume of the control volume, 2rrArL

(rz-rz L _rz-rz L—Ar) = 0
rAr

Taking the limit as dr—0, we have

1d

r dr

(¥z_J=10

and after integration

_ %

;A

i N . : .
where ~“is an integration constant. Now, using Newton’s law of viscosity, we get

dv: ¢,
_# —
dr r
or
c
v, =—-Linr+c,
7,

where €zis another integration constant.
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Boundary conditions are

atr=kr, % =% (13.40)

or

CY
v,=——mkR+c,

7,
awdatr=g %=0 (13.42)
or
C, = “LinR

)7

From Equation (13.41)

M iR+ IR

7 7
or
V= C—/;ln l%
or
VoM

€= .
I In(1/k)
By substituting the value of c1 into Equation (13.39), the velocity profile may be obtained as

Y Inr B v, [nR
In(1/k) In(1/k)

or
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v, In(r/R)

v, In(1/k)
Mass flow rate in the annular region

-
<

T R
w= pI [ v rdrd@
0 kR

or
W= ) [rln(ijdr
in k 3
or
s [ %
2 |Infl/k)

Drag force acting on the wire may be calculated as

F =27kRL+(-7,)|_s

or

By substituting the value of velocity vz, we obtain

F:szRLyi|:v ArIR) }

d| " In(1/k) | .

Finally, we obtain the expression for drag force as
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_ 2mLuv,
In(1/k)

Flow of two immiscible fluids between two parallel plates

Two immiscible liquids are flowing in between two adjacent, parallel plates. Solve the problem
for velocity profile and mass flow rate.

A

—
L 3

Fig 1.24 Flow of two immiscible fluids between a pair of horizontal plates

Assumptions

e Density and viscosity are constants.

o Steady state.

e Laminar (simple shear flow) fully developed.

¢ Newton’s law of viscosity is applicable.

Since fluid is flowing in z direction only, therefore vz is the only non-zero velocity component.
We can assume that end effects are negligible in y direction and hence, vz is not a function of y.
thus,

(1

Now using equation of continuity for Cartesian coordinate system
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& o 6, . &
—_—+— P )+— P ) +— y )=0
Py ax(ﬂ‘x) 6)-'('0"'") &(ﬂ‘z)
dv
z — 0
- dz

which implies that
vV, =V, (Y)

Tz . .
As before, we may concluded that “is only important shear stress component for momentum
balance in z direction. Choosing a differential strip of thickness dx and length L as a control
volume, we have

szl:c*ﬂ.:{

B N I A I

(PV,WAXV,) mg —5
0 7% 7

7 7 7 7 3 7 7t

Fig 14.2 Control volume for Flow of two immiscible fluid between a pair of horizontal plates
Momentum balance in control volume

Convective momentum entering CV at z=0 is

( pv,wixv, )|, (14.5)
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Convective momentum leaving CV at z=0 is

(pv . whwv, )| (14.6)
CEW-T) ks
Momentum entering CV by viscous transport at X=X is -k (14.7)
Momentum leaving CV by viscous transport at x=x+Ax is (LWT o )rens (14.8)
Pressure force at z=0 is
P,Axw (14.9)

Pressure force at z=L is
-P Axw (14.10)
The equation for momentum balance can be written as

(pv,whAxv, )|, — (pv.whAxv, )L, + (LWt )| — (LW, )|_,, .\ +PwAX— P,

As before, convective terms cancel out and Equation (14.11) reduces to the following equation.
(LWr, )y (LW, )| piny TBWAX—PwAx= 0

Dividing Equation (14.12) by volume of control volume AXLW, we obtain

Ax L

Now, as Ax —0 Equation (14.13) becomes

re.
& = ( L J

After substituting Newton’s law of viscosity in Equation (14.14) and integrating it, we obtain

This equation is valid for both regions. Therefore,
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(P" P] 2 +C—"*c+c«
pL 7

{B) Jz] G
v — = *c+cq
/!

Here, superscript (1) represents the phase-1 and superscript (2) represents the phase-2.

Boundary conditions
There are four boundary conditions needed to solve the problem and given below

2

1. x=0, v} = v/

<

2. x=-b.v =0
3. x=+b, v =0
4. X=

This leads to the solution

63



¢, = ¢’
g des PD_PL\'bZ[ 2y’ )
1 1 1 2
Z#L) H +#J
: {Po-PL)z_i #ou)
= L b 2 ,u1+,u,‘)
and
- 2
i (BB (" 3 +#’—ﬂﬂ§_(§)2
24 L '+ )\ +8 )b b
Jo_(B=R | 2 }L/#’—#ZF_[ET
O\ 2L ) \L+pf) \p+if )b \b

Derivation of equation of motion
In this section, we derive the equation of motion, which may be used for solving any fluid
mechanics problem. This equation is based on axiom 2, i.e., the momentum is conserved. We

consider a control volume having volume Ax,Ay,Az fixed in space.

According to the momentum conservation equation,

"/Rate of accumulation of "" "/Nef rate of inflow of

. momentum in control volume | | momentum by convectioi

\

( Net rate of inflow of n
+
. by viscous transpor

+ ( Pressure forces )+ ( For
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Az

Ax

X

Fig 1.25 Cubical control volume fixed in space
Momentum balance in x direction

Rate of accumulation of x directed momentum in control volume

o PAXAVAZY )
ct

Net rate of inflow of x directed momentum into CV by convection from x-phases
[ ovdzAy v | prodzAy v, ] s

Net rate of inflow of x-momentum into CV from y-phases

= [( pY, ANAZ )Y, ]y —[/ o AxAz ,n'x]yﬂy

Net rate of inflow of x-momentum into CV from z-phases

= [Cpr ety |~ [(prAedyn] o

Net rate of inflow of momentum into CV due to viscous transport
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xx xp =z
¢ — \'vyx \-yy \-yz
\ Pz gy Lz

In all shear stress component, the second index shows the direction of momentum flux and first

index shows the direction in which the momentum is flowing. For example, ** denotes the x
directed momentum flowing in y direction. Therefore, the x directed momentum fluxes are

T 15
Tax T px

and & . Thus,

Net rate of inflow of x directed momentum by viscous transport from x phase are

= (1, Az4v) | — (7, Az ) |, .
Net rate of inflow of x directed momentum by viscous transport from y phase are

= (ryx;lx‘;lz)!y - (:‘}'X_lx—lz) ly+4;u

Net rate of inflow of x directed momentum by viscous transport from z phase are

=(1,454y) | — (7,4x4y) |

+4z2
Net pressure force in x direction =

(PAyAz) | —(PAvAz)|, . (15.9)

Gravity force in x direction =

( pPAxAyAz ) g, (15.10)

Adding all the above terms and dividing by the volume of control volume Ax,Ay,Az and finally
taking the limits,
Ax—0, Ay—0,and Az—0, we obtain
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)

aAp,) | dpy,) Apy,) Ay )| |0, 0T, Ot

:’I'z
o & Y & & o &

The above equation is the x component of equation of motion in cartesian coordinate system.

Similarly, for y-direction

-‘I' ¥ -..I 5 5 “I 5 3 “I' 5 5 “I.-I— "I.-l— “I"._ "‘|
& ||I A |'I r ||I A |l| d o d o Ao ¥
ol v, _ ‘ffﬁ)*x‘y-Jr‘f"ﬁ)‘y‘y +r:f,(:".z1y_ B C 1},+f Ol O

ct cx v e dx o o | A

and for z-direction

= P N/ mr ANy ) A e S AT o P, 3
APy) _ | PN o PV,Y, Loy | | o5, +~'-’ = 0Tz | O

ct cx cv oz g oy O | ©

The above three equation may be combined in vector tensor form as

of Jo,

=
ct
In above form, the equation of motion may be used in any coordinate system.

==V.(pvv)-V.1-Vp+ pg

Equation (15.14) may be written in substantial derivative form as shown below

if - and = are the two vectors. We may use the following vector identity.

VA(xz)=xVz+zZ(VX)

-

o

: " ] i b -‘in.
Now, replace A by ~and = by ~ *thenwe have

V.(x)=V.{ pw)=pwWw+v(V.ov)
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PV o 5 0000 (15.
ot ot - o

After substituting Equations (15.17) and (15.18) in Equation (15.14), the equation of motion
reduces to

ap v
?é+ PPV v(Vpv)=-Vi-Vp+pg

Rearranging the terms on the left hand side, we have

2 )
ﬁ{i;+v?{rﬂ{if+¥4w}=—?€—?P+s%
C & N

But from the equation of continuity

(7/_)

+ Y.p\“ = ()
ot

Hence.

;){L +vW |=—NV1—-\p+ pg
e SN

or

Dy = |
P—=5=NE =P+ 08
Dt =
Equations (15.20) and (15.21) are the generalized form of equation of motion without any
assumption and may be applied to any coordinate system. The detailed form of this equation in
cartesian, cylindrical and spherical coordinate system is given in Appendix-3.
Navier Stokes Equation for incompressible Newtonian fluid

The equation of motion may be further simplified by substituting the Newton’s law of viscosity

for the momentum flux term appearing in the equation of motion.
For a one-dimensional system where
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vy=0,vz=0
(16.1)

we have seen that the Newton's law of viscosity may be written as,

R
ov

r.. = —[
e oy

where, e represents x directed momentum flowing in the y direction However, in general, for
a three dimensional flow, all 9 components of shear stress may be important. Thus,

T rxy Tz
T = ryx T W (4 vz
r:x rz,r Z'::

T -
Here, Txx Tyvand *zzare the normal stresses and the remaining are shear stress.

Axiom 3: Moment of momentum is conserved

This axiom 3 leads to a very simple conclusion that the shear stress tensor is symmetric in nature.
The derivative itself is lengthy and is not reproduced here. Tis symmetric implies that

T X3 = Z'J,_\_
Ty = Ty
Z-J'z - z-zr

Newton’s law of viscosity may now be generalized as given below. Again, the basis for this
representation is not shown here, but it may be found in any standard books in fluid mechanics.

~ 14 + 2 u(V)8,88,

i j
I ~l o~ j

z

where,
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%)
T, =—2U "+g,uV1
4 J- =
ov., 2
T, . =—2U——+—puV2i
o 2=
r‘__:—2,um"+£,uV1
6z 3
(5» 51'1\
Ty =T, =l —=+—
£ & ©&x )

The detail form of Newtons law of viscosity in all coordinate system is given in Appendix- 01.
Now, consider the situation when an incompressible fluid is flowing only in x direction and

v =0

depends on y coordinate only. In such a case, we have L2 Z"x(}”,), Y =0 and 'z . Wecan
easily see that for this case,

XX

T :z:ll\': ‘['Z ._—_0

T,=T,= 0
. =ty=0
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i T . DOx | O
and only significant components of stress are and “ . Also, theexpression for " is

the same as given earlier as Newton’s law of viscosity. For rectangular coordinate system,

. -V . . : :
substituting the value of ~ ~~ in the x component of equation of motion, we obtain

-

8%, 0T, Bt
a YE == ‘\xx 4 4, ‘\zx
cX cy cz

Assuming that p and p are constant, we obtain

5(  ov o o)) b L
_Vz-: E(_2ﬂ_x]_*_5 —U X4 7 +£ i @.*._I]

e &) o &y &) & & &
or
dov, 0oy, 00w, oy, odv, 0o
- U ——F——F——F——F——E+—
xéx & b xéx &zéx o &
or

cv ov, ov,
X + — } + Z — 0
éx ey 0z
Therefore,
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or
-(Vz),=u¥,
or 5
~(V), = u¥,
similarly

—(Vz), =V,

Therefore, in vector and tensor form
-(Yz)=nV’y

Thus, the equation of motion reduce to

p—==-Yp+N'v+pg

Dt ~
Equation (16.25) is known as the Navier Stokes equation and is used for solving problems
involving Newtonian fluids of constant density and viscosity. For non-Newtonian and
compressible fluids, the generalized form of equation of motion given earlier must be used. The
detailed forms of the equations of motion along with Navier Stokes equations in cartesian,

cylindrical and spherical coordinates are given in the Appendix-03.
Solution of momentum transport problems using Navier Stokes equation
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Willlld >

Nz(r)
Py

Fig 1.27 Flow through a vertical circular tube

A similar type of problem (for a horizontal pipe) was solved earlier using the shell momentum

balance technique. Therefore, the initial steps are the same and include making appropriate

assumptions and postulating the non- zero velocity components. As shown earlier, it leads to the
v.=v(r)

conclusionthat ~  ° .

Now using the Navier Stokes equation for cylindrical co-ordinates, after eliminating all zero

terms, we have r- component of Navier Stokes equation

oP iy
or
6-component
oP
g
co
Z - component
P 1o o
W L

& " ro\ o

We can combine gravity and pressure forces as to rewrite Equation (17.11) as,
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c 18 ov,
=l | i S0
oz ror\ or

where, Pc is the effective pressure including the gravity, and is defined as,

P=P—-pgz

Note that since pressure changes in only z direction and vz is a function of r only the partial
derivative may be converted to total derivative. Furthermore, in Equation (17.12), the first term
is only a function of z and the second term is only a function of r, i.e.,

Efz) +E(r) =0

This leads to result that F1 and F2 both are constants as Equation (17.13) is true for all values of
zandr.

Flz) =¢; Elr) = -¢
Therefore,
dP,
— 01
dz

By integrating the Equation (17.15)

I =ezre

c

Boundary conditions are

at
z=0,P. =P,
and
at
z=L,F,=F;

This leads to the following solution
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By substituting in Equation (17.12)

oA BO_BL +‘u£d(r£]=0
17 rdr\ dr

or

+cInr+c,
4ul

/

Boundary conditions are
atr=0, V-isfinite
and

atr =R,
v,=0

This leads to

v, Bl g 1{1)
AW R

which is again similar to what we have seen for a horizontal tube except for pressure difference
term. In fact, it can be shown that the velocity profile given in Equation (17.22) is valid for any
configuration, horizontal, vertical, or inclined, with effective pressure is defined as

F,=P-pg.z

TR

T jjr—;’aﬁ ) Eﬂfz;fﬁ'rrf.;.éz_?.Tlf‘f—ﬂﬁr‘g(#
[

I"\ E;..-'r .-f'l ﬂ

Radial flow between two parallel discs
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A part of a lubrication system consists of two circular discs and the lubricant flows in the radial
direction. The flow takes place because of modified pressure (pi1- p2) between the inner and outer
radii ry and r> respectively. Formulate the problem for velocity profile and mass flow rate
through the system.

Fig 1.28 Radial flow in space between two parallel circular discs

Assumptions

o Density and viscosity are constant
o Steady state.
e Laminar flow (simple shear flow).

¢ Newton's law of viscosity is applicable.

Velocity profile

The fluid is flowing in the r direction. Hence, the only non-zero component of velocity is v, and
it depends on the both r and z. It will not depend on the 8 coordinate due to cylindrical
symmetry. i.e.,

v, = % (r, 2) (19.1)

Applying the equation of continuity in cylindrical coordinates

cp 120 ) . ) :
D22 (o, 42 (v, ) (1,) =0 (19.2)
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or

1l 0 |, .
——(prv, )=0
y Or

or
3y G

'L——(n'r Ji=1)

r or’

Thus, X is a constant and which may be a function of the z,
rv.=F|z)

Using the r-component of the Navier—Stokes equation in cylindrical co-ordinate systems, we
have

By substituting Equation (19.5), we get

o, oP 821;
o, =——t U
or or 0ot

Equation (19.7) is a second order partial differential equation and may not solve analytically.
However, we may obtain an analytical solution for the limiting case when the flow is very slow
(also called a creeping flow). In such a scenario, we may neglect the convective term (on the left
hand side) in Equation (19.7) and thus, we have

Multiplying r on both sides, we have
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(19.4)

(19.5)

(19.6)

(19.7)

(19.8)



cP oV,

r—=rp—
g cz
or
cP oF
r—= f—
. oz

(19.9)

In Equation (19.9), the left hand side is a function of r only, while the right hand side is a
function of z only. Since this equation is valid for all possible values of r and z, both the terms

should be equal to each other, and in turn equal to a constant,
Therefore,

dP

r—=c,
dr
or

d’r

Py 2
dr
j (-].P = (-’2 T
F; r:
or
= Pz — Pj
( 2 —a / \
{7
/n‘ 2
‘\. ’} ),

Substituting Equation (19.13) into Equation (19.11), we find
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G , independent of r and z.

(19.10)

(19.11)

(19.12)

(19.13)



d*F P.— P,

L =— —Z
e
or
e
=————7=Z +CiZF+C
& N2 EERED (19.15)

.
-

2/1/)1‘ L
L7

Boundary conditions
No-slip is valid at both the plates. Thus,
at

5= thy =0 (:

Y

By substituting these boundary conditions in Equation (19.15), we have

= PI i Pz b2
? (19.17)
I .
3/1/;1‘ =
W

At z=0, the velocity profile is symmetric. Therefore, this is the second required boundary
condition for the problem

oF

—| =0 (19.

oz z=0

This leads to the solution

I
(o)

and
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(19

or

(19.
\ rj /

Finally, we obtain the velocity profile

}}__

2ru ln' (19

Uy,

The mass flow rate of at any r in the system must be the same (in fact that was the reason, why

n . . . '=5n
we got T constant for a given in the first place). Select the surface at 1o obtain mass
flow rate

2r+b

w= j I_,Ob;, L=§ redd
0 —h
or

-//»(P P )b IL)

\

%/1/11 -
\ II P

W=

(19.2

Parallel — disc viscometer

A fluid is placed in a gap (of thickness B) between two parallel discs of radius R. The lower disc
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®)
is kept stationary while the upper disc is made to rotate at a constant angular velocity ™~
Formulate the problem for determining the viscosity at low shear rates.

Q

<S>

W

B%

k4 L
Fail

r

Fig 1.29 Front view of two-plate viscometer

Assumptions

e Density and viscosity are constant.
e Steady state.
e Laminar flow (simple shear flow).

¢ Newton's law of viscosity is applicable.

Velocity profile

The fluid is sheared in the @ direction; hence, vy is the non-zero component of velocity. Applying
the equation of continuity in cylindrical coordinate, we obtain

t9, my, ) =0 (19
—— OV, /= 2
rap -t ?

Thus, vg, does not depend on the & coordinate, or
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vy= (1, 2)

For simplifying the problem further, we may assume that for low shear rates

.= wfiliz)

Using the & component of the Navier — Stokes equation for cylindrical co-ordinate systems

/ N\ 2
o(1 o R
- (n'e)| s =0
or\r or J G

By substituting Equation (19.25), we get

OTLE s i), FOL(Z)
— Z— e fE)) [ ———— =0
a‘l\ra-( A }'_J &

or

- Firs)

0z’

= 0

After integration, we finally obtain
fl=z) ses%e;

where “Zand 2 are the integral constant.

Boundary conditions are

at Z:0, VG:Oor f(Z)'—-O

thus,

¢,=0

<
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Zr =B Vo=

/
and at = or

f(z) =v/r =Q

This boundary condition leads to the solution

7~
S

c;=

|

and

o
- p—
flz) =—
©

Finally, we obtain the velocity profile

Now, the z-component of the torque exerted on the fluid by the upper rotating disc, may be

calculated as

28 R

T = IJ‘(—ZTZ& Vir|_g rcrdé
00

or

Finally, we obtain the value of torque.

Q.

i 'L,ll,,

—

Thus, by plotting the angular velocity

vs torque T, the viscosity may be

(19

(1

(1



Non-Newtonian fluids

Non-Newtonian fluids are the fluids which do not obey Newton’s law of viscosity. For
describing Non-Newtonian fluids, let’s recall the Newton's law of viscosity experiment. There
are two long parallel plate situated at distance h to each other. Top plate is stationary and bottom

plate is moving with velocity ¥ as shown in Fig.(20.1).

A 4

Fluid flow

-~
-

Fig 1.30 Non-Newtonian flow between two parallel plates

T
If a force, F, is applied to move plate, then ( *)

_F
Tx;.' = z
and under steady state conditions when h is small and when
; 1
di, 2
dy h

T.
Now, we calculate i by repeating experiments for different applied forces and velocity

achieved by the bottom plate and plotting a graph as shown in Fig. (20.2). Depending on the
nature of fluid, different types of curves may be obtained.
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Fig 1.31 Shear stress vs. shear strain diagram for Newtonian and non-Newtonian fluids
Rheological behaviour of fluids

If fluid shows the behaviour like curve (1) then it is a Newtonian fluid. Other fluids are non-
Newtonian fluids. Curve (2) represents a Pseudo-plastic fluid, curve (3) represents a Dilatant
fluid, and curve (4) represents a Bingham plastic fluid. There are several Theoretical and
empirical models available to describe the rheological behaviour of non-Newtonian fluids. Here,
we discuss some of them, which come under the group of generalized Newtonian models. Basic
equation for a generalized non-Newtonian fluid is given below

dv,
dy

o

e = =11

Here, T is the apparent viscosity, which is clearly a function of shear rate as may be seen from
Fig. (20.2). Therefore,

o
gl fL v J (20.3)
v,
If the apparent viscosity increases with increase in shear rate, dy , then the fluid is called
dvx
v

Dilatant fluid and if it decreases with increase in shear rate, %Y then fluid is called Pseudo-
plastic fluid. Some fluids require a critical shear stress to initiate the flow. These fluids are called
Bingham fluids. Some important rheological models for non-Newtonian fluids are given below.
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1 Power Law or Ostwald De Waele model

Power law or Ostwald De Waele model is the most generalized model for non-Newtonian fluids.
The expression of this model is given in Equation (20.3)

i "_1
dv, dv,
T, =—m
d.,“' J d_}-‘
Here, apparent viscosity n is defined as,

n—1

n=m

dv,
This is a two-parameter model where m and n are the two parameters.

Ifn=1then 7 =m
where m is similar to the viscosity of the fluid and model shows the Newtonian behaviour .

If n>1, then 7 increases with increasing shear rate and the model shows the Dilatant behaviour.

If n<1, then 7 decreases with increasing shear rate and the model shows the Pseudo-plastic
behaviour.

Modulus sign

In power law model, modulus sign can be removed according to the value of shear rate.

oy

X

10f D

Y is positive, then

n=m )"
dJ.

v

X

20f A

" is negative,then
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n—1

dvx

n=m| —

o

Several fluids do not show single type of rheological behaviour. They show Newtonian
behaviour for a range of shear stress and Non-Newtonian behaviour for some other ranges of
shear stresses. Several models have been suggested for these types of fluids. Some popular
models like Eyring model, Ellis model, Reiner Philipp off model and Bingham Fluid model are
discussed here.

2. Eyring model

Eyring model is a two-parameter model. The equation of Eyring model is as follow

) B 1 dv,
sinh| = |=——
A B dy

where A, B are the two parameters.

In Eyring model, if  “» > 0 which means very low shear forces, we have

T‘I T‘I

sinh< =} —>-=—
A A

Therefore, as  ** — 0, the model shows Newtonian behaviour

A dl-‘x
z-rx =
) B d}-‘

:’.’ 4'1 '.
Here, viscosity = - 3/

If s very large, the model shows Non-Newtonian behaviour as shown Fig. 20.3
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Fig 1.32 Shear stress vs. shear strain diagram for Eyring model

Therefore, Eyring model may be used for a fluid which shows Newtonian behaviour at low shear
rates and non- Newtonian behaviour at high shear rates.

3. Ellis model

Ellis model is a three-parameter model. The equation of this model is as follows

A i (gp - a—z'lz_
d_}’ l o 1% J x
Here, %, iz and & are the three parameters .

Here, we consider some special cases,

1. If @,= 0 then Equation (20.11) reduceto

dvs i
d‘}" 0" ¥»x
or
1 dl’x
rwc i
T, dy

[+

88

which is same as Newton’s law of viscosity with as the viscosity of the fluid.



2.1f %0 =0 then

A , .l
& U |73 [ 7

o

which is similar to a Power law model

3.1fF X >1and  * is small then the second term is approximately zero and equation reduces to

1 dl’x

T
@, dy

o

which is similar to Newton’s law of viscosity.

4.1f @ <1and  Mis very large, then again, second term is negligible and we have

1 dv,

. =——

T g, dy

o

Which again shows Newtonian behaviour. Therefore, Ellis model may be used for fluids which
show Newtonian behaviour at very low and very high shear stresses, but non-Newtonian
behaviour at intermediate value of shear stresses.
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Fig 1.33 Shear stress vs. shear strain diagram for Ellis model
This type of behaviour may be shown by some polymer melts
4. Reiner Philipp off model

This is also a three-parameter model. The equation of Reiner Philipp off model is as follows,

_av, 1 .
a.l}" ﬂr o luo - # ®© =

( ‘ J
] -
) -

where, Ho : Hee and s are the three parameters.

In Reiner Philipp off model, if s very large, the equation reduces to,

or
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Z-J'x e —/ux dT’

which is same as the Newton’s law of viscosity,

-

If ¥ is very small then equation reduces to

d\»'x 1
e L T?.'I
av  u,
or
dvx
T =M
X 0 d}"

which is also same as the Newton’s law of viscosity. Therefore, Reiner Philipp off model may be
used for a fluid which shows Newtonian behaviour at very low and very high shear stresses but

non-Newtonian behaviour for intermediate values of shear stress. Here, H fand ’uxrepresent
the viscosity of fluid at very low and very high shear stress conditions respectively.

5. Bingham Fluid model

Bingham fluid is special type of fluid which require a critical shear stress to start the flow.
The equation of Bingham fluid model are given below

To d‘"x
T =—| M+
avx d}'
dy
- Tt
| (7 bz, (20.19)
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L 8
d.‘

o

TI=%

if | or

n=0 (20.2

A typical shear stress vs. shear rate diagram for a Binghum model is shown below

TO
T yx

dv
To dy

Fig 20.5 Shear stress vs. shear strain diagram for Bingham model
Momentum transport problems involving Power law and Bingham fluids:

In this section, we will solve fluid mechanics problem for Power law and Bingham plastic fluids.
These problems have been earlier solved for Newtonian fluids. We have chosen the same
problems here for better understanding.

Falling film on inclined plane
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Fig 1.34 Falling film problem for non-Newtonian fluid

Initial steps, such as making appropriate assumptions, finding important velocity components,

applying equation of continuity, and determining important shear stress components are similar
v, =v,(x)

as steps seen for Newtonian fluid in lecture 11 and 17. As before  ~ “ " “and is the only

. Tiacs: .
non-zero velocity component and "* is the only important shear stress component.

. T . : .
(Note: Since the forms of shear stress ~ for Newtonian and non-Newtonian fluids are same, the
only difference is the viscosity p for Newtonian fluids and apparent viscosity 1 for non-
Newtonian fluids and furthermore as non-zero components of velocities are also same, the same

r
components of shear stress ~ are significant for both Newtonian and non- Newtonian fluids.)

r
To solve the problem, we start with the generalized equation of motion in terms of ~ . Since
the fluid is moving in z direction, discarding all terms which are zero, z-component of the
equation of motion reduces to
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g.= g cosfp

therefore,

I, =pgcos fx+c,

For Power law fluids

)
-1 dx
n—1
=m|l—*
2 dx

Since vz is decreasing with increasing value of x , the negative sign should be used for removing
the modulus sign, i.e. ,

av. i av,
T =—M|— —=z

dx dx

dv.
r,=m| ——=

dx

By substituting Equation (21.7) in Equation. (21.1), we obtain

or
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n

dv,\ _pgeosf
dx m

xX+¢,

. » x =0, sz|az'r zrflﬂwd
By applying the boundary condition, at
which simplifies to

dv.
dx

x=0

as disused in lecture 11

¢, =0

By substituting this boundary condition in Equation (21.8), we get 1 . Therefore,

Y _pgeosp
dx m

or

1
v, =— peosf ¥ +c
z o= ] 2
—+1
1

Here, G is another integral constant.

=0

Now, using the second boundary condition, at X=06 v, , we finally obtain

n+l

n+l TR
- n n’pgcosﬂé,? [x
n+l m o

Tube flow problem for Power law fluid
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Fig 1.35 Flow through pipe for non-Newtonian fluid

As we discussed in lecture 10, the only non-zero component of velocity is vz, which depends on
=

r only. The important component of shear stress is i

By applying general equation of motion in cylindrical co-ordinate, we get

= -
6B I
————(rr,)=0
cz ror
Equation (21.11) may be further simplified as before
BB 10 4
B (. )=0
E r or

or

o1 fh—5) r+
i 2L r

By applying the boundary condition, at r=0, velocity is finite, we obtain

c, =0

and for power law fluids

( dl.r Jn
T, =m| ——=
. dr

(Note: Since vz is decreasing with increasing value of r, the negative sign should be used for
removing the modulus sign.)
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By substituting Equation (21.13) to Equation (21.12), we get

m[ a‘“’) =(P° 5 r
a 2L

Integrating above equation, we obtain

n+d

((P _P)rn
v, =—n—2 2/ +c,
2Lm n+l
mn
Fr=Rv,=0
Now, by applying the no-slip boundary condition at, , We obtain
n+l
- )
{ 2Lm n+l
n
Thus,
c nl
yABEBIR |, (1)
3 2Im n+l| \R

n

Equation (21.15) represents the velocity profile of freely falling film on an inclined surface for a
Power law non-Newtonian fluid. If we substitute the n=1 and m=p in this expression, we get
Equation (10.25) which was derived earlier for a Newtonian fluid.

Tube Flow Problem for a Bingham Fluid
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Fig 1.36 Flow through pipe for Bingham fluid

r
As mentioned in the previous lecture, the forms of shear stress = for Newtonian and non-
Newtonian fluids are the same. Therefore, Equation (21.12) is applicable for a Bingham fluids
also, i.e.,

5 il
" 2L

Equations (20.19) and (20.20) may be written for this system

-

(R Ol 2 7
1 For ™ 0 (’ %D ), where  Zis to be determine latter,

dv, _ 0
dr , or

V. =1, (constant)

2 For >Z'0(7‘:2 b)

0 7 Al

]7 — /uo — L
dv.

dr

dv,

In Equation (22.2), dr is negative. Therefore, after removing the modulus sign, we obtain
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77 = lu0 - d\,'
%)
Thus,
o), T |4V,
U @, [ @
dr
or
@,
T ==H—%%,

2

Condition for movement of fluid

As we start to pressurize the fluid by imposing pressure difference , fluid does not move initially.
As we continue to increase the pressure difference the fluid may start to move at some critical

pressure difference ( Foo— Pfl). This critical value may be determined by setting

Erelyg = Fo . Thus,
P _—-P,
2’0=—( CO?L c“)R

Thus, the fluid will flow if

< (PCO _PcI.)R

Yo 2L

Suppose the pressure difference across the tube exceeds this critical value of pressure (

Foo— Bl) then the fluid will start to flow. Now, under this condition we may calculate the

rz = T

value of (r0) where the value of . For r<rQ, the velocity gradient is zero andthe
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fluid flows with a constant velocity. The detail calculation for two different regions r<r0 and r>r0
are given below.

_(B-B)

or

g 2T,k
? (P-P;)

For r<r0, we equate Equations (21.12) and (22.4), that is
&, _(5H)

M tH=1, =
a = oL

’4

Finally, we obtain,

.
i 4ul

/

0

No slip Boundary condition at r=R , == may be used to calculate c1 as shown below

Substituting this value in Equation (22.11), we get

P—-PF)
B (F L)R- —&R
4L H

Finally, the velocity profile is given by
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z;,( R{(P ~B) Ij{ij:
R

- <r<
Equation (22.12) gives the velocity profile is region SrSR "as shown in Fig. 22.2. Equation

(22.9) shows that as we keep increasing the pressure difference (B—R)
on decreasing and the velocity profile changes as shown in Fig. 22.2.

, the value of rO keep

Ui T
The value of r0 also depends on 7> and reduces with it. If we substitute  ° in Equation

(22.12), we obtain the same expression for velocity profile as we had earlier obtain for

Newtonian fluids. This result implies that if the value of pressure difference (Bh-H) is
significantly high then the Bingham fluid may show behaviour similar to Newtonian fluids.

Ap< Apgin » AP! > APpin s AP 2> Ap | > Appin

Fig 1.37 Effect of differential pressure flow through pipe for Bingham fluid
Now, we may determine the velocity profile in the plug flow region (r>r0) by substituting r=r0
in Equation (22.12)

) (B—1) Al
= '—R R" ]_ AL
= { L J (R]

Falling film problem for Bingham fluid
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Fig 1.38 Flow on inclined surface for Bingham fluid

As we discussed earlier, the expression of shear stress is same, as we had derived for Newtonian
fluids and Power law fluids in lecture 11 and lecture 21. Therefore, from Equation (21.3)

. = pgrcos
For this system, Bingham fluid model may be written as,

X <0,
1.For T <70, 0
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Ty

= ;%
7} /u0 dl'z
dx
L 0, _ 526,
As the critical thickness of film is unknown, (the fluid flows only when ) we may

calculated from Equation (22.17), i.e.,

Ty =Toay X=0q,

T, =pgo,cos

or
T
2s 0
8= 0 _
pgcosp
TE
From region (1) where Oand X < 50 , We have
av.,
o 0
dx or
V.=V,
S =
For region (2) where r27, and o= 50 , We have

n={put 2
P dv,
dx
dv,
Here dx is negative. Therefore, after removing the modulus sign and substituting the value

of 1 in Generalized Newton’s law of viscosity. we obtain,
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s

L = pgcos fix
or
dv,
- = pgcos px—t,
or

dv, —pgcosPx )
dk K 7

Finally, we obtain the velocity profile, as given below

— —pgcos Bx° /3

—+—x+C,
Ho 2 U

z

o v.=0

where c2 is an integral constant. By using no slip boundary condition at *=
obtain

, WE

o, LRBE T

E 2 M
Therefore,
y —PEOBES |, x | 6|, x
i 2 o y7, o

. . . 9 <xZ9,
Equation (22.22) shows the velocity profile in region :
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Introduction

In heat transfer, we deal with transfer of thermal energy or heat which takes place between
different bodies/fluids. Here, we start with Axiom-4 of transport phenomena.

This axiom is similar to the first law of thermodynamics. It states that "energy is conserved"
which means energy cannot be created or destroyed. Energy may be transferred from one formto
another or one place to another. Transfer of energy in a system depends how it interacts with the
surrounding. Here, the system is defined as the region of an equipment / unit which is under
investigation. The remainder of everything else is called the surrounding which is outside the
boundaries of the system. The system may be classified in three types, based on how the system
is interacting with the surrounding in terms of heat, work, and mass exchange.

(1) Isolated system

Here, the system can not exchange either heat, work or mass with the surrounding. Therefore, the
total energy of an isolated system does not be change or 4E = E1-E>=0 where 4E is the change in
total energy of the system at two different states 1 and 2.

(2) Closed system

Here, the system can not exchange mass with the surrounding but heat and work may be
exchanged. Therefore, the change in total energy of a closed system within two different states
can be calculated as AE=4Q+AW where, AE is the change in energy of the system, 4Q is the
heat added to the system, and AW is the work done on the system by the surrounding. The
change in total energy of a system, AE equals to the summation of changes in potential, Kinetic,
and internal energies of the system. However, the change in potential and kinetic energies of the
system are usually negligible and thus, the total energy E changes only due to the change in
internal energy, U. Therefore, for a closed system, we may write,

AU=AQ+AW

(3) Open system
In an open system all three mass, heat, and work may be exchanged with the surrounding.

Therefore, the change in total energy of an open system may be calculated as,

Addition or removal of
AE = AQ+ AW +| energy due to net inflow

of mass in the system

the following manner.
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’ Rate of accumulation J [Net rate of inflow } (Net rate of heat
= +

of energyinthe system of energy by convection | \ addtion by conduction

‘Rate of heat

"Net rate of work _ _
J + | generation/ consumption

done on the system _
’ by the heat source or sin

¥

Heat loss or gain
Ttby radiation

The above equation takes into account the heat transfer by three different modes as shown below.

» Conduction: In heat transfer, heat conduction is the transfer of heat from higher
temperature region to lower temperature region due to temperature gradients.

» Convection: The energy transfer may also occur due to the transport of material from the
boundaries of the system.

+ Radiation: This term implies transfer of heat energy due to electromagnetic waves under
certain range of wavelength. Radiation does not require a material medium for energy
transport like in conduction and convection. Unless the temperature is high, the heat
addition by radiation may be neglected.

While studying the subject of heat transfer, the main objective is to find the rate of heat transfer
from a body or a system. Fourier’s law of heat conduction provides the relation between the rate
of heat transfer and temperature gradients.

Fourier’s law of heat conduction

When a temperature gradient exists in a body, experience has shown that the heat is transferred
from higher temperatures to lower temperatures. Consider a solid block of surface area A, which
is located between two parallel planes, set a distance H apart as shown in Fig. (24.1). Initially, for
t<0, the solid block is maintained at a homogeneous temperature T1 throughout. After some time
t=0, lower plane is suddenly brought to a higher temperature T, and maintained at that
temperature for t>0. Once the steady state is achieved, it is found that a constant heat flux in x
direction is required to maintain the temperature difference, ki Ais required to maintain the
constant temperature difference (T»-T1) across the solid block.
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x T
o W

> T X=0
y 2

Fig 2.1 Flow of heat between two parallel plates

Repetition of the above experiment with different temperature differences A7=(T2-T1) shows that
the heat flux is proportional to AT/H as shown in Fig. (24.2).

Q/A

W

AT/H

Fig 2.2 Heat flus vs. temperature gradient

This implies that

_ 9 . AT
2 A H
or
dT
—
q. o

where K is called thermal conductivity. Negative sign indicates that the heat flows from higher
temperatures to lower temperatures.
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Unit of thermal conductivity is

/
= lo] _ C%nf sec __ cd

dT °7 cm—sec °c
= cm

dx

k

The Equation (24.2) is called the Fourier’s law of heat conduction. By extending this equation in
three dimensions, we obtain

dT rector form as

gi="—k——
dx
dT
Gy wlti—
dy _ .
the molecular heat transport or conduction for an isotropic body and
dT ystem. The detail forms of Fourier's law in all coordinate systems are
g:= —k—
dz

In this section, we solve some simple heat transfer problems due to conduction by using shell
energy balance.

Heat conduction through a composite wall

Consider a composite wall of height L , width W and thickness 51' T 52’ . The wall contains
two layers of different materials which have the thermal conductivity KO and K1, and different

o, and O,
A 1 2 . . . . .
thickness respectively. At x=0, the composite wall is maintained at a constant

X=0,+0,
temperature TO, while at 47722 it has a constant temperature T2 as shown in Fig. (25.1).
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Fig 2.3 Heat conduction through a composite wall

Assumptions

+ System is in steady state.
» Thermal conductivity for both walls, KO , and K1 are constants.
+ System follows Fourier’s law of heat conduction.

+ Heat loss from side walls in direction of y and z are negligible.

Non-zero components of heat flux and the control volume
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Fig 2.4 Control volume for heat flow through a composite wall

Since temperature is changing in x direction only, the control volume is chosen such that it has
differential thickness in x direction as shown in Fig. (25.2) and gx is the only component of heat
flux.

Energy balance

Heat flux entering into the control volume at x = x is

q.HW |,

Heat flux leaving from the control volume at x =x + dx is p

quW L‘—Ax

Any source or sink of heat is not present in the control volume and work done on the system is
zero. The thermal energy balance for this control volume may be written as

0 = (¢.HW)|..— (¢.HW)

X+ Ax

After dividing by LWAX and taking the limit Ax to zero, we get
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dQI
dx

=0

Integration of this equation gives

qx: C]

Here C1 is the integration constant. Equation (25.5) implies that heat flux is constant throughout
the composite wall.
By applying the Fourier’s law of heat conduction, we get

_ kT _
q.’( d\: 7

Equation (25.6) may also be written as

Now, the problem may be solved for both layers of composite wall separately.
Layer 1: 0<x< %

Here, thermal conductivity is kO Therefore, Equation (25.7) may be changed to

At x=0, the temperature of the composite wall is given as T=T0. Also the temperature of the first
at can be assumed as T=T11. By integration of Equation (25.8) and substituting the boundary
conditions, we obtain

L= -2

0
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—,(6,-6,)

7

<

Here, T12 is the assumed temperature of second layer of

X =6, (25.1

It may be noted that at the interface of the two layers at X=51, the heat fluxes are same for both
layers. Thus, equating the heat fluxes we find the integration constant c1 is same for both layers.
Also, thermal equilibrium may assume at interface and therefore,

TM: I,

y 'y

Using above boundary condition in Equation (25.9) and (25.10) and adding, we obtain

L=t
k&
or
I
18,84

5 & |

The above equation (25.14) provides resulting heat flow per unit area of the composite wall.

In the last example, we had solved a heat transfer problem which involved cartesian coordinates.
To understand the formulation of problem in other coordinate systems two more example are
considered here. One in cylindrical coordinate system and second in spherical coordinate system.

Heat transfer in a cylindrical shell

Consider a long cylindrical shell of inner radius R1, outer radius R2, and length L shown in Fig.
11



Fig 2.5 Heat transfer in cylindrical shell

Assumptions

+ System is in steady state.
» Thermal conductivity, k, is constant.
+ System follows Fourier’s law of heat conduction.

» Heat loss in axial direction is negligible.

Non-zero heat flux component

Since temperature is changing in r direction only, gr is present. Now, consider a control volume
of differential thickness Ar as shown below

qr

Fig 2.6 Control volume for heat transfer in cylindrical shell
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Shell energy balance across the control volume

Heat flux entering the control volume at r=r is

2rxrlq, | (26.1)

.

Heat flux leaving from the control volume at r=r+ Ar is

2nrLq, |, (26.2)

No source or sink of heat is present in the control volume and work done on the system is zero.
Thus, the thermal energy balance is reduced to

0 =q,2nrL| —q,2nrL |,

By dividing Equation (26.3) to the volume of control volume 2zirLAr and taking the limit Ar
going to zero, we obtain

d(rq,) _
dr

0

By integrating Equation (26.4), we get

C;

g, =
;n

where c1 is a integration constant.
Substituting Fourier’s law of heat conduction in Equation (26.5) , we obtain

dI _ ¢,
dr —kr
or

I'=-¢,Inr+c;

Here, c2 is the constant of integrations.Boundary
conditionsarer=R1, T=T1
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and

r:RQ =1,

at
(26.8)

This leads to the solution

Tﬂ—Z}:—cjln(Rz/Rjj

<

I

N k(TJ—Tz)
~In(R,/R))

¢,

Substituting the value of c1 in Equation (26.5), we finally obtain

k(T1—T3)

K rin(R,/R,)

q,

The rate of heat transfer through cylindrical shell may be calculated as shown below,

27Lk(T1-T2)
In( R2/ Ri)

% :(ZMAXQr,) L:R, orr=R_,~:

Heat transfer in a spherical shell
Consider a spherical shell of inner radius R1 and outer radius R2, whose inside and outside

surfaces are maintained at the constant temperatures T1 and T2 respectively as shown in Fig.
Calculate the heat flux from the spherical shell

11



Fig 2.7 Heat transfer in hollow sphere

Assumptions

+ System is in steady state.
» Thermal conductivity, k, is constant.

+ System follows Fourier’s law of heat conduction.

Non-zero heat flux component

Since temperature changing in r direction, only gr is present. The control volume may be drawn
of differential thickness dr as shown in Fig (26.4).

Shell energy balance across the control volume

-

. 4rrq. |
Heat flux entering control volume at r=r is .
(26.12)
2
Heat flux leaving control volume at r=r+ Ar is 4 q. L'—Ar

(26.13)
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Fig 2.8 Control volume for heat transfer in hollow sphere

Any heat source or sink is not present in the control volume and work done on the system is zero.
Thus, the thermal energy balance is reduced to

Oz(q,4zz72) | —(%4727‘2) <

Dividing Equation (26.14) by volume of control volume 47r-Ar and taking the limit Ar—0
we get
'
(r“qg-)=10
dr

and integrating Equation (26.15), we find

G
qr = —
-

where, ¢l is an integration constant.

By substituting Fourier’s law of heat conduction in Equation (26.16) and integrating, we obtain

11



where c2 is another integration constant.

The Equation (26.17) is subjected to the boundary conditions,

«7 =R, T=T,
(26.18)
and
o= R‘.\ T - T«
at =3 -
(26.19)

Using above boundary conditions and evaluating the constants of integration c1 and c2, we
finally obtain heat flux through spherical shell as given below,

_ 1 k(1,-T,)
'y BN
._RJ R.?/

Heat transfer from a cylindrical composite wall : Use of heat transfer coefficients

Consider a cylindrical composite wall whose inner surface is exposed to a fluid at constant
temperature Th and the outer surface is exposed to atmosphere at a temperature Ta. Ro is the
inner radius of cylinder while outer radius is R1. The cylinder is insulated and radius of
insulation changes from R1 to R2 as shown in Fig. (27.1). The inside and out side heat transfer
coefficients are hb and ha respectively. KO1 and K12 are the thermal conductivity of cylinder
material and insulation respectively. Calculate the overall heat loss through the cylindrical wall.
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Fig 2.9 Heat transfer in cylindrical composite

wallAssumptions

+ System is in steady state.
+ Thermal conductivities KOland K12 are constants.
+ System follows Fourier’s law of heat conduction.

+ Heat loss in axial directions are negligible.

Heat flux component

Here, the temperature is changing in the radial direction, and therefore, T=T(r) and qgr is the only
non-zero heat flux. As we have seen in the previous problems, the energy balance for cylinder
material and insulation may be written as

Fgy: = €5= constant

12



respectively. Substituting Fourier's law of heat conduction, we obtain,

-kr aL =,
dr

Assume the unknown temperatures are TO, T1 and T2 respectively as shown in Fig. (27.1). To
solve Equation (27.2) for metal wall as well as for insulation material, it may be noted that the
metal wall subjected to the following boundary conditions.

1 F=R, T=I, (27.3)
and
at r=R11T =T, (27.4)

Similarly for insulation, we have the boundary condition (27.4) and second boundary condition
is given below

r=R,,T=1T,

The final solution in for Equation (27.2) is given below

BT
[n(R,/R,)

q,Ro

or

in(R,/R,)

(T,-T;) =R~

or
and similarly

Heat transfer coefficient
12



For complete solution of this problem, we need to solve problems of heat transfer in fluid inside
the cylindrical tube as well as in the atmosphere outside the insulation. However, if we know the
heat transfer coefficients, we may avoid finding these solutions. Recall the Newton's law of
cooling which states the rate of heat transfer from a body is proportional to the difference in
temperature between the body and its surrounding where q= A3T where A is the constant of
proportionality. The heat transfer coefficients are similar to the coefficient A in the Newton's law
of cooling, using these coefficients

qO = ha(Ta —TO)

or

(’T_T)zﬂzﬂ
e ST, BR

and for insulation, we have

0, =h(L-T,)

<

or

( ﬂ_]—:’):q“- :R:%
Y Rh

LN

By adding Equations (27.7), (27.8),(27.10) and (27.11) and, noting Equation (27.1), we get

1 +Zn(Rl./Ro) A RER) . 1
hR, k,, k., R,h

0 < a

or

12



(Z.-T,)

a

4o = .
R, 1 +1n(R1/R0)+ln(R2/R1)+ 1
R, ko, k; h.R,
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Heat conduction with a heat source

A cylindrical rod of radius RO and length L is producing heat which is equal to Sc per unit time
per unit volume, may be due to conversion of electrical energy into heat. The surface of the
cylinder is maintained at temperature TO. Determine the temperature profile.

T
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Fig 2.10 Heat transfer in cylindrical shell

Assumptions

+ System is in steady state.
o Thermal conductivity of metal is constant.
o System follow Fourier’s law of thermal heat conduction.

+ Heat loss in axial directions are negligible.

Once again, temperature is changing in r direction only and qgr is the only non-zero component of
heat flux. Writing the following terms required for energy balance for a control volume shown in
Fig. 27.2, we obtain the following terms

2rrLq, |

Heat entering the control volume is

12



(27.13)

) ) 2”’1’617 Ir—-Ar
Heat leaving control volume is
(27.14)

the heat produced in metal rod is given by

Scex 2nrAr L

Writing the energy balance, we find

2mrlq | —2mlq, |, + Sc2nrAr L = 0

which leads to the following differential equation

1d, .
= (1g,)=5
a

Integrating Equation (27.17), we finally obtain

rSe ¢ ;
+ el
2 I

9, =

To evaluate the constant of integration c1, we may apply the boundary condition that at r=0, gr is
finite; Therefore,
cl=0 (27.19)

or

Applying Fourier’s law of heat conduction, we have

12



i dT _ rSc

dr 2
Thus, after integration, we obtain

Ser’
4k

=

The second boundary condition for this problem is that

at

=R I=T,

or
Cﬁ=%+&R
’ 4k

Thus, the temperature profile may be determined as below

Critical radius of insulation

Consider a cylindrical rod which is insulated by an insulation material as shown in Fig. (27.3).
The radius of the rod is RO and rod is maintained at temperature TO. The insulated rod is
surrounded by a medium at temperature Ta. The out-side heat transfer coefficient is ha.
Determine the critical radius of insulation at which the heat loss is maximum.

12



Insulation

Fig 2.11 Insulated cylindrical pipe

Once again, as shown earlier, the energy balance for cylindrical shell in insulation material leads
to the following differential equation.

L S
r a’r(’q')

Integrating Equation (27.25) and applying Fourier’s law of heat conduction, we obtain

& dr
= — = —k —_—
(Jr » 1 dr

The above equation may be integrated subject to the following boundary conditions

at r:RO, T'=T,

(27.27)
and
at HT S R, , I'=T,
(27.28)
Also, since the out side heat transfer coefficient is given, we have
g, Lz =h, (TJ_Ta) (27.

12



(5, -T,)
ol 1 mn(R/R)
°| h,R, k,

4o =

In Equation (27.28), we may define the overall heat transfer resistance as

1 In(R,/R,)
U= B T
Ro{ haRz' k] }

In Equation (27.30), the first term in right hand side represents the convective heat transfer
resistance and the second term represents the conductive heat transfer resistance. It can be easily
observed that convective resistance decreases and conductive resistance increases as we increase
the thickness of the insulation, i.e., R1 thus, over all heat loss may initially increase and then
decreases as shown in Fig. 27.8. The value of R1 where the heat loss is maximum or the overall
heat transfer resistance is minimum, is called the critical radius of insulation.

Critical radius

Minimum thickness of
Q Insulation

\

R

Fig 2.12 Thickness of insulation Vs. heat flux

Since, the overall heat transfer resistance should be minimum at critical radius, we have

av
dR

1 |Critical radius

or

12



1 1

S —is 27.33
k! R] Rl‘ ha ( )
which provides the critical radius of insulation
k
R, — =R :]—f (23
(77 3 5 1

If the overall resistance U is differentiated twice with respect to the radius of insulation R1, we
obtain

d’u ] 2
T 7 2z 3
dR-J k}R ". R‘-l7

At critical radius of insulation the value of the right hand side in Equation of (27.35) is positive
as shown below

dU _-h’ 2n’ K’ 0
& K hE ¥

Since, the value of second derivative is always positive, verifies that U is minimum at critical
radius of insulation. Thus, the heat loss is maximum at critical radius of insulation given by
Equation (27.33).

Derivation of equation of energy

In this section, we derive the equation of energy by using Axiom-4, which states that energy is
conserved. The equation of total energy may be further divided into two parts. First is the
equation of mechanical energy and second is the equation of thermal energy. The equation of
mechanical energy is derived from equation of motion. The equation of thermal energy is derived
by subtracting the equation of mechanical energy from the equation of total energy. Later, the
equation of thermal energy is modified in temperature explicit form, which may be used for
obtaining temperature profile

Consider a stationary control volume of dimension Ax, Ay and Az. The fluid is flowing with a

v
velocity =~ , which has components vx, vy and vz in X, y and z directions respectively, as
shown in the Fig.(28.1).

12



Vv

b
X
Fig 2.13 Cubical control volume
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The total energy consists of potential energy — , Internal energy and kinetic energy < .

Since the control volume is fixed in the space, the change in potential energy is negligible.
Therefore, the energy balance may be written as .

& Kinetic energy in control volume ad

Rate of accumulation of internal Rate of net change of internal N
+
& kinetic energy by convection

Work done on the system against varic
forces( Pressure, Gravityand Shear )

Rate of heat addition ]

by some heat sources
Now, we take each term in equation (28.1) and write them separately as given below.
(1) Rate of accumulation of internal and Kinetic energy

The rate of accumulation of internal and kinetic energy in the control may be written as

13



~

U

where, is the internal energy per unit mass of the system.
(2) Rate of net change of kinetic and internal energy by convection

Net inflow of kinetic and internal energy by convection may be written as

(, mw)@hff] (i) (é +if]

X A
I o] T I, s
— v V=

) TF - =5 | i
+( pevA] —2\f +U| | (el —ZV‘ +U

—z 78

(3) Rate of heat addition by conduction

As shown in Fig. (28.2), heat flux, q , has three components gx, qy and gz respectively.
Therefore, the net heat addition by conduction is given below
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Fig 2.14 Cubical control volume with heat transfer

(9579 L~ (@) Lo+ (g0 |, — g 0], + (q00) | - (A9 L.,
(4) Rate work done on the system

. . : F
Work done on the system is defined as a scalar product of force and displacement vectors. If =~

is a force and el is the displacement then work done delta w, is
éw = F.éol

or rate of work done is given by

=

ow_p ol
ot = ot

or

Il
1"y
1=

or

13



Now, consider the forces acting on a fluid element. These forces are

o Gravity force
* Pressure force

o Shear force

Therefore, we need to consider work done by these force on the control volume separately.
1. Rate of work done against Gravity forces

By following Equation (28.6), the work done against gravity force may be written as

= PAAYAZE v, + PAxAVAZg v, + PAxAyAZE v,

2. Rate of work done by pressure forces
The pressure forces always act in the opposite direction to the outer normal of a plane. It is a
compressible force. Therefore, the work done on the control volume by pressure forces may be

calculated as follows
Rate of work done by x directed pressure forces:

= (%P)\ e~ (vP) .y e

Rate of work done by y directed pressure forces:

= (v P) | Axte— (P, A

Rate of work done by z directed pressure forces:

= (vP)} ey~ (1Pl Ay
Derivation of equation of energy

3. Rate of Work done by shear forces
13



Fig. as discussed earlier.

Fig.2.15 Shear stresses, acting on z directed plane

Therefore, the work done by shear forces on the control volume, acting on x directed plane may
be calculated as

TV ALY, Y, | AEA TV, AT AT, | | Ak

Similarly, the work done by shear forces on the control volume, acting on y directed plane may
be calculated as

Wy wex Wy

{ LY ATV, +T, ] sz L‘sxAz—{ LY ALY +z;21-;_;} L Az

and the work done by shear force on the control volume, acting on z directed plane may be
calculated as

[i TV, +TY, +z'zt."_;| L A\’A1—{ TV, +TY, +z;zvz:] | Ay

5. Rate of Heat addition by Heat source or sink

13



= SCAxAyAz

We now substitute all terms given above in Eqution (28.1) and then divide by AxAyAz. After
taking the limits Ax,Ay and Az going to zero, we obtain the following equation

e 5 A o) . 3 5] o o) = A ¢
—| p| U+— ||=— | = pw| U+— [+ pw| U+— [p+—{ pre| U+— [} |- | —¢
a’H 2H a{{m( ZJ} @’{p\[ 2} &{n{ 2]} [5‘

. ¢ Ty o 8% s s x

&+ vg +v.g | —(P ) +—| Py, |+—( Py,

PG+ 18, + V8 )| (P a( W3 -J}

3 By .
+ = |zl 5, 50, ) +a | 5% +7,0, +7,.v,) +gZ AR AT

v

T
In Equation (29.5), the stress tensor ~was taken as shear forces. To change it into momentum

T
flux, we replace all components of ~with a minus sign. In addition, if we rewrite the Equation

(29.8) in vector and tensor form , we obtain the following result for equation of energy.

Y " AP
g p[w‘;] =V p[w‘;j v-Vg+mg-V(P)-Y(zy) +S

We may further simplify Equation (29.6) by combining the internal energy and kinetic energy
terms as shown below. If

2

AV
s=F+—
2
Then, Equation (29.6) may be written as
o(ps)
~ Vs =—Ya+prg-V(P)-V(z)+%

The left hand side of Equation (29.8) may be modified as shown below
13



Therefor, Equation (29.10) simplifies to,

os
= p| —+v.Vs
p[ar - ]

or

Therefore, Equation (29.08) simplifies to

or
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Above equation represents the equation of total energy in terms of substantial derivative. Since
observer is moving with fluid in the case of substantial derivative, the convective terms are not
presents in the above equation.

Derivation of equation of energy
In previous lecture, we had derived the equation of energy which may be further divided into two
parts

1. Equation of mechanical energy
2. Equation of thermal energy

Equation of mechanical energy

For understanding the nature of mechanical energy, consider a simple case of a single particle
moving in one direction as shown in Fig. 30.1. Assume the particle has mass m and is located at
height h from a reference plane and moving upward with velocity . Gravity is the only force
working on the particle.

Z=0
Fig 2.16 A particle of mass m situated at height z

Starting with Newton’s second law of motion, we have
Force = mass x acceleration

13



F = ma
or

dv
F=m—=
dt

By taking dot product of equation (30.2) with velocity , we find that

dv
V.| F =m—
dt
or
dv
vE =myv.—
dt

Using vector identity, we have

d(vy) dv dv L v
— L=y, =gy, —=

dt Tdt dt T T odt

or

” dv id(“z )
~dt 2 il

where, v is the magnitude of the velocity vector X .
By substituting Equation (30.6) in Equation (30.4), we obtain

13
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\

“2 \
(]’ A ‘
L 2 )
vWE+v,F,+v,F,=m——=
dt
For the example given above, we have ,
F1=0,F2 =0, F32-MQ ettt (30.8)
and
VI=0,v2=0,V3=V oo (30.9)

Thus, Equation (30.7), reduces to
Ir 1-.2 .\'
q%
“
—vmg=m———-=

dt

Substitute v = (dz/dt). Thus we obtain,

g
{'f‘ T
dz \ <
—mg—=m
dt dt

Since, m and g are constants. We may rewrite above equation as,

Fd ¥

V]
(f‘ 71— ‘
d(mg ) 2

dt dt

or
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2
3
Thus Mgz + m— = constant

-

First term in above equation is the potential energy and second term represents the kinetic
energy. Therefore, the above equation states that the sum of kinetic and potential energy remains
constant. This is the equation of mechanical energy for a particle and similar equation may be
derived for fluids as shown below.

Equation of mechanical energy for fluids

The equation of motion for a fluid is equivalent to Newton’s second law of motion for solid
bodies. Therefore, to derive the equation of mechanical energy for fluids we take the dot product
of velocity with equation of motion for fluids. i.e.,

v : ‘
v.| p—=pg-VP-Vr
=| " b = = ==
As before,

D’ 2 ‘
Dy \2)
~ Dt Dt

(Note: substantial derivatives behave like normal derivatives.). Thus,

D (v , ,
P e 17 = pgy—¥.(VP)-v.(V.z)

The following vector and tensor identities may be used for simplifying Equation (30.14)

V.(Py) = P(Vxy) +1(VP)

T

and if < is a second order symmetric tensor then we also have

14



Thus, we obtain

DIV . x| | - '
"ol 2 =1(pg)-[ V.(Pr)+(-P(T2)) |-[V-(z3)+ (-2 : Vv)]
.
or
D{/'\Z\ ; : B | -~ |
P 5 |=1(pg) -V (Pr)+ P(V2)-V(ex)+ 2 Yy

Equation (30.18) is called the equation of mechanical energy for fluids. Significance of each
term is given below.

2) | Rate of change of

r done bv gravity |
. kinetic energy  =v.(pg ) .
’ | force on the svstem

"'rm'ersible comversion of

| work done by pressure |
‘ -+ P(V.v) kinetic energy into

~ | force on the system |

¥R

‘ the mrema/ energy

[work done by 11$(’011$|
¥)3 T+ 1
| forces on svstem |

= |irrever.sib/e comversion of
7V

~

Ir]
I"l

| kinetic energy in to the hea

As discussed earlier, the equation of thermal energy can be derived by subtracting the equation of
mechanical energy (Equation (30.18)) from the equation of total energy (Equation (29.15)), i.e.,

( Equation of thermal "‘" |"“ Equiation of \" "’Equmfou of mechanical
_energy ) energy ) \energy
thus
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D(U)

P~ V.(Py)+S:+V.(Pyv)-P(Vy)-(z: V)
or

DY) Vqg+S-P(Vy %3

) -==V.qg+S%-P(Vy)—(c. W
P V-q (Yy)—(z: V1)

The significance of each term in equation of thermal energy, Equation (31.21) is given below

D (l:’) Rate of change of ‘

| | Heat transferred | _[Heat gener
| internal energy =-V.q-

[)

LIC
’ 7y [ bv condhiction | | by source
per unit voluie | ¥

reversible conversion of |

|"irre1‘ersib/e comversion of

-P(V.v)< kinetic energy into c— (7.

1 t-]

| kinetic energy in to the he
the mfernal energy

fr:WVv)

Here "~~~ is known as the viscous heat dissipation and the significance of this will be
discussed later.

Equation of mechanical energy of fluids and its interpretation

If we consider a special case of non-viscous fluid, where the shear stress is zero, Equation
(30.14) simplifies as shown below

:'/ 2 \'|

Y
D{ —
-

P —.D; o VP + 'O(\:.g)

Here, the gravity may be represented by gradient of a scalar quantity @, or

g==V¢
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N\

D]' ‘T
"2 =y VP+ p(—1.V§
i B, )

Further, if we assume that pressure and gravity do not depend on time. Thus, we have

OP (t)
) _ 0
ot

and

oo
P

ot

After substituting these values in Equation (30.25), we obtain

."‘1.2 N\
- ‘ 2 ’ oP w00
yo 8L i Py ey V) p
o LYF o FAL YRk

C

which may be further simplified as

7 55 P
1. { P \
D‘ . ] D‘ 4
l'\ 3 ./‘ /')

L) D(.-;
Dt Dt Dt
or
DV p )
Dt\ 2 p

which leads to In heat transfer, we deal with transfer of thermal energy or heat which takes place
betweendifferent bodies/fluids. Here, we start with Axiom-4 of transport phenomena.



This axiom is similar to the first law of thermodynamics. It states that “energy is conserved"
which means energy cannot be created or destroyed. Energy may be transferred from one formto
another or one place to another. Transfer of energy in a system depends how it interacts with the
surrounding. Here, the system is defined as the region of an equipment / unit which is under
investigation. The remainder of everything else is called the surrounding which is outside the
boundaries of the system. The system may be classified in three types, based on how the system
is interacting with the surrounding in terms of heat, work, and mass exchange.

(4) Isolated system

Here, the system can not exchange either heat, work or mass with the surrounding. Therefore, the
total energy of an isolated system does not be change or 4E = E1-E>=0 where 4E is the change in
total energy of the system at two different states 1 and 2.

(5) Closed system

Here, the system can not exchange mass with the surrounding but heat and work may be
exchanged. Therefore, the change in total energy of a closed system within two different states
can be calculated as AE=A4Q-+AW where, AE is the change in energy of the system, 4Q is the
heat added to the system, and 47 is the work done on the system by the surrounding. The
change in total energy of a system, AE equals to the summation of changes in potential, kinetic,
and internal energies of the system. However, the change in potential and kinetic energies of the
system are usually negligible and thus, the total energy E changes only due to the change in
internal energy, U. Therefore, for a closed system, we may write,

AU=AQ+AW

(6) Open system
In an open system all three mass, heat, and work may be exchanged with the surrounding.

Therefore, the change in total energy of an open system may be calculated as,

Addition or removal of
AE = AQ+ AW +| energy due to net inflow

of mass in the system

the following manner.



’ Rate of accumulation J [Net rate of inflow } (Net rate of heat
= +

of energyinthe system of energy by convection | \ addtion by conduction

‘Rate of heat

"Net rate of work _ _
J + | generation/ consumption

done on the system _
’ by the heat source or sin

¥

Heat loss or gain
Ttby radiation

The above equation takes into account the heat transfer by three different modes as shown below.

» Conduction: In heat transfer, heat conduction is the transfer of heat from higher
temperature region to lower temperature region due to temperature gradients.

» Convection: The energy transfer may also occur due to the transport of material from the
boundaries of the system.

+ Radiation: This term implies transfer of heat energy due to electromagnetic waves under
certain range of wavelength. Radiation does not require a material medium for energy
transport like in conduction and convection. Unless the temperature is high, the heat
addition by radiation may be neglected.

While studying the subject of heat transfer, the main objective is to find the rate of heat transfer
from a body or a system. Fourier’s law of heat conduction provides the relation between the rate
of heat transfer and temperature gradients.

Fourier’s law of heat conduction

When a temperature gradient exists in a body, experience has shown that the heat is transferred
from higher temperatures to lower temperatures. Consider a solid block of surface area A, which
is located between two parallel planes, set a distance H apart as shown in Fig. (24.1). Initially, for
t<0, the solid block is maintained at a homogeneous temperature T1 throughout. After some time
t=0, lower plane is suddenly brought to a higher temperature T, and maintained at that
temperature for t>0. Once the steady state is achieved, it is found that a constant heat flux in x
direction is required to maintain the temperature difference, ki Ais required to maintain the
constant temperature difference (T»-T1) across the solid block.
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Fig 2.18 Flow of heat between two parallel plates

Repetition of the above experiment with different temperature differences A7=(T2-T1) shows that
the heat flux is proportional to AT/H as shown in Fig. (24.2).

Q/A

W

AT/H

Fig 2.19 Heat flus vs. temperature gradient

This implies that

_ 9 . AT
2 A H
or
dT
—
q. o

where K is called thermal conductivity. Negative sign indicates that the heat flows from higher
temperatures to lower temperatures.



Unit of thermal conductivity is

/
= lo] _ C%nf sec __ cd

dT °7 cm—sec °c
= cm

dx

k

The Equation (24.2) is called the Fourier’s law of heat conduction. By extending this equation in
three dimensions, we obtain

dT rector form as

gi="—k——
dx
dT
Gy wlti—
dy _ .
the molecular heat transport or conduction for an isotropic body and
dT ystem. The detail forms of Fourier's law in all coordinate systems are
g:= —k—
dz

In this section, we solve some simple heat transfer problems due to conduction by using shell
energy balance.

Heat conduction through a composite wall

Consider a composite wall of height L , width W and thickness 51' T 52’ . The wall contains
two layers of different materials which have the thermal conductivity KO and K1, and different

o, and O,
A 1 2 . . . . .
thickness respectively. At x=0, the composite wall is maintained at a constant

X=0,+0,
temperature TO, while at 47722 it has a constant temperature T2 as shown in Fig. (25.1).
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Fig 2.20 Heat conduction through a composite wall

Assumptions

+ System is in steady state.
» Thermal conductivity for both walls, KO , and K1 are constants.
+ System follows Fourier’s law of heat conduction.

+ Heat loss from side walls in direction of y and z are negligible.

Non-zero components of heat flux and the control volume



Fig 2.19 Heat transfer in cylindrical shell

Assumptions

+ System is in steady state.
» Thermal conductivity, k, is constant.
+ System follows Fourier’s law of heat conduction.

» Heat loss in axial direction is negligible.

shell energy balance across the control volume

Heat flux entering the control volume at r=r is

2rnrlq, |, (26.1)

Heat flux leaving from the control volume at r=r+ Ar is

2nrLq, |, o (26.2)

No source or sink of heat is present in the control volume and work done on the system is zero.
Thus, the thermal energy balance is reduced to

0 =q,2nrL| —q,2nrL |,

By dividing Equation (26.3) to the volume of control volume 2zirLAr and taking the limit Ar
going to zero, we obtain



d( rqr ) — 0

dr

By integrating Equation (26.4), we get

C;

g, =
"

where c1 is a integration constant.

Substituting Fourier’s law of heat conduction in Equation (26.5) , we obtain

dI _ ¢,
dr —kr
or

T =—,Inr+c,

Here, c2 is the constant of integrations.
Boundary conditionsare atr=R1, T=T1

and

r=R, T=T,

at

This leads to the solution

1"2—1}=—61]}1(R2/R1)

I

N k(TJ—Tz)
~In(R,/R))

¢,

(26.8)



Substituting the value of c1 in Equation (26.5), we finally obtain

k(T1-T>)

i rin(R,/R,)

g,

The rate of heat transfer through cylindrical shell may be calculated as shown below,

(2 ! 27Lk(T1-T>)
— 722 ) iy 4 — -
9 e L In( R/ Ry)

Heat transfer in a spherical shell
Consider a spherical shell of inner radius R1 and outer radius R2, whose inside and outside

surfaces are maintained at the constant temperatures T1 and T2 respectively as shown in Fig.
Calculate the heat flux from the spherical shell



Fig 2.20 Heat transfer in hollow

sphereAssumptions

+ System is in steady state.
» Thermal conductivity, k, is constant.

+ System follows Fourier’s law of heat conduction.

Non-zero heat flux component

Since temperature changing in r direction, only gr is present. The control volume may be drawn
of differential thickness dr as shown in Fig (26.4).

Shell energy balance across the control volume

-

. 4rrq. |
Heat flux entering control volume at r=r is .
(26.12)
2
Heat flux leaving control volume at r=r+ Ar is 4 q. L'—Ar

(26.13)



Fig 2.21 Control volume for heat transfer in hollow sphere

Any heat source or sink is not present in the control volume and work done on the system is zero.
Thus, the thermal energy balance is reduced to

0=(g,47° )| {g4m" )|

Dividing Equation (26.14) by volume of control volume 47r-Ar and taking the limit Ar—0
we get
'
(r“qg-)=10
dr

and integrating Equation (26.15), we find

G
gr=—
;

where, ¢l is an integration constant.

By substituting Fourier’s law of heat conduction in Equation (26.16) and integrating, we obtain



where c2 is another integration constant.

The Equation (26.17) is subjected to the boundary conditions,

«7 =R, T=T,
(26.18)
and
o= R‘.\ T - T«
at =3 -
(26.19)

Using above boundary conditions and evaluating the constants of integration c1 and c2, we
finally obtain heat flux through spherical shell as given below,

_ 1 k(1,-T,)
'y BN
._RJ R.?/

Heat transfer from a cylindrical composite wall : Use of heat transfer coefficients

Consider a cylindrical composite wall whose inner surface is exposed to a fluid at constant
temperature Th and the outer surface is exposed to atmosphere at a temperature Ta. Ro is the
inner radius of cylinder while outer radius is R1. The cylinder is insulated and radius of
insulation changes from R1 to R2 as shown in Fig. (27.1). The inside and outside heat transfer
coefficients are hb and ha respectively. KO1 and K12 are the thermal conductivity of cylinder
material and insulation respectively. Calculate the overall heat loss through the cylindrical wall.



Fig 2.22 Heat transfer in cylindrical composite

wallAssumptions

+ System is in steady state.
+ Thermal conductivities KOland K12 are constants.
+ System follows Fourier’s law of heat conduction.

+ Heat loss in axial directions are negligible.

Heat flux component
Here, the temperature is changing in the radial direction, and therefore, T=T(r) and qgr is the only

non-zero heat flux. As we have seen in the previous problems, the energy balance for cylinder
material and insulation may be written as

Fgy: = €5= constant



respectively. Substituting Fourier's law of heat conduction, we obtain,

-kr aL =,
dr

Assume the unknown temperatures are TO, T1 and T2 respectively as shown in Fig. (27.1). To
solve Equation (27.2) for metal wall as well as for insulation material, it may be noted that the
metal wall subjected to the following boundary conditions.

1 F=R, T=I, (27.3)
and
at r=R11T =T, (27.4)

Similarly for insulation, we have the boundary condition (27.4) and second boundary condition
is given below

r=R,,T=1T,

The final solution in for Equation (27.2) is given below

BT
[n(R,/R,)

q,Ro

or

in(R,/R,)

(T,-T;) =R~

or

and similarly



o (R, /R)

19
14

(7} _I;) =4

Heat transfer coefficient



For complete solution of this problem, we need to solve problems of heat transfer in fluid inside
the cylindrical tube as well as in the atmosphere outside the insulation. However, if we know the
heat transfer coefficients, we may avoid finding these solutions. Recall the Newton's law of
cooling which states the rate of heat transfer from a body is proportional to the difference in
temperature between the body and its surrounding where q= A3T where A is the constant of
proportionality. The heat transfer coefficients are similar to the coefficient A in the Newton's law
of cooling, using these coefficients

qO = ha(Ta —TO)

or

(’T_T)zﬂzﬂ
e ST, BR

and for insulation, we have

0, =h(L-T,)

<

or

( ﬂ_]—:’):q“- :R:%
Y Rh

LN

By adding Equations (27.7), (27.8),(27.10) and (27.11) and, noting Equation (27.1), we get

1 +Zn(Rl./Ro) A RER) . 1
hR, k,, k., R,h

0 < a

or



(Z.-T,)

a

4o = .
R, 1 +1n(R1/R0)+ln(R2/R1)+ 1
R, ko, k; h.R,




Heat conduction with a heat source

A cylindrical rod of radius RO and length L is producing heat which is equal to Sc per unit time
per unit volume, may be due to conversion of electrical energy into heat. The surface of the
cylinder is maintained at temperature TO. Determine the temperature profile.
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Fig 2.23 Heat transfer in cylindrical shell

Assumptions

+ System is in steady state.
o Thermal conductivity of metal is constant.
o System follow Fourier’s law of thermal heat conduction.

+ Heat loss in axial directions are negligible.

Once again, temperature is changing in r direction only and gr is the only non-zero component of
heat flux. Writing the following terms required for energy balance for a control volume shown in
Fig. 27.2, we obtain the following terms

2rrLq, |

Heat entering the control volume is



(27.13)

) ) 2”’1’617 Ir—-Ar
Heat leaving control volume is
(27.14)

the heat produced in metal rod is given by

Scex 2nrAr L

Writing the energy balance, we find

2mrlq | —2mlq, |, + Sc2nrAr L = 0

which leads to the following differential equation

1d, .
= (1g,)=5
a

Integrating Equation (27.17), we finally obtain

rSe ¢ ;
+ el
2 I

9, =

To evaluate the constant of integration c1, we may apply the boundary condition that at r=0, gr is
finite; Therefore,
cl=0 (27.19)

or



Applying Fourier’s law of heat conduction, we have

i dT _ rSc

dr 2
Thus, after integration, we obtain

Scr’
4k

T =

The second boundary condition for this problem is that

at
r=R,T =T,
or
Cﬁ=%+&R
’ 4k

Thus, the temperature profile may be determined as below

(r-1) =5 ], [L):

4k R

Critical radius of insulation

Consider a cylindrical rod which is insulated by an insulation material as shown in Fig. (27.3).
The radius of the rod is RO and rod is maintained at temperature TO. The insulated rod is
surrounded by a medium at temperature Ta. The out-side heat transfer coefficient is ha.
Determine the critical radius of insulation at which the heat loss is maximum.



Insulation

Fig 2.24 Insulated cylindrical pipe

Once again, as shown earlier, the energy balance for cylindrical shell in insulation material leads
to the following differential equation.

L S
r a’r(’q')

Integrating Equation (27.25) and applying Fourier’s law of heat conduction, we obtain

& dr
= — = —k —_—
(Jr » 1 dr

The above equation may be integrated subject to the following boundary conditions

at ' :RO, T'=T,
(27.27)

and

tr:R‘{,T:]}

a
(27.28)

Also, since the out side heat transfer coefficient is given, we have

qr ]r R, = ha (TJ _Ta) (27.



(5, -T,)
ol 1 mn(R/R)
°| h,R, k,

4o =

In Equation (27.28), we may define the overall heat transfer resistance as

1 In(R,/R,)
U= B T
Ro{ haRz' k] }

In Equation (27.30), the first term in right hand side represents the convective heat transfer
resistance and the second term represents the conductive heat transfer resistance. It can be easily
observed that convective resistance decreases and conductive resistance increases as we increase
the thickness of the insulation, i.e., R1 thus, over all heat loss may initially increase and then
decreases as shown in Fig. 27.8. The value of R1 where the heat loss is maximum or the overall
heat transfer resistance is minimum, is called the critical radius of insulation.

Critical radius

Minimum thickness of
Q Insulation

\

R

Fig 2.25 Thickness of insulation Vs. heat flux

Since, the overall heat transfer resistance should be minimum at critical radius, we have

av
dR

1 |Critical radius

or



1 1

S —is 27.33
k! R] Rl‘ ha ( )
which provides the critical radius of insulation
k
R, — =R :]—f (23
(77 3 5 1

If the overall resistance U is differentiated twice with respect to the radius of insulation R1, we
obtain

d’u ] 2
T 7 2z 3
dR-J k}R ". R‘-l7

At critical radius of insulation the value of the right hand side in Equation of (27.35) is positive
as shown below

dU _-h’ 2n’ K’ 0
& K hE ¥

Since, the value of second derivative is always positive, verifies that U is minimum at critical
radius of insulation. Thus, the heat loss is maximum at critical radius of insulation given by
Equation (27.33).

Derivation of equation of energy

In this section, we derive the equation of energy by using Axiom-4, which states that energy is
conserved. The equation of total energy may be further divided into two parts. First is the
equation of mechanical energy and second is the equation of thermal energy. The equation of
mechanical energy is derived from equation of motion. The equation of thermal energy is derived
by subtracting the equation of mechanical energy from the equation of total energy. Later, the
equation of thermal energy is modified in temperature explicit form, which may be used for
obtaining temperature profile

Consider a stationary control volume of dimension Ax, Ay and Az. The fluid is flowing with a

v
velocity =~ , which has components vx, vy and vz in X, y and z directions respectively, as
shown in the Fig.(28.1).



Vv
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Fig 2.26 Cubical control volume
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The total energy consists of potential energy — , Internal energy and kinetic energy < .

Since the control volume is fixed in the space, the change in potential energy is negligible.
Therefore, the energy balance may be written as .

& Kinetic energy in control volume ad

Rate of accumulation of internal Rate of net change of internal N
+
& kinetic energy by convection

Work done on the system against varic
forces( Pressure, Gravityand Shear )

Rate of heat addition ]

by some heat sources
Now, we take each term in equation (28.1) and write them separately as given below.
(5) Rate of accumulation of internal and Kinetic energy

The rate of accumulation of internal and kinetic energy in the control may be written as



~

U

where, is the internal energy per unit mass of the system.
(6) Rate of net change of kinetic and internal energy by convection

Net inflow of kinetic and internal energy by convection may be written as

(, mw)@hff] (i) (é +if]

X A
I o] T I, s
— v V=

) Tl 5= |, NG
+( pevA] —2\f +U || - peddy) —ZV‘ +U
= —iz 7k

(7) Rate of heat addition by conduction

As shown in Fig. (28.2), heat flux, q , has three components gx, qy and gz respectively.
Therefore, the net heat addition by conduction is given below
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Fig 2.27 Cubical control volume with heat transfer

(q2%) |~ (g0 | +(gAe)| — (g |., +(gA0y) | - (qAuy)L..
(8) Rate work done on the system

. . : F
Work done on the system is defined as a scalar product of force and displacement vectors. If =~

is a force and el is the displacement then work done delta w, is
éw = F.éol

or rate of work done is given by



Now, consider the forces acting on a fluid element. These forces are

o Gravity force
* Pressure force

o Shear force

Therefore, we need to consider work done by these force on the control volume separately.
4. Rate of work done against Gravity forces

By following Equation (28.6), the work done against gravity force may be written as

= PAAYAZE v, + PAxAVAZg v, + PAxAyAZE v,

5. Rate of work done by pressure forces
The pressure forces always act in the opposite direction to the outer normal of a plane. It is a
compressible force. Therefore, the work done on the control volume by pressure forces may be

calculated as follows
Rate of work done by x directed pressure forces:

= (%P)\ e~ (vP) .y e

Rate of work done by y directed pressure forces:

= (v P) | Axte— (P, A

Rate of work done by z directed pressure forces:

= ()} Aty (1P)L Aty

Derivation of equation of energy

6. Rate of Work done by shear forces



Fig.2.24 Shear stresses, acting on z directed plane

Therefore, the work done by shear forces on the control volume, acting on x directed plane may
be calculated as

TV AT, Y, [ ATV, AT AT, | | Ak

Similarly, the work done by shear forces on the control volume, acting on y directed plane may
be calculated as

{ LY+, +z:k_v_,;| Lﬂ; /_‘sxAz—{ TV 4TV +z:k_v2;| L JA\ VA

wx Ty

and the work done by shear force on the control volume, acting on z directed plane may be
calculated as

(z0 4oy, +0 )Ly, Sty T+, 1y ) | Ay

6. Rate of Heat addition by Heat source or sink

If any heat source/sink is present in the control volume which generates the heat as Sc per unit
volume then heat generated in the control volume may be written as.



= SCAxAyAz

We now substitute all terms given above in Eqution (28.1) and then divide by AxAyAz. After
taking the limits Ax,Ay and Az going to zero, we obtain the following equation

e 5 A o) . 3 5] o o) = A ¢
—| p| U+— ||=— | = pw| U+— [+ pw| U+— [p+—{ pre| U+— [} |- | —¢
a’H 2H a{{m( ZJ} @’{p\[ 2} &{n{ 2]} [5‘

. ¢ Ty o 8% s s x

&+ vg +v.g | —(P ) +—| Py, |+—( Py,

PG+ 18, + V8 )| (P a( W3 -J}

3 By .
+ = |zl 5, 50, ) +a | 5% +7,0, +7,.v,) +gZ AR AT

v

T
In Equation (29.5), the stress tensor ~was taken as shear forces. To change it into momentum

T
flux, we replace all components of ~with a minus sign. In addition, if we rewrite the Equation

(29.8) in vector and tensor form , we obtain the following result for equation of energy.

Y " AP
g p[w‘;] =V p[w‘;j v-Vg+mg-V(P)-Y(zy) +S

We may further simplify Equation (29.6) by combining the internal energy and kinetic energy
terms as shown below. If

2

AV
s=F+—
2
Then, Equation (29.6) may be written as
o(ps)
~ Vs =—Ya+prg-V(P)-V(z)+%

The left hand side of Equation (29.8) may be modified as shown below



Therefor, Equation (29.10) simplifies to,

os
= p| —+v.Vs
p[ar - ]

or

Therefore, Equation (29.08) simplifies to

or



Above equation represents the equation of total energy in terms of substantial derivative. Since
observer is moving with fluid in the case of substantial derivative, the convective terms are not
presents in the above equation.

Derivation of equation of energy
In previous lecture, we had derived the equation of energy which may be further divided into two
parts

1. Equation of mechanical energy
2. Equation of thermal energy

Equation of mechanical energy

For understanding the nature of mechanical energy, consider a simple case of a single particle
moving in one direction as shown in Fig. 30.1. Assume the particle has mass m and is located at
height h from a reference plane and moving upward with velocity . Gravity is the only force
working on the particle.

Z=0
Fig 2.25 A particle of mass m situated at height z

Starting with Newton’s second law of motion, we have
Force = mass x acceleration



F = ma
or

dv
F=m—=
dt

By taking dot product of equation (30.2) with velocity , we find that

dv
V.| F =m—
dt
or
dv
vE =myv.—
dt

Using vector identity, we have

d(vy) dv dv L v
— L=y, =gy, —=

dt Tdt dt T T odt

or

” dv id(“z )
~dt 2 il

where, v is the magnitude of the velocity vector X .
By substituting Equation (30.6) in Equation (30.4), we obtain

(30.1)

(3



\

“2 \
(]’ A ‘
L 2 )
vWE+v,F,+v,F,=m——=
dt
For the example given above, we have ,
F1=0,F2 =0, F32-MQ ettt (30.8)
and
VI=0,v2=0,V3=V oo (30.9)

Thus, Equation (30.7), reduces to
Ir 1-.2 .\'
q%
“
—vmg=m———-=

dt

Substitute v = (dz/dt). Thus we obtain,

g
{'f‘ T
dz \ <
—mg—=m
dt dt

Since, m and g are constants. We may rewrite above equation as,

Fd ¥

V]
(f‘ 71— ‘
d(mg ) 2

dt dt

or



2
3
Thus Mgz + m— = constant

-

First term in above equation is the potential energy and second term represents the kinetic
energy. Therefore, the above equation states that the sum of kinetic and potential energy remains
constant. This is the equation of mechanical energy for a particle and similar equation may be
derived for fluids as shown below.

Equation of mechanical energy for fluids

The equation of motion for a fluid is equivalent to Newton’s second law of motion for solid
bodies. Therefore, to derive the equation of mechanical energy for fluids we take the dot product
of velocity with equation of motion for fluids. i.e.,

v : ‘
v.| p—=pg-VP-Vr
=| " b = = ==
As before,

D’ 2 ‘
Dy \2)
~ Dt Dt

(Note: substantial derivatives behave like normal derivatives.). Thus,

D (v , ,
P e 17 = pgy—¥.(VP)-v.(V.z)

The following vector and tensor identities may be used for simplifying Equation (30.14)

V.(Py) = P(Vxy) +1(VP)

T

and if < is a second order symmetric tensor then we also have



Thus, we obtain

DIV . x| | - '
"ol 2 =1(pg)-[ V.(Pr)+(-P(T2)) |-[V-(z3)+ (-2 : Vv)]
.
or
D{/'\Z\ ; : B | -~ |
P 5 |=1(pg) -V (Pr)+ P(V2)-V(ex)+ 2 Yy

Equation (30.18) is called the equation of mechanical energy for fluids. Significance of each
term is given below.

2) | Rate of change of

r done bv gravity |
. kinetic energy  =v.(pg ) .
’ | force on the svstem

"'rm'ersible comversion of

| work done by pressure |
‘ -+ P(V.v) kinetic energy into

~ | force on the system |

¥R

‘ the mrema/ energy

[work done by 11$(’011$|
¥)3 T+ 1
| forces on svstem |

= |irrever.sib/e comversion of
7V

~

Ir]
I"l

| kinetic energy in to the hea

As discussed earlier, the equation of thermal energy can be derived by subtracting the equation of
mechanical energy (Equation (30.18)) from the equation of total energy (Equation (29.15)), i.e.,

( Equation of thermal "‘" |"“ Equiation of \" "’Equmfou of mechanical

. eHergy J L EHergy J .\IE:‘HEI'{‘E-‘.'_*I»‘

thus



D(U)

P~ V.(Py)+S:+V.(Pyv)-P(Vy)-(z: V)
or

DY) Vqg+S-P(Vy %3

) -==V.qg+S%-P(Vy)—(c. W
P V-q (Yy)—(z: V1)

The significance of each term in equation of thermal energy, Equation (31.21) is given below

D (l:’) Rate of change of ‘

| | Heat transferred | _[Heat gener
| internal energy =-V.q-

[)

LIC
’ 7y [ bv condhiction | | by source
per unit voluie | ¥

reversible conversion of |

|"irre1‘ersib/e comversion of

-P(V.v)< kinetic energy into c— (7.

1 t-]

| kinetic energy in to the he
the mfernal energy

fr:WVv)

Here "~~~ is known as the viscous heat dissipation and the significance of this will be
discussed later.

Equation of mechanical energy of fluids and its interpretation

If we consider a special case of non-viscous fluid, where the shear stress is zero, Equation
(30.14) simplifies as shown below

:'/ 2 \'|

Y
D{ —
-

P —.D; o VP + 'O(\:.g)

Here, the gravity may be represented by gradient of a scalar quantity @, or

g==V¢



b\ %
p—rt=—vYP+ p(-1Y9)
: vV

Further, if we assume that pressure and gravity do not depend on time. Thus, we have

oP (1)

ot

~
oo

IL)_' — 0
ot

After substituting these values in Equation (30.25), we obtain

(42

b ‘\.T ‘ oP : )
)———2L =3 VP——+ p(—vV@ |- p—
gy & BN g AL

which may be further simplified as

T -
A7) Plo) o

Dt Dt D

or

which leads to



The above equation is called Bernoulli’s equation. This states that the sum of the kinetic energy,
pressure and potential energy heads is constant for a non-viscous fluid.

Comparisons of mechanical and thermal energy

Equations (30.18) and (30.20) show that the heat flux by conduction, ? , IS not present in the
equation of mechanical energy and its contribution shows up only in the equation of thermal
energy. Similarly, the heat addition by a heat so appears only in the equation of thermal energy.

Also, as is shown letter the term (-z: Y“:’.’

energy. Indicating the mechanical energy always degrades and converts into thermal energy. All

these facts indicate that theses equations are consistence with the second law of thermodynamics

which specifies that for an isolated system work can be converted into heat but not vice versa .

Temperature explicit form of the equation of thermal energy

)

Internal energy, U , Is a state function which may be written in the terms of two intensive

variables. If the intensive variables are temperature and volume, we may write U(T.V Jand

. (ﬂl" \ / al' \
T ) \ OV

dv

/T

where the symbol “*” represents the value of the property per unit mass or per unit mole.

From thermodynamics for fluids

dU =CvdT +| —-P+ Tl (qf- | dv
\OT ),

For example, if fluid is an ideal gas then substituting the ideal gas law in the right hand side of
Equation (31.2), we obtain

is always positive and appears with a minus sign in
the equation of mechanical energy while it appears with a positive sign in the equation of thermal

(31.1)

(31.2)



PV =RT

or
‘ dP
\dT
Thus,
;)
dU =(v(7'T+|: P+T| ? }:Cm’T{ P+TI—R}:0 (31.3)

For real fluids, Equation (31.2) may be written in the form of the substantial derivative,i.e.,

)10 ) ‘op) | DV
g P+T‘q)| . (31.4)
Dt D | Dr

Furthermore, the specific volume V" is the inverse of the density p, or
. 4 ] 3\
V=l (31.5)
\ O/
Therefore,

DV 4 1D
7 "l S )
z Al PF (31.6)
Dt Dt p¢ Di

Thus, Equation (31.4) reduces to



Fi L) s i
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Dt Dt \oT ); \ p* Dt )

or
DU . DT (0P |(-1Dp)
p—=pC,—+-P+T| — | || ==X GL.7
Dt Dt \oT ); |\ p Dt )
However, the equation of thermal energy is
D(U) o
) =-V.q+Sc-P(V.y)—(z:Vv) A
Py | )—(z:Vv)
From Equations (31.7) and (31.8), we obtain the temperature explicit form of equation of thermal
energy as
DT 1 (0P |Dp | |
pC,— :—Vq PV ppe—) =l T’ ‘ i —+ (=7 Vv )+Sc (31.6
Di e, OT b7 s Di % S
+p(Vy)=0
[ +e(en=o]

Using the equation of continuity * /", in above equation, we finally obtain

DT i oP e \
)C, —=-V.q—P(Vy)=—|-P+T (V) |+ (=7 : Vo) +Se (31.
pC, ==Y 4= P(Vy) p[ |\CT/|J[M~ ) |+(-2: W)



. DT [ OP ) o :
pt‘v—z—‘?-f}—ﬂ (—‘ (Vy)+(—7:Vv)+Sc
Dt s \OF T T R T

or

| oT [ Op ) .. ‘,
pC,| S 42 VT |=-Vq-T| L2 | (Va)+(-z: Vy)+sSe

Equation (31.11) represents the equation of thermal energy in terms of temperatures for a real
fluid. Expended form of Equation (31.11) in cartesian, cylindrical and spherical coordinate
system is given in Appendix-5. Some limiting cases of Equation (31.11) are discussed below.

Case 1: heat conduction in solids

In solids, all velocities are zero and Equation (31.11) simplifies to

oT

/_)(_ 3 Tf = —Y(_\[ +.Sc

/.

(]
where, the heat flux j may be estimated by the Fourier’s law of heat conduction. Ifk is a
constant then

q=—kVT

or,

‘\‘..

oC, O (kYT +Sc
ot

Q3



For constant density, equation of continuity reduces to

Va=10

In addition, the heat capacity at constant volume and constant pressures are the same. Thus,

For this case, the equation of thermal energy may be simplified to

oT
p("v[—+1 VT} VT +(-z:Vv)+Sc

ot
or
cr k (—z:Vv) S
S v SR T
ot PC, PC, pC,

Equation (31.18) represents the equation of thermal energy for constant density and heat
conductivity. It may be noted that Equation (31.18) has a similar form as the equation of motion
for constant density and viscosity (Navior Stoke equation), i.e.,

) \%
il +,0Y1:—V21 2P
ot Jo, P =

Both equations show the similarities between momentum and heat transport. The detail form of
Equation (31.18) for different coordinate system is given in the Appendix -5

Viscous heat dissipation / viscous heating



conversion of mechanical energy into thermal energy due to viscous dissipation. This term is

always positive. For Newtonian fluids, T may be calculated by using the Newton’s law
viscosity. The details are not shown here but may be found elsewhere, i.e.,

T ==V

~z:Vv= g

where, @y is a scalar quantity and the value of @, for different coordinate system is given in the
Appendix -6. As may be seen from this table that all terms present in the expression from &, are
positive. Thus, this viscous dissipation leads to increase the value of thermal energy and raises
the temperature of fluid.

Significance of Viscous dissipation / heating

As discussed in previous lecture, the viscous dissipation leads to rise in the temperature of fluid.
Here, we solve a problem which help us to understand the significance of this term in terms of
rise in temperature.

Consider a fluid flowing under laminar conditions between two parallel plates which are kept at
same temperature TO as shown in Fig. (32.1). The incoming fluid, at z = 0, have the same
temperature TO. Assuming steady state, determine the increase in temperature of fluid due to
viscous heat dissipation.

){ X:+B

Tﬂ, Z

Fig 32.1 Viscous flow between two parallel plates
Assumptions
+ Density p, viscosity pu and thermal conductivity k are constants.

o System is in steady state.



» Flow is laminar (simple shear flow) and fully developed.

* Newton’s law of viscosity is applicable.

Fluid is flowing in z direction only and the Non-zero velocity components are
vx =0, vy =0, vz =vz(x)
the velocity profile vz may be easily obtained for a Newtonian fluid as given below

2
X

Vo= W f—? (32.1)

where vz max is the maximum velocity of fluid.

At steady state, the heat produced by viscous dissipation is removed from both plates to keep the
temperature of the plates at To. Thus, temperature of the fluid increases until the heat generation
by viscous dissipation matches the heat remove from the plates and the temperature is no longer
a function of z coordinate. For this fully developed region, the temperature is a function of x
coordinate only, i.e.,

T=T(x) (32.2)
For this case, the equation of thermal energy may be simplified as follows

d°T

0=k + 1Py (32.3)
g 4

Substituting the value of viscous dissipation in the equation of thermal energy, we have

(32.4)




chz ‘ —2% |
=1z ma 32.5
dx b { )
Therefore, the Equation (32.4) finally simplifies as
2 2
S i Ix°
0=k = =V

or

2 4 2
{-'F T _’{1{{ 1I~2.' mex 2 4.2

> =t i = - p, ‘_T :;‘.I..T {32.6]

dx . k& BY |
where, A is a constant.
Integrating Equation (32.6), we finally obtain the temperature profile as
— Av* L
T—?‘i‘(jﬁ‘i‘{f‘? {32.7]

where c; and c; are the constants of integrations. These constants may be determined by using
the following boundary conditions,

Xx=+BT=T
(32.8)

or

AB?
B e 5 e B (32.9)

-




which leads to

cy=10 (32.10)
and

AB?
c;= Iy~ = (32.11)

Thus, the rise in temperature of fluid is given by the following equation by substituting the value
of ¢ and ¢ in Equation (32.7), we finally obtain,

s g
~AB*| . (%)
T~ f=" 1 5)
12 W
or
2 | W f
_ . a"[”z,mm _‘ l ‘
0 3 LB, (32.12)
Equation (32.12) shows that the rise in temperature is maximum at x = 0 and is given by
2
; | Ay
(T —T,) =—= (32.13)
max ‘3;{_

For example, if water is flowing at a maximum velocity 100 ft/sec, then we find,

2

A : { 7
!'-: Zmax i jooz ‘I water 257 O P joF {32 14]
3k 3K |

1 0
wefer 257 (7

(T~ 1), =




Thus, even for such large velocities, the rise in temperature is only about 1°F. For highly viscous
fluids, such as polymer solutions with viscosity 1000 Cp, the temperature rise may be

(I - T,) = I000°F (32.15)

Therefore, we may conclude that the viscous dissipation may be important for highly viscous
fluids, for low viscosity fluid like air, the viscous dissipation term may be safely neglected.

Transpiration Cooling/ heating

Transpiration cooling / heating is used to reduce or enhance the heat transfer rates by a
convective flow of fluid in or opposite direction of the actual heat transfer. Additional
convective flow provides forced convection to produce the desired effect. A classic example of
the transpiration cooling is the design of a storage tank for liquefied gas nitrogen or oxygen.
Both liquefied gas have cryogenic boiling points. The required thickness of insulation material
may be quite high in order to reduce heat gained by conduction from surrounding at atmospheric
temperature to very low temperature in the tank. Here, we may use transpiration cooling to
reduce the heat transfer. Design of a cryogenic storage tank is shown below

Gas space Allow to evaporate O,

Porous insulator

Fig 2.25 Use of transpiration cooling in liquefied gas container

Here, the cryogenic liquid is stored in a spherical container, which is surrounded by a porous
insulation, as shown in Fig. (32.2). Some amount of stored liquid is allowed to vaporize. This
vaporized gas fills the space between liquid gas container and the porous insulation. It provides



pores, it provides a convective transpiration cooling and prevents the heat transferred from
outside to the liquid container.

Here, we solve a simpler example of transpiration cooling. Assume the radius of two concentric
porous spheres are kR and R as shown in Fig. (32.3). The temperature of inner sphere is Tx and
outer sphere is To. The inner sphere is refrigerated. An air stream at temperature Ty with the mass
flow rate w is forced from the inner sphere to outer sphere for maintaining the internal sphere
temperature at Tx. Determine the heat flux with and without transpiration cooling(w = 0).

kR

—

—_— T
—_— R o

Air Stream T
=T,

Fig 2.26 Transpiration cooling between two concentric spherical shell

Assumptions

» Density p, viscosity u & thermal conductivity k are constant.
+ System is in steady state.
* Flow is laminar (simple shear flow) and fully developed.

Air flows only in the radial direction. Therefore, the non-zero velocity components are

Va=v,=0&v, =v, (1) (32.16)

Assume, the temperature is changing only in radial direction, or,



=T(r) (32.17)

The equation of continuity in spherical coordinates provides,

1 d
——r“p} ‘v )=0
¥ odr

By integrating above equation, we obtain
2
LIy, = constant (32.18)

Here, the mass flow rate may be calculated as

W= 4,-71*2;}1; (32.19)
Thus,
W
Vr=————
4o (32.20)

Since, the viscosity of air is very low, we may neglect the viscous dissipation term from the
equation of thermal energy, or

. dT 1 d{ ,dT)
(' =k b |
= dr { 2\’ dr } oozl

Substituting the value of v from Equation (32.20) in above equation, we obtain



w drl B k d

or

dfdT)_Covdl _ . dT
4dxk dr  dr

)
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where,
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Equation (32.22) may be solved as follows

d_j_ Pt
dr

¥

Thus, Equation ( 32.22 ) may be rewritten as,

d v

L (#7)=RY
r.r’r('} ) 0
or

. d¥Y

dmpr? dr

¥ dr
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|
".
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r’—+2r¥ =R,Y
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which may be integrated to gives the following expression,

L dT ‘

dr )

(32.22)

(32.23)

(32.2¢

(32.2



Y +Inrt=—

Here, c1 is the integral constant. Thus, we have

y = E2 (rary _ AT
e dr
— (7(:"
where, <

By integrating Equation (32.27), we finally obtain

B A

¥ = I—rfr Hig,

Here, cz is another integration constant.

Boundary conditions for this problem are

at
r=R T=T
and at

r=KRT=T,

= In (57

(32
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Now, we may calculate heat loss from inner sphere by first calculating the temperature gradient
from above equation then multiplying it by the surface area of the sphere. Thus,

O = (area of inner sphere ) <( heat flux '}|r=kR

or
) ——(d4r e
O=-(47r'q, )|
T
g, =k
dr

where,

Here, ‘— sign is used as the outer normal of the inner sphere is in negative r direction. Thus,

5 ek Rol-T o=Tw)
< T JRJERII-E) _

where

Now, consider the situation when transpiration cooling in not used. Therefore, the velocity of air
stream vy is zero. In this case, the equation of thermal energy may be written as

1 rf'}_gn’_T' -

“odr' dr )




By integrating Equation (32.35) and using the above boundary conditions, we obtain

= 7
T ~T J-KiF¥ R)

We may once again calculate the heat loss from inner sphere by following the same
procedure asearlier, thus,

4 KR(To—Tk)
&= 1%

Here, Qo is the heat loss without transpiration cooling. The transpiration cooling efficiency
maynow be defined as

_g_)ﬂ_g?:j 4

E = L
s e"f
where,
_RyI-K)
YTk

Relation between the transpiration efficiency and @ is shown in Fig. (32.4). As may be
seen from this figure, the transpiration efficiency increases with increase in the value of
@ or massflow rate, w. For very large values of &, transpiration efficiency approaches to
one, which implies that heat transfer from outer sphere to inner sphere, Q, is negligible.
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Diffusion and Mass Transfer

1. Introduction

Our discussion of mass transfer in the previous chapter was limited to molecular diffusion, which is a process
resulting from a concentration gradient. In system involving liquids or gases, however, it is very difficult to
eliminate convection from the overall mass-transfer process.

Mass transfer by convection involves the transport of material between a boundary surface (such as
solid or liquid surface) and a moving fluid or between two relatively immiscible, moving fluids.

There are two different cases of convective mass transfer:

1. Mass transfer takes place only in a single phase either to or from a phase boundary, as in sublimation
of naphthalene (solid form) into the moving air.

2. Mass transfer takes place in the two contacting phases as in extraction and absorption.

1.1 Convective Mass Transfer Coefficient

In the study of convective heat transfer, the heat flux is connected to heat transfer coefficient as

The analogous situation in mass transfer is handled by an equation of the form

Na =kc(Cas —Ca) s (L2)



The molar flux N A is measured relative to a set of axes fixed in space. The driving force is the difference
between the concentration at the phase boundary, Cas (a solid surface or a fluid interface) and the
concentration at some arbitrarily defined point in the fluid medium, C A . The convective mass transfer
coefficient kc is a function of geometry of the system and the velocity and properties of the fluid similar to
the heat transfer coefficient, h.

1.2 Significant Parameters in Convective Mass Transfer

Dimensionless parameters are often used to correlate convective transfer data. In momentum transfer
Reynolds number and friction factor play a major role. In the correlation of convective heat transfer data,
Prandtl and Nusselt numbers are important. Some of the same parameters, along with some newly defined
dimensionless numbers, will be useful in the correlation of convective mass-transfer data.

The molecular diffusivities of the three transport process (momentum, heat and mass) have been defined as:

Momentum diffusivity v = £ o (13)
yo,
e k
Thermal diffusivity «a = e (1.4)
pCp
and
Mass diffusivity D pg  ------------==mmmmeeeo (1.5)

It can be shown that each of the diffusivities has the dimensions of L2/ t, hence, a ratio of any of the two of
these must be dimensionless.

The ratio of the molecular diffusivity of momentum to the molecular diffusivity of heat (thermal diffusivity)
is designated as the Prandtl Number

Momentum diffusivity = v
Thermal diffusivity o K




The analogous number in mass transfer is Schmidt number given as

Momentum diffusivity _ge- ¥V o __ M (L.7)

Mass diffusivity " Dag pDag

The ratio of the molecular diffusivity of heat to the molecular diffusivity of mass is designated the Lewis
Number, and is given by

Thermal diffusivity le. & K
Mass d|foS|V|ty D AB pC p D AB

Lewis number is encountered in processes involving simultaneous convective transfer of mass and energy.

Let us consider the mass transfer of solute A from a solid to a fluid flowing past the surface of the solid. The
concentration and velocity profile is depicted .For such a case, the mass transfer between the solid surface
and the fluid may be written as

NA:kc(CAs_CAoo) ---------------- (1a)

When the boundary concentration, Cas is constant, equation (9) may be written as



d(CA_CAs)
dy

Na=-Dap

Equation (4.1a) and (4.10) may be equated, since they define the same flux of component A leaving the
surface and entering the fluid

d
kc(CAs_CAoo):_DABd_(CA_CAs) """""""" (1.11)
y y=0
This relation may be rearranged into the following form:
kc _ d(CA_CAs)/dy ____________________ (1.12)
D ag Ca-Cax) y=0

Multiplying both sides of equation(4.12) by a characteristic length, L we obtain the following dimensionless
expression:

kel d(CA_CAs)/dy ‘y:O
Das Cas -Cau)L

- (1.13)

The right hand side of equation (4.13) is the ratio of the concentration gradient at the surface to an overall or
reference concentration gradient; accordingly, it may be considered as the ratio of molecular mass-transport
resistance to the convective mass-transport resistance of the fluid. This ratio is generally known as the
Sherwood number, Sh and analogous to the Nusselt number Nu, in heat transfer.

1.3 Application of Dimensionless Analysis to Mass Transfer



One of the method of obtaining equations for predicting mass-transfer coefficients is the use of
dimensionless analysis. Dimensional analysis predicts the various dimensionless parameters which are
helpful in correlating experimental data.

There are two important mass transfer processes, which we shall consider, the transfer of mass into a steam
flowing under forced convection and the transfer of mass into a phase which is moving as the result of
natural convection associated with density gradients.

1.4 Transfer into a stream flowing under forced convection

Consider the transfer of mass from the walls of a circular conduit to a fluid flowing through the conduit. The
mass transfer is due to the concentration driving force Cas—Ca.

These variables include terms descriptive of the system geometry, the flow and fluid properties and the
guantity of importance, K.

By the Buckingham method of grouping the variables, the number of dimensionless r groups is equal to the
number of variables minus the number of fundamental dimensions. Hence the number of dimensionless
group for this problem will be three.

With D ag, p and D as the core variables, the three = groups to be formed are

ﬂlzoABaprCkC ---------------------------- (1.14)
-D d eDflg ---------------------------- 1.15
T2 =Upg P (L.15)
. g .hni
and 773 =Dpg ' D' e (1.16)

Substituting the dimensions for rt ,



Equating the exponents of the fundamental dimensions on both sides of the equation, we have

L: 0=2a-3b+c+1

Solving these equations,

a=-1, b=0 and c=1

k.D

Thus 7q = which is the Sherwood number.

AB

The other two 1 groups could be determined in the same manner, yielding

- Dy (1.19)
D aB
and 72-3 — —’Ll = SC ------------------------ (120)
P Dap



which is termed as Schmidt Number

Dividing 72 by 73, we get

T
2 _| Dv _H | _Dbve e (1.22)

73 \Dag )/ \ P Dps H
which is the Reynolds Number

The result of the dimensional analysis of mass transfer by forced convection in a circular conduit indicates
that a correlating relation could be of the form,

1.5 Transfer into a phase whose motion is due to Natural Convection

Natural convection currents develop if there exists any variation in density within the fluid phase. The
density variation may be due to temperature differences or to relatively large concentration differences.

In the case of natural convection involving mass transfer from a vertical plane wall to an adjacent fluid, the
variables of importance are listed in the table (4.2)

Table (4.2)



According to Buckingham theorem, there will be three dimensionless groups. Choosing D ag, L and p as the
core variables, the 7 groups to be formed are

---------------------------- (4.25)
and 73 :DAS Lh,uigApA ---------------------------- (4.26)
Solving for the dimensionless groups, we obtain
keL
Ty = = Nu, the Nusselt number --------------eee--- (4.27)
D aB
PDag . .
T, = = , the reciprocal of Schmidt number -------- (4.28)
2 7 Sc
L3gA
and 73 = 92PA (4.29)
#D ap

With the multiplication of w2 and nt3, we obtain a dimensionless parameter analogous to the Grashof number
in heat transfer by natural convection

pPDAs\[L3gApA
ToTtg = luD
AB



The result of the dimensional analysis of mass transfer by natural convection indicates that a correlating
relation could be of the form,

Sh = /4 (GrAB, SC) """"""""""""""" (4.31)

1.6 Analysis among Mass, Heat and Momentum Transfer

Analogies among mass, heat and momentum transfer have their origin either in the mathematical description
of the effects or in the physical parameters used for quantitative description.

To explore those analogies, it could be understood that the diffusion of mass and conduction of heat obey
very similar equations. In particular, diffusion in one dimension is described by the Fick’s Law as

Similarly, heat conduction is described by Fourier’s law as

dT

- k-
q dz

................................. (4.33)

Where k is the thermal conductivity.

The similar equation describing momentum transfer as given by Newton’s law is

dv

TS

----------------------------- (4.34)



Where t is the momentum flux (or shear stress) and p is the viscosity of fluid.

At this point it has become conventional to draw an analogy among mass, heat and momentum transfer.
Each process uses a simple law combined with a mass or energy or momentum balance.

In this section, we shall consider several analogies among transfer phenomenon which has been proposed
because of the similarity in their mechanisms. The analogies are useful in understanding the transfer
phenomena and as a satisfactory means for predicting behaviour of systems for which limited quantitative
data are available.

The similarity among the transfer phenomena and accordingly the existence of the analogies require that the
following five conditions exist within the system

1. The physical properties are constant

2. There is no mass or energy produced within the system. This implies that there is no chemical
reaction within the system

3. There is no emission or absorption of radiant energy.

4. There is no viscous dissipation of energy.

5. The velocity profile is not affected by the mass transfer. This implies there should be a low rate of
mass transfer.

1.6.1 Reynolds Analogy

The first recognition of the analogous behaviour of mass, heat and momentum transfer was reported by
Osborne Reynolds in 1874. Although his analogy is limited in application, it served as the base for seeking
better analogies.

Reynolds postulated that the mechanisms for transfer of momentum, energy and mass are identical.
Accordingly,



Here h is heat transfer coefficient
fis friction factor

Vo IS velocity of free stream

The Reynolds analogy is interesting because it suggests a very simple relation between different transport
phenomena. This relation is found to be accurate when Prandtl and Schmidt numbers are equal to one. This is
applicable for mass transfer by means of turbulent eddies in gases. In this situation, we can estimate mass
transfer coefficients from heat transfer coefficients or from friction factors.

1.6.2 Chilton — Colburn Analogy

Because the Reynold’s analogy was practically useful, many authors tried to extend it to liquids. Chilton and
Colburn, using experimental data, sought modifications to the Reynold’s analogy that would not have the
restrictions that Prandtl and Schmidt numbers must be equal to one. They defined for the j factor for mass
transfer as

Nu h
RePr p3,C,

where St is Stanton number =



Based on data collected in both laminar and turbulent flow regimes, they found

S T B 4.38
Ib = JH 5 (4.38)

This analogy is valid for gases and liquids within the range of 0.6 < Sc < 2500 and 0.6 < Pr < 100.

The Chilton-Colburn analogy has been observed to hold for many different geometries for example, flow
over flat plates, flow in pipes, and flow around cylinders.

13. A stream of air at 100 kPa pressure and 300 K is flowing on the top surface of a thin flat sheet of solid
naphthalene of length 0.2 m with a velocity of 20 m/sec. The other data are:

Mass diffusivity of naphthalene vapor in air = 6 * 10 ° m?%/sec

Kinematic viscosity of air = 1.5 * 10> m2.sc

Concentration of naphthalene at the air-solid naphthalene interface = 1 * 10 > kmol/m?

Calculate:

(a) the overage mass transfer coefficient over the flat plate
(b) the rate of loss of naphthalene from the surface per unit width

Note: For heat transfer over a flat plate, convective heat transfer coefficient for laminar flow can be
calculated by the equation.

Nu = 0.664 Rel2 pr¥3

you may use analogy between mass and heat transfer.
Solution:

Given: Correlation for heat transfer



Nu = 0.664 Re}'? Pr¥3

The analogous relation for mass transfer is

Sh = 0.664 Re'? SC Y3 oo (1)

where

Sh = Sherwood number = KL/D as
Re L = Reynolds number = Lup/u
Sc = Schmidt number = u/ (p D ag)
k = overall mass transfer coefficient
L = length of sheet

D ag = diffusivity of Ain B

v = velocity of air

u = viscosity of air

p = density of air, and

u/p = kinematic viscosity of air.

Substituting for the known quantities in equation (1)
13
k(0.2) (0.2)(20) \** (1.5 %1075
6 *10 1.5*10 6*10

k = 0.014 m/sec

Rate of loss of naphthalene = k (C ai — C ax)
=0.014 (1 *10°—-0) = 1.4024 * 10" kmol/m? sec



Rate of loss per meter width = (1.4024 * 10 ) (0.2) = 2.8048 * 10 8 kmol/m.sec
=0.101 gmol/m.hr.
1.7Convective Mass Transfer Correlations

Extensive data have been obtained for the transfer of mass between a moving fluid and certain shapes, such
as flat plates, spheres and cylinders. The techniques include sublimation of a solid, vapourization of a liquid
into a moving stream of air and the dissolution of a solid into water.

These data have been correlated in terms of dimensionless parameters and the equations obtained are used to
estimate the mass transfer coefficients in other moving fluids and geometrically similar surfaces.

1.7.1 Flat Plate

From the experimental measurements of rate of evaporation from a liquid surface or from the sublimation
rate of a volatile solid surface into a controlled air-stream, several correlations are available. These
correlation have been found to satisfy the equations obtained by theoretical analysis on boundary layers,

Sh = 0.664 Re*?sc¥® (laminar) Re | <3%10°% e (4.39)

sh = 0.036 Re>® sc Y3 (turbulent) Re| >3%105 - (4.40)

Using the definition of j factor for mass transfer on equation (4.39) and (4.40) we obtain

jp = 0.664 Re, *? (laminar) Re| <3*10° e (4.41)

Jp = 0.037 Re[ ° (turbulent) Re | >3*10° —rroeees (4.42)



These equations may be used if the Schmidt number in the range 0.6 < Sc < 2500.

7. If the local Nusselt number for the laminar boundary layer that is formed over a flat plate is
Nu, = 0.332 Re ¥2 s¢ ¥/3

Obtain an expression for the average film-transfer coefficient k., when the Reynolds number for the plate is
a) Re_ =100 000

b) Re. = 1500 000

The transition from laminar to turbulent flow occurs at Rex =3 * 10°,

Derivation:
L
[k dx
By definition : k ¢ = OL—
[dx
0
Ko X
and NUy = == ; Re, = £, sc=—4 .
AB H P D ag

For Re . =100 000 ; (which is less than the Reynolds number corresponding to Transition value of 3 * 10 °)

N[ =

1D ag

(Sc)s d x

XV p
X

L
J.0.332[
) H

ke = :

v o2
0.332(Sc)V® (pj ]
Y7, d x

2



clL

= 0.664 Re LJ/Z Sc¥s [answer (a)]
D aB

(i.e.)

For Re . = 1500 000 (> 3 * 105)

L L
[0.332 Re, Y2 sc¥3 LR [0.0292 Re , #® sc V3 dX}
= 0] X L, X

kc :DAB where Lt is

L
the distance from the leading edge of the plane to the transition point where Re x = 3 * 10°.

vz L a5 |
[0'332801/3 LVPJ J dyxz +0.0292 Sc¥3 (ij dx J
o X L,

_ P P (15
k = AB L
kel 0.0292 L (v o)\ Y5
© = - 0.664 Re}? sx V3 4 200 g 13 [X 4/5]L Ve
D g 4/5 t 4

~0.664 Re Y2 5c¥3 + 0.0365 Sc ¥3 [Re #°- Re #5)

~ |
o

S L _0.664 Re¥2 5c 3 4 0.0365Re ¥5 Sc Y3 — 0.0365Re*S Sc V3 where Re. = 3
AB
*105

1.7.2 Single Sphere

Correlations for mass transfer from single spheres are represented as addition of terms representing transfer
by purely molecular diffusion and transfer by forced convection, in the form

2



Sh =Shy, +CRe™Sc " oo (4.43)

Where C, mand n are constants, the value of n is normally taken as 1/3

For very low Reynold’s number, the Sherwood number should approach a value of 2. This value has been
derived in earlier sections by theoretical consideration of molecular diffusion from a sphere into a large
volume of stagnant fluid. Therefore the generalized equation becomes

Sh=2+CRe™Sc¥® (4.44)
For mass transfer into liquid streams, the equation given by Brain and Hales
)

sh=(4+121 pe??

correlates the data that are obtained when the mass transfer Peclet number, Pe ag is less than 10,000. This
Peclet number is equal to the product of Reynolds and Schmidt numbers (i.e.)

For Peclet numbers greater than 10,000, the relation given by Levich is useful

Sh = 1.01Pe}3 (4.47)

The relation given by Froessling

Sh=2+0552Re¥? Sc¥® (4.48)



correlates the data for mass transfer into gases for at Reynold’s numbers ranging from 2 to 800 and Schmidt
number ranging 0.6 to 2.7,

For natural convection mass transfer the relation given by Schutz

S R X1 N (TN Te) L — (4.49)

is useful over the range
2*108<GragSc<1.5*10%°

6. The mass flux from a 5 cm diameter naphthalene ball placed in stagnant air at 40°C and atmospheric
pressure, is 1.47 * 103 mol/m?2. sec. Assume the vapor pressure of naphthalene to be 0.15 atm at 40°C and
negligible bulk concentration of naphthalene in air. If air starts blowing across the surface of naphthalene
ball at 3 m/s by what factor will the mass transfer rate increase, all other conditions remaining the same?

For spheres :
Sh=2.0 + 0.6 (Re) ®® (Sc)%32

Where Sh is the Sherwood number and Sc is the Schmids number. The viscosity and density of air are 1.8 *
10° kg/m.s and 1.123 kg/m?, respectively and the gas constant is 82.06 cm? . atm/mol.K.

Calculations:
L
Sh = —%— where L is the characteristic dimension for sphere L = Diameter.
D aB
SC — L
P D a



Dv p
7
Mass flux, N a = K AC —mmmmrmmeeeeeeeee (1)

Re =

Sh=2.0+ 0.6 (Re) %° (Sc) %%

0.33
k . D 0.5
€~ -20+06 (Mj e (2)
D A

alsoN=KgA pa

K¢
Therefore — = K ¢
RT

Given:
Ke -
N =1.47*10 3 rgo' =S Ap,
m<.sec RT
k
- (% - o) =1.47*103*10"* —”2‘0'
RT 1 cm ~.secC
* -7
Ko = 147710 " . g2.06* (273 + 40)
0.15

=0.0252 cm/sec

Ke=2.517 * 10 * M/SEC -------m-mmmmmmmmmmm e ©)

Estimation of D ag:

From (2),

2517*10 4 *5*10 2

= 2 (since v=0)
D ag




Therefore D ag = 6.2925 * 10 ® m?%/sec.

And

_ 05 0.33
ke*5%107° [5%1072%3+1.123 1.8 %105
6.2925* 10 ~° ' 1.8*10° 1.123* 6.2925* 10 ~©

7946 ko = 2 + 0.6 * (96.74) * (1.361)

k¢ =0.0102 M/SEC. =--=-=m=m=mmmmmmmmemm e e 4)

N
(4) VA2 0.0102 _ 405

3 N 2517*10°%

Therefore, rate of mass transfer increases by 40.5 times the initial conditions.

1.7.3 Single Cylinder

Several investigators have studied the rate of sublimation from a solid cylinder into air flowing normal to its
axis. Bedingfield and Drew correlated the available data in the form

Kg P Sc 96
Gm

= 0.281 (Re ’)_0'4 ------------------------ (4.50)

which is valid for 400 < Re’ < 25000

and 0.6<Sc<26

Where Re’ is the Reynold’s number in terms of the diameter of the cylinder, G m is the molar mass velocity
of gas and P is the pressure.



1.7.4 Flow Through Pipes

Mass transfer from the inner wall of a tube to a moving fluid has been studied extensively. Gilliland and
Sherwood, based on the study of rate of vapourization of nine different liquids into air given the correlation

sh PB,Im

= 0.023 Re 98 5c 04 (4.51)

Where p g, im IS the log mean composition of the carrier gas, evaluated between the surface and bulk stream
composition. P is the total pressure. This expression has been found to be valid over the range

2000 < Re < 35000
06<Sc<25

Linton and Sherwood modified the above relation making it suitable for large ranges of Schmidt number.
Their relation is given as

Sh =0.023Re %8 sc¥3 (4.52)

and found to be valid for

2000 < Re < 70000
and 1000 < Sc < 2260

8. A solid disc of benzoic acid 3 cm in diameter is spin at 20 rpm and 25°C. Calculate the rate of dissolution
in a large volume of water. Diffusivity of benzoic acid in water is 1.0 * 10 ° cm?/sec, and solubility is 0.003
g/cc. The following mass transfer correlation is applicable:

Sh=0.62 Re” Sc?



2

D“w . i . :
Where Re = Z_@p and o is the angular speed in radians/time.
y7i
Calculations:
Dissolutionrate =NaAS = ------m-mmmmmmmmmmmm (1)

Where N A = mass flux, and

S = surface area for mass transfer

NAzkc(CAs*CAoo) """"""""""""""""""" (2)

Where C as is the concentration of benzoic and at in water at the surface of the dose.

C a« is the concentration benzoic acid in wate for an from the surface of the disc.

Given:
Sh=0.62 Re” Sc13
1

1
k.D 2 2 3
(o) o= —o062| 2 @P Tl £ P A
D ag H

1 rotation = 2 & radian

Therefore 20 rotation per minute = 20 * 2 & radian/min
20 .
=— * 2 radian/sec
60

For water p =1 g/cm? p = 1 centipoise = 0.01 g/cm.sec.

From (3),



1

1 1
2 3
K. = 0.62 D ag (“”’]Z H
M PD ag

— 0.62%1.0*105 *((40 7/60) % 1)

N |-
Wl

( 0.01 ]
0.01 1*1.0*10 >

=8.973 * 10 * cm/sec.
From (2),

N A = 8.973 * 10 (0.003 - 0)
=2.692 * 10 g/cm2.sec

From (1),

NaS=Na*(2nr?)
=2.692 * 106 * (21 * 1.52)
=3.805 * 10 ° g/sec
=0.137 g/hr.

1.7.5 Mass transfer between phases:

Instead of a fluid in contact with a solid, suppose we now consider two immiscible fluids, designated
1 and 2, in contact with each other. If fluid 1 has dissolved in it a substance A that is also soluble in fluid 2,
then as soon as the two fluids are brought together, substance A will begin to diffuse into fluid 2. As long as
the two phases remain in contact, the transport of A will continue until a condition of equilibrium is reached.

The situation discussed here occurs in a variety of engineering processes such as gas absorption,
stripping, and in liquid — liquid extraction. In all these separation processes, two immiscible fluids are
brought into contact and one or more components are transferred from one fluid phase to the other.

In the system of fluids 1 and 2 with A, the transported component, the concentration gradients in the
region of the interface between the two fluids are illustrated in figure. Concentration Ca1 and Ca> are the
bulk phase concentrations



in fluids 1 and 2, respectively, Ca; is the concentration of A at the interface, and Na is the molar flux of A.
For steady state conditions, we can define the flux of A as

Na =kc1lCa—Cai)=kc,[Cai—Caz)=Kc(Car-Caz)

D)

where k¢ = individual mass transfer coefficient defined in terms of the
concentration difference in a single phase.
K¢ = overall mass transfer coefficient defined in terms of the overall
difference in composition.

Equation (1) is analogous to that in heat transfer, where the individual coefficients h are related to the overall
coefficient U.

From equation (1),

+ - @)

In equation (1), the potential for mass transfer is exposed in terms of composition. However, this is not
always the most convenient way to express it. For example, if fluid 1 is a gas and fluid 2 a liquid, as in gas
absorption, the potential in gas phase is often expressed in terms of partial pressures, while that in the liquid
phase may be expressed in terms of concentrations. The expression for the molar flux is then written for the
individual phases as:

Na=KpPac—Pai)=Kc(Cai-Chal) _®
where
k p = individual mass transfer coefficient for the gas phase with the
potential defined in terms of partial pressures.
P ac , C aL = partial pressure and concentration of A in the bulk gas and liquid
phases, respectively.

Pai, Cai = partial pressure and concentration of A, respectively, at the interface.

At the interface, it is usually assumed the two phases are in equilibrium. This means that P i and C ai
are related by an equilibrium relationship such as ‘Henry’s law :

Paoi=HCAi (4



where H is Henry’s law constant.
The flux N a can also be expressed in terms of overall mass transfer coefficients as,
Na=KpPac—-Pag)=Kc.Cae-Ca) 6
where
K = overall mass transfer coefficient with the overall potential defined
in terms of partial pressures.
K¢ = overall mass transfer coefficient with the overall potential defined
in terms of concentrations.
P ae , C ae = equilibrium composition.

P ae is related to the bulk liquid composition C aL AS

Pae =HCAL (6
P
similarly, C og = % (7)

The relationship between the individual and overall coefficients is readily obtained through the use of
equations (3) to (7) as

1 1 H H

p

In many system, mass transfer resistance is mainly in one phase. For example, gases such as nitrogen and
oxygen do not dissolve much in liquids. Their Henry’s law constant H is very large, thus K ¢ ~ k ¢ is a good
approximation. In this case, the liquid phase controls the mass transfer press since mass transfer is slowest
there.
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UNIT 4: Friction Factor and Fluid Flow
Derivation of equation of energy
1. Equation of mechanical energy

2. Equation of thermal energy

Equation of mechanical energy

For understanding the nature of mechanical energy, consider a simple case of a single particle
moving in one direction as shown in Fig. 30.1. Assume the particle has mass m and is located at
height h from a reference plane and moving upward with velocity X. Gravity is the only force
working on the particle.

lg

Z=0
Starting with Newton’s second law of motion, we have

Force = mass x acceleration

where
F = ma
or
dv
Jf‘ =i —=
dt

By taking dot product of equation (30.2) with velocity , we find that

1|:F = 2 (’/}‘J
- - dr

or

dv
vF =myv.—
dt



Using vector identity, we have

d (1’-1’ ) dv dv ,’ dv
=y, —=+—=y=2y.—=
dt dt dt dt

or

dv 1d(v7)
dt 2 dt

e

where, v is the magnitude of the velocity vector ¥,

By substituting

\2 \.
1

9

a"
";F; + 1‘2F2 +1'3F3, = m—"(_],

For the example given above, we have ,
F1=0,F2=0, F3=-mg

and

vli=0,v2=0,v3=v

i _‘I_E' Y
ff‘ S |
(B
Vo= —
foin]
i

Substitute v = (dz/dt). Thus we obtain,



.
d= \ 2
—Mg— = ——
dt dt

Since, m and g are constants. We may rewrite above equation as,

7 2y
-'ir?
d ‘ 71— ‘
d(mg ) . 2
dar - drt
or
m\-+m— ‘ 0
(]f
32
Thus mgz+m Fi constant
Dy
v p—=pg—-VP-Vr1
5 Di 5 2 L
As before,
3
%]
Dy 2]
7. =—
T Dt Dt

D(

e [

Dt 3,

The following vector and tensor identities may be used for simplifying Equation (30.14)



V.(Py) = P(Vx) + v(VP)

and if 3 is a second order symmetric tensor then we also have

Vitv) = vVr+1:Vy

-~

Thus, we obtain

D (v ‘ . : s RS .
o7 :1(,“) [V(PU & P(V-l‘))]—[?(._§-1‘,)+(—€-'V\:)]
D

’L)E Tl-\ (pg)—\“(Px )+ P(V.y)=V.(zv)+z:Vy

Equation is called the equation of mechanical energy for fluids.

£ ‘Rate of change of |

|'1|‘ork done by ﬂrm'ih"]
p— — ‘ kinetic energv = V. (,{ :
= |

| force on the system |
per unit voltine ;

reversible comversion of |

| work done bv pressure ] + P(Vy) [kme‘?‘fc energy into

—V.(Py
Y-(F1); | force on the svstem | ‘
: : | the rm‘emn." energy {
% (il | work done by viscous | - ﬁrreremfbie comversion of ]
A + 1 Vs
ke | forces on svstein | A [ kinetic energy in to the hem‘_]

Significance of each term is given below.



[ Rate of chemge of ‘

D(( )
< internal energy

[Hear nmrsﬁwe(ﬂ |/Heaf generated / remon e>(l|

4 [ by condhiction | | by source or sink |

‘ per wnit volume ’

(reversible comversion of : X
| irreversible conversion of |

-P(V.v)< kinetic energy into v— (7
2 | kinetic energy in to the hem‘l

the inter na/ energy ’

FLOW THROUGH PACKED BED

a/’@; € =Bed Porosity
@ d

@ » =Particle size

20t

4—DT—»

Vo

For the theoretical analysis to calculate pressure—drop, actual flow channels are
replaced with parallel cylindrical conduits of constant cross—section. Particles are

assumed to be of the same size and shape having constant sphericity, bs.
Pressure—drop occurs due to inertial and viscous effects. At high Reynolds number,

inertial effects prevail, whereas the viscous effects are important at low Reynolds
number. In general,



(ﬂp)totﬁl - [‘ﬁpjviscous ¥ ("ip:)inertial

Drag over the channel — walls
Fp  consiting of packed bed particles

As Total surface area of particles

-
=K (“L) T K, ‘(F’f E)

'y |

.V TAY
T = orta —
r ',

Total cross — section of conduits

r, = hydraulic radius =
Wetted parameter

As = Np X Sp
! ]
Total # of particles Surface area of one particle
S, L(1—¢€) ‘
= ——— X sp, where vp = volume of one partide
Ve
Vp 6 v

— O (pm— 3 i i i
3 ; v = — ,where v, = superficial velocity
Sp Gpdp =



Similarly, pressure—drop at high Reynolds number, Ap ap V" Therefore, Pressure-drop in
packed beds is related to pressure—drop due to viscous and inertial effects via two empirical

constants, Kiand K,

_ Total volume of voids
Total surface area of particles(, tiply both numerator and denominator by L)

_ (S,L)e
As , So= cross sectional area of packed-bed

E Fpdp d Beve _ S,L(1—€)6 V2
== pPe %o = [Ki qE — x =2 ( ) + szf_fl
As S,L(1—e)x6 gy, $p dp =
Pz LL d e E)
= F:D I{1 £ ( + K','
e vod. dp py
F, = drag — force = (Ap), .1 X S,€
(AP)ora (So€)¢. dp - Vg 6K, u, (1— €) e
SoI-‘(l_ ‘Ej X 6 Ps el b dpvo Pe 2

A e d 36 K 1—e
L _1 — E, _pf 1‘1'5 4 d:'s dpvo pf

A a d 150(1 — &
o ( = ) (¢= f’): C U 478
pf Vg F ‘bs d‘PVc pf

§ o Ap 'q:}sdpea)
P LpVZ\(1—¢€),



&

P Friction
150(1 — €)* v, L L 175 (1—¢) VIL
£ dpz CIJEE p'{_- & cbs dP

SUDDEN ENLARGEMENT

An incompressible fluid flows from a small circular tube into a large tube in turbulent flow,
as shown in Fig. 7.6-1. The cross-sectional areas of the tubes are S; and §,. Obtain an expres-
sion for the pressure change between planes 1 and 2 and for the friction loss associated with
the sudden enlargement in cross section. Let 8 = S,/S,, which is less than unity.

Plane 1 Plall'te 2
|
| |
|
——0 =

7 T”c\\*‘*
| Y |
Cylindrical tube |5 <

of cross-sectional \:'Washer-shaped" \[

area 5, surface of area Cylindrical tube
$,-5; of cross-sectional

area 5,




(a) Mass balance. For steady flow the mass balance gives
w, =w, or pvS; = p,v,S,
For a fluid of constant density, this gives

nw_1
vz_[g

(b) Momentum balance. The downstream component of the momentum balance is

Fr, = (0w, — vw) + (1S — paSy)

The force F,,, is composed of two parts: the viscous force on the cylindrical surfaces parallel
to the direction of flow, and the pressure force on the washer-shaped surface just to the right
of plane 1 and perpendicular to the flow axis. The former contribution we neglect (by intu-
ition) and the latter we take to be p,(S, — S,) by assuming that the pressure on the washer-
shaped surface is the same as that at plane 1.

=pi(S2 = §)) = p,5y(v, — ) + (pSy = pS))
Solving for the pressure difference gives
P2 = p1 = poavy — v)

or, in terms of the downstream velocity,

P2 P = mﬁ(}3 = l)

(c) Angular momentum balance. This balance is not needed. If we take the origin of coor-
dinates on the axis of the system at the center of gravity of the fluid located between
planes 1 and 2, then [r; X u;] and [r, X u,] are both zero, and there are no torques on the
fluid system.

(d) Mechanical energy balance. There is no compressive loss, no work done via moving
parts, and no elevation change, so that

éa =3} — ) + %(Pl - p)

Insertion of Eq. 7.6-6 for the pressure rise then gives, after some rearrangement,

- of 1 2
E(,=lv;(——l)
B



LIQUID - LIQUID EJECTOR

A diagram of a liquid-liquid ejector is shown in Fig. It is desired to analyze the mixing
of the two streams, both of the same fluid, by means of the macroscopic balances. At plane 1
the two fluid streams merge. Stream 1a has a velocity v, and a cross-sectional area 35;, and
stream 1b has a velocity 3v, and a cross-sectional area 3S,. Plane 2 is chosen far enough down-
stream that the two streams have mixed and the velocity is almost uniform at v,. The flow is

UDIE E'Z
! y |
e —F £y —
— o 0 e
’ == —
|
Plane ‘1\ Stream 1a Pla:ne 2

Stream 1b

ey

(a) Mass balance. At steady state, Eq. (A) of Table 7.6-1 gives
Wy, + Wy = Wy
or
pvoGS)) + pGUYGS) = p,S,
Hence, since S; = S,, this equation gives
v, =37
for the velocity of the exit stream. We also note, for later use, that w,, = w,, = W,

(b) Momentum balance. From Eq. (B) of Table 7.6-1 the component of the momentum bal-
ance in the flow direction is

(011, + VW + PiSY) — (W, + poS;) =0
or using the relation at the end of (a)
(P, = pS: = Gy, + vy) — VW,
= G(vy + 300) = 50)(pG)S,)
from which
P2 P1 = 1wp0
This is the expression for the pressure rise resulting from the mixing of the two streams.

(c) Angular momentum balance. This balance is not needed.



(d) Mechanical energy balance. Equation (D) of Table 7.6-1 gives

1 1 1.2, P27 P
(Ev%r!wlﬁ + ﬁv%&'wlb} - (592 + p )wz =E,
or, using the relation at the end of (a), we get
0EGW,) + 3GuGw,)) — GGu’ + wvdw, = E,

Hence

™

v 5

BT TTRC

ISOTHERMAL FLOW OF AN LIQUID THROUGH AN ORIFICE

A common method for determining the mass rate of flow through a pipe is to measure the pres-
sure drop across some “obstacle” in the pipe. An example of this is the orifice, which is a thin
plate with a hole in the middle. There are pressure taps at planes 1 and 2, upstream and down-
stream of the orifice plate.



S5, = cross section of pipe = 5,

5
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(a) Mass balance. For a fluid of constant density with a system for which §, = S, = S, the
mass balance in Eq. 7.1-1 gives

(v)) = (va)

With the assumed velocity profiles this becomes

U =§'00

and the volume rate of flow is w = pv,S.

(b) Mechanical energy balance. For a constant-density fluid in a flow system with no eleva-
tion change and no moving parts, Eq. 7.4-5 gives

1) 1) - s
2y 20y pT0

The viscous loss E is neglected, even though it is certainly not equal to zero. With the as-
sumed velocity profiles, Eq.

P~ P
p

— \/é(.Pl —p) 1
' P (S/5)* —1

1@ — 0] + =0
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UNITV

Analogies for Transport processes

Analogy of Mass Transfer

Mass transfer by convection involves the transport of material between a boundary
surface (such as solid or liquid surface) and a moving fluid or between two relatively immiscible,
moving fluids.

There are two different cases of convective mass transfer:

1. Mass transfer takes place only in a single phase either to or from a phase boundary, as

insublimation of naphthalene (solid form) into the moving air.

2. Mass transfer takes place in the two contacting phases as in extraction and absorption.

Convective Mass Transfer Coefficient

In the study of convective heat transfer, the heat flux is connected to heat transfer coefficient as

Q/A =( =hﬁts - [mﬂ

The analogous situation in mass transfer is handled by an equation of the form

NA =kcﬁCAs'CA

The molar flux N a is measured relative to a set of axes fixed in space. The driving force is the

difference between the concentration at the phase boundary, Cas (a solid surface or a fluid



interface) and the concentration at some arbitrarily defined point in the fluid medium, C a . The
convective mass transfer coefficient kc is a function of geometry of the system and the velocity

and properties of the fluid similar to the heat transfer coefficient, h.



Significant Parameters in Convective Mass Transfer

Dimensionless parameters are often used to correlate convective transfer data. In momentum
transfer Reynolds number and friction factor play a major role. In the correlation of convective
heat transfer data, Prandtl and Nusselt numbers are important. Some of the same parameters,
along with some newly defined dimensionless numbers, will be useful in the correlation of

convective mass-transfer data.

The molecular diffusivities of the three transport process (momentum, heat and mass) have been

defined as:

Momentum diffusivity

----------------------------- (1.3)
o —K
Thermal B
diffusivity Cp —mmmmmemmmmmmmmmmmmmoeeea (1.4)
and
Mass diffusivity D pp  ==-====m=mmmmmmmmmmememmn (1.5)

It can be shown that each of the diffusivities has the dimensions of L?/ t, hence, a ratio of any of

the two of these must be dimensionless.

The ratio of the molecular diffusivity of momentum to the molecular diffusivity of heat (thermal

diffusivity) is designated as the Prandtl Number

Momentum diffusivity 3 Cp




Thermal diffusivity =Sc __afl K

Momentum diffusivity

Mass diffusivity D aB D ag

The ratio of the molecular diffusivity of heat to the molecular diffusivity of mass is designated

the Lewis Number, and is given by

Thermal diffusivity = e = —

Mass diffusivity D aB Cp Das

Lewis number is encountered in processes involving simultaneous convective transfer of mass

and energy.

Let us consider the mass transfer of solute A from a solid to a fluid flowing past the surface of
the solid. The concentration and velocity profile is depicted .For such a case, the mass transfer

between the solid surface and the fluid may be written as

Since the mass transfer at the surface is by molecular diffusion, the mass transfer may also

described by
dCa

Na =-Das dy_

y=0

When the boundary concentration, Cas is constant, equation (9) may be written as






quation (4.1a) and (4.10) may be equated, since they define the same flux of component A

leaving the surface and entering the fluid

kcﬁCAs - CAE =-Dg _ECA - CAs[

Multiplying both sides of equation(4.12) by a characteristic length, L we obtain the following

dimensionless expression:

kCL dﬁCA-CASﬁ/dy

|v=0 (1.13)

D A ECAS-CAZH/L

The right hand side of equation (4.13) is the ratio of the concentration gradient at the surface to
an overall or reference concentration gradient; accordingly, it may be considered as the ratio of
molecular mass-transport resistance to the convective mass-transport resistance of the fluid. This
ratio is generally known as the Sherwood number, Sh and analogous to the Nusselt number Nu,

in heat transfer.
Application of Dimensional Analysis to Mass Transfer
One of the method of obtaining equations for predicting mass-transfer coefficients is the use of

dimensionless analysis. Dimensional analysis predicts the various dimensionless parameters

which are helpful in correlating experimental data.



There are two important mass transfer processes, which we shall consider, the transfer of mass
into a steam flowing under forced convection and the transfer of mass into a phase which is

moving as the result of natural convection associated with density gradients.

Transfer into a stream flowing under forced convection

Consider the transfer of mass from the walls of a circular conduit to a fluid flowing through the
conduit. The mass transfer is due to the concentration driving force Cas—Ca.

These variables include terms descriptive of the system geometry, the flow and fluid properties

and the quantity of importance, Ke.

By the Buckingham method of grouping the variables, the number of dimensionless [ groups is
equal to the number of variables minus the number of fundamental dimensions. Hence the
number of dimensionless group for this problem will be three.

With Dag, 0 and D as the core variables, the three I groups to be formed are

1=D abDCkC ____________________________ (1'14)
AB
2=D d eDf ____________________________ (1.15)
AB
and ;o 80 "D -mmeeeemeeeoeeoseooee (1.16)

Substituting the dimensions for 0 ,

B1=D 23f bpCk, =mmmmmmmmmmmmmmmmmmmneeeeen (1.17)
AB

§L2§aﬂMﬂb

1=0__10 3 1 WL° @ ---- (1.18)



Equating the exponents of the fundamental dimensions on both sides of the equation, we have

L: 0=2a-3b+c+1

Solving these equations,

a=-1, b=0 and <c=1

kcD
Thus@1 = ©

D A& which is the Sherwood number.

The other two I groups could be determined in the same manner, yielding

i LD 1.19
2 = .
5 (1.19)
AB
and 3= =S¢ (1.20)

which is termed as Schmidt Number

Dividing 0 2 by 0 3, we get




The result of the dimensional analysis of mass transfer by forced convection in a circular conduit

indicates that a correlating relation could be of the form,

Sh=1 [Re, S¢| ---mmmmmmmmmmmmmeeeeeeee (1.22)

Which is analogous to the heat transfer correlation

Re, Prl
Nu =0

Transfer into a phase whose motion is due to Natural Convection

Natural convection currents develop if there exists any variation in density within the fluid
phase. The density variation may be due to temperature differences or to relatively large

concentration differences.

According to Buckingham theorem, there will be three dimensionless groups. Choosing D ag, L

and U as the core variables, the  groups to be formed are

21=D aLbckc ---------------------------- (4.24)
AB
27D o5 5p e (4.25)
and 1 3 =D 9Lhg igagaa -mmmmmmmmmmmmmmm e (4.26)
AB

Solving for the dimensionless groups, we obtain




Sc

and

With the multiplication of [, and 13, we obtain a dimensionless parameter analogous to the

Grashof number in heat transfer by natural convection

DABng A@

B, 5=l '
3 ¥

B i 2D ag

L3mgn Ba

The result of the dimensional analysis of mass transfer by natural convection indicates that a

correlating relation could be of the form,

Sh =t ﬁGI‘ AB» SC’

Analogy among Mass, Heat and Momentum Transfer

Analogies among mass, heat and momentum transfer have their origin either in the mathematical

description of the effects or in the physical parameters used for quantitative description.

To explore those analogies, it could be understood that the diffusion of mass and conduction of
heat obey very similar equations. In particular, diffusion in one dimension is described by the

Fick’s Law as






Similarly, heat conduction is described by Fourier’s law as

Where K is the thermal conductivity.

The similar equation describing momentum transfer as given by Newton’s law is

Where [ is the momentum flux (or shear stress) and [ is the viscosity of fluid.

At this point it has become conventional to draw an analogy among mass, heat and momentum

transfer. Each process uses a simple law combined with a mass or energy or momentum balance.

In this section, we shall consider several analogies among transfer phenomenon which has been

proposed because of the similarity in their mechanisms. The analogies are useful

understanding the transfer phenomena and as a satisfactory means for predicting behaviour of

systems for which limited quantitative data are available.

The similarity among the transfer phenomena and accordingly the existence of the analogies

require that the following five conditions exist within the system

1. The physical properties are constant

2. There is no mass or energy produced within the system. This implies that there is

nochemical reaction within the system

3. There is no emission or absorption of radiant energy.



4. There is no viscous dissipation of energy.

5. The velocity profile is not affected by the mass transfer. This implies there should be

alow rate of mass transfer.

Reynolds Analogy

The first recognition of the analogous behaviour of mass, heat and momentum transfer was
reported by Osborne Reynolds in 1874. Although his analogy is limited in application, it served

as the base for seeking better analogies.

Reynolds postulated that the mechanisms for transfer of momentum, energy and mass are

identical. Accordingly,

Here h is heat transfer coefficient
fis friction factor

0 o is velocity of free stream

The Reynolds analogy is interesting because it suggests a very simple relation between different
transport phenomena. This relation is found to be accurate when Prandtl and Schmidt numbers
are equal to one. This is applicable for mass transfer by means of turbulent eddies in gases. In
this situation, we can estimate mass transfer coefficients from heat transfer coefficients or from

friction factors.

Chilton — Colburn Analogy



Because the Reynold’s analogy was practically useful, many authors tried to extend it to liquids.
Chilton and Colburn, using experimental data, sought modifications to the Reynold’s analogy
that would not have the restrictions that Prandtl and Schmidt numbers must be equal to one.
They defined for the j factor for mass transfer as

where St is Stanton number =
Re Pr ' Cp

Based on data collected in both laminar and turbulent flow regimes, they found

N

—~
>
w
(o)

~

This analogy is valid for gases and liquids within the range of 0.6 < Sc < 2500 and 0.6 < Pr <
100.

The Chilton-Colburn analogy has been observed to hold for many different geometries for

example, flow over flat plates, flow in pipes, and flow around cylinders.

The Prandtl analogy
In the turbulent core the transport is mainly by eddies and near the wall, that is laminar sub-layer,
the transport is by molecular diffusion. Therefore, Prandtl modified the above two analogies
using universal velocity profile while driving the analogy

13 [,

St=— 2 (4.36)
1+5_(Lpr-1y
Nz



The Van Karman analogy

Though Prandtl considered the laminar and turbulent laminar sublayers but did not consider the
buffer zone. Thus, Van Karman included the buffer zone into the Prandtl analogy to further
improve the analogy.

I
St = —— 2 (4.37)
1+51'[§[{F'r— D+nf1+3er-nk

Problem. A stream of air at 100 kPa pressure and 300 K is flowing on the top surface of a thin

flat sheet of solid naphthalene of length 0.2 m with a velocity of 20 m/sec. The other data are:
Mass diffusivity of naphthalene vapor in air = 6 * 10 ° m %/sec
Kinematic viscosity of air = 1.5 * 10 ° m2sc
Concentration of naphthalene at the air-solid naphthalene interface = 1 * 10~° kmol/m?

Calculate:

(a) the overage mass transfer coefficient over the flat plate

(b) the rate of loss of naphthalene from the surface per unit width
Note: For heat transfer over a flat plate, convective heat transfer coefficient for laminar flow can

be calculated by the equation.
Nu =0.664 Rei/2 pr 3

you may use analogy between mass and heat transfer.
Solution:

Given: Correlation for heat transfer

Nu =0.664 Re!? pr13
L



The analogous relation for mass transfer is

Sh =0.664 Rei/z SCLP e (1)

where

KL/D ag
Re L = Reynolds number = Lul /O
Sc = Schmidt number =0 /(0 Dag)

Sh = Sherwood number

k = overall mass transfer coefficient
L = length of sheet

D ag = diffusivity of Aiin B

u = velocity of air

0 =viscosity of air

0 =density of air, and

0 /0 =kinematic viscosity of air.

Substituting for the known quantities in equation (1) ,,
k10.2] i 10.21120! 12/ 115%10 >0 |

6+10 6 =0.664 @ 50

115*10 P er10°0 %,

k =0.014 m/sec

Rate of loss of naphthalene = k (Cai — Can)
=0.014 (1 * 10° - 0) = 1.4024 * 10 " kmol/m 2 sec

Rate of loss per meter width = (1.4024 * 10 =) (0.2) = 2.8048 * 108 kmol/m.sec
=0.101 gmol/m.hr.

Convective Mass Transfer Correlations



Extensive data have been obtained for the transfer of mass between a moving fluid and certain
shapes, such as flat plates, spheres and cylinders. The techniques include sublimation of a solid,

vapourization of a liquid into a moving stream of air and the dissolution of a solid into water.

These data have been correlated in terms of dimensionless parameters and the equations obtained
are used to estimate the mass transfer coefficients in other moving fluids and geometrically
similar surfaces.

Flat Plate

From the experimental measurements of rate of evaporation from a liquid surface or from the
sublimation rate of a volatile solid surface into a controlled air-stream, several correlations are
available. These correlation have been found to satisfy the equations obtained by theoretical
analysis on boundary layers,

Sh =0.664 Re '?sc l/3 llaminarl Re  €3*105 ------------- (4.39)
L

Sh =0.036 Re %8 sc 1/3 [turbulent! Re | >3*10 5 - (4.40)
L

Using the definition of j factor for mass transfer on equation (4.39) and (4.40) we obtain

jp =0.664 Re '7 llaminarl Re | €3*105 ------------- (4.41)
L

Jp =0.037 Re” %?turbulent] Re| >3*10° ----------- (4.42)
L

These equations may be used if the Schmidt number in the range 0.6 < Sc < 2500.

7. If the local Nusselt number for the laminar boundary layer that is formed over a flat plate is

Nu, =0.332 Re'? sc /3
X



Single Sphere

Correlations for mass transfer from single spheres are represented as addition of terms
representing transfer by purely molecular diffusion and transfer by forced convection, in the

form

Sh =Shy + CRE™ SC " mmmmmmmemmeeeeee (4.43)

Where C, mand n are constants, the value of n is normally taken as 1/3
For very low Reynold’s number, the Sherwood number should approach a value of 2. This value
has been derived in earlier sections by theoretical consideration of molecular diffusion from a

sphere into a large volume of stagnant fluid. Therefore the generalized equation becomes

Sh =2 +CRe ™ sc 1B (4.44)



For mass transfer into liquid streams, the equation given by Brain and Hales

Sh =4 +121 Pe2/3f12

AB e (4.45)

correlates the data that are obtained when the mass transfer Peclet number, Pe ag is less than
10,000. This Peclet number is equal to the product of Reynolds and Schmidt numbers (i.e.)

Peas =R€ SC._ (4.46)

For Peclet numbers greater than 10,000, the relation given by Levich is useful

sh =1.01 Pe', (4.47)

The relation given by Froessling

Sh =2 +0.552 Re '? sc 'R (4.48)

correlates the data for mass transfer into gases for at Reynold’s numbers ranging from 2 to 800

and Schmidt number ranging 0.6 to 2.7.

For natural convection mass transfer the relation given by Schutz

Sh =2 +0.59 [Gr pg Scl*/*

is useful over the range

2*10%<Gras Sc<1.5*10%



Flow Through Pipes

Mass transfer from the inner wall of a tube to a moving fluid has been studied extensively.
Gilliland and Sherwood, based on the study of rate of vapourization of nine different liquids into

air given the correlation

sh PB,Im =0.023 Re 0.83 g¢ 044
e (4.51)

Where p g, im IS the log mean composition of the carrier gas, evaluated between the surface and
bulk stream composition. P is the total pressure. This expression has been found to be valid over

the range

2000 < Re < 35000
06<Sc<25



Linton and Sherwood modified the above relation making it suitable for large ranges of Schmidt

number. Their relation is given as

Sh =0.023 Re 283 sc 1/3 --------------------- (4.52)

and found to be valid for

2000 < Re < 70000
and 1000 < Sc < 2260

Problem. A solid disc of benzoic acid 3 cm in diameter is spin at 20 rpm and 25]C. Calculate the
rate of dissolution in a large volume of water. Diffusivity of benzoic acid in water is 1.0 * 10 =
cm?/sec, and solubility is 0.003 g/cc. The following mass transfer correlation is applicable:

Sh=0.62 Re* Sc13

2

WhereRe =° ' and [ isthe angular speed in radians/time.
Calculations:
Dissolution rate = Na S ---- (1)

Where N a = mass flux, and

S =surface area for mass transfer

Na=Kc(Cas—Cay) -=-------mmmmmmmmmt (2)

Where C as is the concentration of benzoic and at in water at the surface of the dose.

C a5 is the concentration benzoic acid in wate for an from the surface of the disc.
=2692*10°%* (20 * 157



=3.805 * 10 g/sec
=0.137 g/hr.



Hot Wire Anemometer
A hot-wire anemometer measures local instantaneous velocity based on principles of heat

transfer. However, it requires that the fluid itself be at a uniform temperature. It can be used to
measure three components of velocity and velocity fluctuations arising in turbulent flow. This is
possible because of the high speed of response of the hot-wire probe and the associated feedback
circuit. A hot-wire probe is used in gas flows, while a hot-film is used for liquid flow. The hot-
wire has a limitation that it is insensitive to the flow direction. Further, it has a non-linear input-
output relationship which makes its sensitivity non-uniform over any velocity range. In
particular, the sensitivity decreases with increasing velocity. The hot-wire probe is a platinum-
coated tungsten wire, typically of 5 um diameter and about mm length, supported between highly
conducting prongs. Tungsten has high temperature coefficient of resistance (i.e., resistance
increases rapidly with temperature) and the platinum coating affords strength as well as
protection against corrosion of the thin wire.

Characteristics of Hot Wire Anemometry

Intrusive Technique

Measurement of instantaneous velocities and temperature at a point in a flow.

Hot wire anemometry is an ideal tool for measurement of velocity fluctuations in
timedomain in turbulent flows.
e Principal tool for basic studies of physics of turbulent flows.

Advantages of HWA

Good Frequency response

* Measurements to several hundred kHz possible, 1 MHz also feasible

» Velocity Measurement: measures magnitude and direction of velocity and velocity
fluctuations, Wide velocity range Temperature Measurements

e Two Phase Flow: Measurements in flows containing continuous turbulent phase

anddistributed bubbles



Convective heat

transfer Heat transfer

Flow Rate

from filament
varies

varies

coefficient (h)

varies
Currs-y

7 \
; * Wire supponts
f =
Yeugy < / (5.5 needieg
Sencor [thin wie)

Operation of Hot Wire Sensor

/ Prongs ( of Stainless Steel or Nickﬂ

Senzor drrensions.
longth ~1 mm
dlametar ~H micioretar

Fine Wire

Diameter: Sum

Length: 1-2 mm
generally made of

@n or Platinum

Mode of Operation

Probe body

Active Length of \\-J

Structure of hot wire probe

1. Constant Current Anemometer

2. Constant Temperature Anemometer



Anemometers

Constant Current Constant Temperature

¢ Current in the wire is kept * Temperature hence Resistance
constant of the wire is kept constant by
using a servo amplifier
* Variations in wire resistance ¢ The measurable signal when a
caused by the flow are measured change in flow velocity occurs is
by monitoring the voltage drop the change in current to be fed to
variations across the filament. the sensor.

Circuit Diagram of Constant Current Anemometer
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7.4. Analogy between heat, mass and momentum transfer
7.4.1. Reynolds and Colburn Analogies

The boundary layer equations for momentum for a flat plate are exactly same as those
for energy equation 1if Prandtl number, Pr = 1, pressure gradient 15 zero and viscous
dissipation 15 negligible, there are no heat sources and for similar boundary
conditions. Hence, the solution for non-dimensional velocity and temperature are also
same. It can be shown that for such a case,

Stanton number, St =( Nu ) S LN N (7.40)
Re.Pr pVe, 2

where I is the friction factor and St is Stanton Number. The above equation, which
relates heat and momentum transfers is known as Reynolds analogy.

To account for the vanation in Prandtl number in the range ol 0.6 to 50, the Reynolds
analogy 1s modified resulting in Colburn analogy, which 1s stated as follows.

St pr’ = g (7.41)

7.4.2. Analogy between heat, mass and momentum transfer

The role that thermal diffusivity plays in the energy equation 1s played by diffusivity
D in the mass transfer equation. Therefore, the analogy between momentum and mass
transfer for a flat plate will yield:

e (o) ()6 0w




To account for values of Schmidt number different from one, following correlation is
introduced,

Sh_ g _ L (7.43)
Re.Sc 2

Comparing the equations relating heat and momentum transfer with heat and mass
transfer, it can be shown that,
h o 243
< :[—) (7.44)
pephy, D

This analogy 1s followed in most of the chemical engineering literature and «/D 1s
referred to as Lewis number. In air-conditioning calculations, for convenience Lewis
number 15 defined as:

213
Lewis number, Le = [%J (7.45)

The above analogies are very useful as by applying them 1t 15 possible to find heat
transfer coefficient if friction factor 1s known and mass transfer coefficient can be
calculated from the knowledge of heat transfer coeflicient.
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