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Module 1

Lecture 1

Stress
Stress is the internal resistance offered by the body to the external load applied to it
per unit cross sectional area. Stresses are normal to the plane to which they act and

are tensile or compressive in nature.

| X
P{or F) |
N .

2] ——
<« — | e —
P — | e — P

P{or F) '

N | X

As we know that in mechanics of deformable solids, externally applied forces acts on
a body and body suffers a deformation. From equilibrium point of view, this action
should be opposed or reacted by internal forces which are set up within the particles
of material due to cohesion. These internal forces give rise to a concept of stress.
Consider a rectangular rod subjected to axial pull P. Let us imagine that the same
rectangular bar is assumed to be cut into two halves at section XX. The each portion
of this rectangular bar is in equilibrium under the action of load P and the internal
forces acting at the section XX has been shown.

Now stress is defined as the force intensity or force per unit area. Here we use a

symbol o to represent the stress.
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Where A is the area of the X —X section



Here we are using an assumption that the total force or total load carried by the
rectangular bar is uniformly distributed over its cross — section. But the stress
distributions may be for from uniform, with local regions of high stress known as
stress concentrations. If the force carried by a component is not uniformly distributed
over its cross — sectional area, A, we must consider a small area, ‘dA’ which carries

a small load ‘OP’, of the total force ‘P', Then definition of stress is

o= 2
85,

As a particular stress generally holds true only at a point, therefore it is defined

mathematically as

Units :

The basic units of stress in S.1 units i.e. (International system) are N / m? (or Pa)

MPa = 10° Pa
GPa =10° Pa
KPa = 10° Pa

Sometimes N / mm? units are also used, because this is an equivalent to MPa. While

US customary unit is pound per square inch psi.

TYPES OF STRESSES : Only two basic stresses exists : (1) normal stress and (2)
shear stress. Other stresses either are similar to these basic stresses or are a
combination of this e.g. bending stress is a combination tensile, compressive and
shear stresses. Torsional stress, as encountered in twisting of a shaft is a shearing
stress. Let us define the normal stresses and shear stresses in the following
sections.

Normal stresses : We have defined stress as force per unit area. If the stresses are
normal to the areas concerned, then these are termed as normal stresses. The
normal stresses are generally denoted by a Greek letter (o)
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This is also known as uniaxial state of stress, because the stresses acts only in one
direction however, such a state rarely exists, therefore we have biaxial and triaxial
state of stresses where either the two mutually perpendicular normal stresses acts or
three mutually perpendicular normal stresses acts as shown in the figures below :
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(Biaxial state of stress) o /
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(Triaxial state of stress)

Tensile or compressive Stresses:

The normal stresses can be either tensile or compressive whether the stresses acts

out of the area or into the area
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Bearing Stress: When one object presses against another, it is referred to a bearing

stress ( They are in fact the compressive stresses ).

Forces
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Sign convections for Normal stress

Direct stresses or normal stresses
- tensile +ve

- compressive —ve

Shear Stresses:

Let us consider now the situation, where the cross — sectional area of a block of
material is subject to a distribution of forces which are parallel, rather than normal, to
the area concerned. Such forces are associated with a shearing of the material, and
are referred to as shear forces. The resulting stress is known as shear stress.

Forces acting parallel
to the area concerned
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The resulting force intensities are known as shear stresses, the mean shear stress
being equal to
FI

T= —

A,
Where P is the total force and A the area over which it acts. As we know that the

particular stress generally holds good only at a point therefore we can define shear
stress at a point as
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The Greek symbol 7 (tau, suggesting tangential) is used to denote shear stress.

Complementary shear stresses:

The existence of shear stresses on any two sides of the element induces
complementary shear stresses on the other two sides of the element to maintain

equilibrium. As shown in the figure the shear stress zin sides AB and CD induces a

complimentary shear stress 7 in sides AD and BC.
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Sign convections for shear stresses:

- tending to turn the element C.W +ve.
- tending to turn the element C.C.W — ve.

Deformation of a Body due to Self Weight

Consider a bar AB hanging freely under its own weight as shown in the figure.
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Let
L= length of the bar
A= cross-sectional area of the bar
E= Young’s modulus of the bar material
w= specific weight of the bar material
Then deformation due to the self-weight of the bar is oL = VZLIE_

Members in Uni — axial state of stress
Introduction: [For members subjected to uniaxial state of stress]
For a prismatic bar loaded in tension by an axial force P, the elongation of the

bar can be determined as
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Suppose the bar is loaded at one or more intermediate positions, then equation
(1) can be readily adapted to handle this situation, i.e. we can determine the axial
force in each part of the bar i.e. parts AB, BC, CD, and calculate the elongation or
shortening of each part separately, finally, these changes in lengths can be added

algebraically to obtain the total charge in length of the entire bar.
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When either the axial force or the cross — sectional area varies continuosly
along the axis of the bar, then equation (1) is no longer suitable. Instead, the
elongation can be found by considering a deferential element of a bar and then the

equation (1) becomes

45 = P dx
E.A,
I
F dx
f=[=2
'n[E-*E"x

i.e. the axial force Pyand area of the cross — section A must be expressed as
functions of x. If the expressions for Pxand A4 are not too complicated, the integral
can be evaluated analytically, otherwise Numerical methods or techniques can be

used to evaluate these integrals.

Principle of Superposition

The principle of superposition states that when there are numbers of loads are acting
together on an elastic material, the resultant strain will be the sum of individual

strains caused by each load acting separately.
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Module 1
Lecture 2: Numerical Problems on stress, shear stress in axially loaded members.
Example 1: Now let us for example take a case when the bar tapers uniformly

fromdatx=0toDatx =1

x _— 1 |

[
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In order to compute the value of diameter of a bar at a chosen location let us
determine the value of dimension k, from similar triangles

(D-dy/2
|

Thusg k=

K
¥

(D - dix
21

therefore, the diameter 'y' at the X-section is
or=d+ 2k
(D - djx

o P

Hence the cross —section area at section X- X will be
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hence the total extension of the bar will be given by expression

P
E;a
subsititutingthevalue of 'a'to getthe
totalextentionof thebar
L S S
4E 7 [d .- djlfr

aftercarryingouttheint ergrationwe get

_ 4RI 1

) ﬁ[ﬁ E]

4Pl

- mEDd

hencethe totalstrainint he bar = 1P
xED.d

An interesting problem is to determine the shape of a bar which would have a
uniform stress in it under the action of its own weight and a load P.

Example 2: stresses in Non — Uniform bars

Consider a bar of varying cross section subjected to a tensile force P as shown
below.

Let

a = cross sectional area of the bar at a chosen section XX
then
Stress [1=p/a
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If E = Young's modulus of bar then the strain at the section XX can be
calculated
O=0/E
Then the extension of the short element (1 x. =[] .original length = (1 / E. [*
P &y

E a
Thus the extensionfor the entire baris

I

P dx

= |=—
-D[Ea

I

or totalestension = EIE
E;pa

let us consider such a bar as shown in the figure below:

|

Area'a'

Area ‘an’ L]

The weight of the bar being supported under section XX is
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where g isdensityof the bar.
thusthe stressatXxis

x
F"+_[pgadx
g=—1"
a
b4
arga = F'+_[p.g.ad}{
i

Differentiating the above equation with respect to x we get
da

g—=gaqa

T a0
da_py
a ag

int ergratingthe above equationwe get
_[d_a = Iﬂd}{
a a

0.¥
a
Inordertodet ermine theconstantof int egration

letusapplytheboundaryconditions
at x=0a=g

=

log,® = +constant

thus,constant = log, ™
ar

o0
T

log,? =

log 2
L=
Ap
g.x

ar|e = =

+log
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Example 1: Calculate the overall change in length of the tapered rod as shown in
figure below. It carries a tensile load of 10kN at the free end and at the step change
in section a compressive load of 2 MN/m evenly distributed around a circle of 30 mm
diameter take the value of E = 208 GN / m?,

This problem may be solved using the procedure as discussed earlier in this

section

Example 2: A round bar, of length L, tapers uniformly from radius ry at one end to

radius rpat the other. Show that the extension produced by a tensile axial load P
FL

iSE:".!En2
If r, = 2ry , compare this extension with that of a uniform cylindrical bar having a
radius equal to the mean radius of the tapered bar.

Solution:

EELEELE




consider the above figure let ry be the radius at the smaller end. Then at a X
crosssection XX located at a distance x from the smaller end, the value of radius is

equal to

_ e
=n+ L':rz )

=1+ kx)
wherek = [r2 Bl ]1_
L )
stressatsection XX = Joad
area
- P
it (1+ k)
hence strain at this section = 1o
- "
E.?Trf (1 + k}{jz
Thus,forasmall length dx of the bar at this section the extention is%
Emm (1 + kx)

Total extension of the bar can be found by integrating the above expression within
the limits from »=0 to =L
Extension = T%
b B 01+ kex)
P
E 12

_ 1+kx
E 2

1+ k)™ 1
E.m1 -k —k

= Fl ']_ 1
Emifk|] T+kL

= L
Em (1 + kL)

L
_[1+kx e
1]

Therefore the extension =

Mtz
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Comparing of extensions

For the case when rp = 2.r, the value of computed extension as above
L
becomes equal to 2rEr?
The mean radius of taper bar
=1/2(r1+r2)
=1/2(r1+2ry)
=3/2.r
Therefore, the extension of uniform bar

= Orginal length . strain

hencethe

4PL
Exten sionof uniform _ | geEmr?
Extensionof tapered ) FL
2nEr?

wz | OO0
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Module 1
Lecture 3:

When a single force or a system force acts on a body, it undergoes some
deformation. This deformation per unit length is known as strain. Mathematically
strain may be defined as deformation per unit length.

So,

Strain=Elongation/Original length

Or, g=5|—|

Elasticity;
The property of material by virtue of which it returns to its original shape and size

upon removal of load is known as elasticity.
Hooks Law
It states that within elastic limit stress is proportional to strain. Mathematically

_ Stress
Strain

E

Where E = Young’s Modulus
Hooks law holds good equally for tension and compression.

Poisson’s Ratio;

The ratio lateral strain to longitudinal strain produced by a single stress is known as

Poisson’s ratio. Symbol used for poisson’s ratio is # or 1/m.

Modulus of Elasticity (or Younqg’s Modulus)

Young’s modulus is defined as the ratio of stress to strain within elastic limit.

Deformation of a body due to load acting on it

We know that young’s modulus E=—o>
Strain
Or, strain, e =2 _P
E AE

20



Now, strain, ¢ :5TI

So, deformation

AE
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Module 1

Lecture 4: Numerical problems on Stress-strain relationship, Hooke’s law,

Poisson’s ratio, shear stress

22



Module 1

Lecture 5: Shear strain, modulus of rigidity, bulk modulus. Relationship between

material properties of isotropic materials.
Shear Strain

The distortion produced by shear stress on an element or rectangular block is shown
in the figure. The shear strain or ‘slide’ is expressed by angle ¢ and it can be defined

as the change in the right angle. It is measured in radians and is dimensionless in

Vi : /-

For elastic materials it is found that shear stress is proportional to the shear strain

nature.

Modulus of Rigidity

within elastic limit. The ratio is called modulus rigidity. It is denoted by the symbol ‘G’
or ‘C.

h
G= Shear strerc,s _ T N/mm?
shear strain ¢

Bulk modulus (K): It is defined as the ratio of uniform stress intensity to the

volumetric strain. It is denoted by the symbol K.

_stressintensity o
volumetric strain ¢

v

Relation between elastic constants:

Elastic constants: These are the relations which determine the deformations

produced by a given stress system acting on a particular material. These factors are
constant within elastic limit, and known as modulus of elasticity £, modulus of rigidity

G, Bulk modulus K and Poisson’s ratio p.

23



Relationship between modulus of elasticity (E) and bulk modulus (K):

E =3K(1-2x)

Relationship between modulus of elasticity (E) and modulus of rigidity (G):

E=2G1+ )

Relation among three elastic constants:

9KG

- G+3K

24



Module 1:
Lecture 6:

Numerical problems on, relation between elastic constants.

25



Module 1:
Lecture 7: Stress-strain diagram for uniaxial loading of ductile and brittle materials.

Stress — Strain Relationship

Stress — strain diagram for mild steel

Standard specimen are used for the tension test.

There are two types of standard specimen's which are generally used for this

purpose, which have been shown below:

Specimen I:

This specimen utilizes a circular X-section.

[specimen with circular X-section]

Specimen ll:

This specimen utilizes a rectangular X-section.

\\-\.\_\_\_\_‘_
Peamm

L |

A

[specimen with rectangular X-section]

ly = gauge length i.e. length of the specimen on which we want to determine the
mechanical properties.The uniaxial tension test is carried out on tensile testing

machine and the following steps are performed to conduct this test.

26



(i) The ends of the specimen are secured in the grips of the testing machine.

(i) There is a unit for applying a load to the specimen with a hydraulic or mechanical

drive.

(iii) There must be some recording device by which you should be able to measure
the final output in the form of Load or stress. So the testing machines are often
equipped with the pendulum type lever, pressure gauge and hydraulic capsule and

the stress Vs strain diagram is plotted which has the following shape.

A typical tensile test curve for the mild steel has been shown below

8]
PARTIALLY PLASTIC | ;

-

Ultimate  |[ELASTIC e

True stress-
strain diagram

-

stress - E

Yield o /
siress B C ) ,
A conventional stress-strain
y D diagram or nominal stress-
o : strain diagram
h 1
2 T '
“ : rupture strength
: {it iz the stress at
i failure)
1
4 | €
"_"T_: strain — =
Linear range

SALIENT POINTS OF THE GRAPH:
(A) So it is evident form the graph that the strain is proportional to strain or

elongation is proportional to the load giving a st.line relationship. This law of
proportionality is valid upto a point A.

or we can say that point A is some ultimate point when the linear nature of the graph
ceases or there is a deviation from the linear nature. This point is known as the limit
of proportionality or the proportionality limit.

(B) For a short period beyond the point A, the material may still be elastic in the
sense that the deformations are completely recovered when the load is removed.
The limiting point B is termed as Elastic Limit .

(C) and (D) - Beyond the elastic limit plastic deformation occurs and strains are not

totally recoverable. There will be thus permanent deformation or permanent set

27



when load is removed. These two points are termed as upper and lower yield points
respectively. The stress at the yield point is called the yield strength.

A study a stress — strain diagrams shows that the yield point is so near the
proportional limit that for most purpose the two may be taken as one. However, it is
much easier to locate the former. For material which do not posses a well define
yield points, In order to find the yield point or yield strength, an offset method is
applied.

In this method a line is drawn parallel to the straight line portion of initial stress
diagram by off setting this by an amount equal to 0.2% of the strain as shown as
below and this happens especially for the low carbon steel.

A
[a)

yield strength (or Proof stress)

0.2 % or .002 s
(E) A further increase in the load will cause marked deformation in the whole volume
of the metal. The maximum load which the specimen can with stand without failure is
called the load at the ultimate strength.
The highest point ‘E' of the diagram corresponds to the ultimate strength of a
material.
sy = Stress which the specimen can with stand without failure & is known as Ultimate
Strength or Tensile Strength.
sy is equal to load at E divided by the original cross-sectional area of the bar.
(F) Beyond point E, the bar begins to forms neck. The load falling from the maximum
until fracture occurs at F. Beyond point E, the cross-sectional area of the specimen
begins to reduce rapidly over a relatively small length of bar and the bar is said to
form a neck. This necking takes place whilst the load reduces, and fracture of the bar

finally occurs at point F.

28



Nominal stress — Strain OR Conventional Stress — Strain diagrams:

Stresses are usually computed on the basis of the original area of the specimen;
such stresses are often referred to as conventional or nominal stresses.

True stress — Strain Diagram:

Since when a material is subjected to a uniaxial load, some contraction or expansion
always takes place. Thus, dividing the applied force by the corresponding actual
area of the specimen at the same instant gives the so called true stress.

Percentage Elongation: 'd ':

The ductility of a material in tension can be characterized by its elongation and by
the reduction in area at the cross section where fracture occurs.
It is the ratio of the extension in length of the specimen after fracture to its initial

gauge length, expressed in percentage.

-1
a=(‘| gj'xmn
1

I, = gauge length of specimen after fracture(or the distance between the gage marks
at fracture)

l;= gauge length before fracture(i.e. initial gauge length)

For 50 mm gage length, steel may here a % elongation d of the order of 10% to
40%.

Ductile and Brittle Materials:

Based on this behaviour, the materials may be classified as ductile or brittle

materials

Ductile Materials:

It we just examine the earlier tension curve one can notice that the extension of the
materials over the plastic range is considerably in excess of that associated with
elastic loading. The Capacity of materials to allow these large deformations or large
extensions without failure is termed as ductility. The materials with high ductility are

termed as ductile materials.

Brittle Materials:

29



A brittle material is one which exhibits a relatively small extensions or deformations
to fracture, so that the partially plastic region of the tensile test graph is much
reduced.

This type of graph is shown by the cast iron or steels with high carbon contents or
concrete.
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Module 1:
Lecture 8: Introduction to mechanical properties of metals-hardness, impact

Mechanical Properties of material:

Elasticity: Property of material by virtue of which it can regain its shape after removal

of external load

Plasticity: Property of material by virtue of which, it will be in a state of permanent

deformation even after removal of external load.

Ductility: Property of material by virtue of which, the material can be drawn into

wires.

Hardness: Property of material by virtue of which the material will offer resistance to

penetration or indentation.

Ball indentation Tests:
iThis method consists in pressing a hardened steel ball under a constant load P
into a specially prepared flat surface on the test specimen as indicated in the figures

below :

X

=~
r'/\ D\ - d .
: »

d
After removing the load an indentation remains on the surface of the test
specimen. If area of the spherical surface in the indentation is denoted as F sq. mm.
Brinell Hardness number is defined as :
BHN=P/F
F is expressed in terms of D and d
D = ball diameter

d = diametric of indentation and Brinell Hardness number is given by

BHN =

2P
zD(D-+/D? -d?)
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Then is there is also Vicker's Hardness Number in which the ball is of conical
shape.

IMPACT STRENGTH

Static tension tests of the unnotched specimen's do not always reveal the

susceptibility of metal to brittle fracture. This important factor is determined in impact

tests. In impact tests we use the notched specimen's

N

this specimen is placed on its supports on anvil so that blow of the striker is
opposite to the notch the impact strength is defined as the energy A, required to
rupture the specimen,

Impact Strength = A/ f

Where f = It is the cross — section area of the specimen in cm? at fracture &
obviously at notch.

The impact strength is a complex characteristic which takes into account both
toughness and strength of a material. The main purpose of notched — bar tests is to
study the simultaneous effect of stress concentration and high velocity load
application

Impact test are of the severest type and facilitate brittle friction. Impact strength
values can not be as yet be used for design calculations but these tests as rule
provided for in specifications for carbon & alloy steels.Futher, it may be noted that in
impact tests fracture may be either brittle or ductile. In the case of brittle fracture,
fracture occurs by separation and is not accompanied by noticeable plastic

deformation as occurs in the case of ductile fracture.

Impact loads:

Considering a weight falling from a height h, on to a collar attached at the end as

shown in the figure.

Let P= equivalent static or gradually applied load which will produce the same

extension x as that of the impact load W
Neglecting loss of energy due to impact, we can have:

Loss of potential energy= gain of strain energy of the bar
32



W(h+x):%Px

Now we have extension x = P—I
AE

Substituting the value of x in the above equation we have:

PI . 1 PZI
W) ==Y
Solving the above equation we can have the following relation:

P =W[1++/1+ 2hAE/WI]

Important Case: for a particular case i.e. for h=0, for a suddenly applied load P=2W,

i.e. the stress produced by a suddenly applied load is twice that of the static stress.

Numerical examples:

1. Referring to the following figure let a mass of 100 kg fall 4cm on to a collar
attached to a bar of steel 2cm diameter, 3m long. Find the maximum stress set up.
Take E= 205,000 N/mm?.

Applying the relation:

P

o=—

A
=W[L+ 1+ 2hAE/WI]/ A

981{ \/ 2x40% 7 x100x 205,000
=—-/ 1+, 1+

1007 981x3x1000

=134 M/mm?
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Module 1:

Lecture 9: Composite Bars In Tension & Compression:-Temperature stresses in

composite rods statically indeterminate problem.

Thermal stresses, Bars subjected to tension and Compression

Compound bar: In certain application it is necessary to use a combination of
elements or bars made from different materials, each material performing a different
function. In over head electric cables or Transmission Lines for example it is often
convenient to carry the current in a set of copper wires surrounding steel wires. The
later being designed to support the weight of the cable over large spans. Such a
combination of materials is generally termed compound bars.

Consider therefore, a compound bar consisting of n members, each having a
different length and cross sectional area and each being of a different material. Let
all member have a common extension ‘X' i.e. the load is positioned to produce the
same extension in each member.

A e P e

i Lt

/ n" member
/ Length Ln

First member p Area A
Modulus En
Length L1 Load Fr
Area Al
Modulus E1 | | |
LgadFy - - J----------°no Common

extension

Forthe'n' the members

I:I'I
stress _ E - A
strain " }{n/g

R
An-¥n
or Fn = En-'in-}{n = EnL"&n'n-}{ L

Where F, is the force in the nth member and A, and L, are its cross - sectional
area and length.

Let W be the total load, the total load carried will be the sum of all loads for all
the members.
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E A x

W:E n''n
L,
= }{.Z% ....... (2]
L,
Fromeguation (1) forceinmemberlisgiven as
E - E, A x
fromeguation(Z)
W
}{ =
EEI'IEIJKH
|_I'I
ThusF, = Eify W
|‘1 E[EnAn
L,

Therefore, each member carries a portion of the total load W proportional of EA
/ L value.

E1 .lﬂ.l1

L
1wy
SEA

The above expression may be writen as L

F, =

E.A
o= Sy
if the length of each individual member in same then, we may write =~ &~

Thus, the stress in member '1' may be determined as (14 = F4 / A4

Determination of common extension of compound bars:In order to
determine the common extension of a compound bar it is convenient to consider it as
a single bar of an imaginary material with an equivalent or combined modulus E..

Assumption: Here it is necessary to assume that both the extension and
original lengths of the individual members of the compound bar are the same, the
strains in all members will than be equal.

Total load on compound bar=F; + Fo+ F3 +......... + Fq

where Fq, F 5 ,....,etc are the loads in members 1,2 etc

But force = stress . area,therefore
O'(A1+A2+ ...... +An)=O'1A1+O'2A2+ ........ + o An

Where o is the stress in the equivalent single bar
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Dividing throughout by the common strain(][] .

a _ Wy Ja 2
— (A B A A A —
E': P At AL = t =2 t =
e E Ay + Ay + L+ A TS EA +EA LB LA

_EA v Eh, v E A

TR A e A
>EA
E. ==
or E, S A
with an external load W applied stress in the equivalent bar may be computed as
stress:E
A
o . X W
t th lent bar=—=
strain inthe equivalent bar ["STAE,
hence commen extension x = .
E.=A

Compound bars subjected to Temp. Change : Ordinary materials expand
when heated and contract when cooled, hence , an increase in temperature produce
a positive thermal strain. Thermal strains usually are reversible in a sense that the
member returns to its original shape when the temperature return to its original
value. However, there here are some materials which do not behave in this manner.
These metals differs from ordinary materials in a sence that the strains are related
non linearly to temperature and some times are irreversible .when a material is
subjected to a change in temp. is a length will change by an amount.

& =a Lt

Oro, =E.a.t

L cae
o

[/f’éﬁé".(’

a = coefficient of linear expansion for the material
L = original Length
t = temp. change

Thus an increase in temperature produces an increase in length and a
decrease in temperature results in a decrease in length except in very special cases
of materials with zero or negative coefficients of expansion which need not to be
considered here.

If however, the free expansion of the material is prevented by some external
force, then a stress is set up in the material. They stress is equal in magnitude to that
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which would be produced in the bar by initially allowing the bar to its free length and
then applying sufficient force to return the bar to its original length.

Change inLength= o Lt
Therefore, strain=«a Lt/L
=at

Therefore, the stress generated in the material by the application of sufficient
force to remove this strain

=strain x E
or Stress=E o t

Consider now a compound bar constructed from two different materials rigidly
joined together, for simplicity.

Let us consider that the materials in this case are steel and brass.

Steel

Brass

If we have both applied stresses and a temp. change, thermal strains may be
added to those given by generalized hook's law equation —e.g.

Ex:%[ax—){ay+azj]+mﬁt
Ef%[ﬁry—}(ox +|:rz]|]+o:.fl-.t

=, = %[az -Wa, + cryj] + it

While the normal strains a body are affected by changes in temperatures, shear
strains are not. Because if the temp. of any block or element changes, then its size
changes not its shape therefore shear strains do not change.

In general, the coefficients of expansion of the two materials forming the

compound bar will be different so that as the temp. rises each material will attempt to
expand by different amounts. Figure below shows the positions to which the
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individual materials will expand if they are completely free to expand (i.e not joined
rigidly together as a compound bar). The extension of any Length L is given by o L t

Assurne O, > Ol
4
(a) Original bar Steel
Brass
3 Steel
ry o, Lot .
- L
oLy
-_—— =
o
Eieel |B ¥

{b} Expanded position members
free to expand nrepenthy R Brass

Extension of —3

st Compression
of brass
9 D
() Expanded position of the Etegl
Compound har Brass
3 Steel

In general, changes in lengths due to thermal strains may be calculated form
equation 6, = « Lt, provided that the members are able to expand or contract freely,

a situation that exists in statically determinates structures. As a consequence no
stresses are generated in a statically determinate structure when one or more
members undergo a uniform temperature change. If in a structure (or a compound
bar), the free expansion or contraction is not allowed then the member becomes s
statically indeterminate, which is just being discussed as an example of the
compound bar and thermal stresses would be generated.

If the two materials are now rigidly joined as a compound bar and subjected to
the same temp. rise, each materials will attempt to expand to its free length position
but each will be affected by the movement of the other. The higher coefficient of
expansion material (brass) will therefore, seek to pull the steel up to its free length
position and conversely, the lower coefficient of expansion martial (steel) will try to
hold the brass back. In practice a compromised is reached, the compound bar
extending to the position shown in fig (c), resulting in an effective compression of the
brass from its free length position and an effective extension of steel from its free
length position.
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Module 2:
Lecture 1-5:

Two Dimensional State of Stress and Strain: Principal stresses. Numerical

examples

Stresses on oblique plane: Till now we have dealt with either pure normal direct

stress or pure shear stress. In many instances, however both direct and shear
stresses acts and the resultant stress across any section will be neither normal nor
tangential to the plane. A plane stse of stress is a 2 dimensional stae of stress in a
sense that the stress components in one direction are all zero i.e
0:=Ty=7Tx=0

Examples of plane state of stress include plates and shells. Consider the

general case of a bar under direct load F giving rise to a stress oy vertically

Thickness of the
element in z-dir is thin
\‘\ and is taken unity.

unit depth

O Ty G

The stress acting at a point is represented by the stresses acting on the faces of the
element enclosing the point. The stresses change with the inclination of the planes
passing through that point i.e. the stress on the faces of the element vary as the
angular position of the element changes. Let the block be of unit depth now
considering the equilibrium of forces on the triangle portion ABC. Resolving forces
perpendicular to BC, gives

c,.BC.1=oysingd. AB.1

but AB/BC =sinéd or AB =BC siné

Substituting this value in the above equation, we get
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0,.BC.1=oysin §.BCsind . 1o0r o, =0,sin’ 20 (1)
Now resolving the forces parallel to BC

7, .BC.1=0ycos 6. AB sin. 1

again AB = BC cos 6

c0,.BC.1=0ycos §.BCsin 8.10r o,=cysing cosé
_1 in26 2
TH—E.O'ySIn (2)

If & = 90° the BC will be parallel to AB and 7,= 0, i.e. there will be only direct stress

or normal stress.
By examining the equations (1) and (2), the following conclusions may be drawn

(i) The value of direct stress o, is maximum and is equal to o, when v= 90°.
(i) The shear stress 7, has a maximum value of 0.5 o, when 6= 45°

Material subjected to pure shear:

Consider the element shown to which shear stresses have been applied to the
sides AB and DC

Complementary shear stresses of equal value but of opposite effect are then
set up on the sides AD and BC in order to prevent the rotation of the element. Since
the applied and complementary shear stresses are of equal value on the x and y
planes. Therefore, they are both represented by the symbol 7 ,y.

Now consider the equilibrium of portion of PBC
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Assuming unit depth and resolving normal to PC or in the direction of o,
c,.PC.1 =1, .PB.cos®.1+z, .BC.sind .1
=7, .PB.cosé + z,,.BC.sind

Now writing PB and BC in terms of PC so that it cancels out from the two sides
PB/PC = sing BC/PC = cosé

c,.PC.1 =1, .cosdsindPC+r,, .cosd.sind.PC
0,= 21, ,sindcosd
Or, o,=2t,,5sin20 (1)
Now resolving forces parallel to PC or in the direction of o, .then z,, PC.1
= 7,,. PBsing-z, BC cos ¢
-ve sign has been put because this component is in the same direction as that of 7, .
again converting the various quantities in terms of PC we have
7,PC. 1=1,,. PBsin’ 0 r,, -7, PCcos®d
= -7, [cos?0- sin* 0]
=-71,,C0820 (2)
the negative sign means that the sense of 7,is opposite to that of assumed one. Let
us examine the equations (1) and (2) respectively
From equation (1) i.e,
Op= Ty, SIN20
The equation (1) represents that the maximum value of o,is 7,, when 6= 45° Let us

take into consideration the equation (2) which states that
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Op= - 7,,C0S20
It indicates that the maximum value of o is 7, when ¢= 0°or 90°. it has a value

zero when 6 = 45°,

From equation (1) it may be noticed that the normal component 1., has maximum
and minimum values of +[ly, (tension) and [y, (compression) on plane at * 45° to
the applied shear and on these planes the tangential component [ is zero.

Hence the system of pure shear stresses produces and equivalent direct stress
system, one set compressive and one tensile each located at 45°to the original

shear directions as depicted in the figure below:

Try -—————

Material subjected to two mutually perpendicular direct stresses:

Now consider a rectangular element of unit depth, subjected to a system of two

direct stresses both tensile, [y and [lyacting right angles to each other.

oy \1
N
A -‘-H-‘L-I‘-I'Ilt depth _ i @ -
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for equilibrium of the portion ABC, resolving perpendicular to AC

c,.-AC.1= 0, sin 6. AB.1+ o, cos ¢.BC.1

converting AB and BC in terms of AC so that AC cancels out from the sides
o, = o,sin’ 0+o, cos’ o

Futher, recalling that cos?@- sin®6 = cos26 or (1 - cos26)/2 = sin’6
Similarly (1 + cos26)/2 = cos’q

Hence by these transformations the expression for [1- reduces to

=1/20y (1 [ cos2(1) + 1/200x (1 + cos2(1)

On rearranging the various terms we get

a+a g, -0
oy = | —E | +]| —L |cos28
2 2

Now resolving parallal to AC
8q.-AC.1= [Ilyy..cos[].AB.1+1[14,.BC.sin[].1

3)

The — ve sign appears because this component is in the same direction as that

of AC.
Again converting the various quantities in terms of AC so that the AC cancels

out from the two sides.

Ta-ALT = [rcosfsing - o sintlcosf [AC
Ty = (0, -0 ) sinfcosd
Ty =0
SCERLON
U —_
or :rﬁ=|: * ¥ gin2f
(4)

Conclusions :

The following conclusions may be drawn from equation (3) and (4)

(i) The maximum direct stress would be equal to [Ix or [y which ever is the
greater, when [0 = 0° or 90°

(i) The maximum shear stress in the plane of the applied stresses occurs

when [1[1= 45°
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Material subjected to combined direct and shear stresses:

Now consider a complex stress system shown below, acting on an element of
material.

The stresses [y and [, may be compressive or tensile and may be the result of
direct forces or as a result of bending.The shear stresses may be as shown or
completely reversed and occur as a result of either shear force or torsion as shown

in the figure below:

=

P Tuy

8 o

Ty

¥ Ty

As per the double subscript notation the shear stress on the face BC should be
notified as [l,x , however, we have already seen that for a pair of shear stresses
there is a set of complementary shear stresses generated such that [y, = [y,

By looking at this state of stress, it may be observed that this state of stress is
combination of two different cases:

(i) Material subjected to pure stae of stress shear. In this case the various
formulas deserved are as follows

L = [y sin20000

Oy =000y cos 2000

(i) Material subjected to two mutually perpendicular direct stresses. In this case
the various formula's derived are as follows.

_log oyl (o, -0y
8 2

o, -
ALY

cos2é

sin 28

To get the required equations for the case under consideration,let us add the

respective equations for the above two cases such that
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g +q g, -a
oray) | o YIIEDSEEW T, 5iN28

et T3 v
a, -a
Ty = %sin?ﬂ - T L0528

These are the equilibrium equations for stresses at a point. They do not depend

on material proportions and are equally valid for elastic and inelastic behaviour
This eqn gives two values of 2(] that differ by 180° .Hence the planes on which

maximum and minimum normal stresses occurate 90%apart.

Farogto be a maximum ar minimurm d_; =0

Mo
O, +0 dJy = 0
Ta =I: - 1’r:|+|: - 1’rjln::|:|52t?+ Ty SIN2E
2 2
% = -2(0, ~0,)5in282 + 7,,20528.2
=0

1.~ (o, - o )sin2f+ 1 cos282 =0

T t0 5282 = (o, - 0, )sinZé

Tey

Thus, tan2d =
(gx - U\,r:'

From the triangle it may be determined

a. - a
cos2d = 9 - )
J[ax - o) +ar,,
2T
sin 26 = =

\{[Ux - f'rm,r:l2 + "1123-:1;

2Ty

Substituting the values of cos2(1[1 and sin2(][] in equation (5) we get
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(o, +o,) (o, -a,)

a, = + Y cos2f + 1, 528

2 2 ¥
a _('J:-c"":r\,r:l_'_':gx_'jy:' I:GI—GY:I
2] - .
2 N R
. :rw.zfrw
J{ax o)t 41,
- (o +':r1,r:| (o _':ryjlz
2 2 Jcr -a, +f11'2
L] 412
2\’0 -, +412
ar
(o, +0,) 1 (o, -0, +47
= + _
2 2 .Jcr -a, “11113;
1_0 vo, 1 (o, -0, +f112w. 'IUI‘%:'E*"'HEW
2 Jo -o e drt,
1 1
O, = 5[c:rch + UYII * 5.\([0! - nyjlz +412:-:'5,r

Hence we get the twa values of o, which are designated 7, as o, and respectively therefare

1 1
ay = 5':03: o)t 5.,‘([03( - UYIIE +412w

1 1
Ty = EI:CTI + CFYII - 5.1'((01 - JY]Z + flﬁw
The o, and o, are termed asthe principle stresses of the system.

Substituting the values of cos28 and sin28 in equation (B) we see that
Ty = 510, -0, )sindt - 1, cos2d

ET '.rmlr.l[c:rj,E —UYII

Jlo -0, + 47, J{ax—ay)2+412w

(Ux - U}.rzl
Ty =

This shows that the values oshear stress is zero on the principal planes.

Hence the maximum and minimum values of normal stresses occur on planes

of zero shearing stress. The maximum and minimum normal stresses are called the

principal stresses, and the planes on which they act are called principal plane the

solution of equation

21
tan2é, = .
(ay - Uy:l
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will yield two values of 271 separated by 180° i.e. two values of [ separated by
90° .Thus the two principal stresses occur on mutually perpendicular planes termed

principal planes.
Therefore the two — dimensional complex stress system can now be reduced to

the equivalent system of principal stresses.

Principle planes Ref
A Ve
Ty
—_— e T ¥
Tuy +ve

31 G2

v
Let us recall that for the case of a material subjected to direct stresses the

value of maximum shear stresses

T om S0, -0 Jat f = 48" Thus, for a 2-dimensional state of stress,subjected to principle stresses

(o, - @;), on substituting the values if @, and o, we get

L J(-:rx - ary]l2 + 41211;

Alternatively this expression can also be obtained by differentiating the expression for 1, with respect to & ie.

T, =
Ta = %sin?ﬂ— T CO 528

ddig = —%[ax ~0,)c08282 + 7, 5in 282
=0
or{o, - o, Joos2f +2r sin2d =1

(gy - ':rx:l _ EGI - ':ry.r:'

tanZf, = =

2T, 2T

Oy -0
‘tanzﬁlg = —M

szy

Recalling that

2T
tan28, = — =

(I:r:l: - I:I-'!II':I

Thus,

tan28; tan28_ = 1|
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Therefore,it can be concluded that the equation (2) is a negative reciprocal of
equation (1) hence the roots for the double angle of equation (2) are 90° away from
the corresponding angle of equation (1).

This means that the angles that angles that locate the plane of maximum or

minimum shearing stresses form angles of 45° with the planes of principal stresses.
Futher, by making the triangle we get

2T
cos2d = I;r
Jio,-a P edrt
-(g, -a
sin26 = 9 ~ %)

Jloy —o a4
Therefore by substtutingthevaluesof cos28and sin2fwe have

Ty = ! (o, -0, )sin2f- 1 cos2d

2
1 ) (o, —c:ry]l.(crj,E —cryj ) ﬂrj,qlr.EirJ,q.r
2 Jioy-a 0t w4ty oy o)t ar,
_1_. (oy - I:TI:IE +472r5r
2 \,ﬂ;.:r}r -o, ) +4r,

Ty = 1%4{01 - UY:IE + flﬂw

- (ox- )

2[,1'\_..-

Because of root the difference in sign convention arises from the point of view

of locating the planes on which shear stress act. From physical point of view these
sign have no meaning.

The largest stress regard less of sign is always know as maximum shear
stress.

Principal plane inclination in terms of associated principal stress:
2T

tan2g, = il
. oo, -,
We know that the equation Y

yields two values of q i.e. the inclination of the two principal planes on which the

principal stresses s1 and s; act. It is uncertain,however, which stress acts on which
plane unless equation.
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o +d a. - d
- :|: x !.f:I+|: il chnszﬁw Ty SIN2E

2 2 is used and observing which one of the

two principal stresses is obtained.
Alternatively we can also find the answer to this problem in the following

manner

|_—unit depth

Oy or Gp
{U1 _Gz}

]

Consider once again the equilibrium of a triangular block of material of unit
depth, Assuming AC to be a principal plane on which principal stresses [, acts, and
the shear stress is zero.

Resolving the forces horizontally we get:

x.BC .1+ [k .AB.1=10.cosl!.AC dividing the above equation through

by BC we get
AB AL
a,.+ Twﬁ —ap.cnsﬁ.ﬁ

or
0, + T tant = o
Thus

p
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GRAPHICAL SOLUTION — MOHR'S STRESS CIRCLE

The transformation equations for plane stress can be represented in a graphical

form known as Mohr's circle. This grapical representation is very useful in depending
the relationships between normal and shear stresses acting on any inclined plane at
a point in a stresses body.

To draw a Mohr's stress circle consider a complex stress system as shown in

the figure
' oy
R Ty
A B
ro P Tuy
a Ox
[z
D «—1]}— C
¥ Oy

The above system represents a complete stress system for any condition of
applied load in two dimensions

The Mohr's stress circle is used to find out graphically the direct stress [ and
sheer stress(/[J on any plane inclined at[]to the plane on which [ acts.The
direction of [] here is taken in anticlockwise direction from the BC.

STEPS:

In order to do achieve the desired objective we proceed in the following manner

(i) Label the Block ABCD.

(i) Set up axes for the direct stress (as abscissa) and shear stress (as
ordinate)

(iif) Plot the stresses on two adjacent faces e.g. AB and BC, using the following
sign convention.

Direct stresses! 1| tensile positive; compressive, negative

Shear stresses — tending to turn block clockwise, positive

— tending to turn block counter clockwise, negative

[ i.e shearing stresses are +ve when its movement about the centre of the

element is clockwise ]
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This gives two points on the graph which may than be labeled as AB and BC
respectively to denote stresses on these planes.

(iv) Join AB and BC

(v) The point P where this line cuts the s axis is than the centre of Mohr's

stress circle and the line joining AB and BT s diameter. Therefore the circle can now
be drawn.

Now every point on the circle then represents a state of stress on some plane
through C.

A
+
(] >
Proof:
A
+
=" : .

N

~ e (mitaz) 12




Consider any point Q on the circumference of the circle, such that PQ makes

assumed that [, [0y,

an angle 21 with BC, and drop a perpendicular from Q to meet the s axis at N.Then

OQ represents the resultant stress on the plane an angle [1to BC. Here we have

Now let us find out the coordinates of point Q. These are ON and QN.

From the figure drawn earlier
ON =OP + PN
OP =0OK + KP
OP =1y + 1/2 ( LIx[I0[y)
=y /2+0y/2+0x/2+1,/2
=(x+0y)/2
PN = Rcos( 201111[])
hence ON = OP + PN
= (g + [y)/2+Rcos(201010101010)
= (lx+ 1y )/ 2 + Rcos2(] cosl] + Rsin2[sin(]

now make the substitutions for Rcos | and Rsin(].

a, -a
Rcosg = |: 12 1’J; Rsinf = T,

Thus,
ON =1/2 (L 0x + [ly) + 1/2 (0 [ [y )cos20] + [x,sin201[]
Similarly QM = Rsin( 20101011117 )

= Rsin2(]cos[] - Rcos2(Isin[]
Thus, substituting the values of R cosl] and Rsinl[], we get
QM = 1/2 ( Uy I Oy)sin201 L0 ycos2(]

(2)

If we examine the equation (1) and (2), we see that this is the same equation

which we have already derived analytically

Thus the co-ordinates of Q are the normal and shear stresses on the plane

inclined at [0 to BC in the original stress system.

N.B: Since angle BC PQ is 21 on Mohr's circle and not [ it becomes obvious

Further points to be noted are :
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(1) The direct stress is maximum when Q is at M and at this point obviously the
sheer stress is zero, hence by definition OM is the length representing the maximum
principal stresses (14 and 2[4 gives the angle of the plane (14 from BC. Similar OL is
the other principal stress and is represented by [,

(2) The maximum shear stress is given by the highest point on the circle and is
represented by the radius of the circle.

This follows that since shear stresses and complimentary sheer stresses have
the same value; therefore the centre of the circle will always lie on the s axis midway
between [y and [y . [ since +[1y, & [1[ly, are shear stress & complimentary shear
stress so they are same in magnitude but different in sign. ]

(3) From the above point the maximum sheer stress i.e. the Radius of the

Mohr's stress circle would be

(o, -0,
2

While the direct stress on the plane of maximum shear must be mid — may
between [y and [yi.e

(o, + 0]
2

e
A
3|
]

\

H-H"-\_
(o7 + oy} B

2

il -

(4) As already defined the principal planes are the planes on which the shear
components are zero.

Therefore are conclude that on principal plane the sheer stress is zero.

(5) Since the resultant of two stress at 90° can be found from the parallogram of
vectors as shown in the diagram.Thus, the resultant stress on the plane at q to BC is

given by OQ on Mohr's Circle.



(6) The graphical method of solution for a complex stress problems using
Mohr's circle is a very powerful technique, since all the information relating to any
plane within the stressed element is contained in the single construction. It thus,
provides a convenient and rapid means of solution. Which is less prone to

arithmetical errors and is highly recommended.

Numericals:
Let us discuss few representative problems dealing with complex state of stress to
be solved either analytically or graphically.
Q 1: A circular bar 40 mm diameter carries an axial tensile load of 105 kN. What is
the Value of shear stress on the planes on which the normal stress has a value of 50
MN/m? tensile.
Solution:
Tensile stress [1,= F/ A =105 x 10°/ [0 x (0.02)
= 83.55 MN/m?
Now the normal stress on an oblige plane is given by the relation
[000= Dysin?(]
50 x 10° = 83.55 MN/m? x 10%sin(]
[ =508
The shear stress on the oblique plane is then given by
o= 1/2 Dysin2(]
= 1/2 x 83.55 x 10°x sin 101.36
= 40.96 MN/m?
Therefore the required shear stress is 40.96 MN/m?
Q2:
For a given loading conditions the state of stress in the wall of a cylinder is

expressed as follows:
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(a) 85 MN/m? tensile

(b) 25 MN/m? tensile at right angles to (a)

(c) Shear stresses of 60 MN/m? on the planes on which the stresses (a) and
(b) act; the sheer couple acting on planes carrying the 25 MN/m? stress is clockwise
in effect.

Calculate the principal stresses and the planes on which they act. What would
be the effect on these results if owing to a change of loading (a) becomes
compressive while stresses (b) and (c) remain unchanged

Solution:

The problem may be attempted both analytically as well as graphically. Let us
first obtain the analytical solution

-

Y
The principle stresses are given by the formula

7y anday

(0, + 0, i;—\{(ax gt e art,

= M| —

(B5+25) + %J{BE +28)% + (43607
1

S

B0+4E =55 +67

+

R

= g, =122 MN/m*

gy = =12 MM/ e {comp ressive)

For finding out the planes on which the principle stresses act us the

2T
tan28 = [ = ]
equation Tx "y

The solution of this equation will yeild two values(]i.e
they (14 and [, giving (1= 31°71' & [1,= 121°71'
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(b) In this case only the loading (a) is changed i.e. its direction had been
changed. While the other stresses remains unchanged hence now the block diagram

becomes.

25 MM
m?
I 60 MM

e

85 MN
m2

Y

Again the principal stresses would be given by the equation.

1 1
0180y = (0, +0,) 2= (0, -0, + 4T,

(-BE5+25) + ;_,JI’(-BE - 287 + (43607

(-60) * %J{—% - 257 +(4x60%)

= -30 i%«.ﬂ?ﬂ]ﬂ +14400

=-30=+31.4

gy =514 MN/m; oy = -111.4 MN/m?
Again for finding out the angles use the following equation.

27
tan2|9=[ il ]
¢, ~ 0

__2xB0 _ 120
-85-26  -110
_.12
11
12
26 = tan| -—=
[ 11]
= f=-2374"

Thus, the two principle stresses acting on the two mutually perpendicular

planes i.e principle planes may be depicted on the element as shown below:
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L F]

Ref plane

B.C ““w:

e}

—F— ¢

¥

So this is the direction of one principle plane & the principle stresses acting on
this would be (11 when is acting normal to this plane, now the direction of other
principal plane would be 90° + [1 because the principal planes are the two mutually
perpendicular plane, hence rotate the another plane 71 + 90° in the same direction to
get the another plane, now complete the material element if [1 is negative that means

we are measuring the angles in the opposite direction to the reference plane BC .

Therefore the direction of other principal planes would be {11 + 90} since the
angle 111 is always less in magnitude then 90 hence the quantity ((/(1] + 90 ) would
be positive therefore the Inclination of other plane with reference plane would be

positive therefore if just complete the Block. It would appear as

Ref plane
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If we just want to measure the angles from the reference plane, than rotate this

block through 180° so as to have the following appearance.

I
]
e,

?Qﬁ"" ® !

So whenever one of the angles comes negative to get the positive value,

first Add 90° to the value and again add 90° as in this case [ = 123°74'

so [11 = 1123°74' + 90°= 66°26' .Again adding 90° also gives the direction of
other principle planes

i.e 2 =66"26'+90° = 156°26'

This is how we can show the angular position of these planes clearly.
GRAPHICAL SOLUTION:

Mohr's Circle solution: The same solution can be obtained using the

graphical solution i.e the Mohr's stress circle,for the first part, the block diagram

becomes
2 25 MN
m: B0 MN
m?
A B
R 60 MN
\.\ m:|
\\
D -—— C

Construct the graphical construction as per the steps given earlier.
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Y

Taking the measurements from the Mohr's stress circle, the various quantities
computed are

11 =120 MN/m? tensile

15 = 10 MN/m? compressive

11 = 34° counter clockwise from BC

1, = 34%+ 90 = 124° counter clockwise from BC

Part Second : The required configuration i.e the block diagram for this case is

shown along with the stress circle.

By taking the measurements, the various quantites computed are given as
11 =56.5 MN/m? tensile
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T, = 106 MN/m? compressive
11 = 66°15' counter clockwise from BC
1, = 156°15' counter clockwise from BC

Salient points of Mohr's stress circle:

. complementary shear stresses (on planes 90° apart on the circle) are equal in
magnitude

. The principal planes are orthogonal: points L and M are 180° apart on the circle
(90° apart in material)

. There are no shear stresses on principal planes: point L and M lie on normal
stress axis.

. The planes of maximum shear are 45° from the principal points D and E are 90° ,
measured round the circle from points L and M.

. The maximum shear stresses are equal in magnitude and given by points D and
E

. The normal stresses on the planes of maximum shear stress are equal i.e. points
D and E both have normal stress co-ordinate which is equal to the two

principal stresses.

* B B
.-""-- J --\'"-\. —_
T . f/*'f ' H‘“\ Q * - .
AB k -
2 { ey Ty '—{‘ U ‘[—'.1.
/! _ -
."r : "|:| P G
| \ L
| 1
[}
: 20
1 ' T
i .\ PN T M o
i
\ |
i \\‘ ! /’j
™, |
\\\ ] |
. B
h-\""'-\._ _ \-IE‘ B ____,_,a-“'
e o >

As we know that the circle represents all possible states of normal and shear

stress on any plane through a stresses point in a material. Further we have seen that

the co-ordinates of the point ‘Q' are seen to be the same as those derived from
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equilibrium of the element. i.e. the normal and shear stress components on any
plane passing through the point can be found using Mohr's circle. Worthy of note:

1. The sides AB and BC of the element ABCD, which are 90° apart, are represented

on the circle by 2B P and BC P and they are 180° apart.

2. It has been shown that Mohr's circle represents all possible states at a point.
Thus, it can be seen at a point. Thus, it, can be seen that two planes LP and PM,
180° apart on the diagram and therefore 90° apart in the material, on which shear
stress [ is zero. These planes are termed as principal planes and normal stresses
acting on them are known as principal stresses.

Thus, [14=0L

(o= OM
3. The maximum shear stress in an element is given by the top and bottom points of
the circle i.e by points J4 and J, ,Thus the maximum shear stress would be equal to
the radius of i.e. [max= 1/2([11141 117 ),the corresponding normal stress is obviously
the distance OP = 1/2 ([1[Ix+ [1y) , Further it can also be seen that the planes on
which the shear stress is maximum are situated 90° from the principal planes ( on
circle ), and 45° in the material.

4.The minimum normal stress is just as important as the maximum. The
algebraic minimum stress could have a magnitude greater than that of the maximum
principal stress if the state of stress were such that the centre of the circle is to the
left of orgin.

i.e.if (14 =20 MN/m? (say)

1, = 180 MN/m? (say)

Then Umax™ = (14 [0z /2 ) =50 MN/m?

If should be noted that the principal stresses are considered a maximum or
minimum mathematically e.g. a compressive or negative stress is less than a
positive stress, irrespective or numerical value.

5. Since the stresses on perpendular faces of any element are given by the co-
ordinates of two diametrically opposite points on the circle, thus, the sum of the two
normal stresses for any and all orientations of the element is constant, i.e. Thus sum

is an invariant for any particular state of stress.
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Sum of the two normal stress components acting on mutually perpendicular

planes at a point in a state of plane stress is not affected by the orientation of these

planes.

-

C

oy

This can be also understand from the circle Since AB and BC are diametrically
opposite thus, what ever may be their orientation, they will always lie on the diametre
or we can say that their sum won't change, it can also be seen from analytical
relations

g, +a a -a
:EI 1’r:|+|:3'E F:ICDSEI5+T sin28

)
We know 2 2 i

onplane BC; L1 =0

Unt = Ly
on plane AB; (] = 270°
Dnz = Dy

6. If [11= [, the Mohr's stress circle degenerates into a point and no shearing

stresses are developed on xy plane.
7. If x+ [0y= 0, then the center of Mohr's circle coincides with the origin

of LIJLIJLJ co-ordinates.
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Module 3
Lecture 1- 4: Shear Force and Bending Moment

Concept of Shear Force and Bending moment in beams:
When the beam is loaded in some arbitrarily manner, the internal forces and
moments are developed and the terms shear force and bending moments come into

pictures which are helpful to analyze the beams further. Let us define these terms

(g

b Fif7F
A A
Ri {a} Rz
P . P T'L =
!
¥ 1 !
s v : : FrAFF
A \ A
1
Ri : Rz
{b) A

Fig 1
Now let us consider the beam as shown in fig 1(a) which is supporting the loads P+,
P2, Pszand is simply supported at two points creating the reactions R;and
R. respectively. Now let us assume that the beam is to divided into or imagined to be
cut into two portions at a section AA. Now let us assume that the resultant of loads
and reactions to the left of AA is ‘F' vertically upwards, and since the entire beam is
to remain in equilibrium, thus the resultant of forces to the right of AA must also be F,
acting downwards. This forces ‘F' is as a shear force. The shearing force at any x-
section of a beam represents the tendency for the portion of the beam to one side of
the section to slide or shear laterally relative to the other portion.
Therefore, now we are in a position to define the shear force ‘F' to as follows:
At any x-section of a beam, the shear force ‘F' is the algebraic sum of all the lateral
components of the forces acting on either side of the x-section.

Sign Convention for Shear Force:
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The usual sign conventions to be followed for the shear forces have been illustrated

in figures 2 and 3.

F

The resultant force which is in the downward
direction and is towards the R.H.5 of the
X-seclion is +ve Shear Force.

The resultant force which is in upward
direction and is towards the L.H.S of the

A
I
I
I
i
I
i
I
|
|
|
|
|
|
i
I
I
I
I
I
I
I
H-seclion is +ve Shear Force I
I
A

Fig 2: Positive Shear Force

F

The resultant force which are in the downward
direction and is on the L.H.5 of the X-section
i5 -ve Shear Force.

The resultant force which are in upward
direction and is on the R.H.5 of the

A
i
I
i
I
i
I
i
|
|
|
|
|
|
I
I
I
I
I
I
I
I
: X-seclion 15 -ve Shear Force,
A

Fig 3: Negative Shear Force
Bending Moment:
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Fig 4

Let us again consider the beam which is simply supported at the two prints, carrying
loads P4, P2 and P3; and having the reactions Ry and R; at the supports Fig 4. Now,
let us imagine that the beam is cut into two potions at the x-section AA. In a similar
manner, as done for the case of shear force, if we say that the resultant moment
about the section AA of all the loads and reactions to the left of the x-section at AA is
M in C.W direction, then moment of forces to the right of x-section AA must be ‘M' in
C.C.W. Then ‘M' is called as the Bending moment and is abbreviated as B.M. Now

one can define the bending moment to be simply asthe algebraic sum of the

moments about an x-section of all the forces acting on either side of the section

Sign Conventions for the Bending Moment:
For the bending moment, following sign conventions may be adopted as indicated in
Fig 5 and Fig 6.
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/

Resultant moment on the R.H.5 postion
of the X-section is C.C.W, then it may be
considered as positive B.M

\

A
1
I
i
I
i
|
|
|
|
|
|
|
|
|
|
|
|
Resultant moment on the LH.S of :
the X-section is C.W, then itis a |
positive B.M I
I
1

A

Fig 5: Positive Bending Moment

Resultant moment on the R.H.5 of
the X-section is C.W, then itis a
negalive B.M

Resultant moment on the L.H.S of
the X-section is C.C.W, thenitis a
negative B.M

:
1
1
1
1
1
|
|
|
|
|
|
|
1
|
1
|
1
|
I
A
Fig 6: Negative Bending Moment
Some times, the terms ‘Sagging' and Hogging are generally used for the positive and
negative bending moments respectively.
Bending Moment and Shear Force Diagrams:
The diagrams which illustrate the variations in B.M and S.F values along the length
of the beam for any fixed loading conditions would be helpful to analyze the beam
further.
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Thus, a shear force diagram is a graphical plot, which depicts how the internal shear
force ‘F' varies along the length of beam. If x dentotes the length of the beam, then F
is function x i.e. F(x).

Similarly a bending moment diagram is a graphical plot which depicts how the
internal bending moment ‘M' varies along the length of the beam. Again M is a
function x i.e. M(x).

Basic Relationship Between The Rate of Loading, Shear Force and Bending
Moment:

The construction of the shear force diagram and bending moment diagrams is
greatly simplified if the relationship among load, shear force and bending moment is
established.

Let us consider a simply supported beam AB carrying a uniformly distributed load
w/length. Let us imagine to cut a short slice of length dx cut out from this loaded

beam at distance ‘x' from the origin ‘0'.

\ Z

- “ ,,;i..

X
XN __\—p Considered to

he detached

[m]
Sy
¥

Let us detach this portion of the beam and draw its free body diagram.

The forces acting on the free body diagram of the detached portion of this loaded
beam are the following
» The shearing force F and F+ &F at the section x and x + dx respectively.

* The bending moment at the sections x and x + dx be M and M + dM respectively.
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» Force due to external loading, if ‘w' is the mean rate of loading per unit length then
the total loading on this slice of length dx is w. dx, which is approximately acting
through the centre ‘c'. If the loading is assumed to be uniformly distributed then it
would pass exactly through the centre ‘c'.

This small element must be in equilibrium under the action of these forces and
couples.

Now let us take the moments at the point ‘c'. Such that

M+F.%}{+(F +6F]|.%}{= fl + b

O E:

=F.— +(F +&F). it
2 2

=>F.E'2_}{ +F.E'2_}{ +5F.%}{= &M [Meglecting the product of

6F and 6x beingsmallquantitie s |

= F .fGx= &M
=F =@
G
Under the limits dx—0
il Il
F=— 1
= (")

Resolvingthe forcesyerically we get
w. b +(F +8F)=F

= W= —E
i
Under the limits dx—0
:—w=—£nr—i{ﬂ)
dx du "dx
dF _ d*M

Conclusions: From the above relations,the following important conclusions may be
drawn

» From Equation (1), the area of the shear force diagram between any two points,
from the basic calculus is the bending moment diagram

il = IF.d}{

» The slope of bending moment diagram is the shear force, thus

_ dM

F=""
dx

Thus, if F=0; the slope of the bending moment diagram is zero and the bending

moment is therefore constant.'
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dhd

— =0
« The maximum or minimum Bending moment occurs where 4%
The slope of the shear force diagram is equal to the magnitude of the intensity of the
distributed loading at any position along the beam. The —-ve sign is as a

consequence of our particular choice of sign conventions

Procedure for drawing shear force and bending moment diagram:

Preamble:

The advantage of plotting a variation of shear force F and bending moment M in a
beam as a function of x' measured from one end of the beam is that it becomes
easier to determine the maximum absolute value of shear force and bending
moment.

Further, the determination of value of M as a function of ‘x' becomes of paramount
importance so as to determine the value of deflection of beam subjected to a given
loading.

Construction of shear force and bending moment diagrams:

A shear force diagram can be constructed from the loading diagram of the beam. In
order to draw this, first the reactions must be determined always. Then the vertical
components of forces and reactions are successively summed from the left end of
the beam to preserve the mathematical sign conventions adopted. The shear at a
section is simply equal to the sum of all the vertical forces to the left of the section.
When the successive summation process is used, the shear force diagram should
end up with the previously calculated shear (reaction at right end of the beam. No
shear force acts through the beam just beyond the last vertical force or reaction. If
the shear force diagram closes in this fashion, then it gives an important check on
mathematical calculations.

The bending moment diagram is obtained by proceeding continuously along the
length of beam from the left hand end and summing up the areas of shear force
diagrams giving due regard to sign. The process of obtaining the moment diagram
from the shear force diagram by summation is exactly the same as that for drawing

shear force diagram from load diagram.
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It may also be observed that a constant shear force produces a uniform change in
the bending moment, resulting in straight line in the moment diagram. If no shear
force exists along a certain portion of a beam, then it indicates that there is no
change in moment takes place. It may also further observe that dm/dx= F therefore,
from the fundamental theorem of calculus the maximum or minimum moment occurs
where the shear is zero. In order to check the validity of the bending moment
diagram, the terminal conditions for the moment must be satisfied. If the end is free
or pinned, the computed sum must be equal to zero. If the end is built in, the moment
computed by the summation must be equal to the one calculated initially for the
reaction. These conditions must always be satisfied.

lllustrative problems:

In the following sections some illustrative problems have been discussed so as to
illustrate the procedure for drawing the shear force and bending moment diagrams

1. A cantilever of length carries a concentrated load ‘W' at its free end.

Draw shear force and bending moment.

Solution:

At a section a distance x from free end consider the forces to the left, then F = -W
(for all values of x) -ve sign means the shear force to the left of the x-section are in
downward direction and therefore negative

Taking moments about the section gives (obviously to the left of the section)

M = -Wx (-ve sign means that the moment on the left hand side of the portion is in
the anticlockwise direction and is therefore taken as —ve according to the sign
convention)

so that the maximum bending moment occurs at the fixed end i.e. M = -W |

From equilibrium consideration, the fixing moment applied at the fixed end is WI and

the reaction is W. the shear force and bending moment are shown as,
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W ¥ 1%

i / 5.F Diagram

% WWiE —E. M, Dilagram

2. Simply supported beam subjected to a central load (i.e. load acting at the mid-

way)

L4

- £
i ¢
!

.

By symmetry the reactions at the two supports would be W/2 and W/2. now consider

%

any section X-X from the left end then, the beam is under the action of following

forces.

w

".l‘,l‘:-/

.So the shear force at any X-section would be = W/2 [Which is constant upto x < 1/2]
If we consider another section Y-Y which is beyond 1/2 then

ar, s W oy
2 2 for all values greater = 1/2

Hence S.F diagram can be plotted as,
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T

N

=1

5.F.Diagram

i

.For B.M diagram:

If we just take the moments to the left of the cross-section,
B.h = sforxliesbetween0 and [£2

ileBMatx =0

B —

Again

:ﬂ}{—w}{+ﬂ
2

W W

= - w+

2 2

WA WY

B-Mm-| '? T

=F

Ii.ll I
o e o 44
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It may be observed that at the point of application of load there is an abrupt change
in the shear force, at this point the B.M is maximum.

3. A cantilever beam subjected to U.d.L, draw S.F and B.M diagram.

X sy

wi  length
1 i

I b
|

v X

Here the cantilever beam is subjected to a uniformly distributed load whose intensity
is given w / length.
Consider any cross-section XX which is at a distance of x from the free end. If we

just take the resultant of all the forces on the left of the X-section, then

S.Fxx = -Wx for all values of ‘X', ===m==n=== (1)
SFx=0
S.Fuxatx=1=-WI

So if we just plot the equation No. (1), then it will give a straight line relation. Bending
Moment at X-X is obtained by treating the load to the left of X-X as a concentrated
load of the same value acting through the centre of gravity.

Therefore, the bending moment at any cross-section X-X is

BMyy = - W x g

The above equation is a quadratic in x, when B.M is plotted against x this will
produces a parabolic variation.
The extreme values of this would be atx =0 and x = |

Wy
B'ME‘II B T

Wl
SRLLY,
5 E

Hence S.F and B.M diagram can be plotted as follows:
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w | length

B.M |-

4. Simply supported beam subjected to a uniformly distributed load [U.D.L].

“length

PN LN

Wi
X . 2

The total load carried by the span would be

= intensity of loading x length

=wxl

By symmetry the reactions at the end supports are each wl/2

If x is the distance of the section considered from the left hand end of the beam.
S.F at any X-section X-X is

=E—W}{

-]

Giving a straight relation, having a slope equal to the rate of loading or intensity of
the loading.
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S Fatx=|] =E = Wi
soat
S'Fat | =0 hencethe S.Fis zeroatthe centre
= -
;
iy
S'Fatx=I:_T

The bending moment at the section x is found by treating the distributed load as

acting at its centre of gravity, which at a distance of x/2 from the section
¥

o
“
-—
[
o e e Y e |
.
'l.l“
% ¥ v |
X
x
W X
B M}{}{ = —Hx - W}{ —
2
sothe

BM,, =0
By, = =0
W2
BM| ., =-1_
atx=1 B

So the equation (2) when plotted against x gives rise to a parabolic curve and the

shear force and bending moment can be drawn in the following way will appear as

follows:

I'W/IF-_ngth

Wl & 4
- \% /ia.F.D-lagl AT
-_—
b

Wil ;’8

B.& Dingr.;rrl
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Module 3
Lecture 5-8: Pure Bending

Loading restrictions:

As we are aware of the fact internal reactions developed on any cross-section of a
beam may consists of a resultant normal force, a resultant shear force and a
resultant couple. In order to ensure that the bending effects alone are investigated,
we shall put a constraint on the loading such that the resultant normal and the
resultant shear forces are zero on any cross-section perpendicular to the longitudinal
axis of the member,

Thatmeans F =0

ﬂ = F =
since 4= or M = constant.

Thus, the zero shear force means that the bending moment is constant or the
bending is same at every cross-section of the beam. Such a situation may be
visualized or envisaged when the beam or some portion of the beam, as been
loaded only by pure couples at its ends. It must be recalled that the couples are

assumed to be loaded in the plane of symmetry.

==—Heam

Plane of Symmetry

Fig {1)

Fig {2)
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When a member is loaded in such a fashion it is said to be in pure bending. The

examples of pure bending have been indicated in EX 1and EX 2 as shown below :

EX .2 P P

¥
I3

¥

zern 5. F

=N ]

Constant B.M

B.M.O

M ( .
* .

SFD

o

BMD

When a beam is subjected to pure bending are loaded by the couples at the ends,
certain cross-section gets deformed and we shall have to make out the conclusion
that,

1. Plane sections originally perpendicular to longitudinal axis of the beam remain
plane and perpendicular to the longitudinal axis even after bending , i.e. the cross-
section A'E', B'F' ( refer Fig 1(a) ) do not get warped or curved.

2. In the deformed section, the planes of this cross-section have a common
intersection i.e. any time originally parallel to the longitudinal axis of the beam

becomes an arc of circle.
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Any Transverse

Section
| A ’/
1
. pd
o —
o N_A = Neutral axis
s 1
Meutral p— oo
Surface ‘ A
# Nf__.-

We know that when a beam is under bending the fibres at the top will be lengthened
while at the bottom will be shortened provided the bending moment M acts at the
ends. In between these there are some fibres which remain unchanged in length that
is they are not strained, that is they do not carry any stress. The plane containing
such fibres is called neutral surface.

The line of intersection between the neutral surface and the transverse exploratory
section is called the neutral axisNeutral axis (N A) .

Bending Stresses in Beams or Derivation of Elastic Flexural formula :

In order to compute the value of bending stresses developed in a loaded beam, let
us consider the two cross-sections of a beamHE and GF , originally parallel as
shown in fig 1(a).when the beam is to bend it is assumed that these sections remain
parallel i.e.H'E' and G'F', the final position of the sections, are still straight lines,
they then subtend some angle (1.

Consider now fiber AB in the material, at adistance y from the N.A, when the beam

bends this will stretch to A'B'

Therefore,
change inlength

strain infibre AB = .
orginal length

_AB - AB

5 ButAB = CDandCD =C'D"

refer tofigl{a) andfigl(b)
AB-CD
co

Cstrain =

Since CD and C'D' are on the neutral axis and it is assumed that the Stress on the

neutral axis zero. Therefore, there won't be any strain on the neutral axis
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(R+y)B-RB _RB+yB-RA _ vy
Fa FA ]
Howey ar ft:z.?: =E whereE =%Young's Modulus of elasticity

Therefore equating the twostrains as

obtained fromthe tworelationsie,

"
i rAY

Consider any arbitrary a cross-section of beam, as shown above now the strain on a

fibre at a distance ‘y' from the N.A, is given by the expression

U=E
g

if the shaded strip isof area'dA’
thenthe force onthe strip is

F=gaA=Cyaa
R

Maoment about the neutral axiswould be=F .y =E i BA,

The toatl mament far the whale
crass-section istherefare equal to

_=E % s4_ Ex=. 2
M =%y A= = i)
ER}’ RE}“

Now the termzfl’za”"" is the property of the material and is called as a second moment

of area of the cross-section and is denoted by a symbol I.

Therefore
E
M=
- @
cambining equation 1 and 2 we get
o _M_E
y T R

This equation is known as the Bending Theory Equation.The above proof has

involved the assumption of pure bending without any shear force being present.
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Therefore this termed as the pure bending equation. This equation gives distribution
of stresses which are normal to cross-section i.e. in x-direction.

Section Modulus:

From simple bending theory equation, the maximum stress obtained in any cross-

section is given as

o) m
max

¥ m

max

hl
T

For any given allowable stress the maximum moment which can be accepted by a

particular shape of cross-section is therefore

For ready comparison of the strength of various beam cross-section this relationship
is some times written in the form

M =Zg o where Z= |

max

Yma |s termed as section modulus
The higher value of Z for a particular cross-section, the higher the bending moment
which it can withstand for a given maximum stress.

Theorems to determine second moment of area: There are two theorems which

are helpful to determine the value of second moment of area, which is required to be
used while solving the simple bending theory equation.

Second Moment of Area :

Taking an analogy from the mass moment of inertia, the second moment of area is
defined as the summation of areas times the distance squared from a fixed axis.
(This property arised while we were driving bending theory equation). This is also
known as the moment of inertia. An alternative name given to this is second moment

of area, because the first moment being the sum of areas times their distance from a

given axis and the second moment being the square of the distance orI ¥ dA .
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Consider any cross-section having small element of area d A then by the definition
Ix(Mass Moment of Inertia about x-axis) = [ da and l,(Mass Moment of Inertia

about y-axis) =] o da
Now the moment of inertia about an axis through ‘O' and perpendicular to the plane
of figure is called the polar moment of inertia. (The polar moment of inertia is also the
area moment of inertia).
i.e,

J = polar moment of inertia

= [rtda
= [0 + yyda
= [sda+[ytda

=l +ly
ord=le +1 (1

The relation (1) is known as the_perpendicular axis theorem and may be stated as

follows:

The sum of the Moment of Inertia about any two axes in the plane is equal to the
moment of inertia about an axis perpendicular to the plane, the three axes being
concurrent, i.e, the three axes exist together.

CIRCULAR SECTION :

For a circular x-section, the polar moment of inertia may be computed in the

following manner
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e

X K

")

Consider any circular strip of thickness [Ir located at a radius 'r'.

Than the area of the circular strip would be dA = 2(7r. [r

J=[raa
Taking the limits of intergration from O to d/2
d

7
J= Jrzzmﬂr
i

d
all FI v
-2
however by perpendicular axistheorem
J= e+ 1y
But far the circular cross-section the lxand lyare both
equal being moment of inertia about a diameter

1

lgig = §J
_—
lgg = —
G4

forahollow circular sectionof diameterDand d,
thevaluesof Jandlare definedas

_#pt - &
1= 32
n(D“ - d“)
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Parallel Axis Theorem:
The moment of inertia about any axis is equal to the moment of inertia about a

parallel axis through the centroid plus the area times the square of the distance

between the axes.

If ‘ZZ' is any axis in the plane of cross-section and ‘XX' is a parallel axis through the

centroid G, of the cross-section, then
l, = _[(g,r + hj2 dA by definition (moment of inertia about an axis Z7)
= J( +2yh +h?)dA,

= [y2da +n? Jda +2n ] yda

Since | ydA= 0
= [yt +n? [da
= [ytda +n2a
o= |, +ART | =15 (since cross-section axes also pass through G)

Where A =Total area of the section

Rectangular Section:
For a rectangular x-section of the beam, the second moment of area may be

computed as below :
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[

dy

Consider the rectangular beam cross-section as shown above and an element of
area dA , thickness dy, breadth B located at a distance y from the neutral axis,
which by symmetry passes through the centre of section. The second moment of

area | as defined earlier would be
ha = [y'dA

Thus, for the rectangular section the second moment of area about the neutral axis

i.e., an axis through the centre is given by

=
I
1
|1
=
(el
—_—
m
o
-
—

1l
m pal
| —rzl O
—
(=]
o
[

L.J|"‘=Cw

[ —
=

(el

1l
m
[r—

D3 [DS]I
E:[13+[:|3
A E g
BO?
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Similarly, the second moment of area of the rectangular section about an axis
through the lower edge of the section would be found using the same procedure but

with integral limits of 0 to D .

310 3
o5 -5
Therefore o

These standards formulas prove very convenient in the determination of Iya for build
up sections which can be conveniently divided into rectangles. For instance if we just

want to find out the Moment of Inertia of an | - section, then we can use the above

relation.
1 E .
I T
I I
I I
I I
I I
I I
I I
| ) _ | |d D
I I
N.A I I
I I
I I
I I
I I
I I
I I
r
i
- : > e . »-
N.A: of dotted rectangle - ofshaded portion
as B fof
CRA T2 12
.- BD* b
NA T2 B

Use of Flexure Formula:

lllustrative Problems:

An | - section girder, 200mm wide by 300 mm depth flange and web of thickness is
20 mm is used as simply supported beam for a span of 7 m. The girder carries a
distributed load of 5 KN /m and a concentrated load of 20 KN at mid-span.

Determine the

(i). The second moment of area of the cross-section of the girder
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(ii). The maximum stress set up.

Solution:

The second moment of area of the cross-section can be determained as follows :
For sections with symmetry about the neutral axis, use can be made of standard |
value for a rectangle about an axis through centroid i.e. (bd 3 )/12. The section can

thus be divided into convenient rectangles for each of which the neutral axis passes

through the centroid. Example in the case enclosing the girder by a rectangle

I5;|irt:|-er:| - |

_ IEEIEI x3m3l 0o o IBD xzau3l ey

rectangle shaded portion

12
= (45-264 )10°*

=186 =10 m*
The maximumstressmaybefound from 300 mm 77

-
the simplebendingtheorybyequation N 1// // |
o M_E r Z AT
= =_ r’r/// ///’I 280 mim
y |R e Ay

|"-.-'1 m = 200 mim

Computation of Bending Moment:

In this case the loading of the beam is of two types
(a) Uniformly distributed load
(b) Concentrated Load

In order to obtain the maximum bending moment the technique will be to consider

each loading on the beam separately and get the bending moment due to it as if no

other forces acting on the structure and then superimpose the two results.
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oo, |
4 VAN FiAY f ik
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[ this should be the
combined shear force

di fior the abov WL?
ong] b 1
A
B.M.D B.M.O
Hence
wl  wl?
Mhase = "5
_ 2010 <7 5x10°x7
4 g
= (35.0 +30.63)10°
=F5 B3 kMm
max™ :% ¥ maxm
:55_53x1u3x15|3x103
1.06=10%

o =518 MNim?
ax

Shearing Stresses in Beams
All the theory which has been discussed earlier, while we discussed the bending
stresses in beams was for the case of pure bending i.e. constant bending moment

acts along the entire length of the beam.
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Module 3

Lecture 9- 12: Deflection of Beams

Deflection of Beams

Introduction:

In all practical engineering applications, when we use the different components,
normally we have to operate them within the certain limits i.e. the constraints are
placed on the performance and behavior of the components. For instance we say
that the particular component is supposed to operate within this value of stress and
the deflection of the component should not exceed beyond a particular value.

In some problems the maximum stress however, may not be a strict or severe
condition but there may be the deflection which is the more rigid condition under
operation. It is obvious therefore to study the methods by which we can predict the
deflection of members under lateral loads or transverse loads, since it is this form of
loading which will generally produce the greatest deflection of beams.

Assumption: The following assumptions are undertaken in order to derive a
differential equation of elastic curve for the loaded beam

1. Stress is proportional to strain i.e. hooks law applies. Thus, the equation is valid
only for beams that are not stressed beyond the elastic limit.

2. The curvature is always small.

3. Any deflection resulting from the shear deformation of the material or shear
stresses is neglected.

It can be shown that the deflections due to shear deformations are usually small and

hence can be ignored.

L B

o,/
S

=y
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Consider a beam AB which is initially straight and horizontal when unloaded. If under
the action of loads the beam deflect to a position A'B' under load or infact we say
that the axis of the beam bends to a shape A'B'. It is customary to call A'B' the
curved axis of the beam as the elastic line or deflection curve.

In the case of a beam bent by transverse loads acting in a plane of symmetry, the
bending moment M varies along the length of the beam and we represent the
variation of bending moment in B.M diagram. Futher, it is assumed that the simple

bending theory equation holds good.

ao_

il
T

E
R

If we look at the elastic line or the deflection curve, this is obvious that the curvature
at every point is different; hence the slope is different at different points.

To express the deflected shape of the beam in rectangular co-ordinates let us take
two axes x and y, x-axis coincide with the original straight axis of the beam and the y
— axis shows the deflection.

Futher,let us consider an element ds of the deflected beam. At the ends of this
element let us construct the normal which intersect at point O denoting the angle
between these two normal be di

But for the deflected shape of the beam the slope i at any point C is defined,

tani=d—3'r e A1) ar i=d—3'f Azssuming tani=|
dx dx

Futher

ds=Rdi

however,

d= = dx [usually for smallcurvature]
Hence

ds = dx = Rdi

di _ 1

& R
substitutingthevalueofi one get
d[dy]=1 r.:Fg,r=1

ar

oo RU R
Framthesimplebendingtheary
M E El
— = _norM=—
T RTR
sothe basic differentialequation governingthe deflectionof beamsis
g2y
h=El
di?
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This is the differential equation of the elastic line for a beam subjected to bending in
the plane of symmetry. Its solution y = f(x) defines the shape of the elastic line or the
deflection curve as it is frequently called.

Relationship between shear force, bending moment and deflection: The
relationship among shear force,bending moment and deflection of the beam may be
obtained as

Differentiating the equation as derived

dhd _
dx
Thus,
dgj,r

b

d*y g
El_j. Fecalling —=F
% d dx

F=El

Therefore, the above expression represents the shear force whereas rate of intensity

of loading can also be found out by differentiating the expression for shear force

e W= —dF
' dx
|:|43,f
w= -El
dxt

Therefore if'y'isthe deflection of the loadedbeam,
thenthefollowingimportantrelationscanbearrivedat

dy
[ =7
slope -
dz'_-,-'
B =El
I
dgj,r
Shearforce = El
d
d43,f

loaddistribution = EIW_

Methods for finding the deflection: The deflection of the loaded beam can be
obtained various methods.The one of the method for finding the deflection of the
beam is the direct integration method, i.e. the method using the differential equation
which we have derived.

Direct integration method: The governing differential equation is defined as
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iy Mo dy
b = El =
o B
onintegrating one get,
E=Igd}{+ﬂx----thisequatiungiuestheslnpe

dx
of theloaded beam.

Integrate once againto get the deflection.

}“:”gdx+ﬂ«x+5

Where A and B are constants of integration to be evaluated from the known
conditions of slope and deflections for the particular value of x.

lllustrative examples : let us consider few illustrative examples to have a familiarty
with the direct integration method

Case 1: Cantilever Beam with Concentrated Load at the end:- A cantilever beam is

subjected to a concentrated load W at the free end, it is required to determine the

deflection of the beam

L J

L

In order to solve this problem, consider any X-section X-X located at a distance x
from the left end or the reference, and write down the expressions for the shear force

abd the bending moment
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SF|_, = -w
BM|,_, = -W.x

Therefore M|_, = -W.x
2

. . dy
th tion = =
e goverming equation = oz
substituting the value of M interms of x then integrating the equation one get
M _ d'y
El i
dhy _ W
df  H
iy Wiy
—t=-__"
de / B
dy _ Wil
A =-_" 4+ A
dx 2El

Integrating ancemare,

dy _W}{z
Iﬁ—f ﬁdx+fﬁkdx

3
¥ = W +Ax+B
GEI

The constants A and B are required to be found out by utilizing the boundary
conditions as defined below

ieatx=L;y=0 (1)

atx=L;dy/dx=0 (2)

Utilizing the second condition, the value of constant A is obtained as
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ol

2El
YWhile employing the first condition yields
WL
y = _E-I-AL +B
B= W_LS - AL
BEI
BEl  ZEI
Ol -awlE o 2wl
"~ BBl BE
WyL?
©OFE

Substituting the values of A and B we get
211_Wﬁ+mﬁx_wﬁl
El| BEI 2El 3EI
The slape aswell asthe deflection would be
maximum at the free end hence putting ¥=0 we get,

¥

_ e

Yoo ™" FET
2
(Sorelnam =+ G

Case 2: A Cantilever with Uniformly distributed Loads:- In this case the cantilever

beam is subjected to U.d.I with rate of intensity varying w / length.The same

procedure can also be adopted in this case

x
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M o_ dly
Bl df
dzy:_wxz
TZ  ZE
gty i
= |- dx
IE—’ / 2E
dy:_wx3
dx  BEI
dy Wi
=|-2" de+) Ad
Id}{ J BET J Ao
4
' K
=-____+Ax+B
Y=

Boundary conditions relevant to the problem are as follows:
1.Atx=L;y=0
2. Atx=L;dy/dx=0

The second boundary conditions yields

"."'."}\'{3

A=+
BEI
whereasthe first boundary conditions yields

_ wl  owl?

" 4B BEI
AE|
[ 3

4
Thus, h’:l Tl }{_WLI

Ell 24 a g

S0 Ymgam willbe at % =0

_ wl?
¥rmaxm ﬁ

Case 3: Simply Supported beam with uniformly distributed Loads:- In this case a

simply supported beam is subjected to a uniformly distributed load whose rate of
intensity varies as w / length.
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= "w/length

T #‘%n

W
z z

In order to write down the expression for bending moment consider any cross-

section at distance of x metre from left end support.

X

The differential equation which gives the elastic curve for the deflected beam is
d'y _M_ 1 [wl.}{_wxi}

& Bl B2 2
dy _ [ wlx W
L= ol - = du+ A
dx I2E| * I2E| *
2 3
b _wd
4El  BEI
Integrating,once more one gets
wlie? e
= - +Ax+B - 1
= 1= I 0

Boundary conditions which are relevant in this case are that the deflection at each
support must be zero.

ie.atx=0;y=0:atx=Iy=0

let us apply these two boundary conditions on equation (1) because the boundary

conditions are on y, This yields B = 0.
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_ witwl?
12El 24E
ol
Z4E|
sothe equationwhich gives the deflection curveis
1 IWL}{3 e WL3}{I

TElTE I

Futher
In this case the maximum deflection will occur at the centre of the beam where x =

L/2 [ i.e. at the position where the load is being applied ].So if we substitute the value
of x=L/2

Then Tl w ) wl L
Yam g2 B | 2|E] 20\

__ Gwl?
Vo™ = " 3EAE

Conclusions

(i) The value of the slope at the position where the deflection is maximum would be
zero.

(i) Thevalue of maximum deflection would be at the centre i.e. at x = L/2.

The final equation which is governs the deflection of the loaded beam in this case is

2.“:1 wlae  wi® wlx
Ell 12 24 24

By successive differentiation one can find the relations for slope, bending moment,

shear force and rate of loading.

P

yEl = IWLH3 _w WL3KI 5L

Deflection (y)

12 24 24

Slope (dy/dx) /_| =
El dy _ Iwl  dw® wl® i
dx 12 24 24 24

" degree Polynomial

Bending Moment So the bending moment diagram would
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E— __1.-| wi
? z
Single degres shear force
equation in ‘%’

Shear Force

Shear force is obtained by
taking

third derivative.

Rate of intensity of

loading

d43,r:_

dx?

El i

Case 4: The direct integration method may become more involved if the expression
for entire beam is not valid for the entire beam.Let us consider a deflection of a
simply supported beam which is subjected to a concentrated load W acting at a

distance 'a' from the left end.

w
A iB c
wopw @ b e
- - :
Let R1 & Rz be the reactions then,
W
A lE‘ c
e
- Rz
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B.M for the portion AB
Mg =Fix D<xda
B.M far the portion BC
Mye =Ryx-Wix-a)a<xgl

so the differential equation for the two caseswould be,

These two equations can be integrated in the usual way to find ‘y' but this will result
in four constants of integration two for each equation. To evaluate the four constants
of integration, four independent boundary conditions will be needed since the
deflection of each support must be zero, hence the boundary conditions (a) and (b)
can be realized.

Further, since the deflection curve is smooth, the deflection equations for the same
slope and deflection at the point of application of load i.e. at x = a. Therefore four
conditions required to evaluate these constants may be defined as follows:
(@)atx=0;y=0inthe portion ABi.e.0<x<a

(b)atx=1;y=0inthe portion BCie.as<x <l

(c) at x = a; dy/dx, the slope is same for both portion

(d) at x = a; y, the deflection is same for both portion

By symmetry, the reaction R, is obtained as

R, =0
a+b
Hence,
dy _ Wb
= £ L - T
Elﬁf 57" Dixta (1)
dy _ Wh
R - - [
Elm{2 (a+hj}{ W - a) atusl (2)
integrating (17 and (21 we get,
dy _ Wb
= i+ 0 uga--mamnm-
B 2Ma+hy Kea )
3
dy _ Wh o W(x-a
El=L= - +k A S EEEEEEE 4
X 2[a +b) 2 2 AR )

Using condition (c) in equation (3) and (4) shows that these constants should be
equal, hence letting
K1 = Kz =K
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Hence

dy _ Wb 4
El-L= +k ODixga------ 3
dx 2{a+b) " He e )
7
dy Wheo o, W(x-a)
El—== - +k A4 R 4
dx 2(a+b) 7 A @
Integrating agian eguation (3)and (4 we get
Wb
= A A P
Ely E(a+|:|:|}{ +kw + Dixda (&)
3
Ely=_ b o Whi-a) thitk,  agxEleoo--- (B)
B(a+b) B
Litilizing condition (a)in equation (5] yields
k, =0

Litilizing condition (b} in equation (B) yields

Wb o W(-ar
0= " - +kl+k
Bla+b] B *

3
Wb, WY {l-a)
k,=- [* + -kl
* Bla+b) B
Buta+h=I,

Thus,

Whia+b)* . i
5] 5

Now lastly k3 is found out using condition (d) in equation (5) and equation (6), the
condition (d) is that,

At x = a; y; the deflection is the same for both portion

k4=_ -k[a+h)
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Therefore y|, squations o equation

or
Wh 3 kot ke, =00 }{3—W(}{_af +ht +k
B(a+h) Y Bla+h) B *
3
Wb 4 Wb 5 W(la-a)
— 3 +ka+k; = - +hka +k
Ba+n). T Bla+n) 3 AT
Thus, k,=0;
OR
2 3
k4:_Wh(Z+hj +vl"éh -k(a+b)=0
Wb (a +b)F wk®
kia+b)=- +
(a+h) 5 5
oo Whiath) —w’
5] B{a+h)
so the deflection equations for each portion of the beam are
Wi g
Ely= ¥k +k
IR s
Whi  Whia+b)x Wb
= - + ---for0gx<€a----- 7
513 +b) B 5z +b) orfsxsa-----(7)

and for other portion

2
E[Tfhj i - W[}{E a) +hx +h
Substituting the walue of 'k'in the above equation
_ Wk Wik-a) Whlatb)x  whx
B(a+h) b B Bla +h)
so either of the equation (7) ar (8) may be usedto find the deflectionat x=a
hence substituting x = a in either of the equation we get

Ely=

v =- Wath?
*=2 3El{a+h)
ORfa=h=12
_ Wil
ma™  4GE

Forfora€x<l----

ALTERNATE METHOD: There is also an alternative way to attempt this problem in

a more simpler way. Let us considering the origin at the point of application of the

load,
_ X
LI/E . x'_l . W
L
b | = P
W/__; 'l'ﬂ/',--2
]
X



W
SFly ==
W

[
B'Mln = T{i_ }{]

substituting the value of Min the governing equation for the deflection

Wil
dfy _ 212
dxf El
2
d_j,fz“l_WL}{_W}{ LA
¥ [l 4 4
2 2
S Wl
El a8 12

Boundary conditions relevant for this case are as follows

(i) at x = 0; dy/dx= 0
hence, A=0

(i) at x =1/2; y = 0 (because now | / 2 is on the left end or right end support since we

have taken the origin at the centre)

Thus,
e owlE
=== +BI
_
18

Hence he equation which governsthe deflectionwouldbe
_ 1 fwnd wed ol
=1

12 48
Hernce
WL
max™ |atx=.;. = _ﬁ At the centre
dy Lo WL
T =+— At th d
[d}{]max"' etz T TEE e ends

Hence the integration method may be bit cumbersome in some of the case. Another

limitation of the method would be that if the beam is of non uniform cross section,

1

1

i.e. it is having different cross-section then this method also fails.

So there are other methods by which we find the deflection like

1. Macaulay's method in which we can write the different equation for bending

moment for different sections.
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2. Area moment methods

MOMENT-AREA METHODS:

The area moment method is a semi graphical method of dealing with problems of
deflection of beams subjected to bending. The method is based on a geometrical
interpretation of definite integrals. This is applied to cases where the equation for
bending moment to be written is cumbersome and the loading is relatively simple.

Let us recall the figure, which we referred while deriving the differential equation
governing the beams.

|

] L lg L

-!_ elastic curve
o
|'.'I v B
]
W
Al :
L, 3l

A — y — B

It may be noted that d[ ! is an angle subtended by an arc element ds and M is the
bending moment to which this element is subjected.

We can assume,

ds = dx [since the curvature is small]

hence, Rdl] =ds

d8_ 1 _ M
ds R El
d8 _ M
ds El

But for small curvature[but Bisthe angle slope is tanB =$ for small
X

2

anglestanB = Ahence & = d—ysn we g|etd—Elf = Ehy putting ds = dx]
dx dxt  El

Hence,

dé W[ Mdx]

E—Eﬂr.dﬂ——El |:1:|
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The relationship as described in equation (1) can be given a very simple graphical
interpretation with reference to the elastic plane of the beam and its bending moment

diagram

A B i 2

Defpctial -_ur.'\.nT tangents drawn at the

A f i end of small element ds.
DeNection curee of et | — vt
the beam x;‘}( y Arc = Angle ¥ radius
-~ 0 we can take the radius
e . 1o be equal 1o
;"f 7B This Isalsan within
Al r reamanabe AccUnacy.

el oy -

Bending Marment dlageam \‘_‘___/_._

of the beam subjected to —| WM< *C
arhitrary type of lnading

Ay

-— Y ——- Bi
cantroid

Refer to the figure shown above consider AB to be any portion of the elastic line of
the loaded beam and A1Bis its corresponding bending moment diagram.
Let AO = Tangent drawn at A

BO = Tangent drawn at B
Tangents at A and B intersects at the point O.
Futher, AA'is the deflection of A away from the tangent at B while the vertical
distance B'B is the deflection of point B away from the tangent at A. All these
quantities are futher understood to be very small.

Let ds = dx be any element of the elastic line at a distance x from B and an

angle between at its tangents be d[J. Then, as derived earlier

f.d
df=——
El

This relationship may be interpreted as that this angle is nothing but the area M.dx of
the shaded bending moment diagram divided by ElI.
From the above relationship the total angle [ between the tangents A and B may be

determined as

B
%:ljhﬂd}{
El,

A=
I

t—m

112



Since this integral represents the total area of the bending moment diagram, hence
we may conclude this result in the following theorem
Theorem I:

{ slopeorf } _ Ié =area of BM diagrambetween

between any two points corresponding portion of B.M diagram

Now let us consider the deflection of point B relative to tangent at A, this is
nothing but the vertical distance BB'. It may be note from the bending diagram that
bending of the element ds contributes to this deflection by an amount equal to x
dl[each of this intercept may be considered as the arc of a circle of radius x

subtended by the angle (1]

B
6=_[ s x)
Hence the total distance B'B becomes #

The limits from A to B have been taken because A and B are the two points on the
elastic curve, under consideration]. Let us substitute the value of d'7 = M dx / El as

derived earlier

] B
Pl bl
b= |ln—=]—"x
-[ El El

A [ This is infact the moment of area of the bending moment

A
diagram]

Since M dx is the area of the shaded strip of the bending moment diagram
and x is its distance from B, we therefore conclude that right hand side of the above
equation represents first moment area with respect to B of the total bending moment
area between A and B divided by El.
Therefore,we are in a position to state the above conclusion in the form of theorem
as follows:
Theorem ll:

1 g first maoment of area with respect

Deflection of point ‘B' relative to pointA_E { topointB, of the total B.M diagram}

Futher, the first moment of area, according to the definition of centroid may be
written as Ak, where ¥ is equal to distance of centroid and a is the total area of
bending moment

= az

g,

M

Thus, '
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Therefore,the first moment of area may be obtained simply as a product of the total
area of the B.M diagram betweenthe points A and B multiplied by the distance % to
its centroid C.

If there exists an inflection point or point of contreflexure for the elastic line of the

loaded beam between the points A and B, as shown below,

A T

—> +vE [T

Then, adequate precaution must be exercised in using the above theorem. In such a
case B. M diagram gets divide into two portions +ve and —ve portions with centroids

Csand C,. Then to find an angle [ between the tangentsat the points A and B

g = Ihﬂdx Md}{

And sn’nllarlj,r for the deflection of B away fromthe tangent at Abecomes

i = .[Md}{' Md}{.}{

lllustrative Examples: Let us study few illustrative examples, pertaining to the use
of these theorems

Example 1:

1. A cantilever is subjected to a concentrated load at the free end.It is required to find
out the deflection at the free end.

Fpr a cantilever beam, the bending moment diagram may be drawn as shown below
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S WL B.M.Diagram

Let us workout this problem from the zero slope condition and apply the first area -

moment theorem

slope at .ﬂ.=%[ﬂnrea of B.M diagram between the points A and B]

IR
= E[EL.WL]

_ WL
2El

The deflection at A (relative to B) may be obtained by applying the second area -
moment theorem

NOTE: In this case the point B is at zero slope.

Thus,

6= % [first moment of area of B.Mdiagram between A and Babout A]

| —

m

[49]
1 2
=g [EL.WL]EL]
Rk

~3E

Example 2: Simply supported beam is subjected to a concentrated load at the mid
span determine the value of deflection.

A simply supported beam is subjected to a concentrated load W at point C. The

bending moment diagram is drawn below the loaded beam.
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W

B.M digram.

Again working relative to the zero slope at the centre C.

slope ats‘fa:%[ﬁrea of B. M diagram between A and C]

T IfTY LY vl _
=g [[i][ﬁ][T]] we are takinghalf area of the B.M because we

have towaork out thisrelative to a zero slape
_ WL
16EI
Deflection of A relative to © = central deflection of C

ar

b= 1 [Moment of B.Mdiagram between points A and C about A]

El
1

goaes

_wee
4BE]

Example 3: A simply supported beam is subjected to a uniformly distributed load,
with a intensity of loading W / length. It is required to determine the deflection.

The bending moment diagram is drawn, below the loaded beam, the value of

maximum B.M is equal to WI* / 8
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/ 4 length
mmmm

A e
Wi
W ./2 \
A B .
C 5.F.Diagram
Wil
T

Wi
“a

B.M. Diagram

LiZ
o DAL

So by area moment method,

Slope at point Cwrt point A = %[Area of B.M diagram between point A and C]
_ 2y wl L
EING)| &8 N2

Deflection at point C =_[AT]

relative to A

Macaulay's Methods

If the loading conditions change along the span of beam, there is
corresponding change in moment equation. This requires that a separate moment
equation be written between each change of load point and that two integration be
made for each such moment equation. Evaluation of the constants introduced by
each integration can become very involved. Fortunately, these complications can be
avoided by writing single moment equation in such a way that it becomes continuous

for entire length of the beam in spite of the discontinuity of loading.
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Note :In Macaulay's method some author's take the help of unit function
approximation (i.e. Laplace transform) in order to illustrate this method, however
both are essentially the same.

For example consider the beam shown in fig below:

Let us write the general moment equation using the definiton M = ( > M )., Which
means that we consider the effects of loads lying on the left of an exploratory

section. The moment equations for the portions AB,BC and CD are written as follows

| =

500 M 460 Nim
A E‘l SR LERE L
B m . im L | 2m _ o
Ri =480 N A R 920N Mg = [480 x-500(x-2)]M.m
; | Mep = [480x-aun(x—zj—?(xﬂf]wm

It may be observed that the equation for Mcp will also be valid for both Mag and
Mgc provided that the terms (x - 2 ) and ( x - 3 )?are neglected for values of x less
than 2 m and 3 m, respectively. In other words, the terms (x - 2 ) and (x - 3 > are

nonexistent for values of x for which the terms in parentheses are negative.

Y]
' 500 N 450 Nim
A B Clv L ] i ¥ wD
i -— %
_ Z2m oo Im Zm
Ry =480 N R:=920N

As an clear indication of these restrictions,one may use a nomenclature in which the
usual form of parentheses is replaced by pointed brackets, namely, < >. With this

change in nomenclature, we obtain a single moment equation

M = [4EEEI}{—5EIEI(}{—ZJ - ?[}{ —3)2]N.m
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Which is valid for the entire beam if we postulate that the terms between the pointed
brackets do not exists for negative values; otherwise the term is to be treated like
any ordinary expression.

As an another example, consider the beam as shown in the fig below. Here the
distributed load extends only over the segment BC. We can create continuity,
however, by assuming that the distributed load extends beyond C and adding an
equal upward-distributed load to cancel its effect beyond C, as shown in the adjacent
fig below. The general moment equation, written for the last segment DE in the

new nomenclature may be written as:

AL M

E

n

wn

=

=

£

— 3
P
.

Rz =1300N

m = (500 - 20 - qy7 4 200
2 2

(x-4) +13EIEI[}{—E:|]N.m

It may be noted that in this equation effect of load 600 N won't appear since it is just
at the last end of the beam so if we assume the exploratary just at section at just the
point of application of 600 N than x = 0 or else we will here take the X - section
beyond 600 N which is invalid.

Procedure to solve the problems

(i). After writing down the moment equation which is valid for all values of ‘X' i.e.
containing pointed brackets, integrate the moment equation like an ordinary
equation.

(ii)). While applying the B.C's keep in mind the necessary changes to be made
regarding the pointed brackets.

llustrative Examples :
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1. A concentrated load of 300 N is applied to the simply supported beam as shown in
Fig.Determine the equations of the elastic curve between each change of load point

and the maximum deflection in the beam.

¥

Ri=100M Rz =200N

Solution : writing the general moment equation for the last portion BC of the loaded

beam,
Elﬁ=m=(1DDK—SDD{x—2}jN.m R b
dx?
Integrating twice the above equation to obtain slope and the deflection
E% = (80 180 (-2 + ¢ JNmE )

Ely :[ES_DHE —5D{}{—2}3 +C1}{+(32]N.m3 N

To evaluate the two constants of integration. Let us apply the following
boundary conditions:

1. At point A where x = 0, the value of deflection y = 0. Substituting these
values in Eq. (3) we find C, = 0.keep in mind that< x -2 >*is to be neglected for
negative values.

2. At the other support where x = 3m, the value of deflection y is also zero.

substituting these values in the deflection Eq. (3), we obtain

0 :[%33 -50(3 -2y +3.C1]Dr Cy=-133M.m"

Having determined the constants of integration, let us make use of Egs. (2)
and (3) to rewrite the slope and deflection equations in the conventional form for the

two portions.
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segment AB (0 £ x £Ym)

dy _ 2 2
EIE—(ED}{ 133]N.m )

Ely = [%}ﬁ —133}{]N.m3 ....... &)
segment BC [2m £ x £3m)

dy _ 7 2 2
El— = [50x" - 160 (x - 2)" - 133x N’ ....(6)
_{90 a 3 3
Ely = =¥ -80(x-2)7 -133x% [MNm® (7

Continuing the solution, we assume that the maximum deflection will occur in the
segment AB. Its location may be found by differentiating Eq. (5) with respect to x and
setting the derivative to be equal to zero, or, what amounts to the same thing, setting
the slope equation (4) equal to zero and solving for the point of zero slope.

We obtain

50 x>~ 133 = 0 or x = 1.63 m (It may be kept in mind that if the solution of the
equation does not yield a value < 2 m then we have to try the other equations which
are valid for segment BC)

Since this value of x is valid for segment AB, our assumption that the maximum
deflection occurs in this region is correct. Hence, to determine the maximum
deflection, we substitute x = 1.63 m in Eq (5), which yields

Ely [ pgem = ~145Hm°  _..(8)

The negative value obtained indicates that the deflection y is downward from the x
axis.quite usually only the magnitude of the deflection, without regard to sign, is
desired; this is denoted by (1, the use of y may be reserved to indicate a directed
value of deflection.
if E=30Gpaand|=19x10°mm*=1.9x10*°m*, Eq. (h) becomes
¥ | = [30:10°][1.93107°)
Then = -254mm

Example 2:
It is required to determine the value of Ely at the position midway between the

supports and at the overhanging end for the beam shown in figure below.
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, M
"'L im Am o, dm 21 a0
) T 400 Nim — o
A B c ] E
K _ o e *
Ry =600 N R:= 1300 N

Solution:
Writing down the moment equation which is valid for the entire span of the beam

and applying the differential equation of the elastic curve, and integrating it twice, we

obtain
2
E15Y == [m00x - 222 -y o 209y 4y 1300 (% - B) |
i 2 2
gy 25052 - 220 -y + 20 4y wBED(x-B) 4 ¢, |um
dx 3 3
Ely =[2§_EIH3 —%(x —1]4 +53_D|:}{ —4]4 +E§D [}{—E]3 +Cyx+ Cz]l‘dm3

To determine the value of C,, It may be noted that Ely = 0 at x = 0,which
gives C, = 0.Note that the negative terms in the pointed brackets are to be ignored
Next,let us use the condition that Ely = 0 at the right support where x = 6m.This
gives

0- ?(EF —53_'3(5)4 53'3 (2)%+ 6C, or C, = -1308N

Finally, to obtain the midspan deflection, let us substitute the value of x = 3m
in the deflection equation for the segment BC obtained by ignoring negative values

of the bracketed terms 1 x -4 [1*and (1 x - 6 [13. We obtain

_E@ _ (2) - 1308(3) = -1941 M.

Far the uverhangmg end where ¥»=0 mwe have
260, 50,5.4 G0,,.4 B50,..3
= -16 14N m?
Example 3:
A simply supported beam carries the triangularly distributed load as shown in figure.

Determine the deflection equation and the value of the maximum deflection.
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Solution:
Due to symmetry, the reactionsis one half the total load of 1/2wgL, or Ry = Ry =
1/4woL.Due to the advantage of symmetry to the deflection curve from A to B is the
mirror image of that from C to B. The condition of zero deflection at A and of zero
slope at B do not require the use of a general moment equation. Only the moment
equation for segment AB is needed, and this may be easily written with the aid of
figure(b).
Taking into account the differential equation of the elastic curve for the segment AB

and integrating twice, one can obtain

2

d*y wol owgd w
El—L =pg,, =20, 0% 2 L
T L 3 0
dy wolw?  wegn?
El— e—_ -+ 2
dx ERE R (2)
wo L e
Ely =L G Gy 3)

In order to evaluate the constants of integration,let us apply the B.C'swe note that at
the support A, y = 0 at x = 0.Hence from equation (3), we get C, = 0. Also,because of
symmetry, the slope dy/dx = 0 at midspan where x = L/2.Substituting these

conditions in equation (2) we get

2 4
D:W_I:J_ E] —W_D[E] +I:1I::1 :—EII'III'IIDL3

8 2 12L02 192
Hence the deflection equation from A to B (and also from C to B because of

symmetry) becomes
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Ely = wpL® _ s> _ S x
Y R T -5
Whichreducesto

WX

Ely = (25L4 - 4077 + 16x7)
oL
The maximum deflection at midspanwhere x=L{2 isthen found to be
wig L
Ely = -—
YT

Example 4: couple acting
Consider a simply supported beam which is subjected to a couple M at adistance 'a’

from the left end. It is required to determine using the Macauley's method.

Rz =M
_\rﬂ L

| = =
a -
iF i

To deal with couples, only thing to remember is that within the pointed
brackets we have to take some quantity and this should be raised to the power
zero.i.e. M1 x - a [1°. We have taken the power 0 (zero) ' because ultimately the
term MU0 x - a ([°Should have the moment units.Thus with integration the
quantity 101 x - a [ becomes either ' x -a ['or(1(] x - a [1?

Or

&M
Al T
.y

! | B

" b “

f
[0
L

*
W

Therefore, writing the general moment equation we get

2
M =Ry -M{x-ah or Eldd—2=h'1
X

Integrating twice we get

dy i 1
El—= =R, =—-M{x-a% +C
dx 2 ¢ J e

3
Ely =R, —g

= .',:.‘:{—5|}2+C1}{+C2
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Example 5:
A simply supported beam is subjected to U.d.l in combination with couple M. It is

required to determine the deflection.

200Mm
M=1800 M-m
4~ Y YYYYYYYYNYY
B
Ril om om | 2m  Pom

” o oA
Caf

This problem may be attemped in the some way. The general moment equation my
be written as
200 {3 - 43 - 4

M{x) = Ryx-1800(x -2Y - - +Ry (x - B
2
=H1}{—1BDD{}{—2}D—M+HE{H—E}
Thus,
a2y o 200§k - 4%

Integrate twice to get the deflection of the loaded beam.
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Torsion

3.1 Introduction

P P,
Torsion : twisting of a structural member, e ( R
when it is loaded by couples that produce - d, ‘)J B o
rotation about its longitudinal axis i ¢
T\ =P, Ty = Pyd,
T1 = P]_ d]_ T2 = P2 d2 @)
the couples T;, T, are called Ty T,
torques, twisting couples or twisting
moments (b)
unitof T : N-m, Ib-ft
in this chapter, we will develop formulas AT TN
for the stresses and deformations produced } (\:, \/3

in circular bars subjected to torsion, such as ©
drive shafts, thin-walled members

analysis of more complicated shapes required more advanced method
then those presented here

this chapter cover several additional topics related to torsion, such
statically indeterminate members, strain energy, thin-walled tube of

noncircular section, stress concentration, and nonlinear behavior

3.2 Torsional Deformation of a Circular Bar

consider a bar or shaft of circular cross section twisted by a couple T,
assume the left-hand end is fixed and the right-hand end will rotate a small

angle ¢, called angle of twist



fx)

k
P ?\\< = ‘_i f/\ff
I i ——“—Li— q T

— =\

[ L (b)

(a)

if every cross section has the same radius and subjected to the same
torque, the angle  ¢(x) will vary linearly between ends

under twisting deformation, it is assumed

1. plane section remains plane

2. radii remaining straight and the cross sections remaining plane and

circular
3.if ¢ issmall, neither the length L nor its radius will change
consider an element of the bar dx, on its outer surface we choose an

small element abcd,

———c——p %

during twisting the element rotate a small angle d¢, the element is in
a state of pure shear, and deformed into ab'c'd, itsshear strain = yma IS
b b’ rd¢
ab dx

Ymax =



d¢ / dx represents the rate of change of the angle of twist ¢, denote

0 =d¢ /dx as the angle of twist per unit length or the rate of twist, then
Ymax = 0
in general, ¢ and @ are function of x, in the special case of

pure torsion, 6@ is constant along the length (every cross section is

subjected to the same torque)

r
0 = i then Vmax = —¢
L

and the shear strain inside the bar can be obtained

p ..f’;mx
Yy = pO0 = — yma A
r

for a circular tube, it can be obtained

Ymin —  — Vmax
P)

the above relationships are based only upon geometric concepts, they are

valid for a circular bar of any material, elastic or inelastic, linear or nonlinear

3.3 Circular Bars of Linearly Elastic Materials

shear stress t in the bar of a
] ] .. T 4 N
linear elastic material is v ey y™

T - G y (a)

G : shear modulus of elasticity



with the geometric relation of the shear strain, it is obtained

)

r] Yj l

T = Gpl = —Tma

— (5
T
(ch

7 and y incircular bar vary linear wiwn e raaiar distance p from
the center, the maximum values tmax and ymax OCCUr at the outer surface

the shear stress acting on the plane of the
cross section are accompanied by shear
stresses of the same magnitude acting on

longitudinal plane of the bar

if the material is weaker in shear on
longitudinal plane than on cross-sectional
planes, as in the case of a circular bar made of wood, the first crack due

to twisting will appear on the surface in longitudinal direction

a rectangular element with sides at 45° to
0 " T
the axis of the shat will be subjected to |- —gOR—>

tensile and compressive stresses

The Torsion Formula

consider a bar subjected to pure torsion,
the shear force acting on an element dA
is 7 dA, the moment of this force about

the axis of baris 7 p dA

dM = z7pdA



equation of moment equilibrium

_ _ _ 2 _ 2
T = SAdM = SATpdA —fAGHp dA —GHJ/; p° dA

= GOl [t = G6@p]
inwhich 1, = [ p2 dA is the polar moment of inertia
A
rt nd
b = — = — for circular cross section
2 32

the above relation can be written
T

f = ———
Gl,

G |, : torsional rigidity

the angle of twist ¢ can be expressed as
TL

¢ = 0L = — ¢ is measured in radians

torsional flexibility f = —

Gl
) ) Gl
torsional stiffness k =
L
and the shear stress is
T Tp
T = Gpl = Gp— = ——
Gl, Iy

the maximum shear stress 7max at p = r IS



Tmax 3
Iy nd

for a circular tube
|p =r (r24 - r14) 12=nm (d24 - d14) /32

if the hollow tube is very thin

l, = 7w +rd)(ra+r)(r-r)/2
= 72@@NE = 2zt = nd’t/4

limitations

1. bar have circular cross section (either solid or hollow)

2. material is linear elastic

note that the above equations cannot be used for bars of noncircular
shapes, because their cross sections do not remain plane and their maximum

stresses are not located at the farthest distances from the midpoint

Example 3-1
a solid bar of circular cross section
d=40mm, L=13m, G=80GPa
(@ T=340N-m, 7Tpa, ¢= ?

d=15in.

“ !

b) 7. = 42 MPa, =25° T=? I
( ) all ¢a” ‘*—L:Min.—J
(a) 16T 16 x 340 N-M

T = = = 27.1 MPa

nd? 7 (0.04 m)®
l, = =nd'/32 = 251x10"m’
TL 340 N-mx 1.3 m
g= —— = = 0.02198 rad = 1.26°

Gl, 80 GPa x 2.51 x 10" m*



(b) dueto 7ty = 42 MPa
Ti=7d® 74/ 16 = 7 (0.04 m)* x 42 MPa / 16 = 528 N-m
dueto ¢y = 25° ° 25xmrad/180° = 0.04363 rad

T, = Glyda/L = 80GPax251x10" m*x0.04363/1.3m

= 674 N-m
thus Ty = min[Ty, T] = 528 N-m
Example 3-2 &
a steel shaft of either solid bar or circulartube ~ —— 7
T = 1200N-m, zm = 40MPa ( j '\ Y )
0w = 075°/m G = 78GPa -
(a) determine do of the solid bar =

(b) for the hollow shaft, t = d, / 10, determine d,
(C) determine d2 / do, WhoIIOW / Wsolid

(a) for the solid shaft, dueto 7, = 40 MPa
d =16T/7m7a =16x1200/740 =152.8x10°m’
do = 0.0535m = 53.5mm
dueto O, = 0.75°/m =0.75xmrad/180°/ m=10.01309 rad / m
l, =T/G 0 =1200/78x10°x 0.01309 = 117.5x 10° m*
do' =321,/n =32x1175x10°/7 =1197x10°m’
d = 0.0588m = 588mm

thus, we choose do=58.8 mm [in practical design, do = 60 mm]

(b) for the hollow shaft
d1 = d2 - 2t = d2 - 02d2 = 08d2



l, =n(d'-d*)/32 =n[dy-(0.8d2)*/32 =0.05796 d,"
dueto 7y = 40 MPa
l, = 0.05796dy" = Tr/ey = 1200 (d/2) /40
d> = 258.8x10°m°
d, = 0.0637m = 63.7mm
dueto O, = 0.75°/m = 0.01309rad/m
Oa =0.01309 =T/Gl, =1200/78x 10°x 0.05796 d,"
d* = 2028x10°m*
d, =0.0671m =67.1mm
thus, we choose do=67.1 mm  [in practical design, dq = 70 mm]

(c) the ratios of hollow and solid bar are

d,/dy = 67.1/588 = 114

Whollow Anoliow 7 (dy” - di%)/4
= = = 047
Wiolid Asolid 7 do’l4

the hollow shaft has 14% greater in diameter but 53% less in weight

Example 3-3

a hollow shaft and a solid shaft has same
material, same length, same outer radius R, ’ﬁ%\_,\\ ,,..-{\t'{'i.-___
and r; = 0.6R for the hollow shaft (V) - )

(a) for same T, compare their z, 6, and W N

(b) determine the strength-to-weight ratio

@ .t = TR/l 0 = TL/IGI,
. theratioof t or O istheratioof 1/1,

(l)w = =nR?/2 - 7©(0.6R)*/2 = 043527R°



(Il)s = nR*/2 = 05xR?
(Il)s/ (s = 05/04352 = 1.15

thus ﬁl TH / Ts = (lp)sl(lp)H = 1.15

also ﬁz = ¢H / ¢s = (Ip)S/(Ip)H = 1.15
s =Wy/Ws=Ay/As=7n[R*-(0.6R)?]/ 7 R* =0.64

the hollow shaft has 15% greater in t and ¢, but 36%

decrease in weight
(b) strength-to-weightratio S = Ty/W

TS = Tmax Ip / R = Tmax (0.5 T R4) / R = 0.5 T R3 Tmax
Wy = 0647R*Ly Ws =nR°Ly

thus Sy = Tu/Wy = 06871mR/yL
Sy is 36% greater than Ss

3.4 Nonuniform Torsion

(1) constant torque through each segment

Vg T, y i Ty
To = -Ti - Te *+ T A 2 G
AN
Tee = -T1 -T, Tas = -Ty 1\- B c D
Ti I—i —— Lap——Lpc -L Lep—+
¢ = §1¢i = igl— (a)
Gi Iy
(2) constant torque with continuously ..
. . ) I
varying cross section Vi B
}-—x—»‘ Lfdx
L



(3) continuously varying cross section and

T dx

L

)
0

G 1p(x)

Ty

continuously varying torque A L
) ) T (X) dx ifxﬁ dx
¢ = d¢ = | L >
0 ° G 1,(X) (a)
Example 3-4
T T T
asolid steel shaft ABCDE, d = 30mm /& 0 N /=,
' P T M
_ ] _ ] St i
T, 275 N-m T, 450 N-m gy AR
T; = 175N-mG = 80GPa I
L, = 500mm L, = 400mm
determine 7. ineachpartand ¢gp :
: S =
Teo = T, - T, = 175N-m =7 ¢
Tee = -Ty = -275N-m
16 Tac 16 x 275 x 10°
Tgc = = = 51.9 MPa
nd® 7 30°
16 Tep 16 x 175 x 10°
Tcb -— = = 33 MPa
nd® 7 30°
$o = dec *+ oo
7 d* = 30*
lp = = = 79,520 mm’
32 32

10



Tac Ly - 275 x 10° x 500

Pc = = = -0.0216 rad
Gl, 80 x 10° x 79,520
Teo Lo 175 x 10° x 400
$co = = = 0.011 rad
Gl, 80 x 10° x 79,520
$ep = ¢ec+dep =-0.0216 +0.011 = - 0.0106 rad = - 0.61°

Example 3-5

a tapered bar AB of solid circular

B
; ; ; /4 \ ) \ T
cross section is twisted by torque T ; ¥ j—”

d=d, atA, d=dg atB, dg = da e x——| e

determine 7. and ¢ of the bar

(@ T = constantover the length, ® C)
thus  max OCcUrs at  dmin [end A] |
. h L? dp
16T
Tmax —
ﬂdA3

(b) angle of twist

dg -d
dx) = da Ay
L
7'Cd4 T dB-dA 4
W) = — = —(h + )
32 32 L
then L Tdx 32T SL dx
0 G G O ds - d
p(X) T A + B AX)4

to evaluate the integral, we note that it is of the form

11



; dx 1
(a + bx)* 3b (a+ bx)®

ifwechoose a = dya and b = (dg-da) /L, then the integral

of ¢ can be obtained

32TL 1 1
= (— - —)
37'[G(d5 - dA) dA dB

a convenient form can be written

TL +p+1
4 = u AR
G Ipa 3B

where ﬁ = dB/dA |p/.\ = 7'CdA4/32

in the special case of a prismatic bar, =1, then ¢ = TL/GI,

3.5 Stresses and Strains in Pure Shear

for a circular bar subjected to torsion, , if\\ .
. d ¢ E i
shear stresses act over the cross sections e
(a)

and on longitudinal planes

an stress element abcd iIs cut 7

between two cross sections and between l \L ]r
T 0 x

two longitudinal planes, this element is in a g

state of pure shear 4

we now cut from the plane stress r

a b 7 0,
element to a wedge-shaped element, denote \ ‘T \ ; /f;

Ao, the area of the vertical side face, then | ¢ =

the area of the bottom face is A, tan 0,

: |

TAg secd
D'(JAU secd

TAgtan

(c)



and the area of the inclined face is Ag
sec 0

summing forces in the direction of ¢,

ogAgsecd = TAgsingd +

or o) = 27sinfcosf =

summing forces in the direction of 7,

toApsec ) = tAycosf -
or 1, = t(cos’d - sin’h) =
g, and 1, varywith 6@

(T)max =T at 9=0°

(T&)mm =-T at H = i 900

(G)nax=%7T at O==x45°
the state of pure shear stress is

equivalent to equal tensile and compressive
stresses on an element rotation through an
angle of 45°

if a twisted bar is made of material that
is weaker in tension than in shear, failure
will occur in tension along a helix inclined

at 45°, such as chalk

Strains in pure shear

if the material is linearly elastic

y = /G

13

7 Ap tan 6 cos 6

7.sin 260

7 Aptan 6 sin 6

T COS 260

is plotted in figure

Omin=—7 Omax =T

YA




where G is the shear modulus of elasticity
consider the strains that occur in an
element oriented at  § = 45°,

O max T

applied at 45° and on,=-t appliedat 60=-4 A

‘ (b
45°

thenat 0=
€max = Trac . Zmnoo D + 2 = = @+
E E E E E
at 0=-45° e “emax = -T(1+V)/E

it will be shown in next section the following relationship

I

Cmax = —

2

Example 3-6
a circular tube with d, =80 mm, d;=60mm

T = 4kN-m G = 27GPa «—(@\"’

determine (a) maximum tensile, compressive

9
and shear stresses  (b) maximum strains L J
60
(@) the maximum shear stress is 0.
Tr 4000 x 0.04
Tmax = = = 58.2 MPa
o T A .
— [(0.08)" - (0.06)7]
32

the maximum tensile and compressive stresses are

or = 58.2 MPa at 0 = -45°

Oc

- 58.2 MPa at 0 = 45°

14



¥
‘ Tinax =
0 T || 58.2 MPa

(a)
(b) maximum strains

Ymax = Tmax!G = 58.2/27x10°

the maximum normal strains is
emax = Ymax/2 = 0.011
le. & = 0.011 & =

-0.011

= 0.0022

T T
7 N

¥
o
0.0¢ s 50
o,
N .'-. \\I\\
W . S 4
b A N
AN 1 A
e P b
#,= 0,001 -.\\ £ = 00011

)

3.6 Relationship Between Moduli of Elasticity E, G and v

an important relationship between
E, G and v can be obtained
consider the square stress element
abcd, with the length of each side
denoted as h, subjected to pure
shear stress t, then
y = 1/G

a

the length of diagonal bd is 2 h,

after deformation
Lpg = \/Zh(l'l'gmax)

using the law of cosines for A abd

2 T

Lbd = h2+h2-2h2005(—+j/)

2

15
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2h*[1-cos( " +
—+7)]
2



T
then  (1+éem)’ = 1-cos(—+yp) = 1 + siny
2

thus 1 + 2 + smzax = 1 + siny

émax IS Vvery small, then &%ax — O, and siny — 9

the resulting expression can be obtained

emax = 12

with Emax t(1+v)/E and y = /G

the following relationship can be written

E
G = ——
2(1+v)
thus E, G and v are notindependent properties of a linear elastic

material

3.7 Transmission of Power by Circular Shafts

the most important use of circular shafts is to transmit mechanical power,
such as drive shaft of an automobile, propeller shaft of a ship, axle of bicycle,
torsional bar, etc.

a common design problem is the determination of the required size of a
shaft so that it will transmit a specified amount of power at a specified speed
of revolution without exceeding the allowable stress

consider a motor drive shaft, rotating at angular speed w, it is

transmitting a torque T, the work done is

W = T¢ [T is constant for steady state]

16



where ¢ is angular rotation in radians, ant the power is dW /dt

dw d
199

P = —— =
dt dt
w = 2xnf 1 isfrequency of revolution fiHz = s*

= Tw w . rad/s

P = 2xnfT
denote n the number of revolution per minute (rpm), then n =60 f
2nn T
P = — (n=rpm, T=N-m, P =W)
60

thus

in U.S. engineering practice, power is often expressed in horsepower (hp),
1hp = 550 ft-lb /s, thus the horsepower H being transmitted by a

rotating shaft is

. 2nn T _ 2nnT
60 x 550 33,000

(n=rpm, T = Ib-ft, H = hp)

1 hp =550 Ib-ft/s = 550 x 4.448 N x 0.305 m/s = 746 N-m /s
=746 W (W : watt)

Example 3-7
P = 30kw, T = 42 MPa g
(@) n=500rpm, determine d WAl o
(b) n=4000rpm, determine d | " *Bﬁi
(a) 60 P 60 x 30 kW
T = = ————— = 573N-m
27n 2 7 x 500
16T 5 16T 16 x 573 N-m 6 s
Tmax = d”= = =69.5x10° m

nd? T Tall 7 X 42 MPa

17



d = 41.1 mm

(b) 60 P 60 x 30 kW
T = = —— = 71.6N-m
27n 2 7 X 4000
s 16 T 16 X 71.6 N-m 6 3
d: = = = 8.68x10°m
T Tall n X 42 MPa
d = 20.55mm

the higher the speed of rotation, the smaller the required size of the shaft

Example 3-8
a solid steel shaft ABC, d = 50 mm o f“”m” I
motor A transmit 50kW at 10Hz | == : % %B ] %C
Ps = 35KW, Pc = 15kW - -
determine 7n5 and ¢ac, G = 80GPa
Pa 50 x 103 Ty=796N-m  Tp=55TNem  Te=239N-m
Tpn = = = 796 N-m ; 7 e
2nf 2n10 C " .y
similarly Pg =35 kN Tg =557 N-m ®
Pc = 15kN Tc = 239 N-m
then Tag = 7969 N-m Tgec = 239 N-m
shear stress and angle of twist in segment AB
16 Tas 16 x 796
TAB = = —— = 324 MPa
nd? 7 50°
Tas L 796 x 1.0
bo = ——" = = 0.0162 rad
Gl

T
80 x 10° — 0.05"
32

18



shear stress and angle of twist in segment BC

16 Tgc 16 x 239
Tgc = = = 9.7 MPa
nd? r 50°
Tec L 239x1.2
be = ——— = = 0.0058 rad
Gl o 70 A
80 x 10° — 0.05
32

Tmax — Tag = 32.4 MPa
fac = s+ dc =0.0162 + 0.0058 = 0.022 rad = 1.26°

3.8 Statically Indeterminate Torsional Members

torsional member may be statically indeterminate if they are constrained
by more supports than are required to hold them in static equilibrium, or the
torsional member is made by two or more kinds of materials

flexibility and stiffness methods may be used

A
only flexibility method is used in the later ;‘kmx& B
scussi ———( -1
discussion

consider a composite bar AB fixedat A "
the end plate rotates through an angle ¢ Bﬂmg?@’_\zﬂ
T, and T, are developed in the TM>33'

(b)

solid bar and tube, respectively

. apgs “ A x/TUhe{EJ w/-\ﬂ
equation of equilibrium = J: T
0 \End
Tl + T2 = T . I _‘ plate
(e)
equation of compatibility 5 , g
IA ¢ G T, < ‘/; e

|
[

Bar (1) L ‘

¢1 = ¢2 ! I Srwbe)

(d)

e)

torque-displacement relations

19



T, L T, L
g =
Gl |p1 GZ Ip2

¢ =

then the equation of compatibility becomes

T, L T, L
Gl Ipl GZ Ip2

now we cansolvefor T; and T,

G, | G |
s T (——) T, = T(———
and
TL
¢ =
Example 3-9
abar ACB is fixed at both ends 7,

dy
ha dy
To isapplied at point C ;L@L <
TTU T Ts
AC : da La I R s

CB : ds Lg Il W
determine (@) Ta, Ts (b) 7ac, 8 (C) dc

equation of equilibrium 2/ e B

Ty Ty
[ dprr, |«
TA + TB = To
——Lx 4““_ Lp—
L

(b)

equation of compatibility

g + ¢ = 0 A C % B
. . [ {7
torque-displacement equations
(c)
¢1 = To LA/Glp/_\ ¢
A C Y/ B

20 (d)



TeLa Tele
¢ = - -

then the equation of compatibility becomes
To La Ts La Ts L
G IpA G IpA G IpB

Tn and Tg can be solved

Ta = Tof ) Ts = To(
LB IpA + LA IpB I—B IpA + I—A IpB
if the bar is prismatic, l,n = Il = |
then ToL ToL
TA - 0 LB TB - 0 LA
L L

maximum shear stressin AC and BC are

TA dA TO I—B dA
TAC = =
2 1o 2 (Lg loa + La Lg)
TB dB TO I—A dB
TCB = =
2 g 2 (Lg loa + La Lg)

angle of rotation at section C is

Jo = Tala  Tels Tolals
NS lon G lpa G (Lg lpa + La Ipg)
if the bar is prismatic, l,n = Il = |
then Tolals
o = ———

GLI,

21



3.9 Strain Energy in Torsion and Pure Shear

subjected to a torque T, the bar

twists an angle ¢

then the strain energy U of the bar is

consider a prismatic bar AB

if the bar material is linear elastic,

Torque

Th-————mm =

U =W = Tg¢/2

—_

A
E:}‘“{ﬁ 5
T

"-.l1

4 = TLIGI,
then  ~_ TL _ GL# !
2G1, 2L

if the bar is subjected to nonuniform torsion, then

o T L
; 2
. 2. Gl

Angle of rotation

if either the cross section or the torque varies along the axis, then

[T(x)] dx
2 G 1(X)

strain energy density in pure shear

side having length h and thickness t, Lf

under shear stress 7 with shear strain

7

consider a stressed element with each Tl

the shear force V s

V = tht

22
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and the displacement ¢ is

for linear elastic material, strain energy stored in this element is

Vo Ty h’t
u = W = —— =
2 2
and the strain energy density u = U/ per unit volume, then

u = t9/2 = 712G = Gy*/2

Example 3-10 A B T,
- - J :
a solid circular bar AB of length L } |

(a) torque T, acting at the free end

(b) torque T, acting at the midpoint

. A G Th B
(¢) both T, and T, acting % —
‘ [ i
simultaneously R T
(b)
Toa=100 N-m T, =150 N-m
L=16m G=80GPa A c T B T

l, = 79.52 x 10° mm* ? —

determine the strain energy in each case

(@)

T.2L 100% x 10° x 1.6 x 10°
U,= = = 1.26J (N-m)
2G, 2 x 80 x 10° x 79.52 x 10°
(b) ) ,
To? (L/2) T2 L
Ub = = = 2.831]

2G1, 4G,



n TEL Ta (LI2) (Ta+ To)* (LI2)
U. = P = +
T2Gily 2G1, 2G1,
T L TaToL Ty’ L
= + - o+
2Gl, 2G 4G 1,
= 126J + 189J) + 283J = 598
Notethat (c) isnotequalto (a) + (b), because U ~ T?
Example 3-11
a prismatic bar AB is loaded by a
. . . /"/"/"/"/‘
distributed torque of constant intensity t J, N ,L J,

per unit distance #
t = 480Ilb-infin L 12 ft
G = 115x10°psil, = 18.17in’

determine the strain energy

T(x) = tx
L [(00]* dx 1 L L
= §— = f ()7dx =
° 2Gl, 2G1, ° 6Gl,
480° x (12 x 12)° _
= = 580in-Ib
6 x11.5x 10°x 17.18
Example 3-12
a tapered bar AB of solid circular s -
A
cross section is supported a torque T L_A ) Id,,.

d = da ~ dg from leftto right F;_H_,dx

determine ¢, Dby energy method

24



T ¢n

W =
T T dB - d/_\ 4
b(x) = —[dX)]* = —(da + X)
32 32 L
L [TOOT dx 16 T2 | dx
0 261 2G ° dg - d
p( ) T dy + B~ Ua X)4
L
16 T L 1 1
- ( 3 i 3 )
3nG (dB - d/_\) dA dB
with - U = W, then ¢, can be obtained
32TL 1 1
$a = ( s 3 )
3nG (dB - dA) dA dB

same result as in example 3-5

3-10 Thin-Walled Tubes

3-11 Stress Concentrations in Torsion

3-12 Nonlinear Torsion of Circular Bars
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UNIT 3 SPRINGS

Introduction

A spring is defined as an elastic body, whose function is to distort when loaded and to recover
its original shape when the load is removed. The various important applications of springs are as
follows:

1. To cushion, absorb or control energy due to either shock or vibration as in car springs,
railway buffers, air-craft landing gears, shock absorbers and vibration dampers.
To apply forces, as in brakes, clutches and spring-loaded valves.
To control motion by maintaining contact between two elements as in cams and followers.
To measure forces, as in spring balances and engine indicators.
To store energy, as in watches, toys, etc.

arowbd

Types of Springs

Though there are many types of the springs, yet the following, according to their shape, are
important from the subject point of view.

1. Helical springs. The helical springs are made up of a wire coiled in the form of a helix and
are primarily intended for compressive or tensile loads. The cross-section of the wire from which
the spring is made may be circular, square or rectangular. The two forms of helical springs are
compression helical spring as shown in Fig (a) and tension helical spring as shown in Fig (b).

{a) Compression helical spring. () Tension helical spring.
Helical springs.

The helical springs are said to be closely coiled when the spring wire is coiled so close that
the plane containing each turn is nearly at right angles to the axis of the helix and the wire is
subjected to torsion. In other words, in a closely coiled helical spring, the helix angle is very small, it
is usually less than 10°. The major stresses produced in helical springs are shear stresses due to
twisting. The load applied is parallel to or along the axis of the spring.

In open coiled helical springs, the spring wire is coiled in such a way that there is a gap
between the two consecutive turns, as a result of which the helix angle is large. Since the
application of open coiled helical springs are limited, therefore our discussion shall confine to
closely coiled helical springs only.

The helical springs have the following advantages:

(a) These are easy to manufacture.

(b) These are available in wide range.

(c) These are reliable.

(d) These have constant spring rate.

(e) Their performance can be predicted more accurately.

(f) Their characteristics can be varied by changing dimensions.

2. Conical and volute springs. The conical and volute springs, as shown in Fig. 23.2, are
used in special applications where a telescoping spring or a spring with a spring rate that increases
with the load is desired. The conical spring, as shown in Fig (a), is wound with a uniform pitch
whereas the volute springs, as shown in Fig. (b), are wound in the form of paraboloid with constant
pitch

() Conical spring. (b) Volute spring.



and lead angles. The springs may be made either partially or completely telescoping. In either case,
the number of active coils gradually decreases. The decreasing number of coils results in an
increasing spring rate. This characteristic is sometimes utilised in vibration problems where springs
are used to support a body that has a varying mass.

The major stresses produced in conical and volute springs are also shear stresses due to

twisting.

3. Torsion springs. These springs may be of helical or spiral type as shown in Fig. The
helical type may be used only in applications where the load tends to wind up the spring and are
used in various electrical mechanisms. The spiral type is also used where the load tends to
increase the number of coils and when made of flat strip are used in watches and clocks.

The major stresses produced in torsion springs are tensile and compressive due to bending.

&
%

(b)  Spiral torsion
spring.
(a) Helical torsion spring.
Torsion springs.

4. Laminated or leaf springs. The laminated or leaf spring (also known as flat spring or
carriage spring) consists of a number of flat plates (known as leaves) of varying lengths held
together by means of clamps and bolts, as shown in Fig. These are mostly used in automobiles.

The major stresses produced in leaf springs are tensile and compressive stresses.

Laminated or leaf springs. Disc or bellevile springs.

5. Disc or bellevile springs. These springs consist of a number of conical discs held
together against slipping by a central bolt or tube as shown in Fig. These springs are used in
applications where high spring rates and compact spring units are required.

The major stresses produced in disc or bellevile springs are tensile and compressive
stresses.

6. Special purpose springs. These springs are air or liquid springs, rubber springs, ring
springs etc. The fluids (air or liquid) can behave as a compression spring. These springs are used
for special types of application only.

Uses of springs:
(a) To apply forces and to control motions as in brakes and clutches.

(b) To measure forces as in spring balance.

(c) To store energy as in clock springs.



(d) To reduce the effect of shock or impact loading as in carriage springs.

(e) To change the vibrating characteristics of a member as inflexible mounting of motors.

Derivation of the Formula :

In order to derive a necessary formula which governs the behaviour of springs, consider a closed
coiled spring subjected to an axial load W.

Let

W = axial load

D = mean coil diameter

d = diameter of spring wire

n = number of active coils

C = spring index = D / d for circular wires
| = length of spring wire

G = modulus of rigidity

x = deflection of spring

g = Angle of twist

When the spring is being subjected to an axial load to the wire of the spring gets be twisted like a
shaft.

If q is the total angle of twist along the wire and x is the deflection of spring under the action of load
W along the axis of the coll, so that

x=D/2.q

Again | = p D n [consider, one half turn of a close coiled helical spring]



Assumptions: (1) The Bending & shear effects may be neglected

(2) For the purpose of derivation of formula, the helix angle is considered to be so small
that it may be neglected.

Any one coil of a spring will be assumed to lie in a plane which is nearly ' to the axis of the spring.
This requires that adjoining coils be close together. With this limitation, a section taken
perpendicular to the axis the spring rod becomes nearly vertical. Hence to maintain equilibrium of a
segment of the spring, only a shearing force V = F and Torque T = F. r are required at any X —
section. In the analysis of springs it is customary to assume that the shearing stresses caused by
the direct shear force is uniformly distributed and is negligible

So applying the torsion formula.

Using the torsion formula i.e

T.7.58
Jdo
d
and substtituting J = H;T = '-.-'-.-'.E
32 2
2
i =—;l=mnD
ol = Ab-x

SPRING DEFLECTION

wdl2  G2x/D
m*  #mhin
32
Thus,
_BwDn
G.d*

Spring stiffness: The stiffness is defined as the load per unit deflection therefore

W W

e SwD*n
Gd?

Therefore

G.d*

80%n

k =

k=

Shear stress



wdi2 _ Ty

ad? d/2
32
_ BwD
arT_ g s —
max j‘?d3

WAHL'S FACTOR:

In order to take into account the effect of direct shear and change in coil curvature a stress factor is
defined, which is known as Wahl's factor

_4c-1, 0815

K = Wahl’s factor and is defined as dc -4 C

Where C = spring index = D/d

If we take into account the Wahl's factor than the formula for the shear stress
16Tk

max™

3
becomes d

Strain Energy: The strain energy is defined as the energy which is stored within a material when
the work has been done on the material.

In the case of a spring the strain energy would be due to bending and the strain energy due to
bending is given by the expansion

_TL
2E
L=mnln
Z:'?d4
B4
soafter substitutionwe get
z
U= 327 Eln
Ed

Example: A close coiled helical spring is to carry a load of 5000N with a deflection of 50 mm and a
maximum shearing stress of 400 N/mm? .if the number of active turns or active coils is 8.Estimate
the following:

(i) Wire diameter

(ii) Mean coil diameter

(iif) Weight of the spring.

Assume G = 83,000 N/mm? ; r = 7700 kg/m®
Solution:

(i) For wire diameter if W is the axial load, then



T
— max™

wd/2 _
ad? d/2
32

400 md* 2
S di2732w
_A00.md* 2
~ A000.16

D=00314d4°
Further, deflection is given as

_BwD¥n
G.d*
on substituting the relevant parameters we get

_ 8.5000.(0.03144°y 8

50
83,000 .d4%
d=13.32mm
Therefore,

D =.0314 x (13.317)°’mm
=74.15mm

D =74.15mm
Weight

tassarweight = volume. density

= area.length of the spring. density of spring material
??dz

= —. mDn.
g e

On substituting the relevant parameters we get
Weight = 1.996 kg
=20kg

Close — coiled helical spring subjected to axial torque T or axial couple.

In this case the material of the spring is subjected to pure bending which tends to reduce Radius R
of the cails. In this case the bending moment is constant through out the spring and is equal to the

applied axial Torque T. The stresses i.e. maximum bending stress may thus be determined from
the bending theory.



Y rrax _I_
_Tdi2
= Hd4

B4
32T
max _F

Deflection or wind — up angle:
Under the action of an axial torque the deflection of the spring becomes the “wind — up” angle of the

spring which is the angle through which one end turns relative to the other. This will be equal to the
total change of slope along the wire, according to area — moment theorem

L
e:j@ butM=T
o

El
L L
= E = l dL
n El El;
Thus, as'T 'remainsconstant
8= E
El
Futher
L=maln
?Td4
[= —
B4
Therefore, on substitution the value of & ohtained is
_B4ATDn
o= !
Ed

Springs in Series: If two springs of different stiffness are joined endon and carry a common load
W, they are said to be connected in series and the combined stiffness and deflection are given by

the following equation.

K+
By W
— T rHy T —t—
k ki ks
ar k2
1 1 1
—_ T e —
kooky ke W

Springs in parallel: If the two springs are joined in such a way that they have a common deflection
‘X’; then they are said to be connected in parallel. In this case the load carried is shared between

the two springs and total load W = W1 + W,



W, = 2

Futher
WY=L

Terms used in Compression Springs

The following terms used in connection with compression springs are important from the
subject point of view.

1. Solid length. When the compression spring is compressed until the coils come in contact
with each other, then the spring is said to be solid. The solid length of a spring is the product of
total number of coils and the diameter of the wire. Mathematically,

Solid length of the spring,
Lg =n'd
where n'= Total number of coils, and
d = of the wire.

2. Free length. The free length of a compression spring, as shown in Fig. is the length of the
spring in the free or unloaded condition. It is equal to the solid length plus the maximum

deflection or compression of the spring and the clearance between the adjacent coils (when fully
compressed). Mathematically,

Free length of the spring,
Lg = Solid length + Maximum compression + *Clearance between
adjacent coils (or clash allowance)
=n"d+ Oy +0.15 &y
The following relation may also be used to find the free length of the spring, i.e.
Ly =n'd+ 8,4+ (n'—1)x 1 mm
In this expression, the clearance between the two adjacent coils is taken as 1 mm.

3. Spring index. The spring index is defined as the ratio of the mean diameter of the coil to
the diameter of the wire. Mathematically,

Spring index, C=D/d
where D = Mean diameter of the coil, and
d = Diameter of the wire.

4. Spring rate. The spring rate (or stiffness or spring constant) is defined as the load required
per unit deflection of the spring. Mathematically,

Spring rate, k=WwW/d
where W = Load, and
0 = Deflection of the spring.

5. Pitch. The pitch of the coil is defined as the axial distance between adjacent coils in
uncompressed state. Mathematically,

Pitch of the coil, p = Free length
n'—1
The pitch of the coil may also be obtained by using the following relation, i.e.



Pitch of the coil, p= LFE-Ls 14

n
where LF = Free length of the spring,

“s = Solid length of the spring,
n' = Total number of coils, and

d = Diameter of the wire.
In choosing the pitch of the coils, the following points should be noted :
(a) The pitch of the coils should be such that if the spring is accidently or carelessly
compressed, the stress does not increase the yield point stress in torsion.
(b) The spring should not close up before the maximum service load is reached.

Note : In designing a tension spring (See Example 23.8), the minimum gap between two coils when the
spring is in the free state is taken as 1 mm. Thus the free length of the spring,

Ly =nd+((n-1)
Lp
and pitch of the coil, p= n-1

Example 1. Design a helical compression spring for a maximum load of 1000 N for a
deflection of 25 mm using the value of spring index as 5.

The maximum permissible shear stress for spring wire is 420 MPa and modulus of rigidity is
84 kN/mmZ.

Take Wahl’s factor, K = 4C—1+ 0.615, where C = Spring index.

4C— 4 C 5

Solution. Given: W= 1000 N; ® =25 mm; C=D/d=5;1=420 MPa=420 N/mm ; G
=84 kN/mm2 =84 x 103 N/mm2
1. Mean diameter of the spring coil

Let D = Mean diameter of the spring coil, and
d = Diameter of the spring wire.
We know that Wahl’s stress factor,

X = 4C—1. 0615—4-5-1 . 0.615—131
4C-4 C 4-5-4 5

and maximum shear stress (T),

_ 8W.C_ 8-1000-5 _ 16677
420 = K- ——=131- — -
md md d
d> = 16677/420=39.7 or d=6.3 mm

we shall take a standard wire of size SWG 3 having diameter (d ) = 6.401 mm.
.. Mean diameter of the spring coil,
D=Cd=5d=5x%6.401 =32.005 mm Ans. ..(."C=DIld=5)
and outer diameteLof the spring coil,
0 =D+d=32.005+ 6.401 = 38.406 mm Ans.
2. Number of turns of the coils
Let n = Number of active turns of the coils.

we know that compression of the spring (),

$W.C°n 8 -1000(5)° n
25 = = 3 =1.86n
G.d 84 - 10" - 6.401
. n= 25/1.86 =13.44 say 14 Ans.
For squared and ground ends, the total number of turns, n’
=n+2=14+2=16 Ans.

3. Free length of the spring

We know that free length of the spring



=n'd+0+0.150=16 x6.401 +25+0.15 x 25

= 131.2 mm Ans.
4. Pitch of the coil

We know that pitch of the coil
Free length 131.2
=n-1 = 16-1 =8.75 mm Ans.

Example 2. Design a close coiled helical compression spring for a service load ranging
from 2250 N to 2750 N. The axial deflection of the spring for the load range is 6 mm. Assume a
spring index of 5. The permissible shear stress intensity is 420 MPa and modulus of rigidity, G =
84 kN/mm' .

Neglect the effect of stress concentration. Draw a fully dimensioned sketch of the spring,
show-ing details of the finish of the end coils.

Solution. Given : W1 =2250N; W =2750 N ;0 =6 mm ; C=D/d =5 ;1= 420 MPa =
420 N/mm2 ;G=84 kN/mm2 =84 x 103 N/mrn2
1. Mean diameter of the spring coil

Let D = Mean diameter of the spring coil for a maximum load of

Wp =2750 N, and
d = Diameter of the spring wire.
We know that twisting moment on the spring,

D 5d
T=Wy - = =2750-— =6875d LC

11
al| o
I
W

We also know that twisting moment (7'),
6875d= T 1-d> = T .420.d>=8248d"
16 16
dz =6875/82.48=83.35 or d=9.13 mm

From Table 23.2, we shall take a standard wire of size SWG 3/0 having diameter (d ) = 9.49
mm. .. Mean diameter of the spring coil,

D=5d=5 %949 =47.45 mm Ans.
We know that outer diameter of the spring coil,

D,=D+d=4745+9.49 =56.94 mm Ans.
and inner diameter of the spring coil,

D;j =D—d=4745-9.49 =37.96 mm Ans.

2. Number of turns of the spring coil

Let n = Number of active turns.

It is given that the axial deflection (8) for the load range from 2250 N to 2750 N (i.e. for W=
500 N) is 6 mm.

We know that the deflection of the spring (d),

3 3

8W.C™ n 8-500(5) n 0631

Gd  84-10°-9.49 —
n=6/0.63=9.5say 10 Ans.

6=




For squared and ground ends, the total number of turns, n"= 10 +2 =12 Ans.
3. Free length of the spring

Since the compression produced under 500 N is 6 mm, therefore maximum compression produced
under the maximum load of 2750 N is

Omax =6/500%2750=33 mm
We know that free length of the spring,

Ly =n'd+ dyqx + 0.15 8y0x
=12%x949+33+0.15x33
=151.83 say 152 mm Ans.

4. Pitch of the coil
We know that pitch of the coil

Free length 152
= n'-1 =12-1=13.73say 13.8 mm Ans.



Problem 16.39. A closely coiled helical spring of mean diameter 20 cm is made of 3 cm

-dzameter rod and has 16 turns. A weight of 3 kN is dropped on this spring. Find the height by

which the weight should be dropped before striking the spnng so that the spring may be com-
“pressed by 18 em. Take C = 8 x 10* N/mm?>,

.'0]_“

“or

Sol. Given : .

Mean dia. of coil, D=20cm =200 mm
Mean radius of coil, = ?_gg = 100 mm

Dia. of spring rod, d=3cm= 30 mm

Number of turns, n=16

Weight dropped, W=3kN=3000 N

Compression of the Sprmg, 0=18cm =180 mm
Modulus of rigidity, C = & x 104 N/mm?
Let A = Height through which the weight W is. dropped

W = Gradually applied load which produces the compressmn of spring equal fo
' 180 mm.

Now using equation (16.28),
64W.R%.n

cd*

64 x W x100° x 16
~ 8x10% x 30°
_ 180 x 8 x 10* x 30*
T 64x100° x 16

Work done by the falling weight on spring
= Weight falling (& + 6) ='3000 (% + 180) N-mm

&=

= 11396 N

Energy stored in the sprmg =4 Wx?d

> X 11390 x 180 = 10251{}0 N-mm.
- Equating the work done by the fallmg welght on the spring to the energy stored in the

spring, we get-

';‘I'

' 3000(h + 180) = 1025100

1025100 ) '
h+180 = W = 341.7 mm

h=341.7-180 = 161.7mm. Ans.
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Problem 16.43. A closely coiled helical spring made. of 10 mm diameter steel wire has
15 coils of 100 mm mean diameter. The spring is subjected to an axial load of 100 N. Calculate :

i) The maximum shear stress induced,
(i) The deflection, and
(iit) Stiffness of the spring.
Take modulus of rigidity, C = 8,16 x 10 N/mm?2.
(AMIE, Winter 1990 ; Converted to S.L units)
Sol. Given : '
Dia. of wire,  d =10 mm
Number of coils, n =15
Mean dia. of coil, D = 100 mm

10
Mean radius of coil, K = 5 = 50 mm

Axial load, W=100N

Modulus of rigidity,  C = 8.16 x 10 N/mm?

(i) Maximum shear stress induced

16WR 16 x 100 x 50

= =24.46 2, Ans.
nd® mx 103 N/mm® s

Using equation (16.24), 1=

(it) The deflection (8)

Using equation {16.26),
GAW x R3 xn 64 x 100x50° x 15
8= = at " B16x10° x10°
=147 mm. Ans.

(izi) Stiffness of the spring
* Load on spring
Deflection of spring

Stiffness =

- Load'on spnng _ 100 - 6.802 N/mm. Ans.
Deflection of spring 14.7




UNIT 4 - TORSION OF SHAFTS

Torsion occurs when any shaft is subjected to a torque. This is true whether the
shaft is rotating (such as drive shafts on engines, motors and turbines) or
stationary (such as with a bolt or screw). The torque makes the shaft twist and one
end rotates relative to the other inducing shear stress on any cross section. Failure
might occur due to shear alone or because the shear is accompanied by stretching
or bending.

1.1. TORSION EQUATION

The diagram shows a shaft fixed at one end and twisted at the other end due to the
action of a torque T.

F 3
Y

Figure 1

The radius of the shaft is R and the length is L.

Imagine a horizontal radial line drawn on the end face. When the end is twisted,
the line rotates through an angle 6. The length of the arc produced is R6.

Now consider a line drawn along the length of the shaft. When twisted, the line
moves through an angle y. The length of the arc produced is Ly.

If we assume that the two arcs are the same it follows that R@ = Ly

Hence by equating Ly = RO we get Y =T ......................... (1A)

If you refer to basic stress and strain theory, you will appreciate that y is the shear



dr

strain on the outer surface of the shaft. The relationship between shear strd
shear stress is

T is the shear stress and G the modulus of rigidity.

G is one of the elastic constants of a material. The equation is only true so long as
the material remains
elastic.

GO/L =T/R

Since the derivation could be applied to any radius, it follows that shear stress is
directly proportional to radius 'r" and is a maximum on the surface. Equation (1C)
could be written as
GO _71
— T 1D
e (1D)
Now let's consider how the applied torque 'T' is balanced by the internal stresses

of the material.

Consider an elementary ring of material with a shear stress T acting on it at
radius r.

The area of the ring is dA=2mrdr
The shear force acting on it tangential is dF =1dA=T121rdr
This force acts at radius r so the torque produced is dT =T 21r2 dr
Since 7= GO from equation (1D) then dT = GO 211 rar

L L

Figure 2

R
The torque on the whole cross section resulting from the shear stress is T = G8 2mjrdr

L o

The expression ZWRJ“I’SdI’ is called the polar second moment of area and denoted as 'J'.
The Torque equatio

reduces to T = GB J and this is usually written as T -G8 (1E)
L J L
- . . T _GO_1
Combining (1D) and (1E) we get the torsion equation ] T Ty (1F)

1.2 POLAR SECOND MOMENTS OF AREA

This tutorial only covers circular sections. The formula for J is found by carrying
out the integration or may be found in standard tables.



4
For a shaft of diameter D the formula is J :ng—z

This is not to be confused with the second moment of area about a diameter, used
in bending of beams (I) but it should be noted that J =2 1.

13 HOLLOW SHAFTS

Since the shear stress is small near the middle, then if there is no other stress
considerations other than torsion, a hollow shaft may be used to reduce the
weight.

The formula for the polar second moment of areaisJ = ;T—Z (DO4 - D,4)

Do is the outside diameter and D, the inside diameter.

14 MECHANICAL POWER TRANSMISSION BY A SHAFT

In this section you will derive the formula for the power transmitted by a shaft and
combine it with torsion theory.

Mechanical power is defined as work done per second. Work done is defined as
force times distance moved. Hence

P = Fx/t where P is the Power
F is the force
X is distance moved.
t is the time taken.

Since distance moved/time taken is the velocity of the force we may write
P=Fv .... (2A) where v is the velocity.

When a force rotates at radius R it travels distance moved in one revolution is
one circumference in the time of one revolution. Hence the x = 2R

If the speed is N rev/second then the time of one revolution is 1/N seconds. The
mechanical power is hence P = F 21TR/(1/N) = 2TNFR

Since FR is the torque produced by the force this reduces to
P=2nNT . (2B)

Note that equations (2C) is the angular equivalent of equation (2A) and all three
equations should be remembered.



WORKED EXAMPLE No.1

A shaft 50 mm diameter and 0.7 m long 1s subjected to a torque of 1200 Nm. Calculate the shear stress
and the angle of twist. Take G = 90 GPa.
SOLUTION

Important values touse are D=0.05m. L=0.7m, T = 1200 Nm. G=90 x10° Pa
D' mx0.05*

I= =613.59x10° m*
32 32
TR 1200x0.025
e = ==~ 48,89 x10° Pa or 48.89 MPa
] 613.50x10°
2 7
o=t L00X0T 015 radian
T 00x10°x613.59x10°
L 4889x10°x07 .
Alre11m‘relyﬁ=T—= Kg = 0.0152 radian
GR 90x107 x0.025
, . 180 ...
Converting to degrees 8=0.0152x —=0.871
T

WORKED EXAMPLE No.2

Repeat the previous problem but this time the shaft is hollow with an internal diameter of 30 mm.
4 g4 4 4
,_xlD*-d*)_xx(0.05*~003*)
32 32
_TR _1200x0.025
] 534.07x107
TL 1200 0.7 .
B=—-= 5 x 5 = 0.0175 radian
I 00x 107 x534.07x10°
L 56.17x10°x0.7
GR 90x10°x0.025
180

T

=534.07x10° m*

T

max

=56.17x10° Paor 56.17 MPa

Alternately 8 =

=0.0175 radian

Converting to degrees 8=0.0152x 1°

Note that the answers are nearly the same even though there 1s much less material in the shaft.



WORKED EXAMPLE No.3

A chaft 40 mm diameter 15 made from steel and the maximum allowable shear stress for the matenal 15
50 MPa. Calculate the maximum torque that can be safely transmitted. Take G = 90 GPa.

SOLUTION

Important values to use are:
D=0.04m R=0.02m 1t=50%x10°Paand G=90x10° P

T Gb o«
I L 1
4 4
M TR0 e 10t mt
3 32

. . . T GO 1 . .
The complete torsion equation 1s TR Rearrange and ignore the middle term.

t ] 50x10%x251.32x107

T=2 = =628.3Nm
R 0.02
WORKED EXAMPLE No.4

A shaft 1s made from tube. The ratio of the mside diameter to the outside diameter 1s 0.6. The material

must not experience a shear stress greater than 500 kPa. The shaft must transmit 1.5 MW of mechanical
power at 1500 rev/mun. Caleulate the shaft diameters.

SOLUTION

The important quantities are P=1.5x 10° Watts, t= 500 x 10° Pa, N = 1500 rev/min and d = 0.6D.

N =1500 rev/min =1500/60 = 25 rev/s P=27NT

P 15x10°
2N i 2nx 25

_x[p*-d*)_xp*~(0.6D)'}_D*-0.36D*}

hence T= =0540 3Nm

] = =0.08545D"

32 32 32
T © 2t 05493  2x500x10° 9549.3 D*
—=—=— hence 7= = =—=D
] R 0.08545D D 0.08545x2x500x10° D
D}:{J.lll?ﬁ D=%0.11175=04816m=481.6 mm d=0.6D=28%0 mm



Columns and Struts

Introduction

A machine part subjected to an axial compressive force is called a strut. A strut may be
horizontal, inclined or even vertical. But a vertical strut is known as a column, pillar or stanchion. The
machine members that must be investigated for column action are piston rods, valve push rods,
connecting rods, screw jack, side links of toggle jacketc. In this chapter, we shall discuss the design of
piston rods, valve push rods and connecting rods.
Failure of a Column or Strut

It has been observed that when a column or a strut is subjected to a compressive load and the load
is gradually increased, a stage will reach when the column will be subjected to ultimate load. Beyond
this, the column will fail by crushing and the load will be known as crushing load.

Types of End Conditions of Columns

In actual practice, there are a number of end conditions for columns. But we shall study the
Euler’s column theory on the following four types of end conditions which are important from the
subject point of view:

1.3 Both the ends hinged or pin jointed as shown in Fig (a),

1.4 Both the ends fixed as shown in Fig.(b),

1.5 One end is fixed and the other hinged as shown in Fig.(c), and

1.6 One end is fixed and the other free as shown in Fig. (d ).

P r p

) () (@

Euler's Column Theory

The first rational attempt, to study the stability of long columns, was made by Mr. Euler. He
derived an equation, for the buckling load of long columns based on the bending stress.
While deriving this equation, the effect of direct stress is neglected. This may be justified
with the statement, that the direct stress induced in a long column is negligible as compared
to the bending stress. It may be noted that Euler’s formula cannot be used in the case of short
columns, because the direct stress is considerable, and hence cannot be neglected.

16.5 Assumptions in Euler's Column Theory
The following simplifying assumptions are made in Euler’s column theory :

1. Initially the column is perfectly straight, and the load applied is truly axial.
2. The cross-section of the column is uniform throughout its length.



3. The column material is perfectly elastic, homogeneous and isotropic, and thus obeys
Hooke’s law.

The length of column is very large as compared to its cross-sectional dimensions.
The shortening of column, due to direct compression (being very small) is neglected.
The failure of column occurs due to buckling alone.

Nk

The weight of the column itself is neglected.

16.6 Euler's Formula

According to Euler’s theory, the crippling or buckling load () under various end
conditions is represented by a general equation,

2 2 2
W= Cnm " El _Cn EAk ___(QI:A.kz)
cr /2 2
2
_CmEA
(1K)
where E =Modulus of elasticity or Young’s modulus for the material of the column,

A = Area of cross-section,
k= Least radius of gyration of the cross-section,
/= Length of the column, and

C = Constant, representing the end conditions of the column or end fixity
coefficient.

The following table shows the values of end fixity coefficient (C ) for various end conditions.

Table 1. Values of end fixity coefficient (C ).

S. No. End conditions End fixity coefficient (C)
1. Both ends hinged 1
2. Both ends fixed 4
3. One end fixed and other hinged
4. One end fixed and other end free 0.25

Slenderness Ratio

In Euler’s formula, the ratio // k is known as slenderness ratio. It may be defined as the ratio
of the effective length of the column to the least radius of gyration of the section.

Limitations of Euler's Formula

A little consideration will show that the crippling stress will be high, when the slenderness
ratio is small. We know that the crippling stress for a column cannot be more than the crushing
stress of the column material. It is thus obvious that the Euler’s fromula will give the value of
crippling stress of the column (equal to the crushing stress of the column material) corresponding
to the slenderness ratio. Now consider a mild steel column. We know that the crushing stress for

. . 2 . . 6 2
mild steel is 330 N/mm'™ and Young’s modulus for mild steel is 0.21 x 10 N/mm .
Now equating the crippling stress to the crushing stress, we have

2
C”2E =330

(/%)

6
1-9.87-021-10" _ 50

2
(17k) ... (Taking C=1)



r 1/ k)2 = 6281

: I/ k=179.25 say 80

Hence if the slenderness ratio is less than 80, Euler’s formula for a mild steel column is not
valid.

Sometimes, the columns whose slenderness ratio is more than 80, are known as long
columns, and those whose slenderness ratio is less than 80 are known as short columns. 1t is thus
obvious that the Euler’s formula holds good only for long columns.

16.9 Equivalent Length of a Column

Sometimes, the crippling load according to Euler’s formula may be written as
mE]

w
cr L2

where L is the equivalent length or effective length of the column. The equivalent length of a

given column with given end conditions is the length of an equivalent column of the same material

and cross-section with hinged ends to that of the given column. The relation between the

equivalent length and actual length for the given end conditions is shown in the following table.

Table 2. Relation between equivalent length (L) and actual length (1).

S.No. End Conditions Relation between equivalent length (L) and
actual length (1)

1. Both ends hinged L=1

l
2. Both ends fixed L= 2

/

3. One end fixed and other end hinged L= >
4. One end fixed and other end free L=2]

Example 16.1. 4 T-section 150 mm * 120 mm * 20 mm is used as a strut of 4 m long hinged at
both ends. Calculate the crippling load, if Young’s modulus for the material of the section is
200 kN/mm?”.

Solution. Given : /=4 m = 4000 mm : E = 200 kN/mm? = 200 » 103 N/'mm?

First of all. let us find the centre of gravity (G) of the 150
T-section as shown in Fig. 16.2. | lange Y *
120 T

Let J be the distance between the centre of gravity (G) and T|
120

top of the flange, _L
L~ Web
L

xX— — X

We know that the area of flange.
a, =150 x20=3000 mm?
Its distance of centre of gravity from top of the flange,

— —De—+

¥, =20/2=10mm

Area of web, a, = (120-20) 20 =2000 mm?

Its distance of centre of gravity from top of the flange.

¥y, =20+ 100/ 2=70 mm

' 3000 X 10 + 2000 x 70
3000 + 2000

[~]

_anta ),

=

ok
20
All dimensions in mm.

Fig. 16.2

=34 mm



We know that the moment of inertia of the section about X=X,

3
2, 20 (100)
12

50 (20)°
L= {10%0) + 3000 (34 - 10) +2000 (70 - 34)

=6.1x 105 mm?*
20 (150 , 100 (20

Y
12 12
Since Iy 1s less than Iy therefore the column will tend to buckle 1n ¥-¥ direction. Thus we

shall take the value of T as Iy = 5.7 x 106 mm*,
Moreover as the column is hinged at its both ends, therefore equivalent length,
L =1=4000 mm

We know that the erippling load,

T’ET 9.87x200x10°x5.7x10°
W= ——= d =703 x 103 N=703 kN Ans.
LA (4000)°

and =5.7 % 106 mm*




RANKINE’S FORMULA:

We have already discussed that Euler’s formula gives correct results only for very long columns.
Though this formula 15 applicable for columns, ranging from very long to short ones, yet it does not
give reliable results. Prof. Rankine, after a number of experiments, gave the following empirical
formula for columns.

1 1 . 1
Pl R A
Wer Wc T 0
where W_, = Crppling load by Rankine’s formula,
W, = Ultimate crushing load for the column =g * 4.

- . n'E I
W = Crippling load. obtamned by Euler’s formula = 7

A little consideration will show. that the value of /¥, will remain constant irrespective of the
fact whether the column is a long one or short one. Moreover. in the case of short columns, the value
of W will be very high. therefore the value of 1 / W will be quite negligible as comparedto 1/ .
It 1s thus obvious. that the Rankine’s formula will give the value of its crippling load (i.e. W)
approximately equal to the ultimate crushing load (i.e. /.. ). In case of long columns. the value of
will be very small, therefore the value of 1/ W will be quite considerable as compared to 1/ W,.. It
is thus obvious, that the Rankine’s formula will give the value of its crippling load (ie. W)
approximately equal to the crippling load by Euler’s formula (i.e. W ). Thus. we see that Rankine’s
formula gives a fairly correct result for all cases of columns, ranging from short to long columns,

From equation (7). we know that
11 W+,

1
We We W WeXWg

Wex W W,
W_ = -
e
Now substituting the value of /7, and ¥ in the above equation. we have
__ox4 _ oxd4 (e 1=4B)

a ) T 2

0.XAXL 0, AL
= 5— ItX—

TEI nE Ak

0.X4  Crushing load

LV LY
1+al 2] 1+4l2
M(k] H(J

where 0, = Crushing stress or yield stress in compression.

A = Cross-sectional area Qf the column.

0
a = Rankine’s constant = ——
TE



L = Equivalent length of the column, and
k = Least radius of gyration.

The following table gives the values of crushing stress and Rankine’s constant for various
materials.

Table 16.3. Values of crushing stress (o) and Rankine’s constant (a)
for various materials.

a
S.No. Material 0 in MPa a= 2.:
g nE
1 Wrought 1 250 1
; rought iron 5 3000
1
2 Cast 1iron 550 ﬁ
] 1
i Mild steel 320 7500
1
4. Timber 50 ﬁ

Problem 19.4 (a). A simply supported beam of length 4 metre is subjected to a uniformly
distributed load of 30 EN/m over the whole span and deflects 15 mumn at the centre. Determine
the crippling loads when this beam is used as a column with the following conditions :

(i) one end fixed and other end hinged

(if) both the ends pin jointed. (Annamalai University, 1990)

Sol. Given : ‘

Length, L = 4 m = 4000 mm

Uniformly distributed load, w = 30 kN/m = 30,000 N/m

30,000

= 000 N/mm = 30 N/mm

Deflection at the centre, § = 15 mm.
Tor a simply supported beam, carrying U.D.L. over the whele span, the deflection at the
centre is given by,

_ 5 w x L‘_i
"~ 384  EI
or 5.5 x30><44000‘*_
384 ET
_ 5  30x 40004
384 15
5 3x256 2

X

384 15
(i) Crippling load when the beam is used as a column with one end fixed and other end
hinged.

The crippling load P for this case in terms of actual length is given by equation (19.4) as

2
P= EE%E . where [ = actual length = 4000 mm

£

x 1018 = 3 % 1013 N mm?2,

2xm2xg—x1013

7 = 8224.5 kIN. Ans.
4000

(i) Crippling load when both the ends are pin-jointed
This is given by equation (19.1} in terms of actual length as

2
P= ?‘iﬁ‘ﬂ where [ = actual length = 4000 mm

a® x gx 1013

=—2 - = 4112.25 kN. Ans.
4000



Problem 19.5. A solid round bar 4 m long and 5 cm in diameter was found to extend
4.6 mm under a tensile load of 50 kN. This bar is used as a strut with both ends hinged. Determine
the buckling load for the bar and also the safe load taking factor of safety as 4.0.

Sol. Given :

Actual length of bar, L = 4 m = 4000 mm

Dia. of bar, d = 5 cm

.. Area of bar, A= g x 52 = 6.257 em? = 6.251 x 102 mm? = 6257 mm?

Extension of bar, 8L = 4.6 mm

Tensile load, W = 50 kiN = 50000 N,

In this problem, the values of Young's modulus (E) is not given. But it can be calculated
fram the given data.

Tensile load) _
Tensile stress [—Arggm
Tensile strain Extension of bar
( Length of bar J

- Young’s modulus, E =

[ Stress = Load and strain = %)
ea L
w
A w . L 50000 . 4000 ‘ .
=81 " A 8L 625% . 46 = 2214x10%N/mm?

|

Since the strut is hinged at its both ends,
Effective length, L, = Actual length = 4000 mm

Let P = Crippling or buckling load.

Using equation (19.5), we get

nlEl

72
7% x 2214 x 10* x%.x 5% x 10*
4000 x 4000

= 4189.99 say 4190 N. Ans.
Crippling load 4190

= Factor of safety 4

F =

{ ).'=~--TE—-><5’1= x 10* mm“)
64

And safe Ioad = 1047.5 N. Ans.

Problem 19.13. The exfernal and internal diameter of @ hollow cust fron column are
5 em and 4 em respectively. If the length of this column is 3 m and he:u‘h; {JfIf.'i em‘.f are jjmi
determine the crippling load using Rankine’s formula. Take the values of o= 550 Nfmm and
a= Ilﬁ in Ronking’s formula.

Sol, Given :

External dia., I =5 cm

Interpal dia., d=4¢m

Area A= (52 43 = 2.95x cm? = 2.25n x 10F mm? = 2250 mm®
L] ‘i - ) . -

Moment of Inertia, I= Eili [5¢ - 44] = 5.7656 n cm*
= 576567 « 10* mm* = 57656a mm*



- Least radius of gyration,

k= Ji - Hﬁﬁﬁﬁ—@ = 25.625 mm
A 2257

Length of column, { = 3 m = 3000 mm
As both the ends are fixed,

. {3000
- Effective length, L_= 3 = e = L5000 mm
Crushing stress, o, = 550 N/mm?
1
ERankine's constant, o = 1600

Let P = Crippling load by Rankine’s formula
Using equation (19.9), we have
o, .-A 550 x 2257

=1+£2_1+ 1 x[lﬁm]i
F:) 16040 25.625

550 = 225
= ~a141E - 123750 N. Ans.

Problem 19.9. Determine the crippling load for a T-section of dimensions 10em x10cm xZ2em
‘and of length & m'when it is used as strul with both of iis ends hinged. Take Young’s modulus,
E=2.0x10°N/mm?®.

Sol. Given e 0 cm —] '
Dimensions of T-section= 10 cm x 10 em x 2 ¢cm | I “J2cm]
Length actual, I = 5 m = 5600 mm ; K3
Young’s modulus, £ = 2.0 x 10° N/mm?. |
_ First of all, calculate the C.G. of the section. The given X ' f X
section is symmetrical about the axis Y¥-Y, hence the C.G. of ! I 10cm
the section will lie on ¥-¥ axis. _ ‘ v
Let ¥'= Distance of C.G. of the section from bottom ! ’ |
I
For the flange, we have ¢, = 10 x 2 = 20 cm? 2 cm %"i_h- *
¥, = Distance of C.G_ of area a, from the bottom end ly
=8+1=9cm Fig. 19.10

For the web, we have g, = 8 x 2 = 16 cm?

end.

8
¥y = Distance of C.G. of area a, from bottom end = 3= 4 cm

. i 5 ) F O30
Using the relation, ¥ = ay < ap
20x9+16x4 180 +64
=T 20+16 gg ~&7T7cm

Moment of inertia of the section about the axis X-X,

10x8? 2] [2x83 2
fn=( 5 +20x2.223 ]+[ o+ 16X 2,777

= (6.667 + 98.834) + (85.333 + 123.387) = 314.221 cm.
Moment of inertia of the section about the axis Y-Y,

3 3 _
I, =220 BX2" 16667 +5.38 =172 emt.
12 12

Least value of moment of inertia is about Y-Y axis
I'=172 em* = 172 x 10* mm*
Since the strut is hinged at both of its end

~. Bffect length, L = ! = 5000 mm

Let P = Crippling load

Using equation {19.5), we get

alET w2 x 2.0 x 10% % 172 x 102
L2 50003

P= = 135805.7 N. Ans.



Problem 19.17. Find the Euler crushing load for a hollow eylindrical cast iron column
20 cm external diameter and 25 mm thick if it is 6 m long and is hinged at both ends. Take
E=12x10°N/mm?®

Compare the load with the crushing load as given by the Rankine’s formula, taking

o, =550 N/mm?and a = _16% » for what length of the column would these two formulae give .

the same crushing load ? {AMIE, Winter 1984)
Sol. Given :
External dia., I = 20 ¢cm
Thickness, ¢t = 25 mm = 2.5 cm
Internal dia., d=D-2x£)=20-2x25=15cm.

175 -
Area, - ?E (20° - 16% = — N 13744 cm® = 13744 pim?
- ; . _ T ot 1rd1 _

Moment of inertia, 1= 52 [204~ 154 = ¢ (160000 ~ 50625)

= 5368.93 cm? = 53689300 mm*
Least radius of gyration,

I f53689300
_k—\/;— 15744 =62.5 mm

Length of column, [ = 6 m = 6000 mm
End conditions = Both ends are hinged
Effective length, L, = [ = 6000 mm

Value of E = 1.2 x 10% N/min?.
Euler’s crushing load is given by equation (19.5),
x® EI

L2

7* % 1.2 x 107 x 53689300

= O = 1766307 N.  Ans.
6000 |

Crushing load by Rankine’s formula
The value of 6, = 550 N/mm?

P=

1
v =
alue of @ 1600
Let P = Crushing load by Rankine’s formula
Using equation (19.9),

P 550 = 13744

o, . A
T = 7 = 11182248 N, Ans.
1+u.(£’-‘5-] 1+ L:-c[@]
k 1600 625
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Strength of Materials and Failure Theories

State of Stress

\4

A

® ©

A

v

This is a 2D state of stress — only the independent stress components are
named. A single stress component G, can exist on the z-axis and the state of
stress 1s still called 2D and the following equations apply. To relate failure
to this state of stress, three important stress indicators are derived: Principal
stress, maximum shear stress, and VonMises stress.

Principal stresses:

2
o, +0 O, —O0O
0,,0, = X2 yi ( X y) +T2

o, = Given or known

If 6,0 (common case) then
o .\
o, =Given or known

If ox = 6,=0 then 6, = 6, = +/— 1y. If oy~ 1, =0, then 6, = o, and 5,=0.




Maximum shear stress — Only the absolute values are important.

MaX(Tmax 127 Tmax 131 T max, 23)
0, —0, 07 =03 O, —0;
2-max,lz = 2 2-max,l,3 2 2-max,23
If 03:0, the
O. (02 O. (0}
T o ,=——2 T =—1 7 =—2
max,12 2 max,1,3 2 max,23 2

The Vom Mises stress:

(o,

-0,)" +(0, —0;)" + (o,

_0'3)2

O, =

2

When

o05;=0, the von Mises stress 1s:

B 2 2
_\/0'1 +o0, —0,0,

When only oy, and 1y, are present (as in combined torsion and bending/axial
stress or pure torsion), there is no need to calculate the principal stresses, the

Von Mises stress 1s:
. 2 2
= \/ o, +37,

Note that in pure shear or pure torsion o, =0. If o, =0, then

According to distortion energy theory, yielding occurs when o, reached the
yield strength S,. Therefore in pure shear, yielding occurs when 1, reaches

58% of S,.



Common loading applications and stresses (when oriented properly)

Direct Tension/Compression (only o)
«— O —

Beam bending (only o, on top/bottom)

o

A 4

Pure torsion (only 1y )
[
- j

Rotating shafts (bending + torsion) — (o and ty)

M v

|
O

R

Problem #S1

A member under load has a point with the following state of stress:
o, =10500 psi,Tensile o, =5500 psi,Compressive

t,=4000 psi o,=0
Determine o1, 62, Ty, (Ans: 11444 tensile, 6444 Compressive, 8944 psi)

l 5,=5500

[
»

T,y=4000

A

ox=10500

®

A




Strain (one dimensional)

A bar changes length under the influence of axial forces and temperature
changes.

L AL

A
A 4

A 4

<
|‘

Original Length

Final Length

Total strain definition:

AL
& _gt:T

total —
Total strain 1s a combination of mechanical and thermal strains:
F
EA
Both the mechanical and the thermal strains are algebraic values. AT is

positive for an increase in temperature. F is positive when it is a tensile
force.

Problem #S2

The end of the steel bar has a gap of 0.05” with a rigid wall. The length of
the bar is 100” and its cross-sectional area is 1 in®>. The temperature is raised
by 100 degrees F. Find the stress in the bar. ANS: 4500 Psi Comp.

100

A
A 4




Bending of “straight” beams

Bending formulas in this section apply when the beam depth (in the plane of
bending) is small (by at least a factor or 20) compared to the beam radius of
curvature.

A y

Fy
\4
3 X
IF,

A y

@/
7
7 <=
]

Bending stress for bending about the Z-axis:

_ My
X IZ

o M, =F,L

I, is area moments of inertias about the z and represents resistance to
rotation about z axis. Bending stress for bending about the Y-axis:

:Myz
X y z
Iy

o)

I, 1s area moments of inertias about the y and represents resistance to
rotation about y axis. Use tables to look up moments of inertia for various
cross-sections. The parallel axis theorem can be used to find moment of
inertia w/r a parallel axis.



Problem #S3

The solid circular steel bar with R=2" (diameter 4”) is under two loads as
shown. Determine the normal stress o, at point Q. Point Q is on the surface
closest to the observer and the 2000 1b goes into the paper.

2000 Ib

6 ft

[T Ty

niVe®

[ T I

A 4

20000 Ib

[Ty

[ T T L T L T LT LT L]

':-.-.-.-.-.-.-.-.-q..

e

[T T I

4.5 ft 4.5 ft

A
A 4
A
v

[ The most common stress analysis problems in exams involve simple
bending, simple torsion, or a combination of the two. This is an example of
the combination — the torsion analysis would be treated later.]

Answer: 15600 psi

Problem #S4

A beam with the cross-section shown is under a bending moment of
FL=M,=10000 Ib-in acting on this cross-section. The thicknesses of all webs
are 0.25 inches.

Determine:

a) The location of the neutral axis (0.667 from bottom)
b) The moment of inertia about the z-axis (0.158 in®)
c) Bending stress at D (52700 psi)

d) Solve part b) if the cross-section was H-shaped

[Finding area moments of inertias are popular exam questions. This
problem is a little longer than typical ones but it is a good preparation
exercise]
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Bending Stresses in Curved Beams

Maximum bending stresses occur at 7; and r, - The magnitude is largest at 7;

o, = M (rn — [ )

eAr,
The stress at the outer surface is similar but with r, replacing 7;. In this
expression, M is the bending moment at the section, 4 is the section area and
e 1s the distance between the centroidal axis and neutral axis. These two
axes were the same in straight beams.



e=r—-r,
The radius of the neutral axis for a rectangular section can be obtained as:
r= I — T

In(r, /r)

Refer to Shigley or other design handbooks for other cross-sections:
e Circular

Trapezoidal

T-shaped

Hollow Square

[-Shaped

Note: When finding bending moment of forces, the exact moment arm is r,,
but the centroidal radius is also close enough to be a good approximation.

For a circular shape with a radius of R, r,, 1s:

R2
r. =
T 2(r —+/r2—R?)
Wherer. =R +1;

Check Shigley for other cross-section forms such as T-shaped beams.



Problem #S5

v
: : : 7
Given: r;=2in I,=41n :’
b=1in 7 b
F =10000 b i
- B
Find: maximum bending stress

Maximum total stress

Answer: 57900 psi (bending only)
62900 psi (total)

Torque, Power, and Torsion of Circular Bars

Relation between torque, power and speed of a rotating shatft:

Ho_ 1
63000

H is power in Hp, T'is torque in Ib-in, and # 1s shaft speed in rpm. In SI

units:
H=Tw

H is power in Watts, T is torque in N-m, and o is shaft speed in rad/s.

The shear stress in a solid or tubular round shaft under a torque:

[

A

y

o
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The shear stress 1s a maximum on the surface of the bar. The state of stress
can be represented as a case of pure shear:

B
>

The shear stress is:

_Ir
)

J is the area polar moment of inertia and for a solid (d;=0) or hollow section,

JC
J="1(d*-d?
32( 0 )

T

The Von Mises stress in pure shear is:

o, = 1/3@@ = \@z'xy

When the behavior is ductile, yielding occurs when G, reaches the yield
strength of the material. This is based on the distortion energy theory which
is the best predictor of yielding. According to this, yielding occurs when:

oy =95, = \/grxy =39,

1
= r,=—79, Or r,=0.58S
Xy \/§ y Xy y
This predicts that yielding in pure shear occurs when the shear stress reaches
58% of the yield strength of the material.
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The angle of rotation of a circular shaft under torque

g1t
GJ

The angle of rotation is in radians, L is the length of the bar, and G is a
constant called the shear modulus. The shear modulus can be obtained from
the modulus of elasticity E, and the poisson’s ration v:

G_._E
2(1+v)

For steels, this value is 11.5%10° psi.

Problem #S6

Consider the loading situation shown in Problem #S3. Determine:

a) the torsional shear stress for an element on the shaft surface.

b) The maximum shear stress at point Q. Use the given (as answer in
Problem #S3) maximum normal stress at point Q to estimate the
maximum shear stress.

Answers: a) 11460, b)13860

2000 1b

6 ft

-

u| Ve

A 4

20000 1b

By E g g m g g B g E g g ]

TR LT LT LT LT L L L LS
T

Y

—_—

4.5 ft 4.5 ft

A
A\ 4
A
\ 4
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Beam and Frame Deflection - Castigliano’s Theorem

“When a body is elastically deflected by any combination of loads, the
deflection at any point and in any direction is equal to the rate of change of
strain energy with respect to the load located at that point and acting in that
direction” — even a fictitious load.

When torsion or bending is present, they dominate the strain energy. The
deflection due to torsional and bending loads is:

5T @M
_j 5F _OF 4y 4+ J‘ 6F ___OF gy

Example: Solid steel tube with ID=1.75 and OD= 2.75 inches.
Determine the deflection of the end of the tube.

P=100 1b
=T .
mM
5= —9%F dx where M =Px
Jo El
. 3 * ’
5[ PXX)g, P 100072 6,
b El 3El  3(30*10°)(2.347)
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Example: Solid steel tube with ID=1.75 and OD= 2.75 inches.
Determine the deflection of the end of the tube.

P=100 1b

1K

ML L L L L L L LAY

4ft:L1

u

T

T )

>

_—
(Y

9ft=L

P [
« »

Deflection from bending in the 9-ft span
a|v|

o= j 5': — Y dx where M =Px

ij(x) C PP 10009*12)°
" 3El 3(30*10°)(2.347)

Deflection from bending in the 4-ft span
oM
M aT:

o=], —

dx, where M =Px,

5o ILI Px (xl) PLf_ 100(4*12)°
Y= 3(30*10°)(2.347)

Deflection from torsion in the 9-ft span
oT
L T oF
0= fo —dx where T =PL,

JL PL (Ll) _PL? | _100(4*12)*(9*12) _
Bl (30*10°)(2.347)

Total Deflection =0.596 + 0.157 + 0.353 =1.1In
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Deflections, Spring Constants, L.oad Sharing

Axial deflection of a bar due to axial loading

The spring constant is:

K = EA
L

Lateral deflection of a beam under bending load

A common cases is shown. The rest can be looked up in deflection tables.

L3
For cantilevered beams of length L:
3El
K= N

Torsional stiffness of a solid or tubular bar is:

14



R
L

The units are in-lbs per radian.

Kt

Load Distribution between parallel members

If a load (a force or force couple) is applied to two members in parallel, each
member takes a load that is proportional to its stiffness.

T

= Su "

Y~
A\ 4
i

[ I L
.

=

(1]

e e e e e e

b
a0

T T TR T T TR T

"

T
Tt

S

N g g g g g g g
R

The force F 1s divided between the two members as:

K, K,

F=—L F F=—2%F
K, +K, K, +K,
The torque T is divided between the two bars as:
K K
Tl — t1 T 'I'2 — t2
Ku+ Ky Ku+ K
Problem #S7

A one-piece rectangular aluminum bar with 1 by Y% inch cross-section is
supporting a total load of 800 Ibs. Determine the maximum normal stress
in the bar.

15
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30’9
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2079

Foa gt e

et i T it bty
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st L TS

Answer: 960 psi

Problem #S8

A solid steel bar with 1™ diameter is subjected to 1000 in-lb load as shown.

Determine the reaction torques at the two end supports.

Answer: 600 on the left, 400 on the right.

4 ft

6 ft

A

\ 4

A

\ 4
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Direct shear stress in pins

Pins in double shear (as in tongue and clevis) is one of the most common
method of axial connection of parts.

The shear stress in the pin and bearing stresses are approximately uniformly
distributed and are obtained from:

T=—— O, = ——
2A., 2td

— iy % %/%—»

The clevis is also under tear-out shear stress as shown in the following figure
(top view):

F

«—

Tear-out shear stress 1s:

F
T =———
4"A\:Ievis

In this formula A.yis=t(R,-R;) is approximately and conservatively the area
of the dotted cross-section. R, and R; are the outer and inner radii of the
clevis hole. Note that there are 4 such areas.

17



Shear stresses in beams under bending forces

When a beam is under a bending force, its “layers” like to slide on one-
another as a deck of cards would do if bent. Since the beam “layers” can not
slide relative to each other, a shear stress develops within the beam just as
shear stresses develop between card faces if they were glued together. This
is shown below. The shear stress in beams is relatively small and can be
ignored for one-piece beams. But for composite beams that are glued,
welded, riveted, bolted, or somehow attached together, this shear stress can
be significant enough to tear off the welding or bolts.

F

Y LY

[ Th TR TR T ThL T

-.-.-'.-.-_-4-.-.-.-4-

iy

L]

The value of the shear stress depends on the following:

e The shear force V acting on the cross-section of interest. In the above
figure, the shear force is F in all cross-sections. The larger the force,
the larger the stress.

e The width of the beam b at the cross-section. The wider the beam, the
lower the stress.

e The area moment of inertia of the entire cross-section w/r to neutral
axis. The more moment of inertia, the less the stress.

e The last parameter is Q which is the “bending stress balance factor”.
The more Q, the more bending stress has to be balanced by shear.

18



T:|Z—b Q:Aﬂ_’l

A,

—>/ «—
b / el Yi

A

A\ 1s the area of the cross-section left hanging and y, is the distance between
the centroid of A, and the neutral axis (which is the same as the centroidal
axis of the entire cross-section).

The following is another example.

A

b_v

Yi

A
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Problem # S9 : 2 by 4 Pine wood boards have been glued together to create
a composite beam as shown. Assume the dimensions are 2” by 4” (in reality
they are less than the nominal value). If the shear strength of the glue is 11
psi, determine the largest load P that the beam can carry w/o glue failure.
Assume beam is long enough for the classical beam theory to apply. Do not
consider failure due to bending stresses. Answer:90.4 Ibs

Cross-section e

Problem #S10: A composite beam is glued as shown. Horizontal members
are 1 by 6 inch and the vertical members are %4 by 10 inch. Transverse load
at this cross-section is F=250 Ibs. Determine the required minimum glue
strength in shear. Answer: 11.8 psi

250

Y

P T

?
W W W v v v v e v v v v o
PR
dl
-

N

e e e e e e
ia it

20



Shear Center of a C-Channel

....................

Shear Center

y §
on
v

Transverse loads on non-symmetric sections can create twisting torques and
warp beam flanges. If such transverse loads are applied at an offset location,
the shear forces balance and do not twist the beam. This location is called
the Shear Center. For the C-channel shown

h?b?t
41

For a semi-circular cross-section, the shear center is at:

S = r(i—l)
T
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Torsion of Thin-walled Tubes

Shear stress in thin-walled tubes (left for closed tubes — right for open tubes)

T 3T
T=—— T=—7
2 At St?

Where T is the torque, t is the wall thickness, S is the perimeter of the
midline, and A is the cross-sectional area defined by the midline of the tube
wall. Using area or perimeter of the inner or outer boundary is also
acceptable since the wall thickness is small.

For a member of constant cross-section, the angle of twist in radians is
b= TSL
4A*Gt
Where S is the perimeter of the midline, L is the length of the beam, and G is
shear modulus. There is a similar formula for open tubes. [Shigley]

Problem #S11: A square tube of length 50 cm is fixed at one end and
subjected to a torque of 200 Nm. The tube is 40 mm square (outside
dimension) and 2 mm thick. Determine the shear stress in the tube and the
angle of its rotation.

Answer: Stress 34.6 Mpa
Rotation (twist of the beam end): 0.011 radians or 0.66 degrees

22



Stress in Thin-Walled Cylinders

If the thickness t is less than 1/20™ of the mid radius of the pressure vessel,
the stresses can be closely approximated using the following simple
formulas. The critical stress point in pressure vessels is always on the inner
surface.

4 Gy

The tangential or hoop stress is:

Pd.

Ky

P is the internal pressure, t is the wall thickness, and d; is the inner diameter.
The axial stress is:

The radial stress on the inner surface is P which is ignored as it is much
smaller than the hoop stress.

Stresses in Thick-walled Cylinders

In thick-walled cylinders the tangential and radial stresses vary
exponentially with respect to the radial location within the cylinder and if
the cylinder is closed the axial stress would be a constant. All the three
stresses are principal stresses when stress element is cut as a pie piece — they

23



occur on surfaces on which shear stresses are zero. The critical stress point
is on the inner surface.

The tangential stress:

I:)iriz o I:)oroz - rinOZ(Po > Plj

2

The radial stress is:

Pr?—Pr’ + rizroz( " S Pi)

r

O, = 2 2

When the external pressure is zero, the stresses on the inner surface are:

R +1)
t rOZ_riZ
P(r*—r?)
r = Irzl—r.20 =R

0 I
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When the ends are closed, the external pressure is often zero and the axial
stress is

Pr’

Problem #S12: A steel cylinder with a yield strength of 57 ksi is under
external pressure only. The dimensions are: ID=1.25" and OD=1.75". If the
external pressure is 11200 psi, what is the factor of safety guarding against
yielding. Use the distortion energy theory. Answer: 1.25.

Stresses in rotating disks

A rotating disk develops substantial inertia-caused stresses at high speeds.
The tangential and radial stresses in a disk rotating at o rad/sec is as follows:

2,2

3+v r‘re 1+3v
2 2 2 i 1o 2
o, = po (—)(r" +r + — r
t 10 ( 8 )(| 0 rz 3+V )
and

2.2
o, = par LN 4 =T )

where p is the mass density and v is the Poisson’s ratio. The disk thickness
1s to be less than 1/10 of the outer radius.
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Problem #S13: A disk is rotating at 2069 rpm. The disk’s OD=150 mm and
its ID is 25 mm. The Poisson’s ratio is 0.24 and the disk’s mass density is
3320 kg/m’. Determine the maximum tensile stress in the disk as a result of
rotation. Answer: 0.715 Mpa.

Interface pressure as a result of shrink or press fits

When the internal pressure is high, shrink-fit cylinders lower the induced
stresses. When two cylinders with a radial interference of o, are press or
shrink fitted, an interface pressure develops as follows:

The interface pressure for same material cylinders with interface nominal
radius of R and inner and outer radii of r; and r,:

P— E5r (ro2 B RZ)(RZ B r|2)
R [ 2R

Problem #S14: A collar is press-fitted on a solid shaft. Both parts are made
of steel. The shaft diameter is 40.026 mm and the collar diameter is 40 mm.
The outer diameter of the collar is 80 mm. Find the interface pressure.
Answer: 50 Mpa.

When both shrink fit and internal pressure is combined, the method of
superposition must be used.
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Impact Forces

The equivalent static load created by an object falling and impacting another
object can be very large. Equations of energy in dynamics can be used to
determine such loads. Two common cases involve an object falling from a
height and a speeding object impacting a structure. In both cases the
damping is assumed to be small.

R e R R R R R R R R R P R R R R
Fei i

For a falling weight (ignoring the energy loss during impact):

F = 1+1/1+2—hk}w
W

F. =1+ /1+2—h]w
5st

If 7=0, the equivalent load is 2W. For a moving body with a velocity of V
before impact, the equivalent force (ignoring energy losses) is:

F, =VV/mk

These are conservative values as ignoring the energy loss leads to larger
equivalent forces.
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Problem #S15: A 1000 Ib weight drops a distance of 1-in on a platform
supported by a 1 in” steel bar of length 12 inches. What is the theoretical
tensile stress that would develop in the bar. Answer: 70.7 ksi.

§
N\
§
D
\
\
\

A

127,

1000

#S15 #S16

Problem #S16: This is the same problem as #S15 but the bar is made up of
two segments. The upper segment has an area of 2 in>. Determine the
maximum theoretical stress developing in the bar as the result of the weight
dropping on the platform. Answer: 81.6 ksi.

Exercise Question: You have made grocery shopping and the cashier
placed all your items in a paper bag. The bag’s dead weight is now 15 Ibs.
What force would the bag handles experience if you:
a) Lift the bag gently and lower it?
b) Slide the bag off the countertop and suddenly resist the weight of the
bag at a rate of 30 Ibs/in of drop?
c) Let the bag slide off and drop 5” before you suddenly resist it at a rate
of 30 Ibs per/in of drop.
d) Same as c¢) but rate of resistance is 60 Ibs/in.
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Failure of columns under compressive load (Buckling)

A beam under axial compressive load can become unstable and collapse.
This occurs when the beam is long and its internal resistance to bending
moment is insufficient to keep it stable. The internal resistance is a function
of area moment of inertia, I, and the stiffness of the material.

bending moment is created at the center and
for the beam to remain stable, it needs to be
stiffer or have more bending resistance area.

Note that the longer the beam, the more l P

For every long beams there is a critical load ;
beyond which even a tiny nudge would result ;
is a collapse. This critical load can be found

using Euler formula. \%%

In shorter columns the critical load may cause \
stresses well above the yield strength of the \
material before the Euler load is reached. For '
such cases, Johnson formula is used which \
relates the failure to yielding rather than ittt
instability.

The critical Euler load for a beam that is long enough is:
2
7 El
Pcr =C——
2
L

C is the end-condition number. The following end-condition numbers
should be used for given cases:

e When both ends are free to pivot use C=1. Free to pivot means the
end can rotate but not move in lateral direction. Note that even if the
ends are free to rotate a little, such as in any bearing, this condition is
applicable.

e When one end is fixed (prevented from rotation) and the other is free,
the beam buckles easier. Use C=1/4 .
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e When one end is fixed and the other end can pivot, use C=2 when the
fixed end is truly fixed in concrete. If the fixed end is attached to
structures that might flex under load, use C=1.2 (recommended).

e When both ends are fixed (prevented from rotation and lateral
movement), use C=4. Again, a value of C=1.2 is recommended when
there is any chance for pivoting.

These conditions are depicted below:

Pivot - Pivot

Fixed - Free

Fixed - Pivot £

Fixed - Fixed

An alternate but common form of the Euler formula uses the “slenderness
ratio” which is defined as follows:

Slenderness Ratio = (Ej where Kk = \/IA

k 1s the area radius of gyration of the cross-section.
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Range of validity of the Euler formula

Experimentation has shown that the Euler formula 1s a good predictor of
column failure when:

L 27°EC

K S

y

If the slenderness ratio is less than the value in the formula, then the better
predictor of failure is the Johnson formula:

SL21
P =AS, —|-2
-4 5x) e

Alternatively, we can calculate the critical load from both the Euler and the
Johnson formulas and pick the one that is lower.

Problem #S17: The axial load on a round solid steel bar in compression is
5655 Ibs. The material is AISI 1030 HR. Assume the end conditions are
pin-pin or pivot-pivot. Determine the factor of safety against failure for the
following two conditions:

a) L=60” and D=diameter=1.5"

b) L=18"and D="7/8
Answers: a) 3.6 and b) 4.4

Note: When a beam is under compression, it would buckle about the axis
with smaller area moment of inertia.
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Eccentrically loaded columns

%

W
ka

The more general case of column loading is when the load is applied
eccentrically. This eccentric load exacerbates the situation as it induces
more bending moment due to its eccentricity. The prediction formula is
known as the Secant Formula which is essentially a classical bending stress
formula although it may not look like it. The secant formula is:

5 ASy
i} ec (L [P,
1+—25ec—
k Ck \4EA

where e is the eccentricity, c is the distance from the outer layer to the
neutral axis, and the rest of the symbols have already been defined.

A slight technical difficulty with this formula is that P, appears on both
sides of the equation resulting in the need to use trial-and-error or use a non-
linear equation solver. However, usually the load is given and you would
calculate the stress (in place of S, in the formula).
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Example: A column has a fixed end and the other end is free and
unsupported. The column length is § feet long. The beam cross-section is a
square tube with outer dimensions of 4 by 4 inches. The area of the cross-
section is calculated to be 3.54 in” and its smallest area moment of inertia is
8 in*. Determine the maximum compressive stress when the beam is
supporting 31.1 kips at an eccentricity of 0.75 inches off the beam axis.

I —

Solution

We find the stress o from the secant formula. The area radius of gyration is:

T[T s
A 3.54

The formula is

. AS,

iy ec (L [P,
1+ 2SeC
k Ck \ 4EA

For this problem, P=31100 Ibs is known and S, becomes the unknown o x.
Substituting the numbers:

31100 = 3:54Omy)
L0750 [ 802) \/ 31100
(1.5)2 (0.25)(1.5) || 4(29)(10°)(3.54)

Calculating for o We get:
O max = 22000 psi
Notes:

1. The end condition is C=0.25 (some books do not apply C but instead
they use an equivalent length L., which 1s L divided by square root of
C.

2. The argument of the secant function is in radians. Convert to degrees
first before taking cosines.

3. The angle in degrees in secant function must be between 0 and 90
degrees (0 and n/4 in radians). Add or subtract multiples of 90
degrees until the angle is between 0 and 90 degrees. In this problem
the angle is 126 degrees.
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Failure Theories

Failure under load can occur due to excessive elastic deflections or due to
excessive stresses. Failure prediction theories due to excessive stresses fall
into two classes: Failure when the loading is static or the number of load
cycles is one or quite small, and failure due to cyclic loading when the
number of cycles is large often in thousands of cycles.

Failure under static load
Parts under static loading may fail due to:

a) Ductile behavior: Failure is due to bulk yielding causing permanent
deformations that are objectionable. These failures may cause noise,
loss of accuracy, excessive vibrations, and eventual fracture. In
machinery, bulk yielding is the criteria for failure. Tiny areas of
yielding are OK in ductile behavior in static loading.

b) Brittle behavior: Failure is due to fracture. This occurs when the
materials (or conditions) do not allow much yielding such as
ceramics, grey cast iron, or heavily cold-worked parts.

Theories of ductile failure (yielding)

Yielding is a shear stress phenomenon. That means materials yield because
the shear stresses on some planes causes the lattice crystals to slide like a
deck of cards. In pure tension or compression, maximum shear stresses
occur on 45-degree planes — these stresses are responsible for yielding and
not the larger normal stresses.

The best predictor of yielding is the maximum distortion energy theory
(DET). This theory states that yielding occurs when the Von Mises stress
reaches the yield strength. The more conservative predictor is the maximum
shear stress theory (MST), which predicts yielding to occur when the shear
stresses reach S,/2. For example in a pure torsion situation, the DET predicts
the yielding to start when t reaches 58% of S,. But the MST predicts
yielding to start when t reaches 50% of S,. Use of DET is more common in
design work.

Note that in static loading and ductile behavior, stress concentrations are
harmless as they only create small localized yielding which do not lead to
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any objectionable dimensional changes. The material “yielding” per se is
not harmful to materials as long as it is not repeated too many times.

Problem # S18: A 2” diameter steel bar with Sy=>50 ksi is under pure
torsion of a 20,000 in-1b. Find the factor of safety guarding against yielding
based on: a) Distortion energy theory, and b) Max shear stress theory.
Rounded answers: 2.3 and 2.

Theories of brittle failure

There are two types of theories for brittle failure. The classical theories
assume that the material structure is uniform. If the material structure is
non-uniform, such as in many thick-section castings, and that the probability
of large flaws exist, then the theory of fracture mechanics predicts the failure
much more accurately. Many old ship hulls have split into two while the
existing classical theories predicted that they should not. We will only look
at the classical brittle failure theories.

An important point to remember is that brittle materials often show much
higher ultimate strength in compression than in tension. One reason is that,
unlike yielding, fracture of brittle materials when loaded in tension is a
normal stress phenomenon. The material fails because eventually normal
tensile stresses fracture or separate the part in the direction normal to the
plane of maximum normal stress (or principal stress — see Page 1).

In compression the story is quite different. When a brittle material is loaded
in compression, the normal stress cannot separate the part along the direction
normal to the plane of maximum normal stress. In the absence of separating
normal stresses, shear stresses would have to do the job and separate or
fracture the material along the direction where the shear stresses are
maximum. In pure compression, this direction is at 45 degrees to the plane
of loading. Brittle materials, however, are very strong in shear. The bottom
line is that it takes a lot more compressive normal stress to create a fracture.

We only discuss these theories for a 2D state of stress — 3D is similar but is
more formula-based. Theories of failure in brittle fracture divide the ¢,-o,
region into 4 quadrants. In the first quadrant, both principal stresses are
positive.
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When both ¢, and o, are positive (tensile), the fracture is predicted to occur
when one of the two principal stresses reaches S;;. When both 0| and o, are
negative (compressive), the fracture occurs when the magnitude of one of
the two principal stresses reaches S,.. The magnitude of S, is often more
than S as the prior discussion indicated.

In the other two quadrants, where one principal stress is positive and the
other is negative, the Columb-Mohr theory is a conservative theory for
failure prediction. It is also easy to use. The Columb-Mohr theory failure
line simply connects the failure points as shown in the figure as double lines.
Using only the magnitudes of the stresses, in Quadrant II or I'V:

o o 1
©1 % _ -
Sut

In this formula (c4,05) is the load point (two principal stresses), and 7 is the
factor of safety associated with that load point. The positive principal stress
1s associated with S, and the negative principal stress is associated with S..

S n

uc

Problem #S19: A flywheel made of Grade 30 cast iron has the following
dimensions: ID=6", OD=10" and thickness=0.25. What is the speed that
would lead to the flywheel’s fracture? Answer: 13600 rpm
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Summary of Failure Theories

Ductile Failure Definition

e Macroscopic and measurable bulk deformation
e Slight change in geometry

Conditions for ductile failure

e Metals (Except cast irons and P/M parts)
o At least 2% strain before fracture

Cause of failure (deformation)

e Excessive SHEAR stresses

Prediction Theories
e Maximum DET

oy =S

o Yielding occurs when y

e Maximum Shear Stress Theory

o Yielding occurs when |Tmex = 5

What to do with stress concentration?

e IGNORE them — They cause small areas of yielding and do
not cause macroscopic and measurable bulk deformation.
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Brittle Failure Definition

e Fracture

Conditions for Brittle failure
e Qray cast irons and P/M parts [I], ceramics [II]
e Other metals in special conditions:

o Extreme cold or extreme impact
o Extreme cold-working or extreme heat treatment

Cause of failure (fracture)

e Excessive normal stresses in tension, shear in compression

Prediction Theories
e Columb-Mohr theory

o

t
1T I
Sl Sut » O1
\Y%
111

[ Suc
0,0, _1
Sut SUC n

What to do with stress concentration?
e [gnore for [I] —their strength is already reduced, Apply for [II]
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Fatigue Failure

Repeated loading can lead to fatigue failure at loads much less than those
leading to static failure. Fatigue failure is sensitive to the magnitude of the
stress regardless of how localized and small the stress area is. Therefore,
stress concentrations play an important role in fatigue failure. Note: If the
material bulk itself is full of unseen stress raisers (such as in grey cast iron),
the geometric stress raisers must be ignored.

Design for infinite life starts with test results of the material in rotating
bending test (known as Moore test). The Moore test stress limit is called the
rotating bending endurance limit, S’,. This is the stress for which no failure
occurs regardless of the number of cycles. In the absence of direct
experimental data, Moore test endurance limit is 50% of the ultimate stress
for steels.

Sio]
S .
Sy froeeeea
10° 10° 10°

Number of cycles - N

The rotating bending or Moore test endurance limit has to be corrected for
the actual part loading and conditions. This includes corrections for surface
roughness, gradient effect, and size of the part (in Moore test the specimens
are polished, under rotating bending, and are 0.3” in diameter). The result of
these corrections is the endurance limit S,. Another notation for endurance
limit is S,
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Purely Alternating Load

A

VU |

Combined Alternating Loading

When the state of stress 1s known, the Von Mises stresses can be analyzed.
In the case of this figure all stresses are purely alternating.

I Gy,a

=% ) Ova

Most common loadings in shafts involves o, 7y, or both.
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S, + | Endurance Limit

Von Mises Ova
Stress

The index a in the above formula emphasizes that the loading is purely
alternating.

Problem #S21

The steel shaft shown below is under purely alternating torque of 56 N-m.
The torque fluctuates between 56 Nm CW and 56 Nm CCW. Assume
Su.=518 MPa, and the correction factors of 0.9 and 0.78 apply for gradient
and surface finish. Also assume a fatigue stress concentration factor of 1.48
for the shoulder fillets. Answer: About 2

20 mm w
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Fluctuating and Steady Loads (optional)

Mean Stress

Alternating Stress
When both mean and fluctuating loads are present, the Goodman criterion is
used to determine how much the mean loading affects (reduces) the
endurance limit. To begin the analysis, determine the mean and alternating
Von Mises stresses. These are actual maximum stresses and they do include

the fatigue stress concentration factors. As a result we should be able to
calculate the following:

Oy

,M

Gv,a

The mean Von Mises is only due to mean loads and the alternating Von
Mises is only due to alternating loads. In power transmission shafts the
loading includes a steady shear (power torque) and an alternating bending
stress (due to shaft flexure and rotating just like Moore test set up).

The load points plot in the Goodman diagram as shown below:
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Load Point @

S n

To determine the factor of safety guarding against fatigue failure, we must
consider the overload mechanism. If both the steady and alternating
components of stress are subject to increase as shown, the margin of safety
is determined by the Goodman line.

Fatigue Failure Definition

e Fracture

Conditions for Fatigue failure

e Repeated loading
e All metals

Cause of failure (fracture)

e Excessive LOCALIZED SHEAR stresses causing repeated
yielding = Local brittle fracture = Crack growth
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Prediction Theories

e Failure occurs when the local VonMises stress reaches the
Endurance Limit.

What to do with stress concentration?

e Apply to all (mean and alternating stresses) except gray cast
iron or other materials with type-I internal structure

Endurance Limit

10° 10° 10°
Number of cycles - N

Cumulative Fatigue Damage (Miner’s or Palmgren Rule)

If a part is stressed to a load for which the fatigue life is 10° cycles, then
each cycle takes 0.001 of the life of the part. If stressed to a load for which
the fatigue life is 10* cycles, then each cycle takes 0.0001 of the life of the
part and so on. This inference leads to the following cumulative fatigue
damage formula:
n n n
_1 + _2 + .+ _k _ 1
N 1 N 2 N k
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In this relation, n; is the number of cycles in a loading that would have a
fatigue life of N; cycles, etc.

Example: A critical point of a landing gear is analyzed for fatigue failure.
Experiments show that in each landing a “compound load cycle” is applied
to the member consisting of 5 cycles of 80 ksi stress, 2 cycles of 90 ksi, and
1 cycle at 100 ksi stress. All stress cycles are fully reversed (no mean
component). An experimental S-N curve is also available for this part (this
curve can also be constructed using Moore test but for critical parts it is
always best to spend the money and create a true S-N curve). The S-N curve
shows the fatigue lives of the component at the loading stresses to be as
follows:

Stress Level | Number of Fatigue life
cycles
80 Ksi 5 10° cycles
90 Ksi 2 38000 cyc
100 Ksi 1 16000 cyc

Determine the life of this part in the number of compound cycles.

Solution: Each compound cycle takes the following fraction of life out of the
part:

5 2 1
+ +
10° 38000 16000

The number of cycles is reciprocal of this value which is 6059 cycles.

=0.0001651

Unit Conversions

Problem #S11:  Length: 1.640 feet
Torque: 147.4 ft-1bOD: 1.575 in
Thickness: 0.07874 in  Answer (Stress): 5 Ksi

Problem #S14: Shaft Diameter: 1.5758” Collar diameter: 1.5748”
OD of collar: 3.1496”  Answer (Pressure): 7.25 Ksi
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